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Preface 


Because of the large amount of material presented, we have been. 
prevented from including all the topics originally announced for 
Part II of Linear Operators. The present volume includes ali of the 
material of our earlier announcement associated with the classical 
spectral theorem for self adjoint operators in Hilbert space. While 
there are some isolated discussions of nonselfadjoint operators, such 
as that giving the completeness of the generalized eigenfunctions of 
Hilbert-Schmidt operators in Section XL6, the general theory of 
spectral operators and the discussion of nonselfadjoint differential 
boundary value problems have been postponed for inclusion in the 
forthcoming Part III of this treatise. 

Since Part II deals largely with operators in Hilbert space we 
have reproduced, for convenient reference, Definition IV.2.6 and 
Section IV.4, as an appended section on Hilbert space immediately 
following Chapter XIV. This appended section gives basic defi- 
nitions and the geometric properties of Hilbert space which are 
used repeatedly in this volume. Thus, for the reader who is familiar 
with the contents of Chapters I, II, III, and VII, there will be only 
occasional need for reference to Part I. An interdependence chart 
showing the dependence of the various sections in Part II upon 
each other is to be found in the front of the book; the corresponding 
graph for Part I is reproduced in the back of the book. 

Chapter IX is an introduction to the much larger subject of 
B-algebras; it serves us as a basis for the spectral theory of bounded 
self adjoint operators which is presented in Chapter X. Chapters X 
and XII constitute a relatively complete discussion of the abstract 
spectral theory for bounded and unbounded self adjoint operators 
in Hilbert space. Chapter XI contains a variety of applications of 
the spectral theorem for bounded operators and of some related 
topics: the theory of Hilbert-Sehmidt operators, and the Riesz 
Calderon-Zygmund inequalities. Chapter XIII gives a detailed and 
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extensive presentation of applications of the spectral theorem for 
unbounded self adjoint operators to the theory of self adjoint ordi- 
nary differential boundary value problems. Chapter XIV gives a 
brief introduction to the theory of linear partial differential equa- 
tions: it is presented here to show more of the rich variety of appli- 
cations of the spectral theorem. 

The reader familiar with the similarly-titled work of Stone will 
find little overlap between the present volume and Stone’s well- 
known work, Our presentation of the general theory is based on the 
researches of Gelfand, and our choice of applications is different 
from that of Stone. 

We are indebted to many students and colleagues for calling 
our attention to misprints and errors that have occurred in Part I. 
Such corrections appear in a list of errata, We wish to thank Doctors 
E. Koppelman, R. Langlands, G. Leibowitz, N. Metas, and E. ‘Thorp 
for pointing out many such misprints. In particular R. Langlands 
has shown that Exercise I11.9.20 is false and as a result has made a 
decided improvement (see list of errata) on a result of Alexandroff 
(IIL5,13). We are indebted to Miss R. M. Castroll for her competent 
editorial assistance in preparing the manuscript for the printer, as 
well as in reading all of the proof. 

We should also like to thank the staffs of the Air Force Office 
of Scientific Research and the Office of the Naval Research for their 
continued encouragement in the preparation of this treatise. 


Orwell, Vermont Nelson Dunford 
New York City Jacob Schwartz 
July 1963 
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Part 8: Spectral Operators 


CHAPTER IX 
B-Algebras 
I, Preliminary Notions 


Many of the classes of functions which are of frequent occurrence 
in mathematical analysis are algebras. For example, the classes con- 
sisting of the bounded functions on a set, the bounded continuous 
functions on a topological space, functions of bounded variation, 
almost periodic functions, functions with » continuous derivatives. 
and analytic functions are familiar examples of algebras. In all these 
examples the algebraic operations are the natural ones as expressed by 
the equations 


As) = afis), (f+ ee) = Ke) + els), — es) = fels). 
Some familiar function spaces, such as L,(— co, oo), are not closed 
under the natural algebraic operations (the product of two integrable 
functions need not be integrable) but nevertheless are algebras in a 
very useful sense, In L,(— co, 00), for example, if one uses the natural 
notions of addition and scalar multiplication and defines the product 
of two functions f, g € L,( —oo, oo) as their convolution 


0589 = [^ Ne — 0«toat, 


then L,(—«o, oo) is an algebra. Thus, in one sense or another, many 
of the linear spaces encountered in mathematies are also algebras. 
In this chapter will be found an axiomatic treatment of several ty pes 
of algebras that occur in analysis, Numerous applications of the gener- 
al theory to special algebras will be found in the following two chap- 
ters, 


1 Dermition, A B-algebra, or Banach algebra, is a complex 
B-space X which is an algebra with unit e over the field of complex 
numbers and which has the properties 


k=l, gy Skelly, syet. 
859 
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A B-algebra € is commutative in case zy = yx for all and y in X. 
An involution in a B-slgebra X is a mapping æ ->a* of X into itself 
with the properties 


Gy arty", (ay) tet 


(azy* = àz*, (F =a, 


All of the examples mentioned above, with the exception of 
L,(— c». o») and the class of analytic functions, are commutative 
B-algebras with involutions, In each of these cases the involution may 
be defined by the equation a*(s) —a(s). The algebra L,(— co, co) 
with convolution as multiplication is a commutative algebra with an 
involution defined by f*(s) = f(—s). It fails to be a B-algebra because 
it lacks a unit e. We shall show bow a unit may be adjoined to such an 
algebra so that the extended algebra is a B-algebra. Let X be an alge- 
bra satisfying all the requirements of a B-algebra except that X has 
no unit. Let X, = Ox X where @ is the complex number system. The 
elements of X, are then all ordered pairs [o, <] with ae @, z € ¥. 
The operations in €, are defined by the equations 


Io, #]+[8 y] = [a +f. «--y]. 
(a, aJI, y] = (af, oy+fetay), 
Ale, e] = (Ao. Ar], — | fo, a]l = lel+el. 


It is readily seen that X, isa B-algebra whose unit e = [1, 0] has norm 
je] = 1 and that the map z -> (0, x] is an isometric isomorphism of X 
into X,. 

There is another type of algebra which fails to satisfy the require- 
ments for a B-algebra but whose study nevertheless may be subsumed 
under that of B-algebras, Suppose that X is a complex B-space which 
is also an algebra with unit e over the field of complex numbers. We 
do not assume that |e] = 1 or that |zy| x !z|jy| but do assume that 
lel Æ 0 and that the product zy is a continuous function in æ for each 
fixed y and is also continuous in y for each fixed z. Now let z : z > T, 
be the map of € into the algebra B(X) of all continuous linear opera- 
tors in € which is defined by the equation T, y = zy. The map r is 
clearly an isomorphism of X onto a subalgebra z(X) of B(X). It will 
be shown that v is also a homeomorphism. This will show that the 
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given algebra X is algebraically and topologically equivalent to the 
B-algebra z(&). Since |z| = |e] = 17,e| < |el|7,| it follows that the 
inverse map 1~ is continuous. To see that v is also continuous it will 
first be shown that z(X) is closed in B(X). To do this the following 
criterion is useful: an element T e B(X) is in z(X) if and only if 
(Ty) = T(gz) For, if 7 has this property, let z — Te so that 
Ty = Tey) = (Te)y = xyandthusT = T, € «(X). Now let T, e UX) 
and T, > T; then, since 


(Tyy: = lim (Tg) = lim T, yz) = Tye), 


it follows tbat T € z(X) and thus that z(X) is closed. The mapping T is 
therefore a one-to-one linear map of one B-space onto another B-space 
which has a continuous inverse. The closed graph theorem (11.2.4) 
shows that z is a homeomorphism. Thus the algebra X is topologically 
and algebraically equivalent to the B-algebra z(£). 

The above discussion shows in particular that every B-algebra X 
is isometrically isomorphic to a subalgebra z(X) with unit Y of the 
algebra B(X) of alt continuous linear operators on the B-space X. In 
this connection it is desirable to note that an element T, e 1(X) has an 
inverse as an element of B(X) if and only if z has an inverse in X and 
that when this inverse 77! exists, then 77! = Tya. Clearly if at 
exists then 7,17, = T, T, = I. If 7,! exists in B(X), then 


TJI ye) = 9% — (Ty T. yn. 
and if a = Tze, then az = 7;!z for every ze X. Also 
wa = T,a = e = T; (Te) = T; (ez) = (Te) = az. 


"Thus 47! exists and 77!z = ata 


2 Deriimion, An element z m a B-algebra X is said to be 
regular in case a7! exists in X. It is singular if it is not regular. The 
spectrum o{z) of æ consists of those complex numbers 4 such that 
de—z is singular. The spectral radius lo(z)] of x is sup, ccs lAl. The 
resolvent set p(x) of z is the set of those complex numbers 4 such that 
Ae xis regular. The resolvent of æ is the function defined for 4 € p(z} 
as (Ae—z)~', The element z is a right (left) topological divisor of zero if 
there exists a sequence (z,) in X with |z,| = 1, & = 1, 2,.. ., and 
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mu >0 (xz, 0). A two-sided topological divisor of zero is an element 
which is both a right and a left topological divisor of zero. 

The preceding discussion shows that o(z)—o(7T,) and 
piz) = p(T,). It also enables one to state many of the lemmas that 
follow as corollaries of the corresponding results in operator theory. 
However, most of these lemmas are quite elementary and we shall, 
for the sake of completeness, give their proofs here. 

8 Lemma. The multiplicative group G of regular elements in a 
B-algebra X is open in X and the map x >a is a homeomorphism in G. 

Pnoor. We first show that G contains the sphere {z|je—z] < 1). 
If |e—2| < 1 the series y = Jra (e—2)" converges (here the symbol 
a is defined as e). Now 


ye = ay = y—(e—aly = Y (e—2)"— Y ea)" = e. 
n= n=] 


Thus y = a7 and 
ete = 1X ee) s uo E 


a Iez] 
Thus G contains a neighborhood of e and 27 is a continuous function 
of æ at z — e, Now let zeG and let |y—z| < ja}. Then 
lyel = laye) S la lly—a] < 1, 
and so, by what has just been proved, z-!y € G and therefore y e G. 
If y, ->y then g,y! ->e and hence yj,' = (y,y-)-!->e. Thus 
gi y. Q.E.D. 

4 Lemma. Every boundary point of the group of regular elements 
in a B-algebra is a two-sided topological divisor of zero. 

Proor, Let zG, «,€G, z, >a. If {laz4]} is bounded then 
au'r—e = r; (z—z)--0 and thus, by Lemma 8, z,'z€G for 
large n. This implies that z € G. Hence ([z;!|) is not bounded and we 
may assume that |az4{ > oo. Let g,, = ve so that [g,| = 1, and 


Unt = Yalen + zi >0, 


zy, = (@—a,y, + 2t -—9, 
lal 
which shows that z is a two-sided divisor of zero. Q.E.D. 
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5 Lemma, The spectrum o(z) of an element x in a B-algebra is 
anon-void bounded closed set. The resolvent (4) — (Ae—x)"! of xis an 
analytic function vanishing at oo and satisfying the resolvent equation 

2(4)—a(n) = (u—A}alA)e(e), A, p € ple). 

Proor. That p(z) is open and hence e(z) closed follows from 
Lemma 8, Also this lemma shows that for large A, (Ae—x} = A{e—a/A) 
is in G (since e—a/A is near e) which proves that e(z) is bounded. 
As || >œ, we have e—«/A ->e and so, by Lemma 3, 2(A) = 
Al(e—z[Ay ! -> 0, as |A] -> oo. For p, A € p(z) the elements x(x). x(A) 
commute and 

(e—e ey) = ote), 
(ue — yea) = zl), 
2(u)—2(4) = A—p)2{4)2(x), 
and thus 
aqu} al) 


oan ~2(A)a(n). 


Now Lemma 3 shows that 2(4) 15 continuous in A and the above equa- 
tion therefore proves that 2'(4) = —a{A}* and shows that 2(A)} is 
analytic on p(z). 

Finally, if c(z) is void, let z* be a continuous linear functional 
on & so that z*r(4) is an entire function which vanishes at o» and 
hence vanishes identically. Since z* is an arbitrary point in X* this 
means (IL3.15) that 0 = z(4) = z(AKeA—2) = e which contradicts 
the assumption that [e| = 1. Q.E.D. 


6 THEOREM, If a B-algebra has no non-zero two-sided topological 
divisors of zero, it is isometrically isomorphic to the field of complex 
numbers, 


Proor, Let z € X. Then, by Lemma 5, the spectrum e(z} is non- 
void and bounded so that there is a point A in its boundary. Thus, by 
Lemma 4, Ae—z is a two-sided topological divisor of zero and there- 
fore x = Ae, Since |e} = 1, |z] = !4l. Q.E.D. 


4» 7 COROLLARY, If a B-algebra is a division ring, then it is iso- 
metrically isomorphic to the field of complex numbers, 
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8 Lemma, The spectral radius of an element æ in a B-space X has 
the properties 
lo(z}| = lim Je^|V^ x; Iz]. 
^ 


Proor, For |A| > pe] the series 35 z"/A"*! converges and, since 


a” gh gm 
(4e—2) iz pat IC su) =e 


it represents the resolvent a(4) for [A] > Iz]. Thus |o(x)| < |zl. By 
Lemma 5, (A) is analytic on p(z} and hence, for z* e X*, the scalar 
valued analytic function z*z(4) has its singularities all in the disc 
lA] x Jo(z). Thus the series z*z(4) = Dro z*z"/A"*! converges for 
lA] > le(z)! and for such å therefore 


Sup < o. 


Since z* is an arbitrary linear functional on X the principle of uniform 
boundedness (IL3.20) shows that 


P 


an|* SM, «o n= 1,2, 


and hence that 
lim sup |a*|¥* x JÄ]. 
a 


Since 4 is an arbitrary number with |A} > fe{z)| it follows that 
Tim sup |e?|U* < le(zy. 
D 


To complete the proof we observe that, since 4e—z is a factor of 
A" e—a^, A”e—a" is singular if Ae—z is singular, Thus if Aec(z) then 
A" ec(z") and hence [A*| x [z?| which shows that |A] < lim inf,|z^|U* 
and therefore that 


lo(z)| £ lim inf [z^]. Q.E.D. 


A given element z in a B-algebra X may also be an element of a 
B-subalgebra (i.e., a closed subalgebra} X, of X. As such it has a spec- 
trum e,(z) which may include properly or be properly included in 
a(x). However, the preceding lemma shows that the spectral radii 
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leo(z) and |e(z)| are equal. An element z in a B-subalgebra of the 
form X, = es Xe, where e, is an idempotent with 0 + e 7 e clearly 
has aj(z) C e(z). The following lemma shows that the opposite inclu- 
sion holds in case X, has the same unit as X. 


9 Lemma. Let x be an element of a B-subolgebra X, of € whose 
unit is the same as that of X. Then ofz} C aq(z) while the boundary of 
ag(z) is contained in the boundary of o(z). 

Pnoor. Since the unit e in € is also in £,, it follows that a regular 
element in £, is regular in X. Thus p(z} p(z) or e(z) C olz). If 
Ae bdy a(z}, the boundary of sotz}, then 4e—z is on the boundary of 
the group of regular elements of X,. Thus, by Lemma 4, 4e—z is & 
two-sided topological divisor of zcro in €, and hence in X. Therefore 
A€o(z), which, since pj(z) C p(z), proves that 


PE) O esr) = bay olz} E plz) O etr) — bdye(z) QED, 


10 CororLaEv. Ff in addition to the assumptions of Lemma 9, 
aoiz} is nowhere dense, then o(x) — olz}. Also if p(x) ts connected then 
ez) = of). 

Proor, If p(x) is nowhere dense then, since it is closed, oq(z) = 
bdy ey(z) C bdy e(z)C o(z) C oote), If p(x) is connected and if there 
is a point Ae o,(z)p(z) then A may be connected with œ by a 
continuous path contained entirely in p(r). In this case there is a 
boundary point of ¢9(z) which is in p(z) and this is a contradiction to 
the theorem. Thus os(z)p(z) is void and e,(z) C oft) C ay(z). Q.E.D. 


LI COROLLARY, Ff op(a) is real, then ooz} = o, (x) where o (x) is 
the spectrum of zas an element of any B-subalgebra X, of X which contains 
the unit of €. 


Proor. If aj(z) is real, then so is its subset o(z). By Lemma 5 
the spectrum e(z) is bounded, Thus p(z) is connected and Corollary 10 
shows that ey(z) = e(z) = e,(z). Q.E.D. 

A right (left) ideal in X is a non-void proper linear manifold 3 in € 
for which 3% = S (X3 = S). A &ro-sided ideal is one which is both a 
right and left ideal, The sets X and (0) are called trivial ideals, Since 
an ideal 3 is a proper subset of € it cannot contain any regular ele- 
ment and hence 3 is contained in the complement G of the group of 
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regular elements. Since G is open (Lemma 3) the closure § C G' and 
hence § x X. The continuity of the algebraic operations shows that 
§ satisfies the other requirements for an ideal. Thus the closure of a 
right, left, or two-sided ideal is also a right, left, or two-sided ideal. 
This shows that a maximal ideal is closed, Let 3 be a right ideal and 
order by inclusion the family of all right ideals which contain 3. An 
application of Zorn's lemma shows that this family contains a maxi- 
mal element. Thus any right (and similarly for left and two-sided) 
ideal is contained in a maximal right ideal, In particular if z is a 
singular element the ideal 2X is contained in a maximal ideal, Thus an 
element is contained in a maximal right (left, two-sided) ideal if and 
only if it has no inverse. The above facts about ideals are summarized 
in the following lemma. 


12 Lemma. The following statements concerning ideals apply to 
right, left, or two-sided ideals. 

(a) An ideal contains no regular element. 

(b) The closure of an ideal is an ideal. 

(c) A maximal ideal is closed. 

(d) Every ideal is contained in a maximal ideal. 

(e) An element x is contained in a maximal right (left) ideal if and 
only if it has no right (left) inverse. 

We recall that if 3 is a two-sided ideal in the algebra %, the cosets 
#+3, «eX form an algebra under the following definitions 


(2434 (y+8) = (z+y)+3 
a(a+3) = (ar}+3,  (z+3Xy+3) = (zy}-3. 

This algebra is the quotient algebra of X by 3 and is denoted by 
X/3. The norm in the quotient X/3 of a B-algebra € by a two-sided 
ideal 3 is given by 

le+3] = inf ety. 
ves 

18 Lemma, If 3 is a closed two-sided ideal in the B-olgebra X then 
F is a H-algebra. 

Pnoor. For brevity let us denote the class r+ by Z. It is clear 
that X/5 is an algebra with unit é so that only the required properties 
of the norm will be explicitly proved. If |7] = Othen there is a sequence 
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Z E3 with |e+z,| +0 and thus, since S is closed, z e3. Hence 
& = Vis the zero clement of X/3. Now let z, u, v vary independently 
over 3. Then 


Vgl = leyl = inf lxy--2l 
S inf |(e+-u)(y+2)l 
P 
Selig. 


Thus [£i = l£?| < |Z|? and, since [£l £0, we have |ē| = 1. On the other 
hand |ê] = inf Je--z| < le] = 1. Hence lé] — 1. The triangle inequality 
is verified by a similar computation as follows: 


+9] = iz gl = inf lz4-y4-1 


= inf |zt+utytel < la+igl. 


we 


It is clear that |oz| = |a||z|. Only completeness of ¥/3 remains to be 
proved, Let {z,} bea Cauchy sequence in X/3and z Ep n = 1,2,.... 
Choose a subsequence (£7) such that Y? e —&, 4l < oo. Fixz,€8 
and inductively choose z,,; € 3 such that 


V az (EHA E FF. 


The sequence y, = 2,--z, is then a Cauchy sequence, for 
poi 
Wats tnl = | È aa el 
k-0 
E 
ES 
ko 


et - " 
S2 Y E 
k=0 
Let z — lim g,, then 
158] = gaël X ly, 2] +0. 


Thus the original Cauchy sequence (Z,) has a convergent subsequence 
and so it must itself converge, Q.E.D. 
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2. Commutative B-Algebras 


In case X is a commutative B-algebra every ideal 9 is two-sided 
and the quotient algebra X/9 is again a commutative algebra, It will 
be a B-algebra if Sis closed (1.13). It is readily seen that every ideal $ 
in € which contains $ properly determines an ideal 5 in £/S defined 
as the set of all # = 243 with z in 3. Conversely every ideal in 
Xj8 15 of this form. 


L THEOREM. If 3is a closed ideal in the commutative B-algebra X 
then the quotient algebra Xf is isometrically «somorphic to the field of 
complex numbers if and only if 3is maximal. 

Proor. If S is not maximal it is properly contained in an ideal 
and so X/y has non-trivial ideals and is thus not a field. If 3 is 
maxima] then X/$ contains no non-trivial ideals and hence is a field. 
The desired. conclusion follows from Lemma 1.18 and Theorem 1.6. 
Q.E.D. 

Let K be the set of all niaximal ideals in the commutative 
B-algebra X. It is seen from Theorem 1 that for each 3t € . and 
each z in X there is a complex number z(9j) such that s+M = 
a#(M)e4M. This mapping z > x(t) of X into the field @ of complex 
numbers is clearly a homomorphism. Since (z(2)| ^ Jæ] this homo- 
morphism is continuous. 


2 Lema. Let p be a non-zero homomorphism of the commutative 
B-algebra X onto the field of complex numbers and let 
M, = fella} = OF 
be its kernel. Then WM, is a maximal ideal in X such that zM) = pia). 


This correspondence y >M, is a one-to-one correspondence between the 
set of all non-sero homomorphisms and the set of mazimal ideals. 


Proor. Since iz )e—2 is int, the element p(z)e—2 is singular, 
i.e, (2) is in o(2), and Lemma 1.8 shows that |y(z)| < [e]. Thus p. is 
continuous, W, is closed and ZAR, is a B-algebra (1.18). Since pis 
linear it is constant on all residue classes 24M, and therefore defines 
an isomorphism of X/9R, into the field @ of complex numbers. Since 
Bae) = a, this isomorphism must map £/Zt, onto all of ®. This shows 
that XM, is a field and therefore that M, is a maxima! ideal. The 
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equation pz) = (9) follows from the definition of #(M,). This 
correspondence x Jt, is one-to-one, for if z is in Mt, and æ is not in 
Ma then a(M,) = 0 + a{M,)- Q.E.D. 


8 COROLLARY. Every homomorphism of a commutative B-algebra 
into the complex number system is continuous. 


4 Lemma. Let M be the set of maximal ideals in the commutative 
B-algebra X. Then a(.&) = olz) and 
sup {M} = lim [a^ U^. 
Mek n 
Proor. Since the element z{(M}e—z belongs to the maximal ideal 
M, it js singular (1.12e) and thus z(M} is m of). Conversely if 2 is in 
o(z) then the singular clement 4e—x belongs to a maximal ideal M 
(1.12e) and thus 4 = a(9t). The final conclusion follows from Lemma 
1.8. Q.E.D. 


5 DEFINITION. A topological nilpotent in a B-algebra X is an 
element z such that }z"|¥" — 0. The radical of X is the set Ñ of all 
topological nilpotents in X. The algebra X is semi-simple if its radical 
R= {0}. 

6 Lemma. The radical in a commutative B-algebra is the inter- 
section of all its maximal ideals. 


Proor. Noting that z{t}=0 if and only if z eM, this lemmais a 
corollary of Lemma 4. Q.E.D. 


7 DEFINITION. The structure space of a commutative B-algebra 
Z is the set .@ of all maximal ideals m X with the topology determined 
by all neighborhoods of the form 


NM; e, A) = {MM E M, AM) aM) < e, we A}, 


where 4 is an arbitrary finite set of elements of X and ¢> 0. 
It is clear that the family of all such neighborhoods satisfy the 
requirements listed in Lemma 1.4.7 and thus define a topology in M. 


8 Lemma. The structure space M of a commutative B-algebra is 
a compact Hausdorff space and for each æ in € the function a{M), M 
in M, is continuous. 
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Proor. The continuity of z(-) at each point My of follows from 
Definition 7. Thus 2(-) is continuous on # (L4.16a). Now let Q, be the 
closed dise {4]|4] < e|) in the complex plane and let Q— Preg &, 
be the Cartesian product of all such dises. Since {M} < |a] at is 
seen that z(9t) is in Q,, z€X, and thus each Mt in Æ determines a 
point q in Q with ¢(z} = 2{M). Two different ideals W , M, determine 
different points in Q, since if z eW, and z Mt, then z(9) — 0 
zEa(9) If Q is endowed with its product topology, it is, by a 
theorem of Tychonoff (1.8.5), compact and Æ is topologically equiv- 
alent to a subset of Q. To prove the lemma it will be sufficient there- 
fore to prove that Æ, regarded as a subset of Q, is closed (1.5.7). 
LetAe Ñ, € > 0, A = (z, y, @+y} where a, y are arbitrary elements 
of X. Then the neighborhood N(4; e, A) intersects .K and so there is 
an Je with 


Raja «e — DGI)-yGQ)l «e 
VAz-Fy)— (e-- yK90] < e 
Since (@+y)(M) = z(IR)--g(9R) and e > 0 is arbitrary, we see that 
A(z--y) = A(z)H-A(g)- In a similar fashion jt may be shown that 
He) — 1, Hoax) = a(z), and 2(zy) = Afz)A{y). Thus 2 is a non-zero 
homomorphism and, by Lemma 2, there js a point M, e Æ with 
(My) = Aa), «eX. Thus 2€. and . is closed. Q.E.D. 


"- 9 THEOREM. Let M be the structure space of the commutative 
B-algebra X and let C(.AK) be the B-algebra of all complex continuous 
functions on M. Then the mapping z > 2(-) is a continuous homo- 
morphism of X into C( M) with supmey lM) x: je]. It is an iso- 
morphism if and only if X is semi-simple. 

Proor, The fact that the map z ~ 2{-} is a homomorphism fol- 
lows from the definition of z(31). It was proved in Lemma 8 that 
a(-) e C(.&). The inequality |z(990)| < |z| follows from the definition 
of the norm in a quotient algebra {it also follows from Lemma 4), 
If X is semi-simple it follows from Lemma 6 that 2{2t}= 0 for 
Me only if z = 0 and thus the map z ~ 2(-) is an isomorphism. 
Conversely, if « > #(-) is an isomorphism, then Lemma 6 shows that 
X is semi-simple. Q.E.D. 


10 Derinition. The B-algebra £ is said to be generated by a set 
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Y C X ıf X ss the smallest closed subalgebra of stself which contains Y 
and the unit e in X. 


11 THEOREM. The structure space of a commutative B-algebra 
generated by a set Y is homeomorphic to a closed subset of the Cartesian 
product Po(y) where y varies over Y. 


Proor. By Lemma 4, y{( 4} = o(y} and thus the correspondence 
M --g(9t) defines a map of Æ into Po(y). This is a continuous map 
since the functions g(-) are all continuous on .4. Suppose that 
S974) = M) for all y in Y. Then, since Y generates X, it follows 
that 2(2t,) = 2M) for all z in X. Thus Mt, =M, for, if z eM, and 
a EM, then a(975) = 0, a(M,) + 0. Thus the mapping M ->y(M) is 
a continuous one-to-one map of the compact (Lemma 8) space .& into 
the Hausdorff space Po(y} and is hence (1.5.8) a homeomorphism. 
Q.E.D. 


12 ConmorLanv. The structure space of a commutative B-algebra 
generated by a set Y has, as a base for its open sets. neighborhoods of the 
form 

NM; e, A) = MME, y) y] eyed) 
where A is a finite set in Y. 


18 COROLLARY. The structure space of a B-algebra generated by 
one element is homeomorphic to the spectrum of the generating element. 


14 THEOREM, A subset of the complex plane is homeomorphic to 
the structure space of a B-algebra with one generator if and only if it is 
compact and has a connected complement. 

Proor, Let Æ be the structure space of the B-algebra X generat- 
ed by the element z, By Corollary 18 the compact set o{z) is homeo- 
morphie to .@. Suppose that the complement of c(z) is not connected 
and let G be a bounded component of the complement of o(z). For 
each a in € there is a sequence (P,) of polynomials with |P,(z)—2| +0 
and thus, if 4 = z(90), 


IP (AM) = IUP,6)—2)880)] S [P G)—2| 0 


uniformly for W in Æ. Since 2{.#) = ejz) the sequence (P,(4)) con- 
verges uniformly on o(z). It follows from the theory of functions of a 
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complex variable that (P,(1)) also converges uniformly on G. For 
each 4 in G and each z in X define z(4) = lim P,(2) where {P,} is a 
sequence of polynomials with |P,(z)—z| —0. The number 2(A) is 
clearly independent of the particular sequence {P,,} used to define it, 
For a fixed 4, € G the map z + 2(4,) is a homomorphism of X into the 
field of coniplex numbers, Thus by Lemma 2 there is a maximal 
ideal M, with z(JK,) = 2(4)} for every z in X. In particular 4, = 
2{Ay) = 2(M,). This contradicts the facts that z(.) = o{z) (Lemma 4) 
and that A) is in the complement of o(z). Conversely, leta be a compact 
set in the complex plane whose complement is connected. Let C() be 
the B-algebra of all continuous complex functions defined on g with 
norm 


I| = sup Ifi. 
Aec 


Let z be the element in C(o) with 2(4) = 2, 4 € o, and let Zp be the 
B-subalgebra of C(e) generated by z and the unit element of C(o). 
Let o9{2} be the spectrum of z as an element of £, and o(z} its spectrum 
as an element of C(e}. Clearly e(z} = o and therefore the complement 
p(s) of e(z) is connected, By Corollary 1.10. e4(z) = o(z} = c. Q.E.D. 

We shall conclude our discussion of the structure space of a 
commutative B-algebra by applying the foregomg theory to obtain 
the existence of the Stone-Cech compactification of a completely 
regular topological space. 

15 Derinition. A topological space A is completely regular if 
sets consisting of single points are closed and if for any point 4, € 1 
and any closed set Ay C A with 2, ¢ Ay there is a continuous function 
f defined on A witho < f(4) X 1.2 € A: f(4) = 0. å € Ag; and f(4,)—1. 


16 THEOREM. (Stone-Cech compactification theorem) Every com- 
pletely regular topological space A is homeomorphie with a dense subset 
M , of a compact Hausdorff space M such that every bounded continuous 
complex function on M a has a unique continuous extension to M. 


Pnoor. Let C(A)} be the B-algebra of all bounded continuous 
complex functions on A and let @ be the structure space of C(A). The 
space .& is compact (Lemma 8). The map z —2(4) of C{A} into the 
complex number system is a homomorphism and thus (Lemma 2) 
there is a maximal ideal M, with z(t} —2(4). Since A is completely 
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regular, the map 4 >M, of A into Æ is one-to-one. Let Æ} be the 
set in Æ of all W, with 4 € A. To see that 4 4 is dense in Æ suppose 
the contrary and let 


{Mle GU— GRE <2, i=l. n) 
be a neighborhood in .& which does not intersect Æ}. Then, if 
Ys = %,—2{MpJe, there is for each ZEA an integer è <n with 
lyä) Se. If 


Wl) = E v0) 
H 


then g(4) = & for all 2€ A and thus y~ exists in C(A). Thus y is not 
contained in any maximal ideal (Lemma 1.12) but y(9K,) = 0 which 
means that y eM, a contradiction proving that Æ , is dense in Æ., 
Now 2(Q} is a continuous function of M (Lemma 8) and is an exten- 
sion to Æ of z(M,} = a(4). Thus, to complete the proof of the theo- 
rem, it will suffice to show that the one-to-one map 6:4 >M of A 
onto æ} is a homeomorphism. The neighborhood 


(a) (MIM EM 4. |, ) (98 Y] «c e Benn} 
is mapped by é onto the set 
(8) OB e A. im 0)—240)) < £ P—l...n) 


which, since z, is continuous, is open. Thus ô is continuous. To see 
that 6“ is continuous, 1.e.. to see that ô maps open sets onto open sets 
note first that open sets of the form (f) are mapped into sets of the 
form (a) which are open in .& 4. Now. the complete regularity of A 
enables us to see that every open set in A is a union of sets of the form 
(B), for let G be a neighborhood of A, and let f €C(A) be such that 
0 x f0) S; f() = 5; (A) = 0, 2€ G. Then the set 
{ale A, Iff < 1/2) 
is a neighborhood of 2, which is contained in G. Thus every open set 


in A is a union of sets of type (f) and ô therefore maps open sets onto 
open sets and is a homeomorphism. Q.E.D. 


17 Coronary. Jf A is a compact Hausdorff space then it is 
homeomorphic with the structure space of C(A} 


18 ConorraRv. If A, and A, are compact Hausdorff spaces such 
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that the algebras C{A,} and C(A,) are equivalent, then A, and Ag are 
homeomorphic. 

To see the remarkable nature of Theorem 16, let A be the half 
open interval 0 < å <1 of reals. The space A is a dense subset of the 
compact space 0 x 4 <1. However. in the Stone-Cech compactifica- 
tion the bounded continuous function sin (1/2) has a continuous ex- 
tension which is not the case in the compactification obtained by 
adding one point. In fact, no effective construction of the Stone-Cech 
compactification has ever been given. 


3. Commutative B*-Algebras 


We have already observed that the B-spaces of all bounded 
functions on a set, all hounded continuous functions on a topological 
space, and all almost pericdic functions, if taken with the natural 
notion of multiplication, are algebras with an involution. The involu- 
tion in each case is defined by the equation /*(s) = f(s). These 
algebras are also B*-algebras according to the following definition. 

1 Dermirion. A B*-algebra is a B-algebra with an involution * 
which satisfies the identity |a*a| — le]. 

Besides the preceding examples, which sre all commutative B*- 
algebras, there is the algebra B(b) of all bounded linear operators in 
Hilbert space $. In this algebra the involution operation is that of 
forming Hilbert space adjoints, ie., 7* is the Hilbert space adjoint 
of T and is defined in terms of the scalar product (e, y) in $ by the 
identity 
ü) (Ta, y} = (5 Try), zyc$- 
To verify the identity |7*71 = IT? we note first that 


IT*T| = sup (T* Tz, y}| = sup |{Tz,.Ty) 
2 sup |(Tz, 72)| = sup [Tz]? = |7/, 
where the suprema are taken over all z, y in © with |z| <1, |y] x 1. 
On the other hand 


[Z* = sup |(T*z, y}| = sup |(z, Ty) = |T], 
and so 
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IT*7| 5 [T*liT = ITP. 


Thus |T*T| = |T[5, which, together with Lemma VI.2.10, proves 
the following lemma. 


2 Lemma, The algebra B(9) of all bounded linear operators in 
Hilbert space $ in which the operation * of involution is defined by 
equation (1i) is a B*-algebra. 

Our chief objective in this section is to characterize commutative 
B*-algebras. It will be shown that the homomorphism 2 — a(-) (see 
"Theorem 2.9) of a commutative B*-algebra X into the algebra C(A)} 
of all continuous functions on the structure space A of X is an iso- 
metric isomorphism of X onto all of C(A). It will also be shown that 
this isomorphism is a *-isomorphism, i€., one preserving the operation 
of involution. This base result, which is due to Gelfand and Naimark, 
will find many applications in the next two chapters, 


3 Lemma. If X is a commutatice B*-olgebra then |x*| = |a|®, 
|z| = lz*|, and the unit e satisfies the equation e = e*. 

Proor. For an arbitrary z in X, |z?|? = |(z*)*z"| = |(a@*)2?| = 
[(@a*)*(za*)| = law]? = |]. Thus |x| = |P. Also |zz*| = lal 
lea*| = [oe] = |a*|, and hence |a] = |z*]. Now er = et, 
cok = othe — (e*e)* — e, and so et =e, QED. 


4 Derinition. A *-homomorphism of a B*-algebra X into a 
B*-algebra 3) is a homomorphic map A of X into 9) which preserves 
mvolutions, i.e., h(z)* = h(x*). A *-somorphism between the B*- 
algebras X and 9) is a *-homomorphism À of X into 9) which is also an 
isomorphism (ie. one-to-one) with AX — 3). When such an iso- 
morphism exists the algebras X and 9) are called *-isomorphic or 
*-eguivalent, The symbol X * y) is sometimes used to mean that 
X and Y) are *-equivalent. The structure space (Definition 2.7) of a 
B*-algebra X is sometimes called the spectrum of X and is often de- 
noted by the symbol e(X). 


5 LEMMA. (Arens) If A is the spectrum of the commutative B*- 
algebra X then the map x -> 2(-) of X into C(A) is a *-homomorphism. 

Proor. It was shown in Theorem 2.9 that the map z -» z(*) isa 
homomorphism. Thus it suffices to show that for every 2€/ and 
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z€X we have #*{(2) = 30} Let z(4) =a+fi and 2*(4) = 4-0 
where a, fl, y, 6 are real, We assume that 8+6 ¥ 0 and show that this 
leads to a contradiction. Let y — [r-Fz*—(a--ye]/(f--0), then 
y* — y and y(A) =i. Let N be a real number, Then (y--Nie)4) = 
sy)--Ni —i0--N) and hence [14N] € |y-- Nie. Hence 
ONF x ly Nie? = lly + NeeXy NY = g--NiXy—Nie) = 
fy@-+-N%| S |y®|-+N2 Since this inequality must hold for all real N, 
a contradiction is obtained by placing N = {y|. Hence f+ô = 0 and 
(4) = «+i, a*0) — yp—fi, Gr) =)= ftoi, GaY*(4) = 
—ig*(4) = — fi —yi. Hence by what has already been proved a—y — 0 
and so @*{2) = z(Z). Q.E.D. 


6 COROLLARY. If æ = a* then a(4) is real. 


"» 7 THEOREM (Gelfand-Naimark) A commutative B*-algebra is 
isometrically *-isomorphic with the algebra of all complex continuous 
functions on its spectrum. 

Proor. Let A be the spectrum of the B*-slgebra X. Since, by 
Lemma 8, |#™| = |z|” if m is a power of 2, it follows from Lemma 2.4 
that 

pee 

sup jæ(4) = lim V/z"| = fa. 

Rea n 
Thusthe mapa -> a(-) of £ into C(A) is isometric and X has no radical. 
Lemma 5 shows that this map is a *-homomorphism. It remains to be 
shown that every continuous function on A is the correspondent of 
some z in X. To do this we apply the general Weierstrass theorem 
(1V.6.17) to the algebra C(A} of all continuous functions on A. Let C 
be the subalgebra of C(A1) corresponding to the functions z(*). Since 
lel = sup |z(4)| and X is complete, we see that € is closed in C(A). 
Now let 4,, 4, be two different maximal ideals in A, and let y € 4. 
y €A,. Then y(4,) Æ y(45), so € distinguishes between points. Lemma 
5 shows that the conditions of the Weierstrass theorem hold, and 
hence we conclude that € = C{A). Q.E.D. 


8 Conmorranv.If A is the spectrum of the commutative B*-algebra 
X, then the homomorphism x > 2(-) of Theorem 2.9 is an isometric 
*isomorphism of X onto C(A} 
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9 COROLLARY. A commutative B*-algebra of operators in Hilbert 
space is isometrically *-equivalent to the B*-algebra of all continuous 
functions on its spectrum. 


10 ConmoLLaRy. Let 9) be a B*-subelgebra of the commutative 
B*-algebra X and suppose that X and 3) have the same unit e. Then an 
element y in Y) has an inverse in X if and only if it has an inverse in ). 
Consequently the spectrum of y as an element of 9) is the same as its 
spectrum as an element of X. 


Proor. If y^ exists as an element of 3) then, since X and 9) have 
the same unit, g-! exists as an element of X. Conversely, if y has an 
inverse in X then, since (y+)*y* = (yy 1)* = e* — e, y* has an in- 
verse in X. Consequently yy* has an inverse in X. But, by Theorem 7, 
the spectrum of gy* is non-negative and hence the resolvent set 
P(yy*) is connected. It follows from Corollary 1.10 that yy* has an 
inverse in 9). Thus y has an inverse in 9). Q.E.D. 


11 COROLLARY. Let z be an element of the commutative B*-algebra 
& and let B*(a) be the smallest closed B*-subalgebra containing æ and the 
unit e in X. Then B*(z) is isometrically *-equicalent to the algebra 
Ciola}. 

Pnoor. In view of Corollary 10 the spectrum of z as an element of 
B*(z) is the same as its spectrum o{z) as an element of X. Thus we 
may and shall assume that polynomials in e, a, and #* are dense in X, 
le, thatX = B*(az) Let A = c(X) so that o(z) = a(A). Consider the 
continuous map å — (4) of A onto e(z). This map is one-to-one. For 
if æ(2} = 2("), then 2*(2) = 2) = z(?) = 2*(') and y) = yl’) 
for every polynomial in e. æ, 2*. Since such y are densein X we have 
y(i} = y" ) for every y in X. Then, by Corollary 8, every continuous 
function on A has the same value at 2 as at 2’. Since a compact Haus- 
dorff space is normal this means that 2 =2'. Thus the map 4->a(A)isa 
continuous one-to-one map of the compact space A onto the compact 
space z(A) =o(z). It follows that c(r) and A are homeomorphic. 
Thus, from Theorem 7, it is seen that X = B*(z) * C(o(z)). Q.E.D. 

In general there are many isometric *-isomorphisms between 
B*(z) and C(o(e)). for it is clear that any homeomorphism in o(z) 
generates an isometric automorphism in C(c(z)) and thus transforms 
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one *-isomorphism of B*(z) onto C(o(z)) into another one. There is 
one isometric *-isomorphism of B*(z) onto C(c(z)) that we wish to 
single out, In the notation of the preceding proof the *-isomorphism 
yo y(t) of B*(z) onto C(c(z)) has the property that æ corre- 
sponds to the function z(a 1(4)) =p, i €6(z). Clearly the requirement 
that æ and g(x} = y be corresponding elements determines the *-iso- 
morphism uniquely and we are thus led to the following definition. 


12 DEFINITION. Let z be an element of a commutative B*-alge- 
bra and let f e C(otz)). By f(z) will be meant the element in B*(z) 
corresponding to the function f in C(c(z)) under the *-isomorphism 
between B*(z) and C(o(z)) which is uniquely defined by the require- 
ment that æ and g(u) = p be corresponding elements. 

The notation introduced in Definition 12 is consistent with 
previous usage. For if f is the polynomial f(4) = Y, ui" £^ in p and 
f then f(z) = YXo,,,2^2*". The symbol f(z) has also been used for 
the element (2zi) [c f(42e—2)-*dÀ (see Definition VIL3.9) pro- 
vided that f is analytic and single valued on an open set containing 
c(z). The next lemma shows that the two definitions for f(z) coincide, 


18 Lemma. Let f be a complex function which is single valued and 
analytic on an open set containing the spectrum of an element x in a 
commutative B*-algebra. Then the meanings assigned to the symbol f(a) 
in Definition 12 and Definition VIL&.9 coincide. 

Proor. Let y €» g(-) be the *-isomorphism between B*(z) and 
C(c(z)) as in Definition 12 and Iet 


1 
SLM æ 
y ES ayid, 


where the curve € is as required in Definition VIL8.9. Then 


gu) = zal. IGY8e—2y ludi 
22iJc 


lyr a 
=] — d= 
22i] e3— Hu) 
and thus y is the element f(x} of Definition 12. Q.E.D. 
It is evident that the preceding corollaries may be applied to an 
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operator T in a Hilbert space $ provided that T is an element of a 
commutative B*-subalgebra of the B*-algebra B(Q) of all bounded 
operators in $. This leads us to the notion of a normal operator as 
given in the following definition. 


14 DEFINITION. A bounded linear operator T in a Hilbert space 
is said to be normal if TT* — T*T, and self adjoint if T = T*. 

It is clear that the smallest closed subalgebra of B(j) which 
contains a normal operator 7, its adjoint 7*, and the identity J is a 
commutative B*-algebra. Thus we may state the following corollary. 


15 Coronary. Let T be a normal operator in a Hilbert space $ 
and let B*(T) be the smallest closed subalgebra of B(jy) which contains 
the elements I, T, and T*. Then B*(T) is isometrically *-equivalent to the 
algebra C(o(T)). Furthermore an isometric *-isomorphism is uniquely 
determined by the requirement that the operator T correspond to the 
function g(t} = ys, p € oP). If the symbol (T) is used for the operator 
corresponding to the scalar function f € C(o(T')) under this unique iso- 
morphism, then for every f which is single valued and analytic on an open 
set containing the spectrum o(T) we have 


1 
fr) =, [ ra mra. 


where the curve C satisfies the requirements of Definition VYLa.9. 
Pxoor. This follows from Corollary 11 and Lemma 18. Q.E.D. 


4. Exercises 


1 Let § be a compact Hausdorff space. Show that 
(i) There is a one-to-one correspondence between closed ideals 
in C(S) and closed sets FC S given by 
Fe 3, = (fe C(S fF) = 0). 
(ii) If Y is a closed subalgebra of C(S) which contains the com- 
plex conjugate of each of its elements, then there is a decomposition 
of S into the union of closed sets F upon each of which the elements of 


Q are constant, and such that each continuous function constant on 
each set F lies in 9[. 
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2 Let S be a compact metric space. Let $3 C C(S) be the set of 
all functions f vanishing on some neighborhood, depending on f, of 
a point a in S. Then 9 is an ideal and is closed if and only if a is an 
isolated point of S. Thus C(S) always has ideals which are not closed, 
provided that S is infinite. 

8 Let S be a compact Hausdorff space, and let n(S) be the least 
number of generators of the algebra C(S). Find «(S) for 

(2) The unit circle |] = 1. 

(b) The unit sphere in three-dimensional Euclidean space. 

(c) The Hilbert cube fella; < 1/é) in 1. 

(d) The configuration made up of the arcs joining each of the 
points (0, 0, 1). (0, 0. 2), and (0, 0. 3) in three-dimensional Euclidean 
space to each of the points (1, 0, 0), (—1,0, 0). and (0, 1. 0). 

4 Let € be a Banach algebra whose elements are continuous 
functions on a compact Hausdorff space S with the ordinary oper- 
ations of addition and multiplication. Suppose that 

(a) if 2¢)e% then aC) eX. 

(b) if z(D) € € and is not zero on S then l/z(-) e X. 

Then for each maximal ideal M C X there is a point tj € so that 
a (90) = alt,), z € X. Conversely, if for each maximal ideal M there is 
até S such that a(t} — z(£), then if z(-) e X and is not zero on S, 
lae()eX. 

5 Let X, be a B-algebra satisfying condition (a) of Exercise 4 
and X, a dense subalgebra of X, satisfying conditions (a) and (b). 
Suppose that X, can be supplied with a norm ın such a way as to 
become a B-algebra. Show that %, also satisfies condition (b). 

6 Let C" be the class of all complex valued functions e(t} on 
[0, 1] with à continuous derivatives. Show that C" with the ordinary 
operations of addition and multiplication is a Banach algebra if 

EN 
le = sup X EDI, 
OStSI k=O 
What are the maximal ideals? 

7 Let CBV[0, 1] be the algebra of continuous functions a(£) 

of bounded variation on [0, 1] with 


Jz] = sup Ix(£) H-v(, [0. 11) 
0x31 
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and the ordinary operations of addition and multiplication. Show 
that CBV[0, 1] is a Banach algebra. Identify the maximal ideals. 
8 Let K™ be the algebra of polynomials z = Y? , a,4* with 
complex coefficients and norm |æ} = *7 , lal. Addition and multipli- 
cation are as usual except that in forming products 4^*! is taken to be 
zero. Show that K™ is a Banach algebra with a unique maximal ideal. 
9 The space } of absolutely convergent series a = {a,,, — 00 «t 

< œ} is a commutative Banach algebra under the multiplication 


b= Staab aih b= fi deh. 


nao 
The space .& of maximal ideals is homeomorphic with the reals 
modulo 2x (i.e., homeomorphie with a circle} in such a way that if 
9R €. and 6 are corresponding elements then 


œ 
aM) = Y ae, 
neo 
10 (N. Wiener) If the absolutely convergent trigonometric 
series Y2_..a,e° never vanishes, then its reciprocal is also an 
absolutely convergent trigonometric series. 
11 (N. Wiener-P. Lévy) Prove that if f is analytic and single 
valued on a neighborhood of the range of the absolutely convergent 
trigonometric series 


e) = Saye? 


then there is an absolutely convergent trigonometrie series 
h(0) = Y f,e'"* with RO) = HON 


12 Let h:9[, +, be a continuous homomorphism where Y, 
and 9I, are Banach algebras. Let h(a} = 0 imply a = 0, and let Y, 
have no radical. Show that 9f, has no radical. 

18 Let M be the set of all regular countably additive Borel 
measures x on the real line R. For y, 2 in M, let u x4 be the direct 
product measure in Rx E determined by x and 2. Define a measure 
p22 by putting 

(u AXE) = (u xłXE,} 
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where Æ is an arbitrary Borel subset of R, and E, = {(a, y) e RXR 
læ+y € E). Show that with the product p » 4 the Banach space M isa 
commutative Banach algebra. 

14 If f is in L,(—co. ©), and if (E) = fz f(sds show that 


Q e uXE) = f, ds [~ Kenya), 


for every y in the space M of Exercise 18. If (E) = fg g(s)ds for 
some g in L,(— co, co) then 


Q «uXE) = fds |? fe necat 


15 Let£ be in the resolvent set of the bounded linear operator 
T and let d(£) be the distance from £ to the spectrum of 7. Prove that 


1 < dE RU; T). 


16 Let A and B be commuting bounded operators in a complex 
Banach space. Show 


loC4-- BY € |o( A) + |o(B)| 
lo( AB) C tof A} fo BY. 


17 Ifa (commutative) B-algebra has only trivial ideals, then it 
is isometrically isomorphic to the complex numbers. Show that there 
exist non-commutative algebras with no two-sided ideals which satisfy 
allthe axioms for a B-algebra except the commutative law and which 
are not the complex numbers. 

18 Find a non-commutative B-algebra Y and an element x # 0 
In with a3 = 0 and with z contained in no two-sided ideal in 9[. 

19 In a commutative B-algebra, the spectral radius is a con- 
tinuous function. 

20 (Kaplansky) Define multiplication in , by 


zy, To Tor v» p Yor Yar ++} = (Wy Tear Za +++)» 


Sbow that with this multiplication J, is a commutative algebra with 
no unit and that fey! < je] * [yl 

(i) Show that there is a one-to-one correspondence between 
closed ideals and subsets of the integers. 

(li) There is a one-to-one correspondence between maximal 
ideals and integers. 
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(ii) The topology on the maximal ideals is discrete. 

(iv) Characterize the closed subalgebras of I. 

21 Let X be a commutative B-algebra with structure space M 
and suppose that for every closed set .&, C @ and every maximal 
ideal M, ¢-@, there is an z in X with a(91) #0 and a(.4,) = 0. 
Prove the following: 

(a) Let 9 be the intersection of all maximal ideals in a given 
closed set MoC .&. Then e(z—8) = a(.4,). 

(b) If a(9R,) = 0, (M) € 0 and (M) = 0 for every Mt in some 
neighborhood of Mt, then there is a z such that zz— y is in the radical. 

(c) Let X be semi-simple and have the property that for every æ 
in € there is an žin X with 2M) — 2M) for every M in M. Let 
ECE and M, = (Mia(M) = 0, z € Ej. Show that the ideal deter- 
mined by E contains every element y for which y(M} vanishes for WM 
in a neighborhood of the closure of Mg. 


5. Notes and Remarks 


The concept of a general normed algebra was introduced first by 
Michal and Martin [1] and Nagumo [1]. However, since the publica- 
tion, in 1941, of the fundamental papers of Gelfand [1, 3, 4, 5] and 
Gelfand and Silov [1], the study of these algebras has occupied the 
attention of many authors. Since only the most elementary aspects of 
the theory of B-algebras are required for our purposes, we refer the 
reader to Hille [1] (or the revised edition with R. S. Phillips), Loomis 
[1], Naimark (Normed rings, Noordhoff, Groningen, 1959), and 
Rickart [10] for other topics. 

Preliminary notions. Many of the concepts in this section have 
direct analogues in the B-algebra of bounded linear operators on a 
B-space, which have already been discussed in Section VIL.11. The 
notion of a topological divisor of zero is due to Silov [2]. The singular 
elements of a B-algebra have been studied in detail by Rickart [4] 
to whom Lemma 4 is due, although a form of this lemma was proved 
earlier by Bochner and Phillips [2]. It was announced by Mazur 
[8] and a proof given by Gelfand [1], that if a B-algebra is a field it is 
isometrically isomorphic to the complex numbers. This is an extension 
of a theorem of Frobenius; similar conelusions have been obtained by 
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Arens [8], Edwards [2], Lorch [10], Ramaswami [1], Silov [5], Stone 
[1], Tornheim [1], and Wright [1] under à wide variety of hypotheses. 
(Compare Theorem 6 and Corollary 7.) Lemma 9 is due to Lorch [9]. 
The study of ideal theory in B-algebra was inaugurated by Gelfand 
[1] to whom most of the results given in Section 1 are due. 

B- and B*-algebras. The results of Section 2 are due to Gelfand 
[1]. The fundamental Theorem 8.7 was proved by Gelfand and Nai- 
mark [1]. In their proof, they proved Lemma 8.5 by using a fairly 
deep result of Silov that was not generally available. The proof of this 
lemma given here is that given by Arens [6], who has also (Arens [7]) 
obtained this result in greater generality. A simple direct proof of 
Corollary 8.6 was given by Fukamiya [2], and can be used to prove 
Lemma 8.5. Corollary 3.10 is due to Rickart [6] who has also proved 
stronger results on spectral permanence (see Rickart [9]). 

Non-commutative B*-algebras. Although our attention has been 
directed towards commutative B-algebras, much is known in the non- 
commutative case. In analogy with Theorem 8.7, we remark that 
Gelfand and Naimark [1] have given the following characterization. 
of nomcommutative B*-slgebras: 


Tueorem. Every B*-algebra is isometrically *-isomorphic with 
a subalgebra of the algebra of all bounded linear operators on some 
complex Hilbert space. 

It may be remarked that in their proof they assumed that the 
B*-algebra X satisfied the additional condition that for every « in €, 
the element e-J-a*z possesses an inverse, in which case it was called a 
C*-algebra. Only recently Kaplansky has proved, using some results 
of Fukamiya [3] and Kelley and Vaught [1], that this condition is a 
consequence of the other properties and hence is superfluous (ef. Math. 
Rev. 14, 884 (1958)). T. Ono (see Rickart [10; p. 248) for reference 
and comments) showed that the condition |z*z] = [æf in Definition 
8.1 can be replaced by the condition jaz*| = |a/|z*|. 

The theory of weakly closed non-commutative B*-algebras of 
operators in a Hilbert space has been extensively developed by Murray 
and von Nenmann and many others. Since we will not require the 
results of this theory we present only a single result. due to von Neu- 
mann [2], in this direction. If Y is a collection of bounded linear opera- 
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tors In a Hilbert space , the centralizer (or commutant) W of Y is 
the set of all bounded linear operators in $ which commute with every 
operator In 9f. 


Lemma. The centraliser of a B*-algebra of operators in Hilbert space 
is a B*-algebra of operators and is closed in the weak operator topology. 

Proor. It is easily seen that the centralizer Y° of a B*-algebra Y 
Is a B*-algebra. If (B,) is a generalized sequence in 9{° converging in 
the weak operator topology to an operator B, then for every AEA 
and æ, ge we have (BAz, y) = lim (B, 42, y) = lim (AB, 2, y) 
(A Be, y), and so BeY. Q.E.D. 


THEOREM. 4 B*-algebra of operators in Hilbert space is equal to 
the centralizer of its centralizer if and only if it is closed in the weak 
operator topology, 

Proor. It is clear from the definition of the centralizer that 
A C (A) and from the lemma that Y is closed in the weak operator 
topology if 9| = (Xe). To prove the theorem it suffices to show that 
if Y is closed in the weak operator topology, then every neighborhood 
of a point B in (2) contains an element of Y. In order to illustrate the 
idea of the proof this statement will be demonstrated first for a neigh- 
borhood of the form 


N, = (4 e BJ, (4- By < e. 


Where £ > 0 and a, and g are fixed non-zero elements in $. Let E be 
the orthogonal projection of $ onto M = sp (42,4 EA). For every 
AEA we have AMCM, and A*M CM; hence EAE = AE, and 
EA*E = A*E. Taking adjoints in this last equation it follows that 
EA = EAE = AE, proving that Ec9f. Hence Hy, = BEy, = 
E By, EM and so there is an 4 in Y with [dy,— By,| < ela, which 
implies that A is in N,, as desired. 
We now consider an arbitrary neighborhood 


N= (4 e BS) (A— Bly, < £, i =1,...,0) 


of B, and we may assume that |z,| < 1. Let $* be the direct sum 
(cf. IV. 4. 17) of § with itself n tines, and for each operator 4 defined 
on $ let At be the operator defined on $t = Ñ ©... © Ñ by the 
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equation A+[z, . > n z,] = [Azp - . ., AZn). The set of A+ with 4 in Y 
will be denoted by Yt. Now the general bounded linear operator C in 
Dt has the form 


Chey ++ + Za) = (2 Gute eS EC 


and therefore (2{+)° consists of those C for which all theoperators C, are 
in 9l. From this is is seen that ((2[*}*)* consists of the operators d+ 
with A in (°y. In view of this representation for the general element 
in ((21*)9)*, the argument used in the case n = 1 may be applied to 
obtain an A+ in 9[* with 


NABYE -+ Yall = = I(4—Byl « 5, 


from which it follows that 4 is in N. Q.E.D. 

This theorem is of importance since it characterizes the weakly 
closed B*-algebras of operators in terms of an algebraic property, and 
suggests that they are of particular interest. 

The foundations of the theory of these algebras are to be found 
in the papers of von Neumann [2,18,14,15) and Murray and 
von Neumann [1]. An expository account is given by Naimark [2], 
and a more comprehensive treatment is given in the books of Dixmier 
[5] and Rickart [10], where references are given. 

Generalizations, We conclude by mentioning that many of the 
results of B-algebras have been extended to more general topological 
algebras by Arens (2, 9] and Michael [2]. For an expository account of 
the theory of topological rings and algebras, we recommend 
Kaplansky [4]. 


CHAPTER X 


Bounded Normal Operators in Hilbert Space 


1, Terminology and Preliminary Notions 


The spectral theorem to be proved in this chapter will introduce 
a theory which parallels in Hilbert space the theory in n-dimensional 
unitary space associated with the classical reduction of a finite normal 
matrix of complex numbers. Throughout the chapter the symbol 7* 
will be used for the Hilbert space adjoint of the operator T in Hilbert 
space $. The symbol (a, y} will be used for the scalar product of the 
vectors æ and y in . By definition then, (Ta, y) = (a, T*y), and T is 
normal if and only if 77* = T*T. The Gelfand-Nalmark representa- 
tion theorem (in particular Corollaries [X.8.9 and IX.8.15) will yield, 
for normal operators in Hilbert space, a reduction theory which is 
more complete than that developed in Chapter VII for general opera- 
tors in a complex B-space. Although the present chapter is independ- 
ent of Chapter VIL, it may help in motivating the study of normal 
operators if we interpret the reduction problem in the light of the 
general results of Chapter VIL There we associated with an operator T 
in a complex B-space a Boolean algebra of sets in the complex plane 
which were called spectral sets. A spectral set was defined as any sub- 
set of the spectrum o(7} which is both open and closed in the relative 
topology of o(7}. With each spectral set ¢ was associated the projec- 
tion operator 

[0] Elo) =- al QITA 

22 Joce 
where C(o) is any rectifiable Jordan curve in p(T} surrounding o but 
no other point of o(7}. What concerns us at present is not so much 
the definition (i) of the projections E(c) but rather some of their 
properties. These projections satisfy the identities 
Elo nô) = E(o}n Eh Elo 06) = Elo) v E(9), 
E(c(T)) —1, E($) — 0, 
887 


(it) 
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where o, ô are arbitrary spectral sets and where ¢ is the void set. Here 
we have used the notations 4 ^ B and 4 v B for the intersection and 
tunion of two commuting projections 4 and B. We recall that these 
operators are defined by the equations 4^ B = 4B, Av B = 
A+B—AB and that the intersection and union of two commuting 
projections are again projection operators, Also the ranges of the 
intersection and union of two commuting projection operators are 
given by the equations (4 ^ B)X = (AX) o (BX), and (dv B}£ = 
(4X)-- (BX) = sp (4X. BR), respectively. Thus, in a Boolean algebra 
of projections, the order relation A < B, which 1s defined by the equa- 
tion A B = A, may be interpreted geometrically as meaning 4X C BX. 
Stated otherwise the equations (ii) assert that the function o > E(o) 
is a homomorphic map of the Boolean algebra of spectral sets onto a 
Boolean algebra of projection operators in € and that furthermore 
this homomorphism takes the unit o(7} in the algebra of spectral sets 
into the unit J of the algebra of projections. This observation leads to 
the notion of a spectral measure in & B-space X. A spectral measure in 
X is a homomorphie map of a Boolean algebra of sets into a Boolean 
algebra of projection operators in € which has the additional property 
that it maps the unit in its domain into the identity operator J in its 
range. Thus with every bounded operator T in a complex B-space is 
associated, by means of equation (i), a spectral measure E defined on 
the family of spectral sets of T. This spectral measure is also related 
(VIL8.20) to T by the equations 


Gi) E()T — TE(), oTa) =ô 


where 6 is an arbitrary spectral set of 7 and where o(T,) is the spec- 
trum of the restriction 7, of Z to the manifold £ — E(5)X. Thus, if 
6,,-++,6, are disjoint spectral sets of 7 whose union is the whole 
spectrum o(T), the space € may be decomposed into a direct sum 
€ = X, ©... © £a, where T maps each of the spaces X}, = E(ô,)£ 
into itself and the spectrum o(7;,) of T as an operator in Xs, is 6j. 
This shows that the study of 7 may be reduced to the study of its 
restrictions to the invariant subspaces €,. Evidently it is desirable 
to know whether or not the operator T may be reduced further, i.e., 
whether or not the domain of definition of the spectral measure may 
be extended to a larger Boolean algebra of sets in the plane in such a 
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manner that the properties (ii) and (iii) are preserved. Without relax- 
ing the condition (iii) this is clearly impossible, for if 6 = o(T4) then, 
since the spectrum of an operator is always closed (IX.1.5), every set 
in the domain of a spectral measure satisfying (iii) is necessarily an 
open and closed subset of o(7} and thus a spectral set. However, in 
order to reduce the study of T to its study on invariant subspaces in 
which it has a smaller spectrum it is quite sufficient to find a spectral 
measure which satisfies, instead of (iii), the condition 

(v) E()T = TE), — oc(T)C 5 
where J is the closure of 6. As will be seen in the next section, a normal 
operator T in Hilbert space § determines a spectral measure which is 
defined on the Boolean algebra 2 of all Borel sets in the plane and 
which satisfies (iv) for every 6 e2. This spectral measure associated 
with a normal operator is also countably additive on 2 in the strong 
operator topology. This means that for every sequence {6,) of disjoint 
Borel sets 

E eo 
(e) > £62 = E(U 632 reg. 
ii = 
A spectral measure E defined on the Borel sets in the plane and satis- 
fying (iv) for every Borel set 6 and (v) for every sequence {6,} of dis- 
joint Borel sets is called a resolution of the identity for T. With this 
terminology the spectral theorem for bounded normal operators in 
Hilbert space asserts that every such operator has a uniquely deter- 
mined resolution of the identity. 

One of the many uses of this theorem is to generalize the opera- 
tional calculus for normal operators similar to the operational calculus 
established in Section VIL1 for finite matrices. Before describing 
the operational calculus for normal operators let us recall the form 
this calculus assumes for a normal matrix in finite dimensional 
space, If 7 is a normal operator in the finite dimensional Hilbert 
space $ then its minimal equation has only simple roots and the in- 
dices s, . . ., », associated with the eigenvalues A,, . . ., 4, are all equal 
to 1. Thus, for a finite normal matrix 7, the operational calculus 
(VIL1.8) is given by the formula f(T) — J? , /(4,)E,), where f is 
an arbitrary polynomial and where E(A,) is the operator which pro- 
jects $ onto the manifold (sze, (T—A,I)z = 0) of eigenvectors 
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associated with 4,. If we define, for every Borel set ô, the operator 
E(0) to be 0 if à contains none of the spectrum {A,,..., 4,) of T and 
otherwise let E(6) be the sum of all the projections E(J,) for which 
4, € 6, then the function E is a resolution of the identity for T and the 
operational calculus is given by the formula 


e) IT) = f n OEA, 


where the integral is defined as the finite som 5* , {(4,)E(A,). If the 
Hilbert space $ is infinite dimensional there is still an operational 
ealeulus for a normal operator T with resolution of the identity E 
which is given by the formula (vi), but in this situation it is necessary 
to define the integral appearing in (vi) and to define the algebra of 
scalar functions f to which the formula may be applied. One class of 
scalar functions f, other than polynomials, for which the operator 
KT) bas already been defined is the class C(o(T)) of all complex 
continuous functions on the spectrum. For, in Corollary IX.8.15, it 
was shown that there is one and only one isometric *-isomorphism 
between C(o(T)) and the B*-algebra B*(T) determined by T provided 
that we require the scalar function g(4) = } and the operator T be 
corresponding elements. The operator f(T') is, by definition, the uni- 
quely determined operator in Hilbert space which corresponds to the 
continuous scalar function f under this *-isomorphism. This abstract 
*-isomorphism f €» f(T) between C(c(T)) and B*(T is given a con- 
crete analytical representation in equation (vi) and tlus equation 
(vi) determines an operational calculus, The term operational calculus 
1s used here and elsewhere in the following sense. Let f > T(f) be a 
homomorphie map of a B-algebra of scalar functions into a B-algebra 
of operators in a Banach space. Then any method of calculating the 
operator T(f) from the scalar function f is called an operational 
calculus. An operational calculus usually assumes the form of an 
analytical formula which gives a concrete representation of the 
abstract homomorphism f > (f). In the present chapter all of the 
homomorphisms f -> 7 (f} will be *-homomorphisms between B*-alge- 
bras. 

In the study of normal operators we shal] find considerable use 
for caleuli defined iu terms of various general forms of equation (vi). 
Thus it becomes necessary to define the integral f (A)E(di) of a 
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scalar function f with respect to the operator valued set function E. 
In the present chapter we shall only integrate bounded functions f 
and so the following discussion of the integral will be restricted to that 
case. Let Z be a field of subsets of a set § and let E be a function which 
maps Z into the algebra of bounded linear operators on the B-space X. 
It is assumed that E is additive and bounded, i.e., there is a constant 
K such that for every pair 6. o of disjoint sets in Z, 


(vi) 26 Uc)=F6)4+E@), JEN SK. 


It will not be necessary in defining the integral to assume that E is a 
spectral measure, or that Æ(ô} is a projection. Thus the basis for the 
integral is simply a bounded additive operator valued function £ on a 
field Z of subsets of an abstract set S. The functions we shall integrate 
are the bounded 2-measurable functions. A Z-measurable function 
(cf. IV.2.12) is a function f with f-"(4) € Z for every Borel set A in 
the range of f. If Z is the family of Borel sets in a topological space S 
then a Z-measurable function is sometimes called a Borel measurable 
function or simply a Borel function. The class B(S, X) (cf. IV.2.12) is 
the closed linear manifold, in the space of all bounded functions on 8, 
which is determined by the characteristic functions of sets in 2. 
The norm in the space of all bounded functions on S, and thus the 
norm in B(S, X} is f| = sup,es lf(s). We shall use the term Z-simple 
function for any function on S having the form 


(viü) t= Èa, 


where y; is the characteristic function of a set 6, in X. It is 
readily verified that if D2, oza, = D324 Bio, then Y? ,a,E(6;) = 
Za B,E(o,). and we may thus defme the integral of the E-simple 
function (vili) by the equation 


[ren = $2,809. 
i à 


Now, since the total variation of a scalar valued additive sct function 
H on Z is at most 4 sup, lu(ô)l (IIL1.5) we have, for a E-simple 
function f, 
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e [ f reno] al = | f rte mane 
< asup lfe)lsup IEO)lella*h ek shed" 
e. er 


and thus (IL8.15) 
[frena] £ 4x sup tn 
ses 


where K is the constant in (vii). This shows that if the sequence {f} of 
Z-simple functions converges in B(S, Z} to f then the sequence 
(Js f, (5)E(ds)) of integrals converges, and its limit depends only upon 
į and not upon the particular sequence (/,) used to approximate f. 
"Thus we may define the integral of f by the equation 


Í fiy E(ds) — lim Í LEd) 
s a Js 


Fora set din Z the integral f; /(s) E(ds) is defined as [s f(s)z,(s}E(ds). 
It is clear that the map f > fs f(s)E(ds) is a continuous linear map 
of B(S, £) into the algebra of bounded operators in X. If the set 
function Æ is a spectral measure, the map f > fs f(s)E(ds) is also a 
homomorphism. To see this let f e B(S, Z} and note that the operators 
[s f(s)e(syE (ds) and [Js f(e)E(ds)][ Js e(s)E(ds)] both depend linearly 
and continuously upon g, and that if g is the characteristic function 
of the set 8 in Z, then 


[ree = f Ed o 
= f feyesyee = [ f, eE] [f,etoye1aey]- 
Thus for f in B(S, Z) the equation 


fto Ea = [fra] [femen] 


holds for all Z-stmple functions g, and hence, by a continuity argu- 
ment, this equation holds for all f and g m B(S, £}. If, furthermore, 
E isa self adjoint spectral measure in Hilbert space, by which is meant 
that £(6) = E(Ó)* for 6 in Z, then the map f > fs f(s)E(ds) is a 
*-homomorphism of the B*-algebra B(S, X) into the B*-algebra of 
bounded operators in Hilbert space. To see this let f be the Z-simple 
function (viii). Then 
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[ [roman] = 3a | formas, 


Exi 
and since simple functions are dense in B(S, X), we have 
[Js fs)E(@s)]* = Í. [ F(e)E (ds) for all f in B(S, £} 
In summary we state the following theorem. 

1 TTuronEM. Let E be a bounded self adjoint spectral measure in 
Hilbert space defined on a field Z of subsets of a set S. Then the map 
{f Tf) defined by the equation 

Ti) = | IOE), fe BIS, 2), 
is a continuous *-homomorphic map of the B*-algebra B(S, E) of 
bounded Z-measurable functions on S into the B*-algebra of bounded 
operators on Hilbert space. 

Returning now to the general integral f f(s)E(ds) where E is 
merely a bounded additive operator valued set function, we observe 
that the integral has been defined in terms of the uniform operator 
topology. It is clear that if v is a bounded additive vector valued set 
function on 2, the integral f f(s}o(ds} of a bounded 2-measurable 
function f may be defined similarly. Thus if E is a bounded additive 
set function on Z whose values E(5) are bounded operators in the 
B-space £, and if æ € £, then the integral f {(s}E(ds}z is defined for 
every bounded Z-measurable function f on S. It follows immediately 
that 


[829] « — f 46)Elds je 


Similarly if «eX and 2* €X*, then every bounded Zaneasurable 
function f on S is integrable with respect to the bounded additive 
scalar set function 2* E(&)z, de Z, and 


z* [f, Ke)E(@s)] «= [iy E. 
In Hilbert space this identity takes the form 
(Lean) = 2) = [exem y — muet 


The notation fs f(s) E(ds) is self-explanatory, but perhaps it will 
help if we mention explicitly that the symbols 
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jo f, eso. — [roy oy 


refer to the integral of f with respect to the additive operator valued 
set functions whose values on a set o € £ are 


Í, BOE), Elo nò} 


respectively. The integral fs /(s)E(ds Nn 6) is itself a bounded additive 
set function for din Z, and thus the integral of a function gin B(S, £) 
with respect to this set function is written as 


fe [ets o a9. 
If f is the characteristic function of a set de E, then 


(ix) Í gn h f@)Elds n di) = fs gib () E(dt), 


and since both terms of this equation are linear and continuous for 
fin B(S, £}, we see that (ix) holds for all f, g € B(S. E). 

Let S be a normal topological space, and let E be regular m the 
sense that the scalar measure z*E(: )e is regular for each æ in X and 
a* in X*. Then the vanishing of the integral fs f(s)E(ds) for every 
bounded continuous function f on S implies that 


a [f resa] e = fret Enzo. — reci 


and hence (IV. 6.2) that z*E(8)z = 0 for every Borel set 6 in S and 
every pair æ, «* witha e €, a* e X*. It follows (IL3.15) that E(9) = 0. 
Thus if E and A are bounded additive regular operator valued set 
functions defined on the Borel sets of a normal topological space S, 
and if fs f(s)E(ds) = [sf(s)4(ds) for every bounded continuous 
function f on S, then E(6} = A(6) for every Borel set à in S. 
Another property of the integral which will be used frequently is 
the change of measure principle. In the statement of this principle we 
have two spectral measures E and E, on Z which are related by the 
equation 
E(9) = Eê), er, 


where h is a map of S into itself with the property that for every à 
in Z the set 4-46) = (slh(s) eô} is in Z. If f is the characteristic 
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function of a set 6 in Z then the equation relating E and E, may be 
written as 


JOE) = f He Bas). 


Since both sides of this equation are linear and continuous for f in 
B(S, £}, it is seen that the equation holds for every bounded £- 
measurable function f. 

‘The elementary properties of the integral fg f(s)E(ds) which have 
been discussed in this section will be used repeatedly throughout this 
chapter, usually wit hout explicit reference to the property in question. 


2. The Spectral Theorem for Bounded Normal Operators 


Before proving that a bounded normal operator in Hilbert space 
has a resolution of the identity, we will prove the following more 
general theorem which will be used frequently when its special case is 
not readily applicable. This more general theorem gives a spectral 
measure which reduces simultaneously each member of an arbitrary 
family of commuting normal operators. This genera] theorem and the 
Gelfand-Naimark theorem (IX.8.7) together provide the key to the 
whole theory of normal operators in Hilbert space. This chapter is, in 
& sense, an enumeration of corollaries and special cases of these two 
results, In the next chapter will be found applications of these two 
theorems to diverse problems in analysis. 


"» 1 THEOREM. (General spectral theorem) Every commutative B*- 
algebra Y of operators in Hilbert space { is isometrically *-equivalent to 
the algebra C(A) of all complex continuous functions on the spectrum A 
of Y. Furthermore every isometric *-isomorphism f T (f) between these 
algebras determines uniquely a spectral measure E defined on the Borel 
sets B in A which has the following properties: 
(i) for every 2, y € the set function (E(o)z, y), o €, is a 

regular countably additive set function on B, 

(i) E())T = TEE), E@) = E(0)*, UEA Te, 

Gi) TA = [DE fe CA). 

Pxoor. The first statement has been proved in Corollary IX.8.9. 
The proof of the second will require the following lemma. 
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2 Lemma, A bounded bilinear form which satisfies the identity 


ly) = [p a] uniquely determines a bounded self adjoint operator A 
which satisfies the identity [z, y] = (da, y} 


Proor. For fixed y the number [z, y] depends linearly and con- 
tinuously upon z, and hence (IV.4.5) there is a point Aye with 
[o y] = (a, Ay). Since [z, y] is bounded and bilinear, 4 is bounded 
and linear, and the formule [z, y] = [y, «] shows that 4 is self adjoint. 
Q.E.D. 

Proceeding now to the proof of the theorem we observe that 
for each pair z,g€$ the number (Z(f), y) is linear in f and 
IK (yz. yi x Vllsllgl- Thus, by the Riesz representation theorem 
(IV.6.8), there is a uniquely determined regular measure p, 2, y) 
on £ with 


6) Tiny) = f FOR, e fecta} 
(b) due n)i Solut, a yh e) < jelly eed. 


Since (T (faz, y) = ofT (f), y) we have from (a), 
f eidh ax, y) = | Handi, 2, fecia, 


and, since the regular measure is uniquely determined by the fune- 
tional, it is seen that pô, az, y) = au{ð, 2, y)- Similarly, it may be 
shown that (6, a, y) is bilinear in æ and y. Now if f is real then 
TH) - T(J) - T(* and so (Tiz, y) = (Tig, a). It follows from 
(2) that 


[1009422 = [ fGp ym. teca, 


and thus, by the uniqueness argument, that (6, æ, y) = p{ô, y, 2) 
Lemma 2 and (b) show that for each 6in@ there is a uniquely defined 
bounded self adjoint operator E(ó) such that p(ó, z, y) = (E(Ó)z, y)- 
It is clear that E(Ó) is additive on @ and from (b) it is seen that 
[£6)[ < 1. Thus (ii) follows from (a). To see that E(ó)E(o) = 
E(6 N o) we note that for every pair f, g in C(A) we have 
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f ia J, eaa o 22 =f 102 f p 6060 
= | ADEDE — Tue) 
= TATE) = [,MAT@EA) 


= [100 [eB EA 
Thus 


J Eee 05) = [Ey EO), eB, gec) 


and hence E(o 7 6) = E(c)E(6) for every pair o, 6 in £4. Hence E is 
& spectral measure and, in particular, all of the projections E(ó) 
commute. It follows then from (iii) that the projections E(ó) also 
commute with T(f) and this completes the proof of the theorem. 
QED. 


8 COROLLARY. The spectral measure is countably additive in the 
strong operator topology. 

Poor. If {6,} is a sequence of Borel sets decreasing to the void 
set then |E(Ó,)ef? = (£(6,)c. E6,)c) = (E(0,)z, 2) +0 by (i). 
Q.E.D. 

The preceding calculation also shows that the regularity of the 
scalar measure ( E(ó)z, y) for every æ, y in $ implies that the vector 
measure E(6)z is regular in the strong topology of €, i.e., for every 
$€4 and e >O there is a closed set F C ô and an open set GDS 
such that |E(o)e| < e for every o in Z with c C G—F. This follows 
since |E(o)e|? = (E(o)a, æ}. Thus, for a self adjoint spectral measure 
(i.e., a spectral measure E with E(6) = E(6)*) the notions of countable 
additivity and regularity are the same in the weak operator topology as 
in the strong operator topology. These notions will never be used in the 
uniform operator topology since, in any B-space, every projection 
E + 0 has |E] > 1. Thus we may use expressions such as “regular, 
countably additive self ad joint spectral measure" without ambiguity. 


4 Conorraav. 4 bounded normal operator T uniquely determines 
a regular countably additive self adjoint spectral measure E on the Borel 
sets of the complex plane which vanishes on p(T) and has the property 
that 
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Kn- [s HAE, feClolT)). 


Proor, If we put £(6) = 0 when ô n of 7) is void, then Corollary 
4 follows immediately from Theorem 1 and Corollary IX.3.15. Q.E.D. 


5 DEFINITION, The uniquely defined spectral measure associat- 
ed, in Corollary 4, with the normal operator T is called the resolution 
of the identity for T. 

In order to relate this notion of the resolution of the identity with 
that given in Section 1 we state the following corollary. 


6 COROLLARY, ff E is the resolution of the identity for the normal 

operator T and if ò is a Borel set of complex numbers, then 
ET = THO), oT) CB. 
where T, is the restriction of T to E(8)Q. 

Paoor, The first statement follows from Theorem 1{ii), Now for 
££ it is seen from Theorem 1.1 and Corollary 4 that the operator 
R= [(E—A}-1yQ(4) E(dd) satisfies the equation R(I -T) = E(8). 
Q.E.D. 

7 Coronzany. Let E be a regular countably additive self adjoint 
spectral measure defined on the Borel sets in the complex plane. Then E 
ds the resolution of the identity for the normal operator T if and only if 
T= Sen AE(d4). 

Proor, If T = [an AE(di) and E is self adjoint then T* = 
Soup) AE(dA). Thus, by Theorem 1.1, for any polynomial p(4, A) in A 
and J we have p(T, T*) = fon p. 2) (dA). It follows from the 
Weierstrass approximation theorem that f(T) = fan, f(4) E(d3) for 
every f in C(o(T)). Thus, by Corollary 4, E is the resolution of the 
identity for T, The converse statement follows directly from Corollary 
4. Q.E.D. 


"» 8 ConoLLamv. Let E be the resolution of the identity for the 
bounded normal operator T and for each complex bounded Borel function 
on the spectrum o(T) let 


[3] KD) = | n OEA. 
Then the map f > (T) is a continuous *-homomorphism of the B*- 
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algebra of bounded Borel functions on o(T) into the B*-algebra of bound- 
ed operators in Hilbert space with the property that the functions f(A) = A 
and f(A) = 1 map into the operators T and I respectively, This homo- 
morphism has the further properties 


Gi) DE = f... POPELA 2), 2eGs 


(ili) df the uniformly bounded sequence {j,) of complex Borel 
functions converges at each point of o(T) to the function f then f,(T) 
— (T) in the strong operator topology. 

Proof. By Theorem 1,1 the map f — f(T) is a continuous *- 
homomorphism, By Corollary 4 the functions 4, 1 map into the opera- 
tors T. I respectively. To prove (ii) we have 


I)e? = (UJ, f(7)2) = GDYSfODos 2) 
= FT), 2) = [MAPLE 2). 


Statement (iii) follows from (ii) since 
if Te — Kyo = |, p 15,0) PURI, 2) 0 


by the dominated convergence theorem of Lebesgue. Q.E.D, 

It is desirable at times to have an operational calculus similar to 
that given in Theorem 1.1, but which represents an isometric *-iso- 
morphism( rather than just a continuous *-homomorphism) between 
a commutative B*-algebra of operators in Hilbert space and a B*- 
algebra whose elements are equivalence classes of functions. In using 
such a calculus, which we shall now describe, one may form bounded 
operators from functions which may not be bounded. Let E be a 
countably additive self adjoint spectral measure defined on the o-field 
Z of subsets of a set S. A scalar or vector valued function f on S is 
said to be E-essentially bounded if the number 

E-ess sup |f(s)) = uf sup [f(s)l 
ses EQUI seb 
is finite, Since E is countably additive there is a set à in E with 
E(&y) = I and 
E-ess sup |f(s)| = sup If(s)l. 


ses sel, 
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and thus there is a bounded function f, on S with f(s) = fo(s) except 
for s in a set having E measure zero, If f is Z-measurable then f, is a 
bounded Z-measurable function, i.e., an element of the B*algebra 
B(S, E), The algebra EB(S, E) of E-essentially bounded Z-measur- 
able functions on § is the B*-algebra whose elements are equivalence 
classes of Z-measurable scalar functions on 5S determined by the 
bounded Z-measurable scalar functions on S in such a way that each 
equivalence class consists of all Z-measurable functions which differ 
from some bounded Z-measurable function only on a set of E measure 
zero, That is, EB(S, Z) is B(S, Z) reduced modulo E-null sets, The 
norm in EB(S, £) is 
IfI = E-ess sup [f{s)|. 
ses 


Even though the elements of EB(S, Z) are equivalence classes we 
shall, for convenience, speak of these elements as functions on $, 
The situation is quite analogous to that encountered in the space 
LAS, Z, 4). The algebraic operations in EB(S, Z) are the natural 
ones, and in particular the involution operation is defined as f* = f 
where, as usual, /(4) = f(4). For a bounded Z-measurable function 
gon S we have f, g(s)E(ds) — [s g(s) E(ds) if E(ô) =I, and thus we 
may define the integral of an E-essentially bounded function f as the 
integral of any bounded Z-measurable function g which differs from f 
only on a set of E measure zero. It is seen from Theorem 1.1 that the 
map f + fs f(s)E(ds) of EB(S, Z) into the algebra of operators in 
Hilbert space is a continuous *-homomorphism, The next result 
shows more, namely that this map is an isometric *-isomorphism, 


9 ConoLranv. Let E be a countably additive self adjoint spectral 
measure on the o-field E of subsets of a set S. Then the map f > T(f), of 
EB(S, E) into the algebra of operators in Hilbert space, which is defined 
by the equation 

@ Ti) = | DEd), fe ERS, £), 
is an isometric *-isomorphism with the following properties: 

(ii) the inverse T(f y! exists as a bounded operator if and only if 
lff is E-essentially bounded on S; 


(iii) oT) = N HO, fe EB(S, 2); 
£OQ=1 
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Gv) IT) — f. KORE a), — fe ERS, E); 


(v) df U) és a bounded sequence in. EB(S, E) and if lim, f,(s) 
= f(s) except for those 8 in a set of E-measure zero, then T (f)  T(f)z 
for every x in Hilbert space. 

Proor. Statements (iv) and (v) may be proved just as the cor- 
responding statements in Corollary 8 were proved. To see that the 
map f > T(f) is isometric let ĝe Z and E(6) =I. Then 


try = |f, DEED] s se ue. 


and hence [T(f)| S E-ess,es sup [f(s)- Conversely, let 7 < E-ess es 
sup [f(s)| and ô, = (sIIf{s)| > 7), so that E(6,) £0 and, for some 
vector z, 0 Za = E(6,)z. Thus, by (iv), 


Tier = |, OPED EO, 2) 
= | WaPo 892. 2) 
= Í HAP E(d)z, 2) = Pal, 


which, since æ Æ 0, shows that [T(f)| = 7. Since 7 was an arbitrary 
number less than E-ess sup [f(s)| we have [T(f)| = E-ess,..5 sup [f(s)I, 
which shows that [T(/)| — If] and proves that the map f > T(/) is an 
isometric *-isomorphism. To prove (ii) we note that if 1/f is E-essen- 
tially bounded on § then T(1/f) © TỌ) = T(1) — I and T(}f) exists. 
Conversely if T(f)1 exists as a bounded operator in Hilbert space, let 
r > |[T(f tl- We wish to show that E(6,) = 0, where 6, = {s{[1/f(s)] 
> r) = {sllf(s)| < 779. If not, thereisa vector z withO + z = E(6,)a, 
and thus, by {iv), 
"Tia = f, KP), 2) Sep 
Therefore |x] = [T (f y T(f)a| < 717 (fz! € [æ] which is a contradic- 
tion that completes the proof of (ii). Finally. to prove (iii) suppose that 
2o €H8), where E(6) = I. Then 1/(4,—/) is an E-essentially bounded 
function and thus 4, € p(T(f)). This proves that /(6) 2o(T(/)) and 
thus that 
N H 2e(7 (0). 
Eher 
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Conversely, If Aj c e(Z()) then, by (i), 1/(4,—/) is E-essentially 
bounded and thus there is a set ĝe Z with E(6) — I and A, € f(6). This 
shows that o(T(/)) 2 Negl ® and completes the proof of the 
corollary. Q.E.D. 


10 COROLLARY. Let f € EB(S, E) where E is the spectral measure 
of Corollary 9, and let E, be the resolution of the identity for the operator 
T(/). Then, for every Borel set 6 of complex numbers, E (ô) = E({-\(6)), 

Proog, Since f is essentially bounded there is a constant M and a 
set o, € X with E(o)) =F and If{s)| & M for s in og. Let T = Tif). 
Then, by 9(i1), for 4, € p(T) the function 1/(4,—f) is E-essentially 
bounded and thus there is a neighborhood N, of A, with E(f (N,)) =0. 
A finite number of these neighborhoods cover the set 6, of those 
complex numbers 4 with [4| € M and whose distance from o(T) is 
at least l[n. Thus E(f-16,)) = 0. Since E is countably additive 
E(f-(p(T))) =0. Hence E(f{6 n o(T))) = E(f3(6)) for every 
Borel set 6 in the plane, Thus by the change of measure principle 


fen EFEN = f 85) = T. 
and hence, by Corollary 7, E,(0) = E(f *(0)). Q.E.D. 


3. Eigenvalues and Eigenvectors 


One way in which the spectral theory in a general B-space (or 
Hilbert space) differs from the theory in a finite dimensional space is 
that, in the general case, a number yz may be in the spectrum o(T) 
of the operator T and yct uF- T may have an inverse. A number of 
such examples were encountered in Section VIL where also a general 
classification of spectral points was given. We shall repeat here this 
general classification as applied to operators in Hilbert space and then 
study some of its connections with the theory of normal operators. 


1 DzrmrrioN, Let o(T) be the spectrum of the bounded linear 
operator T in the Hilbert space . The set of those complex numbers 4 
in o(T) for which 41— T is not one-to-one is called the point spectrum 
of T and is denoted by o,(T). Every number » in c, (T) is called an 
eigenvalue of T, and every vector z + 0 with (uf—T)z = 0 for some 
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p € a, (T) is called an eigenvector of T associated with the eigenvalue p, or 
simply an eigenvector of T. The set of all x &o(T) for which pI—T is 
one-to-one and for which the manifold (uJ  T)$ is dense in but not 
equal to $ is called the continuous spectrum of T and is denoted by 
o (T), The set of all x &o(T) for which LI—T is one-to-one and for 
which the manifold (u1— T$ is not dense in § is called the residual 
spectrum of T and is denoted by o,(T). 

It should beobserved that if AI—T 1s one-to-one and if 
(AI—7T)Q = $ then (1L2.2) (4I—Ty- is a bounded linear operator 
defined on $ and therefore A is not in o(T). This shows that every 
point in the complex plane is in one and only one of the sets p(T), 
o,(T), o,(T), o,(T). It should also be recalled that o(T) is a non- 
void closed set (IK.1.5) contained in the disk (All4] < [Z D, (VIL.2). 
"These facts are summarized in the following lemma. 

2 Lemma, Let T be a bounded operator in Hilbert space, Then the 
resolvent set p(T) is open and the spectrum is a closed non-void subset 
of the set {AllA|  [T). Furthermore the sets p(T), o,(T), o(T), and 
off) are disjoint and their union is the whole plane, 

To illustrate these notions consider the Hilbert space I, of all 
sequences æ = (x) of complex numbers for which [a] = (> Je, V? 
< c, The scalar product in |, is (z, y) = }a,B; where æ = (aj) 
and y = (f). Let y — Ta be the shift operator in 1, defined by the 
relation y = fog. 05. ...) where æ= (94, Gg, 03. . ..). Since [T| £1 
we see, from Lemma 2, that the spectrum o(T ) of T is contained in the 
unit disk (AlA| < 1). If [4| < 1 then the sequence z = (1, 4. #,...} 
isin I, and Tz = Az so that every À with [4] < 1 is an eigenvalue of T. 
Since o(T) is closed and contained in the unit disk we must have 
o(T) = (AlA[ <1). It is clear that the only eigenvectors associated 
with the eigenvalue À where |A|- 1 are constant multiples of 
(1,4, 22,...) so that the manifold {ziz € l, (T— AI) = 0) is one 
dimensional, If [4| = 1 then, since (1, 2, 2, ,..) is not in L, we have 
A€o,(T). Such a Ais in o,(T). To see this let y = {8,} be an arbitrary 
vector in I, and let k be an integer with $7, [B,? < Æ where £ is a 
given positive number, Then clearly we may find a sequence z = {c,,) 
with app = 0 for n > k and with 2x, —,,, = f, for n Sk, Thus 


IGI—Ty—ul — ( X IPP < e, 
wk 
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which shows that c,(T) = {Aj[A] = 1) and that o, (T)is void. Examples 
may also be given of operators A with o,(4} = o(A); for such opera- 
tors the point spectrum and the continuous spectrum are void. 

The following lemma shows that, for a normal operator, the nature 
of a spectral point is determined by the resolution of the identity. 


8 Lemma, If E is the resolution of the identity for the normal 
operator T, then 
(i) if 6 és non-void and open in the relative topology of o(T) then 
E(0) # 0; 
(ii) the point spectrum o (T) of T consists of all complex numbers p 
for which E((u)) # 0; 

(iii) the residual spectrum o,(T) of T is void. 

Proor. Let 6 be open, E(ó) —0, and 4,€ó n o(T)}. Then 
(2—4) is E-essentially bounded on o(7') and, by Corollary 2,9(ii), 
4,€ p(T), a contradiction which proves (i) To prove (ii) let 
E({u))e = æ # 0. Then 


Tx = Lo AEt(d2)E(G)z 
= fim PAn Ne = pe, 


so u € o,(T). Conversely, if s #0 and Tz = uz, let 


1 
ha = — 
ps 


1 
E ——À| 2 —. 
A le id 


1 
=0, Wis. 
n 


Then f£, (T)(a1—T) = EA I > Yn)) and, since (1—7 e = 0, 
we have E((Al[A—pgl > 1jn))z = 0, By letting z > oo it is seen from 
Corollary 2,8(ii) that E((AlÀ + p) )z = 0 and thus E({z))}2 = æ + 0. 
To prove (iii) it will suffice to show that if („1—7 ) is not dense In $ 
then peo (T). For such a p there is, by Corollary ILS,13 and 
Theorem IV.4.5, an z #0 orthogonal to (uI- T)O, and hence 
(al—T*)x = 0, By (ii), the resolution of the identity A for 7* has 
A((2)) + 0, Thus by Corollary 2.10, 0 + A({a)) = E((z)) and, by 
(i), u €o, (7). Q.E.D. 
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4 THEOREM, If the spectrum of the bounded normal operator T in $ 
ts countable then there is an orthonormal basis B for $9 consisting of 
eigenvectors of T. Furthermore, 

a= Y (z, y} ze, 
yeh 


and, for each a, all but a countable number of the coefficients (a, y) are 
zero, 


Proor, Let o(7) = (jy, p,. ...) and $, = Elu, where E is 
the resolution of theidentity for T. If ,, # 0 it follows from Lemma 8 
that it consists entirely of eigenvectors of 7, By Theorem IV.4,12 
each §,, bas an orthonormal basis B,. If we let B — U2, B,, then 
every element of B is an eigenvector of T, Since E(/1,.)2 — a for æ in 
B, and E(u, Elun) = Oif n # m, we see that B is an orthonormal 
set, Also, by Corollary 2.3, 


s—[ maw-YXEQG 2% 
eiT) wm] 


and thus no non-zero vector is orthogonal to every element of B. 
Hence B is complete and, by Theorem IV.4.13, B is an orthonormal 
basis for $. The remaining two assertions follow from Definition 
IV.4,11 and Theorem IV.4.10. Q.E.D. 


a% 5 COROLLARY, The spectrum of a compact normal operator T in $) 
ds countable and has no point of accumulation in the complex plane except 
possibly u = 0, Every non-zero spectral point is an eigenvalue and the 
number of linearly independent eigenvectors associated with a non-zero 
spectral point is finite, There is an orthonormal basis for $) consisting of 
eigenvectors of T. 

Proor, The first statements follow from Theorem VIL4.5 and 
the last from Theorem 4, Q.E.D. 


4. Unitary, Self Adjoint, and Positive Operators 


There are several special types of normal operators which occur 
frequently in mathematical analysis and which will be studied briefly 
in this section, These special types are described in the following 
definition, 
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1 DEFINITION, A bounded operator T in Hilbert space $ 1s 
called unitary if TT* — T*T — I; it is called self adjoint, symmetric 
or Hermitian if T = T*; positive if it is self adjoint and if (Tz, 2) = 0 
for every z in $ and positive definite if it is positive and (Tz, æ) > 0 
for every z #0 in $. 

It 1s clear that all of these classes of operators are normal, 

Unitary operators have a number of other characteristic proper- 
ties. For example, if U is unitary then (z, y) = (U*Uz,y) = 
(Ux, U**y) = (Ux, Uy). Conversely, let U be an operator satisfying 
the identity (x, y) = (Uz, Uy). Then (2, y) = (U*Uz, y) and thus, 
if U has an inverse, U-! = U*, which shows that U is unitary. In 
other words a unitary operator is an isomorphism of $ with itself 
which preserves the inner product (and consequently preserves all 
the properties of $). For this reason two operators A and B in $ which 
are related by the equation 4 — U*BU, where U is unitary, have 
identical properties as operators in $. Two such operators are called 
unitarily equivalent, 

The Hermitian operators are a subclass of B(Q) which play a 
role in B($) much resembling the role of the real numbers as a subclass 
of the class of all complex numbers, In particular, every T € B() can 
be written uniquely in the form 7 = 4+4B, where A and B are 
Hermitian operators, Clearly, 4 and B must be given by the formulae 


T4T* T—T* 
act B Z 


2-7 2% OC 
It is clear that T is normal if and only if its “real” and “imaginary” 
parts 4 and B commute, 

The notion of a positive operator allows us to introduce a notion 
of order into the space B(Q): we write S x: T if T—S is a positive 
operator, With this notion of order, B() becomes a partially ordered 
vector space with many interesting properties, some of which are 
given in the exercises at the end of the chapter. 

The relation between unitary operators and complex nunibers of 
unit modulus, Hermitian operators and real numbers, and positive 
operators and positive numbers is illustrated in the following theorem, 


2 THEOREM, A bounded normal operator is unitary, Hermitian, or 
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positive if and only if its spectrum lies on the unit circle, the real axis, or 
the non-negative real aris respectively. 

Proor, If N is a bounded normal operator then, by Corollary 
IX.8.15, NN* = N*N — I if and only if 47 = 1 for every spectral 
point A of N, and N = N* if and only if A — Å for every spectral 
point A. Now let E be the resolution of the Identity for the self adjoint 
operator Æ, If the spectrum of 4 is non-negative then, by Corollary 
2,7, (da, 2) = foa ACE(dÀ)e, z), which shows that the operator 4 
is positive, Conversely, if an open interval ô of negative numbers inter- 
sects the spectrum then, by Lemma 8.3(i), E(6) 4 0. If 0 #2 = 
E(6)z, then (Az, 2) = fora HEIDE) 2) = forg HEIA n 8)2,2) 
= Jota ns ACE(dàl, a) < 0, which shows that Æ is not positive. 
Q.E.D. 

The relations, suggested in the preceding lemma, between the 
spectrum of a normal operator N and the values (Nz, <) can be am- 
plified eonsiderably (cf. Exercise 8,8), Here, we shall investigate these 
relations in the particular case in which N is compact and self adjoint, 
In this case the spectrum c(N), by Corollary 3,5, consists of a sequence 
(A1) (possibly finite or void) of positive numbers, a sequence (4) 
(possibly finite or void) of negative numbers and of zero (provided 
that § is infinite dimensional). Moreover, it is scen from Corollary 3.5 
that the set of eigenvectors belonging to any non-zero eigenvalue form 
a finite dimensional space, The dimension of this space is known as the 
multiplicity of the corresponding eigenvalue, Let us suppose the posi- 
tive eigenvalues to be enumerated in decreasing order, each eigen- 
value being repeated a number of times equa] to its multiplicity; 


A, 24, =.... The sequence (4,) is either vold (which we exclude for 
the time being), finite, or Infinite; in the latter case, 4, > 0, Then 
= 2 
Qa, 2) = | p HEN 2) < Alar, 


so that (Nz, z)/|zl* x: 2,. Consequently A, the largest positive elgen- 
value, can be characterized by the Rayleigh equation 


i) A, = max (Na, æylæf. 


Having characterized 4,, how can we characterize 4? It is easy to see 
that if z, is a non-zero eigenvector associated with 4, then 
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[d] 4, = max (Na, 2)/la/*, 
tajo 


Since this characterization involves explicit knowledge of an eigen- 
vector 2,, it is unsuitable for many purposes, A more satisfactory 
characterization is the following, If y is an arbitrary vector, we can 
find a non-zero linear combination «2, 4-«52; of z, and of an eigen- 
vector a, belonging to the eigenvalue 4, and orthogonal toz, such that 
(o3 + 3z, y) = 0. Since [o5 2, Haar? = [ePi laal, we have 


(N (o2 tate), 03:55 3-025) = Alea Er Haloa lee 
zo, 2 ros? 
Consequently, 
dy € max (Na, a)]af*. 
G.y)j-0 


On the other hand, [*] shows that if we put y = 2,, our maximum is 
precisely 2}. Thus, we can write 


A, = min max (Nz, z)f[af*. 
¥ (30 


In the same way, it may be shown that 


À, — min max (Nz, z)leP, 
T 
and, in general 
(ii) Any = min max (Nz, s)|}, k>1, 
The preceding discussion is summarized in the following theorem, 


a% 8 THEOREM, Let Àj 2 À,... be the positive eigenvalues of the 
compact self adjoint operator N, each repeated a number of times equal 
to tis multiplicity, Then the eigenvalues A,, ĝa, . . ., are given by equations 
(i) and (i). 

The characterization, griven in Theorem 8, of the kth largest 
eigenvalue has, besides many theoretical applications, numerous 
applications to the approximate numerical calculation of eigenvalues. 
At present we shall only illustrate its usefulness by the following 
example, Let L and M be two compact self adjoint operators, and let 
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{4n} {£n} be the corresponding sequences of positive eigenvalues each 
arranged in decreasing order with repetitions according to multiplicity. 
If LEM then À, X p, for n= 1,2,.... The proof follows im- 
mediately, for smee L X M, we have (Lz, z) < (Mz, x) for every 
win $. Hence the characterization of 4,, p, given in Theorem 8 shows 
that 4, Sy, for all z = 1,2,.... 


5, Spectral Representation 


Let u be a finite positive measure defined on the Borel sets Z 
of the complex plane and vanishing on the complement of a bounded 
set S, One of the simplest examples of a bounded normal operator is 
the operator T defined by the formula (Tz)(4) — Az(4), ee Es(S, Z, p). 
It is easily seen that the spectrum c(T) is the support of the measure 
E» Le., the complement of the largest open set 6 for which (8) = 0. 
The spectral resolution of T is defined for any Borel set e by the 
formula (E(e)z)(4) = z,(4)2(4) and thus for any bounded Borel 
measurable function F the operator F(T} is given by the formula 
(F(T):)(4) = F(A)x(4). Our first purpose in this section is to show 
that, in a sense, the example just given is typical of the structure 
of every normal operator. More explicitly, if T is a normal operator in 
$ there exists a unitary mappiug U of $ onto a suitable function 
space L,(S, 2, p} or a direct sum of such spaces such that UTU+ 
has the form of “multiplicationby 4." The precise meaning of this 
phrase is given in the following definition. Here and elsewhere the 
symbol $, ©, will be used for the direct sum of the Hilbert spaces $, 
(cf. IV.4.18 and 1V.4.19). The ath component of an element z in 
X.$, will be denoted by z,. 

1 DrrnmrrioN, Let T be a normal operator in a Hilbert space $. 
Let {x} be a family of finite positive regular measures on the Borel 
sets of the complex plane. A map U of $ onto Y, L,(u,) is a spectral 


representation of © onto Yq L(a) relative to T if the following condi- 
tions are satisfied; 

(a) each measure yz, Vanishes on the complement of the spectrum 
of 7; 

(b) the operator U is a linear map of $ onto all of Y, Lalu.) 
which preserves inner products; 
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(c) for every Borel function f which is bounded on the spectrum 
of T we have, for every æ in $ and every a, 


(U((7)2)),0) = fG(U2),0). 
for pj, almost all 2, 


We shall first diseuss, in the following theorem, the situation 
where $ has a spectral representation onto a single space E,(). 


2 THEOREM, Let T be a normal operator in a Hilbert space $. 
Suppose that for some vector x in Ñ, linear combinations of the vectors 
T°T*"x,m, n= 0, are dense in $. Then $) admits a spectral representa- 
tion relative to T onto a Hilbert space L,(u). 


Proor, Let E be the resolution of the identity for T, let 
poc (E(-)a, 2), and let D be the linear manifold in § consisting of all 
vectors of the form f(T )z where f is a bounded Borel function on o(T), 
By hypothesis D, is dense in $. We note that if f(T e = g(T ). then 


0 = IP) —s(7N2P = fi@)—eAP ad, 


which shows that f = g p-almost everywhere, Hence we may define 
the operator U, from D, to L(x) by placing U, f(T)x = f. Clearly U, 
is linear and for y = f(T)r. z = g(T)z we have, from Corollary 2.8, 


2) — J, op, HAM Alda) = (ag. Uns). 


This shows that U, preserves inner products and is thus one-to-one 
and continuous, It therefore has a unique extension U from $, =$ to 
the E,-closure of the set of bounded Borel functions, i.e., to Ee(z). 
An elementary continuity argument shows that U is an isometric 
isomorphism between $ and L,(u) Now if £(T)e >y, then 
f, > Uy in Lj(u) and, since (Uf(TY, (Te) = HAA), we have 
(OAT IA) = FANCY NA). Q.E.D. 

Consider now the case that 7 is an arbitrary bounded normal 
operator on a Hilbert space $. Let us call a subspace Ñ, C 5 ad- 
missible if T, C &,. 7*9, CH,, and there is an 2, €§,, such that 
linear combinations of the vectors 7^7'*"z, are dense in $,. An 
application of Zorn’s lemma shows that there is a maximal family 
{Q,) of mutually orthogonal admissible subspaces, It is clear that both 
T and 7* map the orthocomplement 9t of the subspace spanned by 


17) 
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all the spaces H, mto itself. Thus, if X + 0, it contains a non-zero 
admissible subspace which contradicts the maximality of the family 
{Ha}. This shows that the subspaces $, span $. It is clear that we may 
regard as the direct sum $9 == J $, of the Hilbert spaces H, (cf. 
Lemma I'V.4.19), Theorem 1 may now be applied to the restriction T, 
of T to the space Ñ, to yield a regular positive measure g, vanishing 
on the complement of c(7,) (and thus on the complement of c(7)) 
and a unitary mapping U, between $, and Lype) such that 
(U, KT)2)0) = fU, z)(4) for each bounded Borel function f and 
each z in $,. We may summarize the above remarks in the following 
theorem, 


8 THEOREM, Every Hilbert space admits a spectral representation 
relative to an arbitrary bounded normal operator defined in it. 

We have seen that Theorem 8 is a consequence of the spectral 
theorem for normal operators. It is worth remarking that it is actually 
equivalent to the spectral theorem, For if UTU-! has the desired form 
in the space >, E,(o(T), 2, pe), and if for each Borel set e C off). 
P(e) is the projection defined by the relations (P(e)Uy),(a) = 
z(A)(Uy),(A), y €$, then the spectral measure E defined by the 
equation E(e) = U-!P(e)U is a resolution of the identity for T. 

It is often convenient to express the result of Theorem 8 some- 
what differently. 


4 COROLLARY, Let T be a normal operator in the Hilbert space $. 
Then there exists a regular positive measure space (S, £, p), a bounded 
p-measurable scalar funtion f on S, and an isometric isomorphism U 
mapping $ onto L,(S, E, p) which preserces inner products and is such 
that for each y in $. 

WT ys) = AsCy Vl), 
for p-almost all s in S. 


Proor, Using the notations of the preceding theorem and its 
proof let us regard the sets S, = o(7',) as subsets of distinct replicas 
of the complex plane so that for distinct subscripts o, f, the sets S,, Sig 
are disjoint. Let S = J, S, and let Z consist of all sets of the form 
€ = Ue e, where e, is a Borel subset of S,. For such e define ple) = 
Ja Falen) if the series has only a countable number of non-zero terms 
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and converges; otherwise let (e) = oo. Let the distance between two 
points s, 2 in S be defined as the usual distance in the complex plane if 
$, t both belong to the same S,. Otherwise let it be |7]. It is readily 
seen that (S, E. i) is a regular measure space. For each s in S let 
f(s) = sif s is in S,. Clearly f is p-measurable, and since the norm of 
the restriction of 7 to §, is at most |71, it follows from Lemma 8.2 
that if(s} < IZ]. Let D, consist of all finite sums of the forma — Y zq, 


with 2, € Ña, and let U, be the map from D; into L,(S, Z, x) defined 
by the equation U,( z, ) — È U,,#,,, where the functions Ux, are 


defined as in Theorem 2 for s in S, and are assumed to be defined on 
all of S by the requirement that (U, z,)(s) — 0 if sis not in S,. Clearly 
U, is linear, isometric, und preserves inner products. Since the domain 
and range of U, are dense in $ and L,(S, Z, g) respectively, it has a 
unique continuous extension U which is an isometric map between § 
and L,(S, Z, p} preserving inner products. Since, for s = Y z,, in 
$$, we have 


(U,72y(5) = Y (Un T 2a, Ys) 
= MEY Ua 2a, A8) 
= f(s(U.aysy 
it follows that UTz = f(-WUz for every z in §. Q.E.D. 


5 CoroLLaRY. If § is separable then the measure space (S, E, p) 
in Corollary 4 may be taken to be finite. 


Proor. If § is separable then there are a countable number of 
mutually orthogonal admissible spaces §,,, n = 1, 2,..., which span 
§. It will suffice to choose z, in $, with |z,j? = 1/2” and such that 
linear combinations of 7'7*4z,,, i, j = 0, are dense in $,. For such a 
choice we have p, (S,) = 1/2^ and (S) <1. Q.E.D. 

The spectral representation discussed in the preceding theorems 
gives important information about the structure of a normal operator. 
It is clear, however, that the admissible measures of Definition 1 may 
be chosen in many ways. It will now be shown that in case the 
Hilbert space § is separable, there is a certain “best” way to make the 
choice and that when this “best” choice is made, the resulting family 
of measures characterizes the operator 7 to within unitary equiv- 
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alence. This result comprises what is known as spectral multiplicity 
theory. 


6 Derrnrrion. Let 7 be a bounded normal operator in the 
Hilbert space $ and let E be its spectral resolution. A vector æ in § is 
called marimal relative to T if every measure of the form (E(-)y, y), 
y € $, is continuous with respect to (E(*)z. 2). 


7 Lemma. Let T be a bounded normal operator in the separable 
Hilbert space 9. Let yg be a given vector in $. Then there is an x in §, 
maximal relative to T, such that y, lies in the subspace 


H(z) = sp (T^(T*)^zin, m 2 0) 
of $. 

Pnoor. We can clearly suppose that jy] = 1. Let yo. Y1» s, - - - 
be an orthonormal basis for $, whose initial element is yọ. Let E be the 
spectral resolution for 7 and let v, (e) = (E(e)y,, Yn} for each Borel 
set e. Using the Lebesgue decomposition theorem (III 4.14), let (e,) be 
a sequence of Borel sets such that $74 v(e} = 0, and such that if e 
is a Borel subset of the complement e; of e, and 37-7 v,(e) = 0, then 
v, (e) = 0. Let og be the entire complex plane, and put e, = | Jj2, e, 
for n > 1. Then (o,) is a decreasing sequence of Borel sets such that 
"2 y,(c,) =0, and such that if e is a Borel subset of of, and 
Dial v(e) = 0, then v,(e} = 0. 

Put z— D3, 27 E(o,)y,. To see that æ is maximal let e be a 
Borel set for which 

(Ele)z, z) = 1E(e)el? = 0. 
Since v,(¢,) = 0 if j < n, it follows that E(c,)y, = 0 if j < n. Thus 


E(e(o, ,—o,))z = sie. oJ) Bley 


= 27 07D E(eto, 4—0,)) 9. 
so that 
[E(e(o, 1 —.))ef* = 2730712, (etos ,—0,])- 
We then have 


m1 
22M ojelos. ,—0,)) = (etos 4 —0,))af* 
d = Ele, o.) E(e)i* = 0, 


914 X. BOUNDED NORMAL OPERATORS IN HILBERT SPACE X.5.8 


all terms but the final term in the sum on the left of the equation 
vanishing. Hence 


ai 
E rAe(Cna—,)) = 0. 
p 

Since o, 4—6, C on, it follows that 
2% (elon 170.) = 0. 
3-0 


Since o, ,—6, C Ohy» it follows that 


ET 
Xve(o, ,—o,)) = 0- 


E 
Continuing inductively in this way, we have v(e(o,. ,—6,)) = 0 for 
all j. By summing over n it 1s seen that v,(z) = 0 for all j. Thus, since 
(e) = LE(e)ujl*, we have E(e)y; = 0 for all į. Since (y) is an ortho- 
norma] basis for , it follows that E(e)y — O for all y in . Thus 
(Ele)y, y) = 0 for all yin $, and z is maximal. 

Clearly we have y = E(og—o,)e. Hence the theorem will be 
proved if it is shown that 


E(o,—01)z € sp (T"(T*^zin, m = 0). 
By the Weierstrass approximation theorem and by Corollary 2.8, 
Sp (Z^(7*^eIn, m 2 0) = sp {f(T )xif e C(o(7))- 


Let £> 0 be given. By the remarks preceding Corollary 2.4, we. can 
find an open set U 2 og—e, and a closed set CC o,—6, such that 
|E(U —C)o] < e. It is then clear that if f is a continuous function 
which is identically zero on U’, identically one on €, and which lies 
between zero and one, and if z is the characteristic function of ¢)—6;, 
we have 


Voss f(T ai? = f. LG) X (OPE ()s, 2) £ e. 
Thus 
Eloy — c e sp HT alf e C(o(T))- QED. 
8 Lemma. Let T be a bounded normal operator in a separable 
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Hilbert space § and let E denote its resolution of the identity. Then there 
exists a sequence {a,} C € such that § = Y, (z), where 

Sle) = P ((D)edf e Clo(7))}, 
and a decreasing sequence (e,) of Borel sets such that (E(e)z,, €p} = 
(Elee,)2,,%), n ZL 

Proor. Let {y,} be a complete orthonormal system in §. Using 
Lemma 7, select 2, in such a way that y is in $(2,) and z is maximal 
relative to 7. Let T, denote the restriction of 7 to the orthogonal 
complement $(2,) of H(z). Since 7 and 7* map (z) into itself, 7 
and 7* map Sz) into itself. Thus it follows immediately that 7, is 
normal. 

Now select z, in $(2,) in such a way that z, is maximal relative to 
Ta, and H(z) = sp (Z"(Z*y"z,n, m = 0) contains the perpendicular 
projection of y, on $t(2,). Then y, and y, are in H(z, )99(s;). Moreover, 
from the maximality of 2, it follows that the measure jt, == (E(+)za. %2) 
is continuous relative to g, = (E(-)z,, 24). 

Let T; denote the restriction of 7, to the orthogonal complement 
K(z,) of $(2,) in $(2,), etc. It is clear that, proceeding inductively, we 
obtain a sequence {z,} C § and measures g, = (EÒ Xp, 2,) such that 
the manifolds $(z,) are orthogonal, the vectors gj, ..., y, are in 
Hi) D... € (x,), and such that p, is continuous with respect to 
En for n = 1. Since y, is in 372, (z) for each n = 1, it is clear that 


p= ise 


Using the Radon-Nikodym theorem, let p, be a Borel measurable 
density of p, relative to z4, so that 


tee) = |, 0.000 (2a), 
for each Borel set e. Since ji and z, are both non-negative measures, 
we may take p, to be non-negative. Let e, = (Jjp,(4) > 0}. Since 
Hna ÎS f,-continuous, 44,(¢,;;—¢,} = 0. Thus, modifying p,,4 if 
necessary on a set of p-measure zero, we may suppose that the 
sequence of sets e, is decreasing and that e, is the whole plane. 
For n 2 2, let a, = lim, |, 2, where 


EM = f, care E(M), S,— el p.) il g 
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This limit exists, since if k > j, we have 
kam = fg PANEI] 
= fa, s Pat s Ora) 


= (S7 Sng) S mies 7.) 
so that lz,,—2,j >0 as j,k > œ. Putting 2, =z, we have, for 
7l, 
(E(ey)s,, 2,) = LE(e) I? = lim pO) MEA 
Lanier 
=lim iE(di)a,I? 
Rood Sep 
—(E(ek, m OED. 
Throughout the rest of this section, the notation p S 4 will be 

used to indicate that the measure gi is #.-continuous. If 4, X g, and 
Ha & pa the notation u, = p, will be employed. 


9 DzriwrrioN. Let p be a positive measure defined on the Borel 
sets of the complex plane and let {e,} be a decreasing sequence of 
Borel sets whose first element e, is the entire plane. A spectral represen- 
tation of a separable Hilbert space É relative to a bounded normal 
operator 7 onto $72, L.(e,, pj) is said to be an ordered representation 
of § relative to 7. The measure z is called the measure of the ordered 
representation. The sets e, will be called the multiplicity sets of the 
ordered representation. Yt p(e,) > 0 and p(ey,,) = 0 then the ordered. 
representation is said to have multiplicity k. If p(e,) > 0 for all k, the 
representation is said to have infinite multiplicity. Two ordered repre- 
sentations U and Ü of § relative to Z and 7 respectively, with 
measures z and ji, and multiplicity sets {e,} and {,} will be called 
equivalent if p ~ fi and p(e,A6,) =0 = pile, Aé,) for n=1,2,... 

Remark. We note that two equivalent ordered representations 
have the same multiplicity. For if z(e,} = 0 for some k, then ji(¢,) = 0 
sinceu ~ ji. Since jie, Aé,} = 0 we have £(£,) = 0. By symmetry it is 
seen that i(é,) — 0 if and only if (e) = 0. 

7» 10 THEOREM. A separable Hilbert space $y has an ordered repre- 
sentation relative to any bounded normal operator T in § and any two 
ordered representations of € relative to T are equivalent. 


X.5.10 SPECTRAL REPRESENTATION 917 


Proor. The first statement follows from Lemma 8 and Theorem 2 
fcf. the proof of Theorem 2). Consequently only the uniqueness asser- 
tion need be proved here. 

Let U and Ü be ordered representations of 5 relative to 7 onto the 
Hilbert spaces = Y=, Lyle,» t) and Ê = Y72, L,(£,, pj) respectively. 
The notation f = [f> fz» ...]. where f, is in L,{e,, 4), will be used 
for the elements of $t and a similar one for the elements of &. Let 
V = ÜUA, so that V is an isometric map of $ onto $i. We recall that 
if F is a bounded Borel function and y is in § then 

(UF(Ty).0) = F(Us),(2) p-almost everywhere on €,» 

(OF (Ty) {A} = FUyCy),(4). fi-almost everywhere on &,. 
Tt follows that 
e VIF CACY = EUP] n= 1,2. eo 
It will now be shown that z = £. Because of symmetry it will suffice 
to prove that z $ ji. To make an indirect proof of this, suppose that 
for some bounded Borel set e we have £(e) = 0 and 0 < ue) < co 
and consider the vector 

{= [xe 0,0,.. ]EÑ. 
By taking z, for the function F in equation (*) it is seen that 


Vj = V2.0, 0... -] = D VD xa» «J 
Now ifi? = p(e) > 0, but 


Wr = X Iz (AMV (AP gd) 
te 


vl 
=2 HFFA g(d2) = 0, 
naise,Ne 

which contradicts the fact that V is an isometry and proves that 
Bug 

It will next be shown by induction that pí(e, A6, ) = 0 = (e, A2.) 
forn = 1, 2, .. .. The case n = 1 follows from the facts that e, and Z, 
are the whole complex plane and that p œ f. Suppose it is known that 

plesi) = 0 = Bie A) 1 <j Sn. 

To see that this equation holds also for j = n-+1 it is sufficient to 
prove that p(e,,, —8,,,) = 0; for then by symmetry, £(2,,4—6,,4) —0 
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and since p & fi, it follows that £(e,,,—6,,4) = 0 and p(6,4;—€n41) 
= 0. 

Suppose that z(e, — ĉn} > 0 and let o be an arbitrary fixed 
Borel subset of €,3;—€,41 such that 0 < {o} < co. Let the vectors 
f... f" in $ be defined by the equations 


P-—5599.... 
P = O 25,09....] 


f" —[6..50 2,,0,...] 
the function g, appearing in the (24-1)st place. These vectors have 
positive length and are orthogonal in $. Thus the vectors Vfl..., 
V” have positive length and are orthogonal in &. Let 


UP =f FL 
Since o C êp, and the sequence {ĉn} is decreasing, it follows that 
fo N &,) = 0 for m >n and thus for m >n, f£(4) — 0, p-almost 
everywhere on c. Now let 6 be an arbitrary Borel subset of & with 
(8) > 0 and define functions gl, . . .. g^?! by replacing gy by zp in 
the formulas for the functions f. Then the vectors Vg! are non-zero and 
orthogonal in Ẹ& and by equation (s) 


Ve! = bof. 


Thus 
^ 

(Vef, Vg*) =Í, [soe] B(d)-—54n()  CLE—1...,n44. 
= 

Since 6 is arbitrary it follows that we have for ji-almost all 4 in c, 


poro =0 gaXizkznil 
A 


Zito 9, i—1,...,241. 


If 4, is a point at which all of these equations hold, then the n-tuples 
Lio) - - -sFi(4q)] form, for i=1,...,n+41, a set of n+} non-zero 
orthogonal vectors in the n-dimensional unitary space E". This 
contradiction completes the proof. Q.E.D. 


X.5.1t SPECTRAL REPRESENTATION 919 


1 Lemma. Let (S, 2, p) and (S, E, ji) be measure spaces with 
p ji. Then there exists a linear isometric mapping U of LS, E, p) 
onto L,(S, 5, ji) with the property that if z, is the characteristic function 
of a set e in E, then for f in L,(S, E, p) 
U?;Uj = nl. 
Proor. By the Radon-Nikodym theorem there are positive func- 
tions 4, § such that 


Ble) = f saya: ple) [BR eez. 
For f in L,(S. Z. p) define the linear mapping 
Uf = [8 
Then U is unitary, because 
[toe = f OPADE 
= f Uno qa 
To see that U maps L,(8, Z, u} onto L,(S, 2. ji), define a second linear 


mapping V from L,(S, Z, jt) into L,(S, £. p) by Vf = [2(-)] Uf. It is 
clear that V is unitary, and because for all e in £ 

nte) = [ 0035032) 
it follows that ó(4)(4) = 1 almost everywhere, and consequently 
that U and V are inverses of each other. Therefore U maps L,(S, £, p) 
onto L,(S, Z, ji). The second assertion is evident from the definition 
of U. Q.E.D. 

In connection with the following theorem ıt should be recalled 
that two operators 7, and 7, in Hilbert space $) are said to be unitarily 
equivalent if they are related by an equation 7, — V7, V-! where V is 
& unitary operator in €. It has been observed (cf. Section X.4) that 
unitarily equivalent operators have identical properties in $. 

12 'CTuronREM, Two bounded normal operators in a separable 
Hilbert space © are unitarily equivalent if and only if the corresponding 
ordered representations of © relative to the operators are equivalent, 

Proor, Let 7, 7 be bounded normal operators in § and let U, Ü 
be ordered representations of § relative to 7, 7 on Y% Lie, ui), 
xa Lal,» È) respectively. We shall first suppose that 7 and 7' are 


920 X. BOUNDED NORMAL OPERATORS EN HILBERT SPACE X.6.1 


unitarily equivalent, i.e., that 7* — VTV— where Vis unitary. Under 
this assumption it will be shown that there is an ordered representa- 
tion of onto Y2, L,(Z, , fi) relative to 7. It will follow from Theorem 
10 that U and Ü are equivalent. Let Eand É be the resolutions of the 
identity for 7 and 7 respectively. From Corollary 2.7 it is seen that 
Ē = VEV“ and hence that 
F(T) = VF(T)V3 
for every bounded Borel function F. The mapping W == UV of 
onto 374 L,(&, , ji} is clearly an isometry and, furthermore, it satis- 
fies the identity 
WF(T): = ÜVF(T)e = ÜF(T)Vz 
= F(ÜVz = F()Ws. 

This shows that W is an ordered representation of € onto 37: 1L,(2,,, ji) 
relative to 7. Thus proves that U and Ü are equivalent. 

To prove the converse it is assumed that U and Ü are equivalent. 
By Lemma 11 there is an isometry V, of L,(e,, g) onto £,(é,, fi). An 
isometry Vof 32, Lylen, )onto X9», Lo(é,, E.) will bedetermined by 
the equation VL,(e,, 2) = V,L,(e,, 4). The linear transformation 
Y =U-1VU is then a unitary map in and for every æ in we have, 
using Lemma 11, 

Y7z = Ü3AVUTz = ÜAV(Uz) 
= ÜA3yUs = TÜAVUz = TYz, 

which proves that 7 and 7 are unitarily equivalent. Q.E.D. 


6. A Formula for the Spectral Resolution 


In working with specific operators it is important to have a 
method for calculating the resolution of the identity. The following 
theorem gives a method for calculating the resolution of the identity 
for a self adjoint operator 7 in terms of its resolvent E(o; 7) = 
(of y^. It should be recalled (Theorem 4.2) that the spectrum of 
the self adjoint operator 7 is real and hence E(o; 7) is defined for all 
non-real o. 


» 1 Tueorem If Eis the resolution of the identity for the bounded 
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self adjoint operator T and if (a, b) is the open interval a < } < b then, 
in the strong operator topology, 


1 pes 
E((o, b) — lim tim — Í [Reis T)  Ru4-ei; Ty dp. 
30r 20+ 22i Jars 
Proor. For £ > 0, 0 <ô < (b—a)/2, and A real let 


beh à E ea 1 1 j^ 
16, £, A) Zida [= iA T E bi 


An elementary integration shows that 


1 b— —XA 
16.64) [arctan 9-4 arctan suo |: 
E € 
and hence that |/(8,z, 4)| <1. It is clear that 
lim lim /(6, £, 4) = Xia, (å) —o <å < o, 


459 540 
where yu, is the characteristic function of the open interval 
& « À « b. Thus, by Corollary 2.8(iii), 


lim lim {(ô, £, T)z = E((ob)s, ze% 
$9 250 
To complete the proof it will therefore be sufficient to show that 
1 pee 
[s] 162 T) = — Í [R(u—ei; T )— Rect ei; TY)dy. 
22iJars 


To see this we observe that the integrand defining (6, £, A) is continu- 
ous in (A, x) for A in off) and p in the interval a-HÓ S p x b—6. 
Thus the Riemann sums which define the integral converge uniformly 
for A in c(T') and [e] follows from Corollary 1X.8.15. Q.E.D. 


7. Perturbation Theory 


The general perturbation theory discussed in Section VIL6 may 
be extended in case the operators considered are normal operators on 
Hilbert space. In this section we shall be concerned with perturbation 
in the strong operator topology and shall find it convenient to use the 
notation 7, —,7 to mean that 7, — 7 in the strong operator 
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topology, i.e., 7,2 Tz for every z in the space upon which the 
operators T, 7,, 7,,. .., are defined. 

1 Lemma. Let S, T, Sps T, ,n = 1 be bounded linear operators in 
Hilbert space with S, > S, T, > T in the strong operator topology. Then 
S, +2, > SHT, oS, > aS, and S$,7, — ST in the strong operator 
topology. If each S, is normal and S is normal then S. > S* in the strong 
operator topology. 

Poor. The first two statements are obvious, The uniform 
boundedness theorem (IL3.21) yields a constant K with |S,|  K, 
and thus 

1$,7,«—8T72| < 18,7,2—8, T2| +18, Te—ST2| 
S KIT, z— T2|-(,—8)Te| > 0, 
which proves that S,,7,, > ST in the strong operator topology. Now 
suppose that each S, is normal and that S is normal Then 
Skal? = (Sex, Sz) = (5,522, 2) 
= (SE8,2, 2) = (S, 8,2) 
= SpE? > iSi? = (Sz, Sz) 
(S*Sz, 2) = (SS*2, 2) = (S*z, S*a) = IS*alt 


and thus 
|Sxa—S*a)? = |STal?—(S*2, S22) (Sae, Str) Stal > 0, 
which proves that Sf + S* strongly. Q.E.D. 


2 TuxonxM. Let the sequence {7} of bounded normal operators in 
Hilbert space converge in the strong operator topology to the normal 
operator T. Then, for every complex bounded Borel function defined 
on the complex plane we have f(T,) > f(T) in the strong operator 
topology, provided that the resolution of the identity for T vanishes on a 
closed set containing the discontinuities of f. 

Proor, By the principle of uniform boundedness (IL3.21) there 
is a constant K with |7,|, [7| < K. Therefore, by Lemma 8.2, 
the spectra o(f,,), c(Z) are contained in the compact disk D = 
{AllA|  K3 and thus (2.4) we may restrict our attention to bounded 
Borel functions on D. Let $ be the B*-algebra, with norm |f] = 
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SUPyep I/(4). of all complex bounded Borel functions on Ð, and let 
G be the subset of B consisting of those f for which f(T,)— f(T) in 
the strong operator topology. The set © is closed in $8, for if f, € G, 
I. — f > 0, then 


Ve — KP 21 
S 10—£0,)«—(— 1X7 eor MAG, 2 bea EY 
S fallal HaT n f. (T). 
and 
Ian sup WORT S 2ft le, m 21, 


which shows, since |{—f,l > 0. that /(7,) >, (T). It follows from 
Lemma 1 that G is a B*-subalgebra of $. Since the function f(A) = A 
is in © by hypothesis, it follows that every polynomial in 4 and J is 
in Œ. Thus, by the Weierstrass theorem, every continuous function is 
in G. Now let E(c) = 0 where g is a closed set containing all points of 
discontinuity of f. By Urysohn's lemma (1.5.2) there is, for each 
m = 1, a continuous function gẹ, with 0 < g,(4) <1 and with 


Enlà) = 1, distance (4, 0) = 1/m, 
=0, heo. 


“Thus g, (7) >I strongly by Corollary 2.8(iii) Since the sequence 
{KT,,)} is uniformly bounded, to see that f(7,) > f(T) strongly it 
will suffice to show that for each m zc 1, we have f(T,)g,(T,) > 
AT Ye, (T) strongly. But this follows since f * g,, is & continuous func- 
tion. Q.E.D. 


8 CoRorLAREY. Let E,, E be the resolutions of the identity for the 
normal operators Tp, T respectively, and let T, >T in the strong 
operator topology. If E vanishes on the boundary of the Borel set o, then 
E, (o) > E(c) in the strong operator topology. 


8. Exercises 


1 Show that an operator in $) is positive if and only if it can be 
written in the form 7Z7*. 
2 Ifacommutative B*-algebra of operators on § admits no non- 
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trivial invariant subspaces then is one dimensional. 

8 Ifa weakly closed B*-algebra 9[ of operators on § admits no 
non-trivial invariant subspaces then Y = B(§). (Hint: Use the second 
theorem of Section IX.5.) 

4 Let & be a B*-slgebra of operators in a finite dimensional 
Hilbert space €. Show that $ may be written uniquely as the ortho- 
gonal direct sum 9 —$ @--- @G, of invariant subspaces §, of Ý 
which contain no smaller non-trivial invariant subspaces of £j. 

5 Let be a normal operator in Hilbert space. Show that 7 is 
compact if and only if 

(a) o(7) is a denumerable set (4,); 

(b) e(T) has no limit point except possibly 0; 

(c) if 4, #0 then E(A,) is finite dimensional. 

6 A positive operator has a unique positive square root. 

7 The product of two positive commuting operators is positive. 

8 Show that if N is normal, the closure of the set of values as- 
sumed by (Na, a) for |æ] = 1 is the smallest closed convex set con- 
taining o(T). 

9 Let & be a commutative B*-algebra of operators m a finite 
dimensional Hilbert space 3. Show that there is an orthonormal basis 
for H, each of whose elements is an eigenvector for every 7 e% 

10 A positive transformation has a bounded inverse if and only 
if for some e > 0, T—el is positive definite. 

11 A bounded operator 7 has a bounded inverse if and only if 
for some £ > 0, TT*—eI and 7*T—el are both positive definite. 

12 A normal projection is self adjoint. If E, and E; are self 
adjoint projections, then E, = E, in the sense of Section 4 if and only 
if E, = E, in the sense of Definition VL8.4. 

18 IfN isa normaloperator in $ and Eis its spectral resolution, 
then E isin the weak closure of the B*-algebra generated by N and N*. 

14 A weakly closed B*-algebra Y is generated by the self 
adjoint projections in 9L. 

15 Let P denote the product space of a countable collection of 
replicas of the complex plane, and let J denote the unit interval. Show 
that there is a one to one map h of P onto F such that h(e) is a Borel 
set if and only ife is a Borel set. (Hint: Use the decimal representation 
of real numbers.) 
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16 Let N, N,,... bea countable sequence of normal operators 
in $, all commuting with each other. Show that there exists a single 
Hermitian operator 7 such that each N, is a Borel function of 7. 
(Hint: Use Theorem 2.1 and Exercise 15). 

17 For operators A, B, and C in Hilbert space show that 

(a) A<B and BSA imply A=B8; 

(b) ASB and Bsc imply AC; 

(c) 4,54, and B <B, imply 4,+B,<4,+B,; 

(4)4<B and «Z0 imply oA <oB; 


(ec) Aa<B implies —Brz-—A; 
(f) if 4 is Hermitian. there are numbers m and M such that 
mls AMI. 


18 Show that 0 € A < B implies that 4? < B? if 4 and B 
commute, but not if 4 and B fail to commute. 

10 If Pisa positive operator in $ then |(Zz, y) (Zz, 2AT y, y). 

20 Let 7, be a uniformly bounded generalized sequence of 
positive operators in $. Then Z, — 0 in the strong operator topology 
if and only if Z, > 0 in the weak operator topology, or equivalently, 
if and only if (T, z, 2) — 0 for each ze $. (Hint: Use Exercise 19). 

21 If 7, is a umformly bounded generalized sequence of opera- 
tors in Q, and if a < f implies Z, < Tg, then the strong limit lim, Z, 
exists. (Hint: Use Exercise 20). 

22 Let 7, and T, be compact Hermitian operators. Let A,, Ag» 
. . » be the sequence of positive eigenvalnes of 7, arranged in decreas- 
ing order and repeated according to multiplicity. Let g, p, ... be 
the corresponding sequence formed for T,, and 7, 72, . . . that formed 
for 7,4-7,. Then 

(9) vesa Seats 

(b) In—24 S IZ 

28 Show that the sequence 2,, 2,. . . . of positive eigenvalues of 
the compact Hermitian operator 7, arranged in decreasing order and 
counted according to multiplicity, may be obtained from the formula 

A, = max min (72, z)/(z, x), 
€, «eG, 

where ©, denotes an arbitrary n-dimensional subspace of §. 

24 In the Hilbert space of all measurable functions on [0, 1] 
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whose squares are Lebesgue integrable, consider the operators defined 
by the integral kernels 
K,(a, y) = ésgn(e—y). Kale, y) = kyl 

and compute their eigenvalues and eigenfunctions. 

25 Show that the bounded operator 7 in Hilbert space is com- 
pact if and only if either 

(a) Tz, > 0 strongly whenever z, > 0 weakly, or 

(b) (Zzp, %,} > 0 whenever z, — 0 weakly. 
(Hint: For (b), show that the hypothesis implies that (Tz, , Ya} > 0 
whenever the sequences (2,) and {y,} are both weakly convergent to 
zero.) 


9. Notes and Remarks 


The basic result of this chapter concerning the spectral theory 
of Hermitian operators goes back to the work of Hilbert [1, IV]. 
Proofs of this result were also given by F. Riesz [20, 6], and contribu- 
tions were made by many others. The reader is referred to the encyclo- 
pedic account of Hellinger and Toeplitz [3] concerning the early devel- 
opment of Hilbert space theory, and to the treatise of Wintner [1], 
which is phrased in terms of infinite matrices, where many references 
are given. After a period of relative quiet, around 1930 the fundamen- 
tal work of von Neumann [7, 8, 2] and Stone [10, 8] ushered in the 
modern form of spectral theory im Hilbert space. Stone’s book [8] 
gives a thorough discussion of spectral theory in a separable Hilbert 
space, and is a very valuable reference; it is primarily concerned with 
unbounded operators. The book of Sz.-Nagy [8] gives a concise 
account of both the bounded and unbounded cases, as does the more 
recent work of Riesz and Sz.-Nagy [1]. Halmos [6] discusses the 
bounded case only, but develops a theory of multiplicity. Reference is 
also made to the books of Ahiezer and Glazman [1] and Cooke [1], as 
well as to the lucid treatment given by C. T. Ionescu Tulcea in his 
book (in Rumanian) Spatii Hilberti, Editura Acad. Rep. Populare 
Romane, 1956. 

Since there are a number of references available which document 
the historical aspect of the development, we shall give only very brief 
remarks concerning the results presented in the text. This will enable 
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us to comment on various developments which are of importance and 
interest, but which we have not formally discussed. 

The spectral theorem. The spectral theorem for bounded self ad. 
joint operators in Hilbert space is due to Hilbert [1; IV]. The reader 
should also see the proofs of F. Riesz [20, 6] which are quite modern m 
spirit. Many other proofs of the spectral theorem for self adjoint, 
unitary, or normal operators have been given, both in the bounded 
and unbounded cases. We refer the reader to the treatises of Ahiezer 
and Glazman [1], Halmos [6], Loomis [1], Riesz and Sz.-Nagy [1], 
Stone [8], Sz.-Nagy [8], and Wintner [1]. Additional proofs of these 
results, both for bounded and unbounded operators, may be found in 
the following: Carleman [1], Christian [1], Cooper [1, 2], Eberlein [5], 
Esser [1], Friedriehs [4], Hellinger [1], Kodaira [2], Koopman and 
Doob [1], Lengyel [1], Lengyel and Stone [1], Lorch [5], McShane [8], 
Nakano [7, 12, 18], von Neumann [2, 7, 16, 22], Ogasawara [7], 
Rellich [8], F. Riesz [14], Riesz and Lorch [1], Smith [1], Stone [7], 
Teichmiiller [2], Tsuji [1], Wecken [1], Wintner [2], Yosida [11, 12; IJ, 
and Yosida and Nakayama [1]. The volume of Cooke [1] reproduces 
some of these proofs. See also Fell, J. M. G. and Kelley, J. L., An 
Algebra of Unbounded Operators. Proc. Nat. Acad. Sci. U.S.A 88, 
592-598 (1952). 

Von Neumann [2; p. 401] proved that a commuting family of 
normal operators on a separable Hilbert space has a simultaneous 
spectral reduction. The same fact follows for a countable system in a 
general Hilbert space (see also Haar [2; pp. 781-790], Sz.-Nagy [8; 
pp. 66-69], and Riesz and Sz.-Nagy [l; Secs, 180-181]}, The first 
treatment of a B*-algebra of operators as in Theorem 2.1 without 
countability restrictions was by Dunford [18], although weakly 
closed algebras had been considered earlier by Yosida [12; I], and 
similar results had been obtained for Abelian rings of operators by 
Stone [7]. 

A systematic use of the operational calculus of the form given in 
Theorem 1.1 was introduced by von Neumann [18] and Stone [8; 
Chap. VIJ; see also Lorch [2, 11]. 

The following theorem was essentially proved by von Neumann 
[2; p. 898], [18; p. 218]. 
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"Tuzonzx. Let A be a bounded self adjoint operator on a separable 
Hilbert space, and let T be a bounded operator which commutes with every 
operator which commutes with A. Then there exists a bounded measurable 
function | such that T = HA} 

This theorem was stated explicitly by F. Riesz [21]. Mimura [1] 
simplified Riesz’s proof, and extended the result to unbounded 
operators. A more elementary proof was given by Sz.-Nagy [8; pp. 
68-65] (see also Riesz and Sz.-Nagy [1; Sec. 129], Nakano [8, 9] and 
Wecken [2]). The theorem, as stated, fails in the non-separable case, 
but an appropriate extension has been obtained by Segal [5; II, p. 88]. 
A generalization of this result to B-spaces has been obtained by Bade 
[8, 4] and will be discussed in Chapter XVII. 

The spectrum of a self adjoint operator. Theorem 4.8 is one of 
many procedures for the calculation of eigenvalues of a compact self 
adjoint operator. For some additional discussion, see Riesz and Sz,- 
Nagy [1; Secs. 95-96]. For more extended accounts of the Rayleigh- 
Ritz, the Weinstein, and the many other methods that have been 
studied, the reader should consult the treatise of Collatz [1]. Much 
recent work on this problem has been done by Aronszajn and his col- 
laborators; see for example Aronszajn [8, 4], where other references 
may be found. Lengyel and Stone [1] show that if 7 is self adjoint, 
then the upper or lower bound of the set {(7z, z)||z] = 1) is attained 
if and only if it is an eigenvalue of 7. 

It is sometimes convenient to have the relation that if T is a 
normal operator, then A is in o(7) if and only if for every e > 0 there 
js an z # 0 such that |Tz—42] < e|zl. For a proof, see Halmos [8; 
p. 51]. For some results and references pertaining to the spectrum, 
particularly of compact operators, we refer to Riesz and Sz.-Nagy 
[1: Secs. 183-184], and Chiang [1]. 

For references to the classical literature on this subject, see 
Hellinger and Toeplitz [8; Secs. 82-85]. 

Spectral representation and multiplicity theory. The results of 
Section 5 are closely related to the theory of multiplicity which was 
studied by Hellinger [1] and Hahn [5]. For a more recent treatment 
see also Stone [8; Chap. 7] and von Neumann [15] for the case of a 
separable Hilbert space and Halmos [6] for a general space. Halmos is 
concerned with the multiplicity of a spectral measure, and his results 
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extend the work of Nakano [10. 11], Plessner and Rohlin [1] and 
Wecken [2]. Ahiezer and Glazman [1; Sees. 69-73] also has a treat- 
ment for unbounded operators. 

If 7 is a self adjoint operator, let 9((7) be the ring of bounded 
operators which commute with 7. Yosida [8] showed that 7, and 7, 
are unitarily equivalent if and only if8((7, ) and 9((7,) are *-isomorphie 
under a mapping sending 7, into 7,. 

Other formulations of multiplicity theory concerned with alge- 
bras of operators in Hilbert space have been given by Segal [5; II] 
and Kelley [6]. We state a theorem of Segal which can frequently be 
used ín place of the spectral theorem. 


THEOREM. A maximal Abelian self adjoint algebra of bounded 
operators on a Hilbert space is unitarily equivalent to the algebra of all 
multiplications by bounded measurable functions in L, over some 
measure space. 

Calculation of the resolution. The formula in Theorem 6.1 is es- 
sentially due to Stieltjes [1, pp. 72-75], and was a basic tool in the 
work of Hellinger [1]. See also Stone [8; p. 183] and the papers of 
Lengyel [1] and Koopman and Doob [1]. 

Perturbation theory. References for perturbation theory have 
already been given in Section VILI1. The results in Section 7 are 
essentially due to Rellich [2; II]. See also Riesz and Sz.-Nagy [1; 
Secs. 134-186]. 

Invariant subspaces, If T is an operator in a B-space X, and if M 
1s a closed linear subspace which is neither {0} nor X for which we have 
TM C M, then M is called a (non-trivial) invariant subspace of X with 
respect to T. If X is a Hilbert space and if both W and its ortho- 
complement X EWM are invariant subspaces of X with respect to 7, 
then W is said to reduce T. It is not difficult to see that a non-trivial 
subspace of Hilbert space may be an invariant subspace for an opera- 
tor but not reduce the operator. In fact, an operator may have many 
non-trivial invariant subspaces and no non-trivial reducing subspaces 
(cf. Halmos [6; p. 40] for an elementary example). 

The spectral theorem assures that if Z is a normal operator (and. 
is neither the zero nor the identity operator), then 7 is reduced by at 
least one non-trivial subspace. For operators which are not normal 
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this is far from clear, and it is of considerable interest to find non-triv- 
ial invariant subspaces for & given operator. It is not known whether 
every operator, distinct from the zero and identity operators, has a 
non-trivial invariant subspace. It is readily seen from Theorem 
VIL8.10 that if 7 is a bounded linear operator in a B-space X and if 
c(T) contains at least two components, then 7 has an invariant sub- 
space. Aronszajn and Smith [1] have shown that every compact opera- 
tor bas an invariant subspace even when o(7) = {0]. It follows from 
a theorem of Godement [1; p. 186] that if 7 is an isometric linear 
operator mapping a B-space X onto itseif, then 7 has an invariant 
manifold, If 7 e B(X) and |7"| SK, n= 0, +1, 42,..., then X 
can be renormed to make 7 an isometry, so the same conclusion 
follows under this assumption. Wermer [1] has shown that if 
I7*| = Ofel*!*) for some « with 0 < a < 1, and if o(7) contains at 
least two points, then F has an invariant subspace. He also proved 
that if |7"| = O(|n|*) for some k, the same conclusion is obtained. (See 
also Wermer [2].) 

Wermer [4; p- 275] proved that if 7 is & normal operator and if 
o(T) has no interior and does not separate the plane, then every 
closed invariant subspace of 7 is also an invariant subspace for 7* and 
therefore reduces 7. His paper also considers the problem of when an 
operator T in B(X), whose eigenvectors are fundamental in X, has the 
property that if W is a closed invariant manifold of 7, then Mt is 
spanned by the eigenvectors it contains. This problem is related to the 
problem of spectral synthesis to be discussed in Section XL4. A similar 
problem was discussed by Beurling [4], who was able to find all of the 
closed invariant subspaces for the operator of multiplication by s on a 
Hilbert space of functions analytic in |z] « 1. 

Restrictions of operators. Let It be a closed subspace of a Hilbert 
space §. It is easily seen that if Mt is an invariant subspace of a self 
adjoint operator 7, then the restriction of 7 to W is a self adjoint 
operator in Hilbert space M. The situation is radically different for 
normal operators. For example, if § = L, on the disk |z| < 1 and W 
is the subspace of analytic functions, then the operator 7 of multipli- 
cation by zis normal on § but not on W, since the adjoint of 7 in W 
is given by 

(TN) — 2(f9)—1(01). 1e9. 
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The theorem of Wermer [4] cited in the preceding paragraph gives a 
condition under which the restriction of a normal operator to every 
invariant subspace is again normal. Wermer [5] studied the restriction 
of an operator 7 to a subspace Nt which is not invariant under 7-* 
and such that for some zeù, the vectors 7^2, n =0,1,2,..., are 
fundamental in M. The restriction of 7 to Mt is then represented as 
multiplication by z on a space of analytic functions. Applications are 
made to the restrictions of normal and unitary operators. 

Halmos, Lumer, and Schäffer [1] proved that the restriction of a 
normal operator may possess an inverse but not a square root (see also 
Halmos and Lumer [1]). 

Dilations of operators. The preceding paragraph indicates that it 
is of interest to inquire when a given operator 4 in a Hilbert space § 
can be extended (in some sense) to an operator B in a Hilbert space 
&, containing ©, in such a way that B has properties not possessed 
by A. 

One possible type of extension is the following: if f is a Hilbert 
space containing fs, and if P is the self adjoint projection of onto §, 
then B is called a dilation of A to 8 in case AP = PBP. Halmos [1] 
has proved that every bounded operator 4 on a Hilbert space § has a 
dilation B to & = HOH, and that if A is a contraction (i.e., |A| x; 1), 
then B may be taken to be unitary. Further, as observed by E. A. 
Michael, if 4 is a positive operator on $ with |A| < 1, then there is a 
seif adjoint projection on & =H which is a dilation of 4. A 
number of interesting consequences follow from these results; for 
example, if§ is an infinite dimensional Hilbert space, then the closure 
in the weak operator topology of the set of all unitary operators is the 
set of all contractions and the closure of all projections is the set of all 
positive contractions. An important extension of one of the results 
cited above is the following theorem due to Sz.-Nagy [8, 10]. 


THEOREM. If A is a contraction defined on a Hilbert space €, then 
there exists a Hilbert space & 2 $ and a unitary operator U on & such 
that if P is the self adjoint projection of 8 onto $, then A"P = PU"P, 
n —1,2,.... In addition, may be chosen to be minimal in the sense 
that it is spanned by the elements (U*z|z €, k = 0, 41, £2,...} in 
which case & and U are unique to within unitary equivalence. 
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A very elementary proof of this result, excluding the minimality 
condition, has been given by Schaffer [1]. An extension to B-spaces 
was given by Sz-Nagy [10; p. 114], and similar results for semi- 
groups of contractions nre found in Sz.-Nagy [8, 10] (see also Cooper 
[8]). Sz--Nagy's original proof depended on the following theorem 
due to Neumark [8]. 


THEOREM, Let S be an abstract set and E a field (resp. o-field) 
of subsets of S. Let F be an additive (resp. weakly countably additive) 
function on E to the set of positive operators on a Hilbert space § satis- 
fying F(j) =0 and F(S) — I. Then there exists a Hilbert space 
$2$ and a self adjoint projection valued additive (resp. weakly 
countable additive) function E on E to B(&) such that if P is the self 
adjoint projection of & onto €, then F(e)P = PE(e)P, for ell ee X. 

For an extended discussion of these important results and a 
general theorem unifying them, see Sz.-Nagy [11]. 

It follows from the work of Sz.-Nagy that if A is a contraction 
on a Hilbert space §, then there exists a strongly countably additive 
positive operator valued set function F on |z] = 1 such that 


am =f er ran), 


where 417) = A® if n 20 and A‘) — 4l jf n < 0. Schreiber [1] 
has used ths representation to obtain an operational calcuhis for 
functions which are boundary values of bounded analytic functions 
on kk] « 1. 

Extension of operators. Let A be an operator in a Hilbert space 
S. It is of interest to obtain conditions under which 4 has a normal 
extension to some Hilbert space 2 §, i.e., when there exists a normal 
operator B on $t such that if P is the self adjoint projection of S 
onto $, then AP = BP. Such operators are called subnormal by 
Bram [1], who has made an extensive study of them, starting from 
the work of Halmos [1]. As opposed to dilations, not every operator 
has a normal extension (cf. Halmos [1; p. 188]). The following result 
is an improvement, due to Bram, of a theorem of Halmos (see also 
Sz.-Nagy [1]: p. 18]). 


THEOREM. A necessary and sufficient condition that a bounded 
linear operator A on a Hilbert space § have a normal extension is that 
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X te, 472.) 20, 
mune 
Jor every finite set 23, ay, . . ., x, in €. If this condition is satisfied, the 
minimal normal extension is unique up to unitary equivalence. 

Another criterion has been given by Bram [1; p. 79], where the 
relation of the spectra of 4 and its minimal normal extension and 
other questions are investigated. Halmos [9] also considers the 
relation of the spectra. 

The spectral sets of von Neumann. If T is a bounded linear 
operator in a Hilbert space, then von Neumann [8] defines a closed 
set S of the complex sphere to be a spectral set of T if {(7) exists and 
VT) x 1 whenever f is a rational function such that |f(z)] <1 
for all ze S. It is seen that if S is a spectral set, then o(7) C S, and 
that if 7 is a normal operator, then c(7) is a spectral set in this 
sense. The following theorem is of interest. 


Tueorem. If |T| <1, if f is analytic on a domain containing 
kl <1, and if HE S1 for kl <1, then IT) S 1. 

This implies that the disk |2| x: 1 is a spectral set of 7 if and 
only if |7| <1. This theorem was first proved by von Neumann 
[8; p. 269]; another proof has been given by Heinz [2] and a par- 
ticularly elementary one is due to Sz.-Nagy [8]; [11; p. 15]. It is 
proved that 7 is normal if and only if o(7) is a spectral set (cf. 
von Neumann [3; p. 280]), and that 7 is self adjoint (resp. unitary) 
if and only if a bounded subset of the real axis (resp. the unit circle) 
is a spectral set, For proofs and additional results, see von Neumann 
[8] or Riesz and Sz.-Nagy [1; Sees. 152—155]. 

Square roots of operators. If A is an operator, then an operator 
B is said to be a square root of A in case B® = A. It is an elementary 
consequence of the spectral theorem that every positive seif adjoint 
operator in Hilbert space has a positive self adjoint square root. 
For proofs which do not use the spectral theorem, see Visser [2], 
Wecken [1], or Riesz and Sz.-Nagy [l; p. 262]. Halmos, Lumer, 
and Schaffer [1] have shown that there exist invertible operators 
in Hilbert space which do not have square roots; in fact, Halmos 
and Lumer [1] proved that the operators with square roots are not 
even dense in those with inverses (relative to the uniform topology)- 
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See Schäffer [2] for a similar result. Julia [1-4] has made a systematic 
study of the determination of all seif adjoint square roots of a 
given positive operator, both in the bounded and unbounded cases. 
Extensions to nth roots and nonselíadjoint square roots are con- 
sidered in Julia [5, 6]. 

Commutativity of operators. It is trivial to prove that if 4 and B 
are commuting self adjoint operators in a Hilbert space, then AB 
is self adjoint. It has been seen (cf. Exercise X.8.7) that if A and B 
are commuting positive operators, then AB is positive. If 4 is a 
normal operator and if B is an operator which commutes with 
A, then B commutes with A*. This fact was conjectured by 
von Neumann, and proofs have been given by Fuglede [1] and 
Halmos [8], [6; p. 68]; another proof follows from Corollary XV. 8. 7. 
It follows that if A and B are commuting normal operators, then 4B 
is a normal operator. 

Brown [I] showed that if both 7 and 7* commute with T7*, 
then 7 is normal, and Putnam [8] showed that the same conclusion 
follows from the commutativity of T and 7T* — T*T. 

Generalizing a result of Fuglede [1], Putnam [1] showed that 
if A and B are normal operators and if 7 is an invertible operator 
such that 4 — 7 BT-, then there exists a unitary operator U such 
that 4 = UBU*. 

Surprisingly enough, if 4, B, and AB are normal operators, 
then it does not follow that BA is a normal operator (cf. Kaplansky 
[6]). However, extending some work of Wiegmann [1], Kaplansky 
has obtained conditions under which this is true (e.g., if in addition 
either 4 or B is compact, then the normality of BA follows). Also 
if A and AB are normal, then BA is normal if and only if B commutes 
with A*A, 

Given any two operators 4 and B, the magnitude of the com- 
mutator AB — BA of A and B is a measure of the extent to which 
they fail to commute. Wintner [8] showed that if 4 and B are 
bounded and self adjoint, then their commutator cannot be a non- 
zero multiple of the identity, and Putnam [Z] observed that Wintner's 
method does not require the self adjomtness. Wielandt [2] obtained 
a more general result, applicable to B-algebras. Halmos [10; II] 
(see also Schaffer [2]) proved that if 4 commutes with 4B — BA, 
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then AB — BA is a two-sided topological divisor of zero. In analogy 
with a theorem of N. Jacobson, Kaplansky conjectured that if 4 
commutes with 4B — BA, then the latter is quasi-nilpotent. Putnam 
[8] demonstrated that if A and B both commute with 4B — BA. 
then AB — BA is a quasi-nilpotent, thereby almost settling the 
conjecture. Vidav [1] has given a different proof of Putnam’s result 
valid in any B-algebra. A somewhat stronger result has been proved. 
by Singer and Wermer [1] who obtained a theorem implying that if 
A and B are bounded operators on a B-space and if 4B — BA lies 
in the uniformly closed algebra generated by 4 and J, then AB — BA 
is a quasi-nilpotent. 

Polar decomposition. The polar decomposition, or canonical 
factorization, is particularly important for unbounded operators and 
will be studied in Section XII.7. However, it is of sufficient interest 
in the case of bounded operators to be stated here. An operator U 
in a Hilbert space § is called a partial isometry with initial domain 
M if Ua] = lz] for zeù and Uz —0 for reġ OM. 

THEOREM. Every bounded linear transformation T in a Hilbert 
space can be written in the form UP where U is a partial isometry and 
P is a positive operator. If T is normal, then U may be taken to be 
unitary and such that U and P commute with each other and with all 
operators that commute with T and T*. 

For an elementary proof, see Riesz and Sz.-Nagy [1; Sec. 110]. 
In general, U and P do not commute, but Brown [1] has made a 
study of operators 7 for which they do commute, and proved that 
Such is the case if and only if 7 commutes with 7*7. It is seen that 
such an operator 7 may be decomposed into the direct sum of & 
normal operator and a generalized shift operator. 

An inequality of Heinz. If A and B are positive bounded operators 
and Q is a bounded linear operator in a Hilbert space such that 
IQz] x [42] and |Q*2| X Ba] for all z in $, then for any real number 
a with 0 X a X 1 and alla, g in $, we have |(Qz, y)| [4*2] |B’ yl. 
This is & sharpening, due to Kato [5], of an inequality proved by 
Heinz [1]. They showed that it remains valid for unbounded operators. 
Another proof, based on the convexity theorem of Riesz, and valid 
for multilinear forms, was given by Dixmier [6]. Recently, Heinz [4] 
has given a short “elegant proof of this result. 
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Symmetrizable and normalizable operators. It may happen that 
an operator 7 is not symmetric (or normal) but for some non-trivial 
operator A, either the operator 47 or 74 is symmetric (or normal). 
Yn such & case, it is sometimes possible to obtain significant informa- 
tion concerning the spectral nature of 7. Such operators arise natural- 
ly in the study of integral equations (cf. Hellinger and Toeplitz 
[8; Sec. 88]), and both the integral operators and the abstract 
operators have been studied to a considerable extent, particularly 
in the compact case. For this theory, the reader is referred to the 
book of Zaanen [5; Chap. 12] and the papers of Reid [1, 2], Wilkins 
[1], Zaanen [8, 7, 8], and Zimmerberg [1, 2]. Particular interest is 
attached to the possibility of eigenfunction expansions, 


CHAPTER XI 
Miscellaneous Applications 


This chapter is devoted to applications of the spectral theory 
of normal operators to problems in a variety of fields of mathematics, 
Since these topics are not in the main stream of our mterest we shall 
not give anything approaching an exhaustive treatment of the 
subjects considered. However, due to the comprehensiveness and 
power of the general spectral theory, it is possible not only to give a 
satisfactory foundation for these subjects, but also to develop their 
principal results, and this we shall attempt to do. The topics discussed 
are group theory and the Peter-Weyl theorem; Harald Bohr’s theory 
of almost periodic functions; the Fourier transform, convolutions and. 
the Plancherel theory in L,(G), where G is a locally compact Abelian 
group; Wiener's closure theorem in L, and the associated classical 
Tauberian theorems; Hilbert-Schmidt operators and their Fredholm 
theory; the Hilbert transform and the Calderón-Zygmund inequality. 


1, Compact Groups 

This first section is concerned with the atudy of compact topo- 
logical groups, The existence of Haar measure is established for such 
a group (Theorem 1) by using one of the fixed point theorems in 
Section V.10, The Haar measure is used to obtain the basic result 
of Peter and Weyl which, in turn, is used to establish the fundamental 
property of the continuous characters on a compact group. 

1 THEOREM. For every compact topological group G there is a 
unique non-negative regular countably additive measure p defined on 
the Borel sets E of G such that p{(G) = 1 and p(sE) = p(E) for each 
s in G and E in X. In addition, p(Es) = p{E) and pL E+) = n(E) 
for each s in G and E in X. 

Pnoor. Let C(G) denote the B-space of all continuous real fune- 
tions on G, and let e be the function identically equal to 1. Let K 

937 
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be the subset of C*(G) consisting of all z* such that a*(e) = 1 and 
&*(f) z 0 whenever f(s) > 0 for every s in G. It is clear that K is 
convex and closed m the C(G) topology of C*(G). If the function 
f is in the unit sphere of C(G) then —e(s) < f(s) x e(s) and so, for 
a* in K, —1 x z*f <1, which shows that |z*| <1. Thus K isa 
convex subset of the unit sphere in C*(G) which is closed in the C(G) 
topology of C*(G). It follows from Corollary V.4.8 that K is compact 
in this topology. 

For each s in G let the linear map L, in C(G) be defined by the 
equation (L,f)(t) — fist). Clearly LL, = L,, and Ly =I where 1 is 
the unit in G. Since EL? = (L,L,)* = L*, the family {L* |seG) 
is a group of operators in C*(G). It is also evident that LK CK 
for every 5 in G. 

It will first be shown that the group (Lf |e e G} of operators 
in C*(G) with its C(G) topology is &n equicontinuous family (V.10.7) 
on the set K. To do this let V be the neighborhood of the origin in 
C*(G) determined by the positive number s and the functions 
fp s fa in C(G). We shall define a neighborhood U of the origin 
in C*(G) such that for every pair 2*, y* in K with a* — y* in U 
the vector L*(z* — y*) is in V for every s in G. 

The finite set f, ...,f, is compact in C(G) and hence, by 
Corollary IV.6.9, to every positive number ó corresponds a neigh- 
borhood N of the identity in G such that for every pair f, u in G 
with ut in N we have 


V0 101 <6, 


Suppose that u-1f is in N. Then for every s in G the element 
(su)? (st) = «t is in N and so 


(Efe (f) = suhi f= Lee 


It follows from Corollary IV.6.9 that the closure of the set 
{L,f, 156 G, j= 1, . . „ n) is compact in C(G) and thus, by Theorem 
L6.15, it is totally bounded. Hence there are functions £y «++ Em 
in C(G) such that each element L,f, has a distance of less than e/4 
from one of the elements g,....£, The neighborhood U of the 
origin in C*(G) is defined to be that determined by the elements 
Ep + +++ Em 8nd the positive number e/2. Now if z*, y* are in K with 
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&* —* in U then, by choosing i properly and recalling that 
lz*l, ly*] S 1, it is seen that 


IEZ(@*—y* YA = Vo*—9*)L,f 
S l*—y* XL, fiele *)gl 


S2 Liedtke cT n 


for every s in G. Thus the family (L*) is equicontinuous on K as 
asserted, 

Theorem V.10.8 may now be applied to yield the existence of a 
point 2* in K such that L¥2* = 2* for every s in G. It follows from 
the Riesz representation theorem (IV.6.8) that there is a uniquely 
determined countably additive regular measure p on the family E 
of Borel sets in G for which 


af = (etos fece) 


Since a* is a positive functional it follows from the Riesz theorem 
that the measure x is non-negative and since z*(e) = 1 it follows 
thst (G) = 1. Now, if p, is defined by the equation 1,(E)=<p(s4E) 
then, since 2* = z*L,, we have 


[ren = f, fene = [ean feco). 


Yt may be readily verified that the measure p, is regular and hence 
the Riesz theorem and the above identity show thst p = gi, which 
proves the first part of the theorem. 

By an argument similar to the preceding, there is a non-negative 
regular countably additive set funetion » on Z with »(@) = 1 and 
(Es) = (E) for E in E and s in G. Let », be any such function and 
let z be any non-negative regular measure on Z with (G) — 1 
and p, (sE) = p E). It will be shown that p, = », which will establish 
the uniqueness of # and show that (Es) = &(E). To see this let f 
be a continuous scalar function on G so that the function f, defined 
on the Cartesian product GxG by the equation f,(s, t) = f(st) is 
continuous and hence », X», measurable. Since (G) = »(G) = 1 
it follows from tbe, Fubini theorem (IIL.11.9) that 
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[ejt — f idae = f, (f, fmt] n) 
= Jf {J LOEO 
= fetten = | t9). 


Since this holds for every continuous function f it follows from the 
Riesz theorem (IV.6.8) that jj, = n, Finally. to see that u(E) = p(E-1) 
let the measure 4 on Z be defined by the equation A(E) = p(E“). 
Then AG) = 1 and A(sE) = p(E-153) = p(E-1) = A(E). Further- 
more since the map s >s! is a homeomorphism in G the measure 
A is regular. It follows therefore, from the uniqueness of p, that 
A=p. QED. 


2 Derrmrrion. The unique measure whose existence is es- 
tablished in Theorem 1 is called the Haar measure on the compact 
group 6. 

By using Haar measure it will be shown that the class of con- 
tinuous functions on 6 which are finite dimensional in the sense of 
the following definition form a fundamental set in C(G) and slso 
in L(G, F, p). 


8 DzriwrroN. Let f be a complex valued function defined 
on a group G. For s in G let f* be defined on G by the equation 
fF) = fs). The function f* is the translate of f by s. The function 
f is said to be finite dimensional if its set (f* |s €G} of translates is a 
finite dimensional vector space of functions. 

The spectral theorem will be used in the proof of the following 
theorem and so the field of scalars is taken to be the field of complex 
numbers. 


4 THEOREM. (Peter-Weyl) Let G be a compact topological group, 
with E its Borel field and p its Haar measure. Then the set of complex 
continuous finite dimensional functions is fundamental both in C(G) 
and in L(G, E, p)- 

Proor. Let Ly = L,(G, F, p). and let Q be the ortho-com- 
plement in L; of the set of continuous finite dimensional functions. 
We shall prove density in L, by showing that 9? = {0}. To show this 
it will be shown that an arbitrary element in 0 is orthogonal to 
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every element in C(G), a dense set in L,. Now an arbitrary element 
fin C(G) may be written as f = h+-ig where 


Ms) = 3UG)-fG 7) els) =} Fete. 


Since the functions & and g satisfy the relations k(s) = h(s1), 
(5) = g(s 1) it will suffice to show that every continuous function 
g with g(s) = g(s1) is orthogonal to 30. 

The proof of this will depend upon some properties of the linear 
operator 7, in L, defined by the equation 


TAO = [atu fede), feb, 


Since g is in C(G) it follows from Corollary IV.6.9 that for every 
£ > 0 there is a neighborhood U of the identity in G such that if 
st is in U then |g(s) — g(t)] < z. Now let f be in L, and have norm 
Ifl <1 and let st be in U. Then, since (su)(fu 1) 3 = st is in U, 


Iz, f) — (TAO = |f atm) eta nata] 
( à 
self tfta] se (firearm) s e 

In view of Corollary IV.6.9 this inequality shows that 7, maps 
the unit sphere in L, into & conditionally compact set in C(G). Thus 
T, is a compact operator (VL5.1) as a map from L, into C(G) and, 
a fortiori, as a map from L, into L,. 

Next, by using the property that g(s) = g(s), it may be seen 
that 7, is a self adjoint operator. For it follows from the Fubini 
theorem that every pair f, k of elements in L, satisfies the equations 


U, 7,5) = f ft) {Jeter Veee)utae)} nti 
= f, ^0 (fo rata] oam 
= JP { [, etas] nta = (Tf, h- 


By Theorem X.8.5 there is a complete orthonormal set {y,} of eigen- 
functions of 7, and by Theorem VII.4.5 the eigenfunctions correspond- 
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ing to an eigenvalue 4 # 0 form a finite dimensional space. Now if 
T,9 = Ap then 


fesem eud) =I). se. 


is a continuous function. By replacing s by st and u by ut and using 
the fact that (Et) = p(E) it is seen that 


[eu Welt eld) = aplet). 


Le. every translate g* of an eigenfunction g corresponding to À is 
also an eigenfunction corresponding to 4. Thus every eigenfunction 
of T, which corresponds to a non-zero eigenvalueis a finite dimensional 
continuous function. Hence K is orthogonal to every eigenfunction 
of T, except to those corresponding to 4 — 0. It follows from Theorem 
X.8.4 that for k in N, k= Yh, q,)g, where the sum is taken over 
those a for which 7,9, = 0. Thus 7,h = 0, i.e., 


0 = f ete hoatdu) = | etur Mu)ldu). 


If in this equation s is replaced by the unit in G, it reduces to the 
equation (k. g) — 0, which shows that g is orthogonal to N and 
completes the proof of the fact that the finite dimensional continuous 
functions form a fundamental set in L,. 

It remains to be shown that the finite dimensional continuous 
functions are dense ın C(G). To do this let k in C(G) and e > 0 be 
given. As before it is seen from Corollary IV.6.9. that there is a neigh- 
borhood V of the identity in G such that |k(s)—K(ts)| < e/2 for 
every sin G and every t in V. Since the map s > s^ is a homeomor- 
phism there is a neighborhood W of the identity in G such that W 
and W> are both contained in V and thus the set U = Wu Wt 
is a neighborhood of the identity in G with the properties that 
UCV and U — U~. Since a compact space is normal (1.5.9) it 
follows from the Urysohn theorem (1.5.2) that there is a non-negative 
continuous function k 4 0 on G which vanishes on the complement 
of U. These properties of k will be preserved if we normalize it by 
requiring that its L(G, Z, x) norm |k], = 1. The function &' defined 
by the equation &'(s) = [h{(s)+h(s+)]/2 has all the properties listed 
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for k and in addition the property that E'(s) = h'(s7). Thus we 
may and shall assume that h(s) = h(s1). Now the C(G) norm of 
k—T,E is 
RT, ki = sup ike — f MeeVee 
seG G 
and if f is replaced by ts it is seen that 
|k—7,4| = sup | f MESE) ena] 
zG |JE 
= sup | cin kn 
seG JU 
E E E E 
SÅ | nter =i [me dt) — — ul, =—. 
sz [m eld) => On pM. 


According to the first part of the theorem there is a linear com- 
bination g of continuous finite dimensional functions with 


E 
Ik—gl; S PN J 


Since 


I7, k—7,gl = sup f mar o ata 
zG |J6 


E sup { [iem] ee 


aeG 


E 
S lhlk— gk x z 


it follows that |k— 7,8| « «. Thus, to complete the proof, it will 
suffice to show that 7, g is itself a linear combination of finite dimen- 
sional continuous functions and hence is finite dimensional. Since 
it has already been observed that 7,g is continuous, to finish the 
proof it suffices to show that Z,g is a finite dimensional function if 
g is a finite dimensional function. 

Since 


(Prete) = f, ht etta 


it is seen, by replacing s by su and t by tu, that 
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(7,6) = f hegit 


which means that (7,4)" — Z,(g*). Now if g^, ,. . @°* form a basis 
for the space of translates of g then for any w in G the translate g* 
has the form Xg; qg“ and so 


(T, gy = Y a TV) = X (T gy 
& 


which shows that the translates of 7,g form a finite dimensional 
space and thus that 7g is a finite dimensional function. Q.E.D. 

In the case of compact Abelian groups, Theorem 4 may be 
Sharpened to some extent. 


5 Dermo. If G is an Abelian group, then a character of 
G is a complex valued function z defined on G which is such that 
le} =1 and (st) = x(s)x(£) for all s, £ in G. 


6 Tueorem. Let G be a compact Abelian group, with E its Borel 
field and p its Haar measure. Then the set of continuous characters is 
fundamental both in C(G) and in L,(G, E, p). 


Proor. In view of Theorem 4, it suffices to prove that any 
continuous finite dimensional function f is a linear combmation of 
continuous characters, For s in G let R, be defined on L, by the 
equation R,g= g*. Since G is Abelian, it is readily seen that the 
family {R,|s €g} is a commutative family of unitary operators on 
Lẹ By hypothesis, the subspace § generated by the translates of 
} is a finite dimensional manifold which is invariant under each of 
the operators R, 

Let $5, # (0) be a subspace of § which is invariant under each 
of the operators R, and which has no non-trivial subspaces with 
this property. To see that §, is one-dimensional, let s be fixed arid 
let A(s) be an eigenvalue of the operator R, considered in the space 
Sy Let $ = (685, 1E, h — A(s)&k; then since R,(R,h}~= A(s)(R, h) 
it is seen that is invariant under the set of operators (E), and since 
© # {0} it follows that $ = $5. This implies that in $5, the arbitrary 
operator R, is A(s) times the identity operator, and hence the dimen- 
sion of $5, must be one, for otherwise it would have non-trivial in- 
variant subspaces. Since the operators E, are unitary, they also 
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leave $$ © $5, invariant and the above argument may be repeated 
to decompose $y into a direct sum $ @-.-- @ n of non-trivial 
orthogonal one-dimensional manifolds. Furthermore, on each suhspace 
$5, each operator R, acts as multiplication by some scalar /,(s), i-e., 


hls) = Alf) hee 


It follows that if f; 0 then f vanishes nowhere and thus, by placing 
t — e, the identity in G, in the above equation, it is seen that A, 
is in $5; and that A,(sf) = A,(s)4,(£). Since X, is one-dimensional 
it consists of scalar multiples of the character 4,- Thus every function 
j in § is a finite linear combination of continuous characters of G. 
QED. 


2, Almost Periodic Functions 


The theory of compact groups developed in the preceding 
section may be applied in an interesting and significant manner to 
the analysis of the space AP of almost periodic functions on the real 
line R= (— co, +00). In fact, the theory will be applied in this section 
to prove the principal result in H. Bohr's theory of almost periodic 
functions. It has been observed (IV.7.6) that there is a compact 
Hausdorff space § such that AP is isometrically and *-isomorphic 
to the space C(S). In fact, E may be embedded as a dense subset of 
S in such a manner that every function fin AP has a unique extension 
to a function f, in C(S). This follows from Corollary IV.6.19 and the 
Observation that the periodie (and hence the almost periodic) func- 
tions distinguish between the points of E. Moreover, the cor- 
respondence f €» f, is an isometric and algebraic isomorphism between 
AP and C(S). In this way one may regard AP as the family of all 
the restrictions of functions in C(S) to the dense set R. 

The next step will be that of showing that the group structure 
of R may be extended by continuity to S in such a manner that S 
becomes a compact Abelian topological group. In doing this we make 
use of a lemma. 


1 Lemma. Let f be in AP and let e > 0. Then there is a finite 
set hay... hy, in AP and a number 6 7 0 with the property that if 
Vp Ta th, Yo Gre any four numbers such that 
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[id] Aun) hi <6, Pu) hug) < ð. 
for i — A, . .. m, then it follows that 


Mf (2, 3-23)— f 3-95] < E- 

Proor. Let B be the set of al] functions g of the form 
g(x} = f(e4u), where —œ < u < +œ. Then B is contained in a 
compact set of AP (IV.7.2). Consequently (1.6.15), there is a finite 
set hys- - ., hy in AP such that for each g in B there is an h; with 
lg—h < ej8. Suppose that [s] is satisfied with 6 = e/4. Then for 
any g in B we have 


lg) —8G3)] S 1g) 5.6) 
FIG) — (E) 4-12) — (1, 


E æ 


PEL € 
estates 2 


Similarly lg'(7,)—£' (Ye) < &/2, for any g' in B. Now for fixed i, 
take g and g' to be the functions in B defined by the equations 


ae) = fea). gE) = Meta), ze R. 
Since g(z,) = f(z,-F- ya) = £ (95), on combining, we have 
Faty) fe 99 S Ig ()—8 (all 
£g E 
Helede «y bye 


which proves the lemma. Q.E.D. 


2 THEOREM. The line R may be embedded as a dense subgroup 
of a compact Abelian topological group S in such a way as to make 
AP the family of all restricions f| to R of functions f in C(S). The 
operation f > {|B is an isometric *-isomorphism of C(S) onto AP. 
The group S is called the Bohr compactification of the real numbers. 

Proor. Everything in this statement has already been established 
except the fact that S is an Abelian topological group under an 
operation which coincides on R with addition. Let s, and s, be points 
of S; we will define s, @ s». Let X, denote the collection of neigh- 
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borhoods of s, and Z, the neighborhoods of s. For U, € V, i = 1, 2, 
let 
W(U, Ue) = U, o RUO R, 


where the sum is taken in R and the closure in S. If V; € 4/,, then 
WU, U,) o WE» Ve) 2 W(U, o V,. Uzo V;) and so the family 
W-—(W(U,U,JU,c V) has the finite intersection property 
Since S is compact, (s, $2) = (] W is not void; we will show that 
T(s,, $2) contains only one point, which will be called s, © sp- 

Suppose that 7 (s,, 52) contains two distinct points t, t» By the 
Urysohn theorem (L5.2), there is a positive function f in C(S) 
with f(,) = 1, f(t.) = 0. Applying Lemma 1 to the restriction of f 
to R, we conclude that there is a set h, .. ., h,, in AP and a number 
ò > 0 such that if aj, Zy Yp Yz are any four real numbers such that 
IP. G)— h(a) < 9 and |h;(G)—h;(95)] < ð for à — 1,..., m. then 
Izt) fg -y5)] < 1/2. Each h, has a unique extension to a 
continuous function on $ and we denote this extension by the same 
letter. Hence there are neighborhoods U, of s, and U, of s, such 
that fors in U, |h,(5,). -h,(s)|< 6/2 and for sin Us |h,(5,)— hAs)|< 5/2, 
for à—1, m. Choose x, z in Uj R and yp y, in U,0 R. 
Then hla )—h,la)| <6 and Jg) R(go)l <6 for #=1,...m 
which implies that |f(z,--$1)— f(rg--9;)| < 1/2. This shows that if 
1, Ug are in the set U, c R+U, 0 R then |f(u)—f(u,)] < 1/2. By 
continuity we may conclude that if th, ts are in W(U,, U,), then 
MfCu,)— fte) S 1/2. Since t, t, are in W(U,, Uz) for any choice of 
U, U we have 


1 = fit Sh 


which is a contradiction. This proves that 7(s,, 55) consists of precisely 
one point, which we denote by s, @ 59- 

It is clear that if s}, s, are in R then 5, @ s, = 5;+5,, so that 
the operation @ is an extension of the addition in R. To show that 
€ is a continuous function on S xS, let V be a neighborhood of 
2; € so If, for every U, in 4^, and U, in Vy W(U,, U;) intersects 
the complement V” of V, then the family (V' n WU, U,JIU, c 4/3 
has the finite intersection property and therefore a non-void inter- 
section, ie, V'riT(s, 5) = V'an W#¢. We have seen above 
that 7 (s, s,) contains only the point s, @ sẹ. and hence the supposi- 
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tion just made leads to a contradiction. Thus there are neigh- 
borhoods U, € X, such that W(U,, U,) C V. Now if u; € U, i = 1, 2, 
then 

{tq © uj) = Tu, 1) C WU, Ua) 


and hence t4 @ 1, € V. This proves that © is continuous. From the 
continuity of @, the fact that R is dense in S, and that € coincides 
with + on R, we conclude immediately that s @ 0 — s, 8, Os 
= 5$ € 8, and 

81 @ (8 @ 53) = (5; @ 5$) @ 5 


It remains to be shown that mverse elements under @ exist 
in S. Consider the mapping H: AP + AP defined by (Hg)(z) 
= g(—2), xe R. Clearly H is an algebraic isomorphism of AP and 
preserves conjugation, i.e., H(g) — Hg, g € AP. Since AP is equiv- 
alent to C(S) the mapping H may be regarded as operating on 
C(S). By Theorem IV.6.26 there is a homeomorphism & of S onto 
itself such that (Hf)(s) = f(h(s)). fe C(S), seS. In particular, if 
sis in E then A(s) = —5, and so s @ h(s) = 0 for s in a dense set R 
and thus identically on S. Consequently h(s) is the inverse of s, 
and S is a topological group. QED. 


8 Lemma. The continuous characters of the compact Abelian 
group S are the extensions to S of functions of the form eè, xe R, 
where À is an arbitrary real number. 


Proor, We first observe that if y is a function of the form 
x(x) = e*, we R, then since x is periodic it is, a fortiori, almost 
periodic and has a continuous extension y, to S. Furthermore, since 
x+y) = x(e)x(y) and |x(z)] =1 for all a, y € R, these identities 
hold for the extension y, and so y; is a character of S. 

Conversely, if y, is a continuous character of S, let y be the 
restriction of y, to R. Then x(0) = 1, x(z--y) = x@)x(yb kl = 1. 
a, y € R and y is continuous on R. Let « > 0 be such that if |z] Sa, 
then |x(z) 1| <1, and let @ be such that x(x) = e°. Since x(a) 
= [x(e/2)]* we must have x(a/2) = €*/2, and by induction z(a/2") 
= ef[2^, This implies that if r = 2-"m, where m and n are integers 
then x(ra) = e*". By continuity, this equation holds for all real 
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numbers 7. By placing A = @/a we have y(z) = e7*, ze R, as asserted, 
QED 

With these preliminaries at our disposal we are now able to 
prove the main theorem concerning almost periodie functions on 
the Hne, 


4 THEOREM, (Bohr) A continuous function on R = (— co, co) 
de almost periodic if and only if it may be uniformly approximated by 
finite linear combinations of functions in the set (e?"|Ae R} 

Proor. Since AP is a B-space (IV.7.5) it is clear that the family 
of functions in the closed linear manifold spanned by the periodic 
functions is contained in AP, On the other hand, it has been seen 
(Theorem 2) that AP is isometric and isomorphic with C(S), where 
S is a compact Abelian group, and also (Lemma 8) that the con- 
tinuous characters of S are of the form e”*, By Theorem 1.6, the set 
of continuous characters is fundamental in C(S); consequently, their 
restrictions to R are a fundamental set in the space AP. Q.E.D. 

From the isometric isomorphism of the spaces AP and C(S) 
and the Riesz representation theorem (I¥V.6.8.) we may state the fol- 
lowing result. 


5 THEOREM, The space AP* is isometrically isomorphic with 
the space rca(S) of all regular countably additive measures defined on 
the Borel subsets of the Bohr compactification S of the real numbers, 
The isomorphism a* -> p € rca(S) és given by the formula 


arf = f fido) fe AP, 


where f, is the unique extension to S of the function f in AP. 


3. Convolution Algebras 


In Chapter IX it was seen that a number of spaces of functions 
are Bealgebras under pointwise multiplication, and so the theory 
of such algebras can be applied to them immediately. However, if 
L, denotes the space of functions on the real line (— co, -- co) which 
are Lebesgue integrable, then it is readily seen that L, does not 
form a H-algebra under pointwise multiplication. It is an important 
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and useful fact that Z, can be given a multiplication with respect to 
which it becomes, after the adjunction of a unit, a B-algebra to which 
the results of Chapter IX are applicable, As the "product" of two 
functions f and g in L, we shall take the convolution f +g, defined by 
the equation 


(zae) = [s fene, —e0 « & « o. 


It will be seen that the analysis of the algebra L, under convolution 
as "product" is closely connected with the theory of the Fourier 
transform. 

Instead of restricting our consideration to the case of the ad. 
ditive group of real numbers, we shal] discuss the case of a locally 
compact Abelian group which we denote by E. We assume throughout 
that R is o-compact, i.e.. the union of countably many compact sets, 
Every such group has a non-negative countably additive measure 
which is defined on the Borel sets Z, finite on compact sets, positive 
or infinite on open sets, invariant under translation, i.e., A(z4- E) = 
ACE) for E in Z and z in R, and which enjoys the regularity property 
supA(F) = A(E) = int 4(G) for E in Z. where F varies over the 
closed subsets of E and G over the open sets containing E. Such a 
measure is unique up to multiplication by positive numbers, and is 
called Haar measure. In the case R = (—00, -- cc), the Haar measure 
may be taken to be Lebesgue measure: in the case of à compact 
group, its existence and uniqueness was proved in Theorem 1.1. 
The reader who is unfamiliar with Haar measure may wish to consult 
the remarks under the heading Convolution Algebras in Section 11. 
He may also wish to suppose, on first reading, that E is the real 
number system, However, the reader who is familiar with the theory 
of Haar measure will naturally wish to note that the proofs given 
below apply without change to locally compact, o-compact Abelian 
groups in general, For this reader we call attention to the fact that 
in the proof of Lemma 8 we require R to be non-discrete, and so, 
throughout the section, we shall suppose that R is non-discrete, To 
make the special considerations required for the diserete case is quite 
easy, and some remarks on this score will also be found in the notes. 

Thus we treat a non-discrete locally compact, -compact Abelian 
group R, making use of the elementary properties of its Haar measure 
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which are well-known in the case of Lebesgue measure on the line. 
When integration is with respect to Haar measure, as is generally the 
case, we write dz instead of A(dz). Throughout, we denote L,(F., £., 4) 
by L,(R). 

To begin the study, some basie properties of convolutions will 
be obtained. 


1 Lemma. (a) If f is A-measurable, then the function f(z—y) 
is a Ax measurable function. 

(b) For f. ge L {R} the function f(zx—y)g(y) is integrable in y 
for almost all x and the convolution feg of f and g, which is defined 
by the equation 

(eee) = f, fe— etas, 
is in L,(R) and satisfies the inequality 
lf*eh < Whigh- 


With convolution as multiplication the linear space L,(R) is a com- 
mutative and associative algebra. 

(e) For f in L,(R) and g in L,(R) the convolution (fxg) = 
= Frfle—y)gly)dy exists for almost all x, belongs to L(E). and 
Vf *gls S lfhlgle The product fxg is linear in each variable, and satisfies 
the equation hx (fag) = (hwf)sg for k. f in L,(R) and g in L(R). 
For f in L,(R), the Hilbert space adjoint of the bounded linear trans. 
formation g > fxg in L,(R) is the transformation g >fxg, where 
Fie) = 2. 

(d) If f is in L,(R) and g is in L,.(R), then the convolution 
integral of f and g exists for all x and defines a function in C(R) of 
norm at most Ifllglo 

(e) If f and g are in L,(R), the convolution integral of f and g 
exists for all æ and defines a function in C(R) of norm at most Iflalgle- 

(f) If f is in L,.1 Sp < co, and if f, is defined by the equation 
f) = fle—y). xe R, then the mapping y >f, is a continuous 
function on R to L,(R). 

Proor. Statement {a) was proved in Lemma VIII.1.24 for the 
case where E is the additive group of rea] numbers. The general 
case will be discussed in the notes at the end of the chapter. 
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Since the integrand in the convolution integra] is measurable, 
we see, from Tonelli's theorem (IIL11.14), that 


fox Vereen ace xy) = P, tent (f fena] dy = Vue. 


and so f(e—ys(y) is AxA-integrable. The first conclusion in (b) 
then follows from Fubinj’s theorem (IIL11.9). The remainder of 
(b) is proved by making elementary changes of variable which, 
since they have been given before (see Lemma VIILI.25), we omit 
here. 

Next we prove (f). If 1 <p < oo, itis readily seen from Corollary 
111.8.8 and the regularity of 4 that the collection of functions which 
are continuous and vanish outside of compact sets is dense in L,(R). 
Hence for f in L (R) let k be such a continuous function with 
lf —kl,, < e Since k is uniformly continuous, we see, for z sufficiently 
close to y, that |k, Kl, <£- Therefore 


Vf, < MEE SES IK, Fl, < Ses 


as desired. 

Statement (d) now follows readily from (f), for since the map 
gf, is a continuous map of R into L,(E), the integral 
F H=—y)ely)dy is, for g in L,(R), continuous in z and 


| ffe—gonar| s inue... 


The proof of (e) is similar, 
To prove (c) let f be in L,(E) and g, k in L,(R). From (e) itis 
seen that 


[gens 
is a continuous function of y and is bounded by jg|,]A],. Hence, by 
Tonelli’s theorem we have 
fron eit late s) = fp tfo (f, ttm haa] dy 
SIfhletlhl- 


This shows that the double integral on the left is finite and thus 
from Fubini’s theorem we conclude that the inner product 
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Gag h) = fp (f, fe ea] Meld 
[Uf fenste no] Majde < lel 


for all k in L,(E) This proves that feg is in L,(E) and that 
lf «glo £ Ifhlgl+ The second sentence in (c) follows from the corre- 
sponding assertions in (b) and the fact that L,(E) c L,(F) is dense 
in L,(R). The final clause in (c) amounts to showing that (fg, h} 
= (g fh) ve, 


fal ffe ien ay} Malas = f ec? (f. Iun] dy. 


But this equality follows from Fubini's theorem which asserts that 
both of the above integrals equal the double integral 


[os He eh dte xy 


which we have already seen to exist. This completes the proof. 
Q.E.D. 

As a consequence of parts (b) and (e) of Lemma 1, we have the 
following corollary. 

2 ConorLany. With convolution as multiplication the linear 
space L,(R) satisfies all the hypotheses of a commutative B-algebra 
except perhaps for the one asserting the existence of a unit, Furthermore, 
the unary map f >f in LR) is an involution, ie., 

= ~ 
a= ed = ah 
~ z 
(of) = áf f=. 

Later we shall adjoin a unit to L,(R) making it a commutative 
B-algebra, The preceding corollary shows that the extended algebra 
is a commutative algebra with an involution. It is not a B*-algebra 
however, since the identity |f «f| = |fP is not satisfied, 

8 Lemma. If, for f in L,(R), the operator T(f) in L(R) is 
defined by the equation 

Tie = f*8, ge LG), 
then the map f + T(f) is a continuous isomorphism of the algebra 
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L(R) onto a commutative algebra W of operators in the Hilbert space 
L,{R). It also has the properties 


ry =Th). IEOS Ih 
Moreover the closure of Uy in the uniform topology of operators does 
not contain the identity operator. 

Proor, A comparison of this statement with that of Lemma 
1(c) shows that it is sufficient to prove the final assertion and the 
fact that Z(/) = 0 implies f = 0. 

It is in the following proof that the standing implicit assumption 
of the non-discreteness of E 1s first used. Suppose, first, that the 
closure of YW, in the uniform topology of operators does contain the 
identity operator, so that an f in L,(R) exists with |f «g—g], < (1/2)Igle 
for all g in L,(E). Since L,(R) n L,{R) is dense in L,(E), we may 
assume without loss of generality that f is in L,(E) à E, (E). Since 
the measure of the single point æ — 0 is zero, it follows from the 
regularity of the measure 4, and the fact that every open set has 
positive measure, that there are neighborhoods U,, s» = 1, 2,..., 
of (0) such that 0 4 A(U,) < (1/s?). Let g,(z) — (4(U,))-3 for æ 
in U, and g,(z) = 0 elsewhere, Then g, isin L,(E) ^ L,(R), lg, = 1. 
lg,l; <= 1/n. Consequently 


E> e fei = fp 1e. 60—U e e) Pde 
2 fy, (e Gg Nade 
B inf (le. (2)— (P 6... 


zeU, 
By Lemma 1(d), l(f«£,)(2)] & Hoof” for every zin R and we therefore 
conclude, from the preceding chain of inequalities, that 


E> (Q0) 3— PHU, 


Since the right side approaches 1, we have obtained a contradiction. 
Thus the closure of 9(; in the uniform operator topology does not 
contain the identity operator. 

Suppose that 7 (f) = 0 for some f in L,(E) so that for each g 
in L,(R) we have (f +g}(z} = 0 for almost all æ. Let k be any function 
in L,(E) which vanishes outside of a compact set C; then k is in 
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L,(R) n £,{R). Since k is in L,(E) it follows that (f$ &)(7) — 0 almost 
everywhere, and since & is L,,(#) it follows from Lemma 1(d) that 
f xh is continuous, Consequently 


0 = (FAXO) = [A —whty ay. 


Now the function k defined by the equations h(y)— lf(—9)1((—9)) 71, 
ye C, and h(y) = 0, y ¢ C is clearly in L (E). The above argument 
allows us to conclude that 


In IKa)idz — o 


for any compact set C, and thus |f, = 0. This proves that the map 
f (f) is one-to-one. Q.E.D. 

We now introduce a number of definitions and notations which 
will be of fundamental importance throughout the rest of this section. 
Since much of the subsequent analysis will be couched in terms introduced 
in the next parograph, the reader should study it with particular care. 

For the remainder of this section Y will denote the B*-algebra 
of operators Qj, € {a}, where J is the identity operator in the Hilbert 
space L,(E), and where J, is the closure of Y in the uniform operator 
topology. The letter M will denote the space of maximal ideals of 
A, and v: A — C(.4) will be the isometric isomorphism of Y onto 
C(A) whose existence is asserted by Corollary IX.8.8, For f in L,(E), 
we usually write z(Zf) simply as tf. The letter E will denote the 
projection-valued measure defined for the Bore] subsets of M, 
whose existence is asserted by Theorem X.2.1, Thus, for f in L,(R) 
and g in L,(R), we have 


138 = f g CAm Eldm)g. 


Since h(Z) = 1 for every (complex-valued) non-trivial multipheative 
linear functional k, and since, by 1X.2.8, every such function is 
continuous, it follows that a multiplicative linear functional on A 
is entirely determined by its restriction to 9(,. Thus, there is a unique 
point p,, in Æ such that (:/)(p..) = 0 for every f in L (R); this 
Point Po corresponds to the multiplicative linear functional h defined 
by the equations h(f) = 0 for f in 9L, h(I) = 1. For every other point 
p in Æ we have (zf)(p) #0 for some f in L,(R). The point Po in 
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AM will henceforth be referred to as the point at infinity in 4#. For 
convenience. let My = AM —(p.J. 


4 Lemma. In the notation introduced above, we have E((p.,))— 0. 


Proor. Let g = E((p,,})g so that for a Borel set ô not containing 
Poo we have E(8)g = 0 and thus for f in L,(R) 


fog = | p CAME dme = f, ep omECardg. 


Since (zx/)(p,.} = 0 for every f in L,(E), this equation shows that 
fag=0 for every f in L(R). If f is in L(R) n L(R), then fxg is 
continuous (cf. Lemma 1(e)) and so 


o = (f#g)(0) = ff(—viewdy, fe LR) o LG). 


Since L,(E) mn L,(R) is dense m E,(R), it follows that (g, kh} =0 
for every k in E,(R). Thus g — 0. QED. 


5 Lemma, If e is a Borel subset of M such that é excludes poy 
then E(e) is bounded, not only as a mapping of L(E) into LR). 
but also as a mapping of L,(E) into C(R). 

Poor. Since L(E) n E(B) is a dense linear subspace of L(R) 
we may, for each p in à, choose an f in L,(E) e E,(R) such that 
(fp) = 2. Since by Lemma 1, f «f is in L {R} o L(R) and 


(c) = (GU 0) = (TTI Jom) 
= Kem 


it may be assumed that zf is a non-negative on .&. Since (zf)(p) =2 
there is a neighborhood N(p) of p with (z/)(»n) = 1 for every m in 
N(p). Since £ is compact, a finite collection N(pj) .. ., N(p,) of 
these neighborhoods cover é and the corresponding functions fy» . .., fp. 
have the property that their sum g — fyt .. . f, has (tgm) 21 
for every m In Æ. Thus (zg)(m)! <1 on and it follows from 
Theorem X.1.1 that the operator 


P = | (remy E(am) 
is a bounded operator in L a(R} with T(g}P — E(e). By Lemma 1(e) 
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the operator 7(g) 1s bounded as a map of L,(R) onto C(E) and so 
Ee) is likewise, Q.E.D. 

In view of Lemma 5 it is seen that for every functional z* in 
C(R)* and every Borel set e in Æ whose closure excludes p,, the 
scalar z*E(e)g is continuous and linear for g in L,(E). According 
to Theorem IV.4.5 then, every z* in C(E)* determines a unique 
point k in E,(R) such that a*E(e)g = (g, h) for every g in E,(R). 
This observation applied to the functional din C( )* which is defined 
by the identity 

of = f(0) fe CR), 
wil be used in the following lemma. 


6 Lemma. There is a unique non-negative regular measure p de- 
fined on the family B of all Borel subsets in M and having the properties: 

(i) p is finite on compact sets; 

(ii) if ule) is finite, e is contained in à countable union of compact 
sets; 

{ili} p is positive on non-void open sets; and 

(iv) for every Borel set e with Po ¢é, ple) = ple), where (e) 
is the point in L,(E) uniquely determined by the identity 

&E(e)g = (g, v(e)). ge LAR) 
and where the symbol ô is used for the vector in C(R)* defined by the 
equation df = f(0). 

Proor. Let £ consist of those sets e in Z with p,, ¢é. It was 
observed in the discussion preceding the statement of Lemma 6 
that for e in ZZ, there is a uniquely determined point y(e) in L,(R) 
which satisfies the identity stated in (iv). Let the set function yy 
be defined on 4, by the equation zofe) = fp(e)P. It will first be 
shown that z is countably additive on Z, and then that it has an 
extension to @ with the desired properties, 

If e e, are in Zp then, since E(e,) is self adjoint (X.2.1), xt 
follows that for all g in L,(R), 


(€ Haile) = (Eee v(1)) = dEle Eleg 
= 6E(e, N e)& = (8, ple ne). 
It follows that E(ej)y(e) = ple; N e) and thus that E(e,)y(e,) = 
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y (e) and that E(e,)y(e;) = 0 if e, and e, are disjoint. Thus y(e,) and 
v(e;) are orthogonal whenever e, and e, are disjoint. Hence if e, and e, 
are disjoint then 


E(av eye U ea) 

= [Ete)- Ete, )hy(es o e) 

= E@)yle, o &)+ E(esote; o e) 

= pla) tyle) 
so that the vector valued set function y is additive on £,. There- 
fore, if e, N €, =¢, the set function py satisfies the equation 


plau e) 


Holl, U €) = (v(e U e) v(e U eJ) 

= (vle)+vle) plea)typle)) 

= (ple), ple) ple), v(e)) 

= ne) ntf. 
so that fi) is additive on Zg. 

To see that x is countably additive on Zy let en n 21, be 

disjoint sets in Z, whose union eis also in By. Let 7, —e, Ue, 440 . = ., 
so that E(r,)g >0 for every g in L,(R) and, by Lemma 5, 


(& v(e)) = SEE (ndg > 0. 
"This argument shows that the vector valued additive set function 
y is weakly countably additive on the o-field consisting of all Borel 
subsets of e. By a theorem of Pettis (IV.10.1) it is countably additive 
in the strong topology, i.e., ly(5,)P* — uo(7,) — 0, and this proves 
that yz, is countably additive on Zg 
The set function z will now be extended to a countably additive 
function on Æ. Let e be a set in Z. If e is contained in the union 
of an increasing sequence {e,} of sets in Zy let 


(*) He) = lim poleen), 


and otherwise let (e) = co. Since p, is non-negative, the sequence 
(u(ee,)) is nondecreasing, and so the limit defining p(e) exists. 
To see that it depends only upon e and not on the sequence {e,} 
let {a,} be another increasing sequence in Zy whose union contains e- 
Let b, — e, U a,. It is evidently sufficient to show that lim p(eb,) 
= lim yleen). Since eb, 2 ee, we have poleb,,) zz pee.) so that to 
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prove the uniqueness of the limit it will suffice to show that if 
Holeb,) Zk for some n, then, for every £ > 0, si{ee,,) > k—e for 
some m. Since | Jee,, = e, the sequence {ee,,b,, m 2 1) is an increasing 
sequence of sets whose union is eb,. Since z is countably additive 
on By, pu (eb) = lim, p (ee, 5,) Z k, and so for some m, poleen) 
= uo fee, b.) > k—e. This shows that the sct function z is uniquely 
defined on Z. 

Next we show that x is countably additive. For this purpose, 
we let {a,} bea disjoint sequence in &, It is clear that (| Ja, ) z plan), 
so that, if p(a,) = oo for any m, the equation n(|Ja,) = Du(a,) 
is trivially true. Hence we may and shall assume that s{a,)< oo 
for each n. Consequently, there are sequences of increasing sequences 
(es) in By with a, CUS en By letting & = Uninst nn? 
a single increasing sequence te) in , is obtained with a—lL Ja, E Uer 
Since sip{@,€,) is a set of positive numbers increasing with k to the 
limit (a,,) it follows (I11.6.17) that lim, X2, (2,6) = 9a Hlan) 
and thus, since x is countably additive on @, that 


S " 
pla) = lim po(ae,) = lim Y pa(a.e5) = Y plan) 
x os E 


which establishes the countable additivity of p. 

Weshall now prove that zis regular. Let ebein@ withg(e) < co, 
and let {e,} be a sequence of disjoint sets in Zg with e =| e, Let 
e> 0 be given, and let N be so large that Yzy glen) < ej2. Put 
£— UP e,. Then é is in @, and thus y(é) is defined. Since, by X.2.1, 
for @ fixed the measure. E(-y(Z = (E(-)p(2), y{2)} is regular, we 
can find a closed, and hence compact, subset d of & such that 


Ewa + È 2 EEP. 
Now it has already been observed that Efe,)y(q) = ple, N €) 
and so (4) = iy(d)i? = LE(d)g(£)I? and p,(£) = 1p(£)É = |E(2}p(2)- 
Thus 
wa) te 2 alë) + = 2 ple). 


On the other hand, since is compact and hence normal, there is a 
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sequence {o} of open sets in Zy with e, C v, Since the measure 
LEC )y(o,)i? is regular, for each n there is an open set w, with 
On 2 5,26, and such that 


IEGn, vie)? = lp)? = pans) = ps) S ple) + E- 


Thus, the set w = (Ukya is an open set contaming e and 
Hw) x; u(e) te. Hence p is regular. 

Tf K is à compact subset of M,, then by definition pK) pK) 
< œ. To complete the proof, let u be a non-void open subset of My. 
Since u contains a non-void open subset v of €, such that po ¢ 9, 
we may as well suppose that po € à. It suffices to show that there 
exists a g in L,(E) such that ( E(u)g) (0) + 0. If this is false, then for 
every h in LE) such that E(u)& =h, it follows that À(0) = 0. 
Thus, since all of the operators S in A commute with E(u), we have 
(Sh)(0) — 0 if h = E(u)h. In particular if f is in L(R) L,(R), 
and if h = E(u)h, then 


0 = Ty) = G»5)0 
= f Tudy = hf) 


Since L (R)n L,(R) is dense in L,(E) we infer that k — 0 and 
hence that E(u) = 0. Now let F be a continuous function on & 
which vanishes on the complement of u, but does not vanish iden- 
tically, and let Sọ — T 1(F) be the operator in 9( which corresponds 
to P under the isometric isomorphism z : Y > C(M). By Theorem 
X.2.1fiii), we have 


Sy = f |, F(m)E(dm) = Í. P(m)E(dm). 


If E(u) —0, then E(a) — 0 for aC u and thus $,— 0. Since z is 
one-to-one, this is a contradiction. Q.E.D. 


Nore. We observe that in the course of showing the regularity 
of u it was demonstrated that if e is in B and p(e) < co, then for 
any £ > 0 there is an open set u and a compact set c such that c C e C u 
and u(u — c) < e. 

Por the remainder of this and the next section, the letter u denotes 
the measure whose existence has just been established. 
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7 Lemma, J} f is in L,(E) n L,(R) and if e is a Borel set in 
AM whose closure does not contain p... then 
J, (penyutam) =EN] = (t, ve) 
where (e) is the vector in L,{R) defined in Lemma 6. 
Proor. If we write y for y(e), then 
(tv) = [ferra = f Heo ylar 
f, ees = (FeO) — IF v). 


Since the operation 7(f) of convolution by f commutes with E(e) 
and since, as we have seen in the proof of Lemma 6, E(e)y = y. 
it follows from the definition of y that 


oF * y) -6(E() * 9) = (Fey, y) 
Since T(f} = 7(/)* the preceding calculations show that 
ü) Ele = v) =W +y) = Fey) 
= (ev) = | p A Edm, v). 


On the other hand, if a is a Borel set in , then, as shown in the 
proof of Lemma 6, E(a)y(e) = y(ae) and hence 
(ptae), vte)) = (Ele, y) = (Ela Py, v) 
= (Eayo, Elai) = (vtae), vtae) = plae). 


Consequently, 
[e CAA Eam, v) = f, tatam) 
which when combined with (i) completes the proof. Q.E.D. 
8 Lemma. If f is in L(R) LR), then 
[e Adm) = f, ifte as. 
Proor. Let e be a Borel subset of M, with compact closure, 
then Ele)(f +f) = E(e)T()) = 1 * (Ele)f). Applying the preceding 


lemma, we obtain 


962 XL MISCELLANEOUS APPLICATIONS XL&.8 


aU» Eleaf] = ote P 
= f, (fF) nulan) = |, eN aldm). 


Since zf is continuous on .4 and vanishes at p, the set 
a, = (mi K(x/)m) > 1/n) is a Borel set of My with compact closure; 
further, rf vanishes on the complement of |Ja, By Lemma 4, 
E(p,,)f = 0 and thus, since | E(e)fi? is a regular measure, there is 
an increasing sequence (b,) of compact subsets of , such that 
E(b,)f — f in the norm of LE). Setting e, = a, U bp, we have 


Ja Menon eta) = im f, MeNe aldm) 
= limé [f * E(e,)f] = lim [Z() E(e, f]. 


Since, by Lemma 1(e), 7(/) is a bounded map of L,(E) into C(E), 
the last expression equals 


ams Fl = eg 
= f, f(0 — 0C y f, IP ds. 


This proves the lemma. Q.E.D. 

At this point we pause to review what has been done. We have 
seen that each function in £,(E) gives rise under convolution to a 
bounded linear operator on the Hilbert space L (R). Letting Y be 
the smallest B*-algebra of operators which contains these con- 
volution operators, we introduced the compact topological space M 
of maximal ideals of Y so that each element of Y corresponds to a 
continuous function on #, By deleting the point at infinity of .&, 
we obtained a locally compact space 9. The resolution of the 
identity for the algebra A was used to introduce a countahly additive 
regular measure y on the Borel subsets Z of the space Me Now 
each f in L,(E) corresponds to some continuous function tf on & 
which vanishes at infinity, and we always have rfl — IT(/)] S Ith: 
However if f is in L{R) n L,(E) it was seen that the mapping t 
is an isometry into the space L,{,). It will now be demonstrated 
that the mapping c can be uniquely extended to be an isometric 
isomorphism between L,(E) and L,(.,), and that if e is in 2, then 
operating on a function f in L,(E) by the projection E(e) corresponds 
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to multiplymg the corresponding function zf in L,(.4,) by the 
characteristic function of the set e. Similarly, convolution in L,(E) 
corresponds to pointwise multiplication in L,(.&,). 


9 THEOREM. (a) (Plancherel) The mapping |] 1] sending 
LR, Z, 4) n LAG, E, A) into L,( Mo. Z, u) has a unique extension 
to an isometry of L(E, E. A) onto L,(.&,, Z, p). 

(b) If this extension is denoted by the same symbol v, we have 
tE(e)r = gle) for each Borel subset e of Mo, where [gle)f\(n) = 
Km) it mee and [g(ef (m) = 0 Ff mee. Thus Ele) = 1 9e)e. 

Pnoor. It follows immediately from the preceding lemma, from 
the fact that L,(R) n L,(E) is dense in L,(R), and from 1.6.17 that 
z has a unique extension to an isometry of L,(E) into L,(.4,). Thus 
(2) is established except for the statement that the extension, which 
will also be denoted by z. maps L,(R) onto all of L(.&,). 

We now turn to the proof of (b). First recall that if f 1s in E,(E) 
and g is in L,(E)  L,(E), then 


if +g} —cfi vg. 


Since c is continuous as a mapping of Y into C(.4), we conclude 
that (Sg) — 198-:g for S in J, and g in L,(E)r L((E). But 
vg) = g =t] -zg and hence z(Sg) — S - rg for S in Y and g 
in L(R) n L,(GR). Since L(R)  L,(R) is dense in L(E) and c is 
continuous as a map of L,(R) into L,(.4,), we conclude that 


UT) =T- tg Tet geLy(R). 
If g is another element of L,(E), then 
f, @T Men Elam), e) = (T8 8) = GUT» vis) 
= fig, (Cr) mem lon deny 
= [ig TY Game Nom plan) 
= fp, Timlin) Teu, 


where we have put »(e) = f. pn (cg)(m)(zg,)(")e(dm). Since the 
measure v is p-continuous, its regularity follows from that of p. 
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Now from the regularity of (E(-)g, g,), the above equality, and the 
uniqueness part of the Riesz representation theorem (IV.6.2), it 
follows that 

(Ete)e. &) = le) 


for any Borel set e C ,. Using the portion of (a) already proved, 
we obtain 


(tEte)e r&y) = (Elex &) = f, trem omnem) 


Since this identity is valid for any g, in L,(E), we conclude that 
v(E(e)e) (m) = vg(m) for p-almost all m in e and z(E(e)g) (3) = 0 
for u-almost all m in .&,—e. Once it has been shown that x1 is 
everywhere defined on Æ, this will prove part (b). 

All that remains for us to prove is that maps L,(E) onto all 
of L,(.M,). For this it is sufficient to show that «L,(E) contains the 
characteristic function of every sct of finite #-measure and it follows 
from Lemma 6 that it is sufficicnt to show that zL,(E) contains 
the characteristic function of every set e in By. As in the proof of 
Lemma 5, there is a function g in L (R) n L7) with vg(p) > 1 > 0 
for p in é, Let Q be a bounded operator in & such that tQ coincides 
with the reciproca! of zg on é. It follows from what has already been 
proved that z(Qg) = TQ > tg, and so z(Qg)(p) = 1 for p in ë. From 
the part of (b) already demonstrated we sec that ziE(e)Qs] = 
= g(eyr(Qg), so that c[E(e)Qg] is the characteristic function of e. 
Q.E.D. 


10  ConoLLaRy. Por each f in L,(E) and each Borel subset a 
of the complex plane, let (x1) (a) = {me Ml zf(m) ea), and let 
M(a) be the operation in LAM} of multiplication by the characteristic 
function of (rf) {a). Then the spectral resolution of the convolution 
operator T(f) in L(E) may be erpressed as vM(-)t. The spectrum 
of T(f) isthe range of 11, anda complex number a is inthe point spectrum 
of T(f) if and only if ul (tye) #0. 

Proor, The first two parts follow from the preceding theorem 
and from X.2.10 and X.2.9(iii). To prove the statement concerning 
the point spectrum, recall that if g is in Z,(R) then 


cg) = tf sg 


XL8.1 CONVOLUTION ALGEBRAS 965 


If (cf)(n) = « for m m a Borel set e of Mg, then g — £y, is an 
eigenfunction of 7(/) corresponding to o. Conversely, if  * g = ag, 
then we have 

(tf#—a}- vg = 9. 


If g £0, then since z is an isometry by Theorem 9(a), it follows that 
xg(m) + 0 for m in a set of positive measure, and hence zf(m) = g 
for m in this set. Q.E.D. 

In the next few paragraplis it will be shown that there is a 
one-to-one correspondence hetween the points of 4, and the con- 
tinuous homomorphisms of E into the multiplicative group of complex 
numbers of unit modulus. The sct of all such homomorphisms forms 
an Abelian group. Thus in a natura} manner the space @, can be 
endowed with the structure of a locally compact Abelian group. 

The next proof uses the representation of L (F) us the adjoint 
space of L,(R). This follows from Theorem IV.8.5 if R is o-finite. 
The general case is discussed in the notes at the end of the present 
chapter, 

11 TneoreM. There is a one-to-one correspondence between 
points m in M, and continuous complex valued functions h,, on R 
satisfying the identities jh, (z)) = 1, h, (v--y) = h, (a), (y), @, ye E. 
This correspondence is given by the formula 


(afm) = f hls, fe LR. 


Proor. If m is in, then the function ,, defined by the equation 
Palt) = (Hin), 1 € £,(B), is a non-zero linear functional on L(R) 
which satisfies the identity e, (/ * g) = q«()9. (e). Since jrfi., S ifl 
it follows that g,, has norm at most 1, so by Theorem IV.8,5 there 
is an essentially unique function h,, € L,(E) with jh,],, S1 such 
that 

Prlf) = fe, ola. 


We have, by the Fubini theorem, 
fa leo f, hte nas] dy = f, (hale) ftm wdelw dy} dx 
= Prl 8) = vehe) = fe. [etn f hs Maa) dy, 
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for every pair f, g in L,(E). From the equality of the extreme terms 
for all g in L,(R) we infer that 


E [eG mna = haly) f het 


for almost all y. For some choice of f the integral on the right of 
[*] is not zero and since, by Lemma 1(d). the integral on the left of 
[*] is continuous, we conclude that A, agrees almost everywhere 
with a continuous function. By redefining h,, on a set of measure 
zero, we may take it to be continuous. A change of variables in 
[*] shows that for every f in £,(R), 


f, her M Gd = f hs MM 


which implies that for each y, h,(z-Fy) = h, (y), (s) for almost 
all a. Since both sides of this last equation are continuous, h,(x-4-y) 
=h,(a)h,(y) for all x, y in E. Since h,, does not vanish identically, 
it follows from the identity h,(a)h,(0) = A, (s) that A,(0) = 1. 
Since Walco <1, we conclude that 1h,,(e)| <1 for z in R. But 
thle (—a)] = 1h, (01 =1 and so jh (zÀ — 1 fora in R. This 
shows that each point 7 in , determines a function h,, as described. 
It is evident that the function h,, is unique. 

Let us complete the proof of the theorem by showing that, 
conversely, if a continuous function H which satisfies the identities 
|H(@)| = 1 and H(z+y) = H(z)H(y) is given, then there exists an 
(evidently unique) m in My such that (f){mn) = [a Hæææ for 
} in L,{R). Let m, be a point in M, and, using what has already 
been proved, let H, be a continuous function on R which satisfies 
the identities [Ho(zJ| = 1, Ho(z--y) = Hyla)Hy(y), and 


Gen) = | Hoteis, je LR 
Let H(z) = H(a)H,(z), and define the map Ø by the equation 


(SPa) = Hilsa). 


Then Ø may be regarded as a norm-preserving linear operator both 
in L,(R) and in L,(R). Since Hj!(z) = H,{—a) we have for / in 
L,(R) and g in L(E) 
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OTS ga) = | Ha GY (M (Y? daddy 


a Sn Fi, {a—y)Kla—yaty dy 
= {TOP ge). 


Thus®T(/)O1 — T(Gf), and consequently GT (L,(B))PC T(L,(R)). 
Since 9 is a umtary mapping of L, = L,{) into itself, the mapping 
A > BAPA is a norm-preserving mapping of the space of bounded 
linear operators from L,{R) into itself. It follows immediately by 
continuity that DUS C 9L Thus 4 -» 40 is a norm-preserving 
isomorphism of A onto itself. Consequently, the map y defined by 
yt —:(0(1-1/)0-) is a norm-preserving isomorphism of C(.4) 
Onto itself. Since O44, — PADAPA P, y is actually an al- 
gebraic isomorphism of C() onto itself, so that, by Theorem 
IV.6,26, y has the form (yf)(m) = f(r), me €, for some homeo- 
morphism x of M onto Æ. Let m = glimo). 

Now, as was seen above, 97(/)9-! — 7(9/) for f in L,(R), 
and so for such f, 


(Am) = (Nor) = ETN) 
= (PN) = f p BANOE 
= f, Bom Eey = R GOA QED. 
12 COROLLARY. The function k, of the theorem which corresponds 
to the point m in M, is given by the equation 
Che) 
GG) 


where ł ts any funetion in L,(R) for which (zf)(m) #0, and f, ts the 
function tn L,(R) defined by the identity (x) = f(z—9) we B. 
Proor, This is just the content of formula [x] of the first para- 
graph of the proof of the preceding theorem, Q.E.D, 
The next few results represent the topology of the space Mg 
directly in terms of the functions of Theorem 11, 


hu) = 


18 DzrmaurroN, Let Ê be the set of all continuous functions 
h defined on R which satisfy the identities h(z-L-y) = Wz)h(y), 
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]h(2)| — 1. It is evident that Ê forms an Abelian group with respect 
to the natural definition of multiplication for functions, the identity 
of this group being the function identically equal to unity, The 
group & is called the character group or the dual group of R. We 
topologize Ê by taking the sets 


Nih, K. £) = {h € RI |hy(@)—h@)| <2, ve K}, 


as a base for its topology, where £ > 0 is arbitrary and K is an 
arbitrary compact subset of R. 


14 Lemma, The character group R is a topological group. 


Proor, Verification that the neighborhoods N(h, K, €) are a 
base for a topology will be left to the reader, If hy € N(h, K, £) and 
hig N (hy K, 6) then hy hye (hh, K%, £) so that multiplication is 
continuous, If h, e N(h, K, c) then hy! e N(i-, K, £), so the mapping 
k >k™ is also continuous. Q.E.D. 


18 Turorem, The one-to-one mapping m > km, whose existence 
was established in Theorem 11, is a homeomorphism of My onto R. 


Proor. We first show that the mapping m — k,, is continuous, 
Let m, be an arbitrary point in Æg 0 < £ < 1, and let Nags K, £), 
be a neighborhood of km, By IV.8.19 the integrable continuous 
functions on R are dense in L,(E) so there is a continuous function 
j on R such that |f <1 and (z/)(m,) #0. Let a = |(z/)(mo) so 
that 0 « & < I and let U be a neighborhood of m, such that if m 
fs in U then [(/)(m) — (cf) (m9) < o2e/4. By Corollary 12, we have 
Ht, Man) 
Gn) " 
By Lemma 1(f) the mapping y >f, is continuous on R to L,(R), 
Similarly the map y > rf, of R into C(.&) is continuous. From the 
compactness of the set K C E and Theorem IV.6,7, we conclude 
that {t}, | y € K) is an equi-continuous set in C( 4). Let V CU be 
a neighborhood of mọ such that |(zf,)(m)— (tj on) < «e/4 for 
every 71 in V and y in K, An elementary calculation using [*] and 
the two inequalities already established shows that |h, (y), (Y) <E 
for all m in V and all y in K. Hence if m is in V then h, is in 
N(h,,, K, £) and so the map m >k, is continuous. 


Is] Bh. = meU. 
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Conversely, let U be a neighborhood of mo such that p, ¢ U. 
There is a continuous function H on such that H(m;) = 1 and 
Hm) = 0 for mU. Since H is in 7%, and operators T(/) cor- 
responding to functions f in Z,(#) are dense in Qj, there is a function 
fin L,(R) such that (zf)(o) > 8/4 and [(z#)(m)] < 1/4 for mé U. 
Let K be a compact subset of R such that 


face Heydar < ie 


and let £ = (8 [/]; J ?. Then if kn is in N(b,, , K, c), it follows from 
Theorem 11 and Hólder's inequality that 


Ife) yg = | f 160,5, ae] 


x2 f, Medo +e f, Wede 
«di. 


Consequently, (z/)(m) > 1/2 and so z is in U, This shows that the 
mapping h,, — m is continuous, and hence it is a homeomorphism. 
Q.E.D. 

In view of the theorem just proved, it is customary to define 
a group operation on , by the equation 


Fret?) = Fus Gn, (2). 


With this definition of addition, the set ., becomes a locally com- 
pact Abelian group, and is topologically and algebraically isomorphie 
with the character group &, It is desirable to have a more symmetric 
notation for h,(v) and, for the sake of simplicity in some of the 
formulas of the next section, we introduce the notation 


ie, m] = hale). 


Since h,, is a homomorphism, so is h,,. (It is more convenient for 
some purposes to use the complex conjugate h rather than k. This 
convention has the additional advantage that in case R is the multi- 
plicative group of the unit circle it coincides with the notation 
customarily used in the theory of Fourier series.) It follows 
that |[2, m] — 1, [25x m] = (2. mta m], and [a, m, mg] 
= [e m [e m] for all 2, 2,, 25, in R and m, m,, m, in f, Tt follows 
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from these relations that [—2, m} = [z, —m] = [#, m]. Moreover, 
it is evident from Definition 18 and Theorem 15 that [z, m] is a 
continuous function of both variables, In this notation the formula 
in Theorem 11 becomes 


(chim) = fimm Mn feL(Rh mem. 


In Theorem 9 the domain of z was extended to L,(E); we wish 
to obtain a similar integra] representation for this extension. Let & 
be the family of al] Bore] subsets of R with finite measure and direct 
€ by inclusion, If y, denotes the characteristic function of the set 
ein &, and if f is in E,(R), then yf is in L(R)^ L,(E) and f is the 
limit in the norm of E,(#) of the generalized sequence (y, f). Hence, 
by Theorem 9, zf is the limit in the norm of L,(.&,) of the generalized 
sequence (z(y,/)). Equivalently, we write 


21 = lim [iens fe LR), 


where the limit is taken in L,(.,). 
We now show that the function f can be retrieved from zł by 
2 similar limiting procedure, 


16 Tueorem, Let Ê denote the family of compact subsets of My, 
directed by inclusion. Then if 1 is in L,(R), it is equal to the limit in 
the norm of this space of the generalized sequence of junctions 
f, ee Ê}, defined by the equation 

1) = f is me emduldm), zeR. 

Proor, It follows from Corollary 12 that 
[+] (Am) = [y ml (afr) 
for every f in L,(R), y in E, and m in A, with (zf)(m) #0, If 
(zf)(m) = 0 then we must have (z/,)(m) = 0, since otherwise it 
would follow from Corollary 12 that 

Gm) G0, = y ml Xm) 7 o. 
Thus [x] is true also in case (:/)(m) = 0. Replaang y by —# in 
[*] gives 
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e+] [e mitm} = (if. Hen}. 
Ife is a Borel set of M, and if / is in L,(R} ^ L,(R) it follows from 
equation [**] and Theorem 9(b) that 


x[E(e),] = x.*0,) = [— 9 leet = v (GM, 


and thus that E(e)f, = (E(e)/),. Using this, Lemma 7, and formula 
[**] it is seen that 


[LE mde rdatam) = EHAA = EAA = (ECV), 


provided that f is in L(E) ^ L(R). Now for e in Ê and f in L(R), 
the integral in the preceding equality exists. Since L,(RY o L,(R) 
is dense in L(E) we conclude that 


f.i — (Bee). eed, tengo. 


Since the generalized sequence (E(e)f, e€ Ê} converges to f in the 
norm of E,(R), the theorem is proved. Q.E.D. 


17 Coroutary. If f is in L,(R) then (f,)(m) = (y, miten) 
Jor all m in M I] 1 is in L,(R) the equation ts valid for p-almost all 
min Mo 

Pnoor. If f is in L,(E), the stated equality was proved for all 
m in M, in the formula [+] of the preceding proof, If f fs in L,(R}, 
‘the assertion follows from Plancherel’s theorem, the fact that 
L,(R) o E,(R) is dense n L,(R), and from IIL.6 and IIL6.13(a), 
Q.E.D. 

The next Jemma gives a similar result for L,(M). 


18 Lemma. If F isin Li( Mo), and if F, is defined bythe equation 
F,(m) = F(m—p), me Mo, then (2 3F,y() = [v plz 1 F)(v) for 
A-almost all æ in R. If h is in L(R) and if h(x) = [2, phle} for x 
in R, then (th,)(m} = (ch\(n—p) for all m in My. 

Proor, To prove the second assertion, note that since characters 
have unit modulus, A, is also in E,(R). It follows that 


(hy) = fp Tos mide 
In [2, m—pHh(z)dz = (zh m—p). me... 
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To prove the first statement observe that there is a sequence (F") 
converging in the norm of L,(.4,) to F and such that z 13 F^ e L,(E) 
ALR), n — 1, 2,.... The functions k^ defined by the equation 
h^(v) = [x p] AF"(2) for x in R are in L(R}^ L(R) and form a 
Cauchy sequence in L,(K) By what has been proved (th"}(m) 
= F*(m—p) for m in Mp. By IIL8,6 and IIL6.13(a) we may sup- 
pose that F"(m) > F(m) for p-almost all m in Æ, and that 
lim, ,,, z-1F"(r) exists for 4-almost all 2 in R. It follows that 
Fan) = Bm, ,,(zh")m) for p-almost all s in æ, Therefore 
TIF (2) = lim, sœ k(x) = [2, p]z1F(z) for 4-almost all x in R. 
Q.E.D. 


19 THEOREM, The measure p on My = Ê is invariant under 

translation, that is, 
n(ep) =e), — eeB, pe mM, 

Proor. First note that the desired equality is trivial if (e4-p) 
= ple) = œ, so that we need consider only the case where at least 
one of the numbers (e+p) and p(e) is finite. Let z(e) < oo and for 
F in L,(M,) let F, be defined by the equation F,(m) = F(m—p) 
Tor m, p in My. If y, denotes the characteristic function of the set e, 
then it is readily seen that (7,), = Xey. From the preceding Jemma 
it is seen that 

(Zee) = pkg, eB. 


Since characters have modulus equal to unity, it follows from Plan- 
chere]’s theorem that 


{ule+p)}? = (oy. 


Hence if (e) < co, we have proved that (e+p) is also finite and 
equals z(e). If u(e--p) were known to be finite we would replace e 
and p by e4p and —p in the argument just given to conclude that 
He) = u(e--p—p) < œ and equals p(e-4-p). Q.E.D. 

We now suppose that R denotes the group of real numbers and 
show that its character group Ê is algebraically and topologically 
isomorphic with R. 


20 THEOREM, Let R be the additive group of real numbers and 
let B be its character group. Then there is a homeomorphic isomorphism 
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t mapping R onto all of R with the propertws 
[g m] = ete), aeR, mek 
and 
2au(e) = A{i{e)), ee B, 

where B is the family of Borel sets in Ê and where À is Haar measure 
on R. 

Proor. For a fixed m in Æ, = R, the character [z, m], ze R, 
is a continuous function of z with |[z, m]| — 1 and [x, m][y, m} 
= [@+y, m] for all v, y in E. It is a well-known and elementary 
fact (cf, VIILL2 for a generalized version) that this implies the 
existence of a rea] number t(m) sucli that 


i. m] = efte, 2eR, 


It £(m,)= t(m,), then [2, 2,] = [z, m] for zin R, so that by Theorem 
11, m > i(m) is one-to-one, Since the function h(z) = e*** satisfies 
the identities |h(z)| = 1 and h(z+4y) = h(v)h(y), the map m = t(m) 
maps Ê onto all of R. To see that the map ¢ is a homeomorphism 
note that 


lE 0]— [e m] = [1— ett] 
= ((1—cos xt(m))? 4 (sin 2{m))*)* 
and that this quantity fs small for all z in the compact set |a| SK 
if and only if |£(m)| is small; thus m is near the identity character 
if and only if é(z) is near zero, Since 
Ma, mji mj = [m 0] [e mm. 
the mapping ? : Ê >R is a homeomorphism. The identity 


etim — [x, m +My] = [2, m] [as mel 
= ettim), 


shows that t(z, +m) = t(m,)44(m,), and so tis an algebraic homeo. 
morphism. 

To prove the final assertion, let 4, be defined, for each Borel 
subset e of R, by the equation 4,(e) = p(t-X(e)). In view of Theorem 
19, the set function 4, is invariant under translations, i.e., A,(e) 
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= A(e- Fa) for in R, and so, by the uniqueness of Haar measure, 
4, is a constant multiple of the measure 4. Let 4, = cd. We shall 
show that c = 1/2z, thereby completing the proof. To do this we 
shall first compute the transform of the function f(z} =e", 
æ € R, which is in L,(R) ^ L,(R). Denoting t(m) briefly by £, we have 


(zm) = [s ei eds — unn [ES gto ds. 
e -o 
Now the expression 
premna 
ee 
defines an entire function of z which is equal to 
fiT etde = eus 
for all real z and therefore for all z. Hence we conclude that 
(rf) = (2x}be Cem, 
By Plancherel’s theorem 
oo + 
JE ereas — P7 paz — f, Meme pam). 


By changing the variable in the last integral from m to £= f(m), 
and recalling that 4,(e) = p(t7(e)) = eA(e) for e in Z, it is seen that 


['Zieie = on [7n ee [Tit 


and so 2zc — 1 and the proof is complete. Q.E.D. 

Theorem 20 justifies the identification of the two spaces Rand R 
provided that an adjustment is made in the definition of the Fourier 
transform to compensate for the factor 2x. This observation enables 
us to reformulate the Plancherel and inversion theorems {Theorems 
9 and 16) in more conventional notation. 


» 21 THEOREM. Let R be the additive group of real numbers. Then 
Jor each f in LR), the limit 


1 . d t 
(9) — s) = END — —— lim. NT 
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exists sn. the norm of the space LR). The mapping K is a unitary 
operator of L,(R) onto all of itself, and is called “the L,- Fourier trans- 
form." 

(b) The inverse of K is given by the formula 

1 N 
æ) = (€? g)a) = —— lim tje dt, 
fe) = Kee) — —— lim J a 
where the limit exists in the norm of L,(R). 

(c) If k is in L,(R), the spectrum of the convolution operator 
T(h), defined for } in LR) by the formula T(h)f = hf, is the set 
of values taken on by its "L,- Fourier transform" which is given by the 
equation 

(hy) = [5s Rae dz. 


The function th is continuous and the point spectrum of T(h) is the 
set of numbers a for which the set (tc Rla = (th){t)} has positive 
measure. 


(d) If k is in L,(R) and f is in L,(R) then 
Th)}f —h»f = (KOM(ch)K). 


where M(zh} denotes the operation of multiplication by the continuous 
function th. 

The preceding discussion may be carried over to the locally com- 
pact additive group R” of real n-dimensional vectors = [z;, . - a, 2], 
and the reader can readily show by modifying the method used in the 
proof of Theorem 20 that the characters in this case have the represen- 
tation given in the following theorem. 


22 THEOREM. Let R” be the additive group of real n-dimensional 
vectors and let Éi" be its character group. Then there is a homeomorphic 
isomorphism t mapping R” onto all of R” with the properties 

Fe, m] = ef) — exp {i(ah (rm) + ~.. + Ent, 02))). 
and 
(2n)"ple) = Ale), eed, 


where £^ is the family of Borel sets in R^ and where A is Lebesgue 
measure on R”, 
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By using the form of the characters on E^ the Plancherel 
theorem may be given a more conercte formulation in the present 
case also. It is easily seen that this theorem asserts that if f is in 
L,{R"), the limit 


N N 
Bü, «<5 ta) = x) lim f. -P He, m) 
Nod NW -N 
-exp {-i(,a,+ --- +t,2,)}dz,... dz, 
exists in the norm of L,(E*), and defines a unitary mapping in this 
space whose inverse is given by the formula 


"1 
fees - s) = nm f. pe ltt 
vents +--+ mM dt, 


where the limit exists in the norm of L,(R"). 

It is clear that the other parts of Theorem 21 may be generalized 
to several variables but such elaborations will be omitted here. 
Instead it will be indicated how Plancherel’s theorem in two variables 
can be used to give some information concerning the Hankel trans- 
formation. We shall use the polar coordinates 7, 0 in the plane and 
be concerned with functions F in L,(F?) having the special form 
F(x, y) = }{r}e"®, where n is an integer. Since 


sija Eite 
o > |? [Z Fi yitdedy = f" f Heoerärao 
= 22 [rifle tar, 
the transformation U,, defined by the equation 


id AVE +y”) ef” arctan vie 
Van Vatt 


is an isometric isomorphism of Z,(0, co) onto a {necessarily closed) 
subspace € of L,(E*). The Fourier transform G of F is 


(ni. y) = 


Giu, v) = hm = ff Herder? etie dedy 
a*iyte,t 


where the limit is taken in the norm of Z,{#*}. Upon introducing 
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polar coordinates u =s cosg, o =ssmg, we have gu -+ yo = 
re cos (0—9), and so 


1 R Lad 
Glu, v) — hm — Í Heydr f gr tro cos (6-91-n8} qo. 
Roo 22 Jo o 
By substituting 6” for 0 —g-L-(2/2) and simplifying, it is seen that 


1 R 2r " 
G(u, v) = — {ier} im f toya f gl tose A 
2x Rodd o 
Now the Bessel function J,, of order n is defined by the equation 
1f". : 
Jui) = RI efinb-asin gg. 
2z Jo 
hence we have 


G(u, v) = lim (—ie*y f E frd, rsydr, 
pU a 


the limit being taken in the mean of L,(E?), By using the isometric 
isomorphism U,, introduced above, it is seen that 
Glu, v) = hm 4/2zi-"(U, ERNU, v), 
Roo 
where 
Ealo) = 9t fE r rsyar. 
Thus, if we let f(r) = 7t jr} and 


E 
(H, f(s) = lim Í (rs)tU, (78) f(r )ar, 
R20 70 


it is seen that the limit defining H, exists in the norm of L,(0, co), 
and that H, = i” U; KU, where K denotes the Fourier transform. 
Now, the inversion formula for the Fourier transform may evidently 
be interpreted as stating that K? = M, where (Mf)(z, y) = f(—2, —y). 
Since 

M(H) = jery — c7), 
we have U; MU, = (—1)y^I. Thus 


HB, = iy PUPKU, U KU, = GUS MUS —(—1)*(—1)I = 
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This proves the following theorem: 


98 TukonEM. Let f be in L,(0, oo) with respect to Lebesgue 
measure, Then the limit 


R 
(H,, fo) = Tim Í (3, (raf oder 
R—J9 


exists in the norm of the space L{0, co), and the Hankel transform 
defined by this formula is a self-inverse isometric isomorphism of 
LO, co) onto itself. 

In Chapter XIII below we shall generalize this result to non- 
integral values of n, and show how more elaborate unitary transfor- 
mations of this same type can be obtained, 


4, Closure Theorems 


As in the preceding section the letter R will stand for a non- 
discrete locally compact Abelian group and integration will always 
be performed with respect to a Haar measure on the group. It was 
observed in Corollary 5.2 that the complex B-space £,(R) is a com- 
mutative H-algebra with the operation of convolution as multipli- 
cation. In the present section this algebra is discussed with the 
purpose of presenting the closure theory centering around the famous 
result of Norbert Wiener (Theorem 7) which asserts that the non- 
vanishing of the Fourier transform of 2 function in Z,(R) is a neces- 
sary and sufficient condition for linear combinations of its translates 
to be dense. This closure theorem of Wiener takes on a fuller meaning 
when it is interpreted as à Tauberian theorem and such applications 
are to be found in Section 5. A deep insight into the L,-closure 
theory may be obtained by a study of A, Beurling’s problem of 
spectral synthesis which is also discussed in this section. This is the 
problem of determining whether a bounded measurable function œ 
on Ris in the Z,-closed linear manifold in L,,(R) which is determined 
by the characters in the Z,-closed linear manifold spanned by the 
translates of g. An analysis of this problem yields results, as in 
Theorem 21, more general than the original Z,-closure theorem of 
Wiener. 

The following study of these closure properties in L,(R) will 
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be based upon two closely related commutative algebras of operators 
in the Hilbert space L,( E). One of these algebras, namely the algebra 
QI of the preceding section, we have met before. For convenience, 
its definition and some of its properties will be restated here. For 
every f in £,(R) the convolution 


(+ ene) = | fee. ge LB), 


determines a bounded hnear operator 7(f) in the Hilbert space 
L,(R) which is defined by the equation 


Tig — f», geLAR). 

The convolution f s g is also defined if both f and g are in (R) 
but in this case it is a point of Z,( E) and not necessarily in L,(R). 
The complex B-space L {R} is a commutative normed algebra under 
convolution as multiplication and the mapping f + 7(f) is a com- 
tinuous isomorphism of the algebra L,(R) into the algebra B(L,(R)) 
of bounded linear operators in Z,(R). The algebra 7(L,(R)) does 
not contain the unit I n B(Z,(R)) nor does its closure 7(Z,(R)) 
in the uniform operator topology contain the unit, The algebra 
Y is, by definition, the B-algebra obtained by adjoining the unit 
I to T(L,(R}). Its elements have the form aI +A where A is in 
-T(Z,(R)). This algebra 9I is also a B*-algebra and for f in L,(E) 

the Hilbert space adjoint of T(/) is given by the equations 


T= Tfh fe) =H-). 


If, for f in L,(R), the operator 7(f) in L(E) is given the norm 
IT) = Ifl the Z,(R) norm of f, then the algebra T(L,(R)) is 
isometrically isomorphie to L,(R) and thus satisfies all the require- 
ments for a B-algebra except for having a unit, The unit J may 
be adjoined by considering all pairs («, T(f)) with « in the complex 
field © and f in L,(R) as described in Section IX.1.1. The algebra 
9l, is this algebra of pairs («, 7(/)) under the norm 


Is T0)h = lelh - 


Since the subalgebras of 9I, consisting of elements of the form (a, 0) 
and (0, T{f)) respectively are equivalent to the algebras ® and 
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T(L,(E)) with its L, norm we may sometimes write «I-4-7(/) instead 
of (a, T()). Thus the symbols (a. 7(/)) and «IH-T(J), with f in 
L,(R) have two norms, one as elements of M, the other as elements 
of 9t. These two norms are related by the inequality 


lI FTU) S IT). Jer(R) 


Proofs for the preceding statements will be found at the beginning 
of Section 8. 

The letters A, æ, will be used for the structure spaces of Y, 
91, respectively. The letter z will be used for the natural homo. 
morphic map of a commutative H-algebra into the space of continuous 
functions on its structure space (IX.2.9}. Since Y is a B*-algebra 
the map v:9[ + C(#) is an isometric *-isomorphism of 9| onto 
all of C(#) (IX.5.8). It should be recalled (IX.2.2) that there is a 
one-to-one correspondence between the non-zero complex valued 
homomorphisms on any commutative H-algebra 9| and the maximal 
ideals in Y. This correspondence is given by the equation 


H{z) = (sa)(tm), zeù, 


where H is the homomorphism on 9 corresponding to the maximal 
ideal m in 9L Such homomorphisms are continuous (Corollary 
IX.2.8) Since every non-zero complex valued homomorphism H 
on either YA or 9[, is continuous and has H(Z} = 1 it follows that H 
is completely determined by the values it takes on elements of the 
form T{/} with f in L,(R). Thus each of the spaces 4 and æ, has a 
point at infinity p,, corresponding to the homomorphism H which 
is defined by the equations 


Hg)-i  H(T() =0, JerL(BR) 


Thus if p is any point other than Pa» (z7(/)) (p) 0 for some f in 
L,(R). As before it will sometimes be convenient to use the symbol 
Mo for IK — (p. 


1 THEOREM. The structure spaces of U and 9l, are homeomorphic 
under the map which sends an ideal in Y into its intersection with WU. 


Proor. The proof will be worded in terms of non-trivial complex 
valued homomorphisms rather than maximal ideals. If H is a homo- 


XL41 CLOSURE THEOREMS 981 


morphism on QI its restriction H, = HQ, is a homomorphism on %4. 
Thus the map H -> H, defines a map of .4 into .#,. Since these 
homomorphisms are continuous {IX.2.8) and M, is dense in Y 
this map is one-to-one. To see that the range of this map is all of #, 
let H, be any non-zero complex valued homomorphism on %4. If 
H,(T(j)) = 9 for f in L,{R) it is the restriction of the homomorphism 
H on Y defined by the equation H(xI 4-4) = a. If Hí(T(J)) does not 
vanish identically for f in L,(R) then , as was shown in the first part 
of the proof of Theorem 8.11, there is a continuous character A on 
R with 

(TID) = |p Hoed, Jen. 


The converse part of Theorem 8.11 shows that such a character 
determines a homomorphism on A whose restriction to M, is H;. 
Thus it bas been shown that the map H -> H, — HIM, defines a 
one-to-one map of . onto all of 4 ,. Now, by definition (IX.2.7), 
basic open sets in .#, K, are defined in terms of a finite sct of 
elements from 9, 9, respectively and so the continuity of the map 
M -> M, is an immediate consequence of the definition of the 
topology in .4 and .#,. Since these spaces are compact (IX.2.8) it 
follows from Lemma I.5.8 that the map  ->#, is ahomeomorphism. 
Q.E.D, 

It follows from Theorem 1 and Theorem 8.15 that the structure 
space of A, is homeomorphic to the compactification Rv {p,.} of 
the character group of R. The notation Ru {p,.}is justified since under 
the established homeomorphisms between the three spaces AK, M, 
and Rv {p,,} the “points at infinity” in the three spaces correspond 
to each other. It will often be convenient to regard these spaces as 
being identified by these homeomorphisms. 

If these spaces are identified by the above homeomorphisms 
then the function (z7(f}){m) which, as shown in the preceding proof, 
is given by the integral [,h{x)f{z)dz for some continuous character 
hon R, has the same value at the place m whether 7(h) is regarded 
as beingan element of Y or Y. Thus while there is still some ambiguity 
in the symbol 7(/), since its norm is only determined by specifying 
the algebra 9L or M, to which it belongs, such specifieation is no 
longer necessary with regard to the symbol z7(j). Since z7(f) depends 
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only on f we shall somctimes find it convenient to denote it by the 
symbol zf or the symbol Í Thus the map f -> f is an isomorphic 
map of the algebra L;( E) under convolution onto a subalgebra of the 
algebra C(.A) = CM) = CÊ o fpa). 


2 Lemma. Let the point p # py. be in the complement of the 
compact set € of M. Then there is a point f in L(R) A L,(R) and a 
neighborhood N of p with 


oxf(m)zL me 
fm)-o, mec; f(m)—i meN. 


Pzoor. We regard 4 as being identified with the compactifi- 
cation Pu {p,,} of the character group. Suppose first that p = 0 
and choose the neighborhood W of 0 so that its closure is compact, 
does not contain p,, and is disjoint from C. Let V be a neighborhood 
of 0 with —V = Vand V+V+VC W. Let g,, g, be the characteristic 
functions of V, V-V respectively, and z the measure introduced 
in Lemma 8.6. It follows from this lemma that {V} « co and 
hence that g, and g, are in L,(R, 2, p) where 4 is the family of 
Borel sets in ft. It follows from the Plancherel theorem (8.9) that 
the functions h; — 77, i= 1. 2. are in (E) so that the function 
h defined on R by the equation A(z) = h,(z)h,(2) is m L,(R). It 
follows from Theorem 8.9(b) that E(V)&, = k; and hence it is seen 
from Lemma 8.5 that h is a bounded continuous function and therefore 
in L4 R). Now 


him) = | Te, rh nhan 


Let g,,, be the translation of g, defined by the equation g, ,(q) 
= g¢+m). Then it is seen from Lemma 8.18 that 


gna) = [mig Xe) = fe niat) 
and thus, since 71 is a unitary map 
Wim) = J (te Mee Tees = | pela temdedahotde). 


If m is in V then g(g-+m)g.{q) = £:{¢-+-m) and so it follows from 
Theorem 8.19 that {tkm} = p{V) for m in V; whereas if m is not 
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in V+V-+V the above integrand vanishes and therefore Á(m) = 0 
for such m and in particular {m} = 0 for m in C. For all g and m we 


have g,(g--m)eq) < &(q--m) and since p is invariant 
him) S pelmela) = pV) 


If f is defined as k/p{V} the lemma has been proved in the case 
p = 0. The general case follows from this and the identity 


Gf(m—p) = (EL PIO er) 
which was proved in Lemma 8.18. Q.E.D. 


8 Lemma. Let Cy €, be disjoint compact subsets of M with 
Poo € Cy Then there is a point f in L(R) A LAR) with 


ozxf(m)zi me 
fm)-o6 mec fim=1, mec, 


Pnoor. According to the preceding lemma there is, for each 
p in Cy, a neighborhood N, of p and a function f, in E,(R) n E,(R) 
for which f, vanishes on C,, is identically 1 on N,, and has 
Ox f,{m) <1 for all m. Since C, is compact there are a finite 
number of elements f,, . . » fp in L( E) ^ L,(E) whose corresponding 
‘neighborhoods N, .. ., N, cover Cy. The point f= },+/.—f, * f, in 
LR) n Lj E) has the properties 


fim) = fio + fto fimum) meN, ON, 
f(m)=0, mec; OSf(m)si1, mem. 


It is clear that this process may be iterated a finite number of times 
to obtain the desired function. Q.E.D. 


4 Tutoren. Let f and g be integrable on R and let C bea compact 
set in M not containing the point at infinity. Ij § vanishes on the 
complement of C and. f vanishes at no point of € then there is an integrable 
function h with g =f +h. 

Proor. Since r is a *-isomorphism on Y it follows from Lemma 
8.1(c) that «f = zf so that «(f + f){(m)} = [/(m)[. Thus, for some positive 
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number e, z(/ * fym) = e for m in a neighborhood N of C. It follows 
from the preceding lemma that there is a function k in L {R} ^ La R} 
with 
osk) sl, meM; 
Rim) =0, meC; hm)=1, meN. 


Thus Å{m)}g{m} = 0 for every m in Æ and, since the map fof 
is an isomorphism, it follows that k « g — 0. Since v(k4-f * f)(m) > 0 
for every m in Æ the operator Z(k4-f + f) 1s contained in no maximal 
ideal in 9, and hence it follows from Lemma IX.1.12(e) that it has 
an inverse af+7(a) in 9. Thus for every m in Æ, 


Bm) = (o-bdtm) m) + fem fem) gon) 
= (at âl) )f (n) ftg) 


from which it follows that the function k defined by the equation 
hof * g+a sfe g bas the property that £(m) — h(m)f (m) for all 
m in Æ. Since the map f ->f is an isomorphism this shows that 
g—hsf. QED. 


5 Lemma. The set of functions f in L,(R) for which f vanishes 
in a neighborhood of infinity is dense in L {R}. 

Proor. It follows from Lemma 8.6 that the sct of a)l functions 
in L,{R, 2, p) which vanish outside of compact sets is dense in this 
space, and from the Plancherel theorem that the set of all f in L(R) 
for which f vanishes except on à compact set in R is dense in L,(R). 
Since the map [/, g] > fg takes L4 E) x LR) onto all of L,(R) and 
is continuous it follows that the set of products fg where f, g are 
in L,(R) and their transforms f. £ vanish outside of compact sets 
in Ĝis dense in Z,(R). Thus the proof may be completed by showing 
that if f, g are in L,(R) with f. £ vanishing outside a compact set 
C in Ê with C = —C then z(fg) vanishes outside the compact set 
C+C. From the Plancherel theorem it is seen that t is a unitary map 
and thus Lemma 8.18 shows that 


vem) = [Te fidet 
=f, formg@ytap)- 


XI.4.6 CLOSURE THEOREMS 985 


Since the integrand vanishes unless m is a point of C+-C the proof 
is complete. Q.E.D. 

Tt should be recalled that for y in E the y translate f, of a func- 
tion f on R is defined by the equation £,(z) = {a—y). A set of 
functions on E is said to be closed under translations if, for every 
y in R, f, belongs to the set whenever f does. 


6 Lemma. The closed linear manifold determined by the translates 
of the functions in a set S C L {R} coincides with the closed ideal 
determined by S. 


Proor. First note that if f, ge L,(R) and ge L,( R) then the 
function 9{2)f{e—y)g(y) is AxA-integrable and so 


Of, plant eir = feta) (f, Kee) ae 
= f, etn | [, ote iz] dy. 


Now Ict £ be the closed linear manifold determined by the translates 
of the functions in S, and § the smallest closed ideal in Z,(R) con- 
taining S. It follows from Lemma 8.1{f} that £ is closed under 
translations. Let F be a continuous linear functional on EZ,CE) which 
vanishes on £, let p be the bounded measurable function representing 
F (IV.8.5), and let / be any point in £. Then, since 0 = Ff, 
= [n gtzM(G—v)dz equation (1) shows that F(f + g) — 0 for every 
g in L,(R). It follows from Corollary IL8.18 that f» g is in £ for 
every g in L,(E), which shows that £ is an idea) and thus 229. 
Conversely let f be in the closed ideal 9 in L,( E) and suppose that 
the bounded linear functional F vanishes on §. Then if the function œ 
represents F we have 


J, Pout + axle — o. geL,(R). 
The equation {i) shows that 
[seas = o 


for almost all y in E. However, this function ıs continuous in y 
(Lemma 8.1(d)) and so it vanishes for all y in R. Thus Corollary 
IL8.18 shows that all the translates of f are in S and thus proves 
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that is invariant under translations. This shows that Q2 £ and 
completes the proof of the lemma. Q.E.D. 

> 7 Turorem. (Wiener L,-closure theorem). Linear combinations 
of the translates of a function f in LR) are dense in L(R) if and 
only if its transform f does not vanish on the character group of R. 

Proor. Let £ be the closed linear subspace spanned by the 
translates of the point of f in L,(R) and suppose that for every m 
in Æ other than m = p,, we have (m) #0. Then Lis closed under 
translations and by the preceding lemma is an ideal. If g is a point. 
of L.(R) with £ vanishing on the complement of some compact sct 
then. by Theorem 4, there is a point $ in Lí( E) with g = f « k. This 
shows that £ contains every such g. It follows from Lemma 5 that 
£ = L,{R). 

Conversely suppose that linear combinations of the translates 
of the point f in L,(E) are dense in L,( R) and suppose that for some 
point m 7 py we have f(m) = 0. By Lemma 6, functions of the 
form k = f * g with g in L,(R) are dense in E,(R). For such functions 
k we have h(m) = f(m)é(m) = 0 and thus since the map k ->A is 
continuous, it follows that Á(m) — O for every k in L,(R). Since 
m £ p, this contradicts Lemma 2 and completes the proof. Q.E.D. 


8 THEOREM. I} & is a proper closed linear subspace of L(R) 
which is invariant under translation, then there is a point m in Ê for 
which fim) = 0 for every f in 8. 

Proor. Suppose the conclusion 1s false. Let € be a compact set 
in Ê and g a function m Z,(R) whose transform £ vanishes on the 
complement of C. For each p in € there is, by assumption, a point 
f, in £ with f,(p) + 0. Since £ is an ideal (Lemma 6) f, « f, is in 
£ and since x(f, » f,)(m) = Lf, (m)? by Lemma 8.1(c) we may and 
shall assume that f, has been chosen so that f, (m) > 0 for all m in Ê. 
Let N, be a neighborhood of p on which f, is positive. Since C is 
compact. a finite number N, . . ., N,, of these neighborhoods cover 
C. The function f — f, + .. +p, is in € and has f(m) > 0 on C. 
By Theorem 4 there is a function hin L,{(R) with g =  * k. It follows 
from Lemma 6 that g is in £. Since g and C were arbitrary it follows 
from Lemma 5 that £ = L,(E) which is the desired contradiction. 
Q.E.D. 


XL49 CLOSURE THEOREMS 987 


The next result may be regarded as being a result dual to that 
just proved. 


9 THEOREM. A non-zero linear subspace of LAR) which is 
invariant under translations and closed in the L,{ R) topology of L ÁR) 
contains at least one character on R. 


Proor. Let$ be the subspace of L,, ( R} with the stated properties 
and let £ be the conjugate-orthogonal complement of Ñ, i.e., the set 
of all h in LUE) with 


[D] [, tade = 0 


for allg in &. Since & contains non-zero vectors, £ is a proper subspace 
of L,(E). The invariance of & implies that of £ for if k is inf and g 
in $ then g, is in $? and 


0 = f Me). feldz — | herlote-yda 
= | Me pieli = | Pepee 


which shows that k, is in £ and proves that £ is invariant under 
translations. The preceding theorem shows that there is a point 
moin R with {mp} =0 for every k in £. Furthermore, since $ is closed 
in the L,{ R) topology of L,,( R), it follows from Corollary V.8.12 that 
& is the conjugate-orthogonal complement of £, i.e., if equation (i) 
holds for some g in L.,( R} and every k in £ then g is in $t. Thus, if 
ho, = Em corresponds to s as in Theorem 3.11 we have 


0 = hme) = Jeo Igldz = fre mylàz 


for every k in £ which shows that the character [+, mg] is in ft. Q.E.D. 

The result just proved shows that if the bounded measurable 
function g on R is not zero almost everywhere there is at least one 
character of E in the Z,-closed linear manifold $(p) of L {R} which 
is determined by the translates of p. The problem of spectral synthesis 
for functions, posed by A. Beurling, is to determine whether is 
in the Z,-closed linear manifold of L,(R) which is spanned by the 
characters in i(g). While this is not always the case, it is, as will 
be seen, sometimes true. The following definition of a spectra) set 
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will introduce a basic notion in the study of the problem of spectral 
synthesis. 


10 DEFINITION. The spectral set o(g) of a bounded measurable 
function g on E is the set of all characters on E which are contained 
in the L,-closed subspace fto) in L {R} determined by the translates 
of g. 

a number of the elementary properties of spectra) sets which 
will be used in the discussion of spectral synthesis are contained in 
the following lemma. 

11 Lema. Let g and y be in L,(R), a be a complex number, 
piz) = g(e—9), and G{x) = g(—2) for z and y in R. Then 

(a) The spectral set o(g) is a closed subset of R which is void 
if and only if 9 —0. 

(b) alap) = ofp), a 7 0. 

(c) e(p) —e(g) oğ) = olp). 

(d) i L.m] is a character on R then 

(E. mot) = etg) m. 

(e) ofp ty) Coty) v ofy). 

Proor. Jt follows from Theorem 9 that o(g) is void if and only 
ify = 0. To see that o(g) is closed let $(g) be the conjugate-orthogonal 
complement in L{ R) to &{gy). Then, by Corollary V.8.12, a character 
m in Ê is in ofp) if and only if 


[i] ftm = |p fe wie dx — 0, fe Xp). 


Since f is continuous the set (m [me Ê, f(m) = 0) is closed and thus 
o(y), which is the intersection of all these sets with f in (y), is also 
closed. This proves (a). The statements (b) and e(g,) = o(g) are 
immediate for it follows from the definition of $(p) that fg) 
= (ag) —f(g,). An elementary calculation shows that fe Lig) 
if and only if f € &(y). and, since zf and zf have the same zeros, this 
fact together with (i) completes the proof of (c) Now let y(x} 
= [x m]e(a) so that fe (y) if and only if [-, mijt) is in Rig). 
Thus, using condition (1), it follows that m, is in o{y) if and only if 


[e mls mfe — o. fe Xp). 
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This 1s clearly the case if and only if m,+-m € o(y) which shows that 
oly)-+m = o(y) and proves (d). 

We shall make an indirect proof of (e) by supposing that there 
is an m in o{p-+y) but in neither of the spectral sets o(g) or o(y). 
It follows from (i) that there are functions f, gin Rip), $(y) respectively 
with f(m) # 0, (m) # 0. Leth — f è gso that h(m) =f(m)g(m) £0. 
Since f is in Q{y) we have 


fe h(a)giz—gy)dz = INE (z— x)e(x pta — gdadz 
- f. [fot netos 
& fae + g{z)dz = 0. 


Thus h is in $(g). Similarly h is seen to be in £(y) and thus it follows 
that k is in 2(g-Fy). Since m is in o(p--y), condition (1) shows that 
hm) =0 which is a contradiction. Q.E.D. 

The next lemma relates the notion of a spectral set with that of 
convolution. 


12 Lemma. Let p be in L,(R) and f in L{R) 

(a) 4 character m is in o(g) if and only if £(m) — 0 for all g 
in L(R) for which g*g =0. 

(b) off * g) C og). 

(c) The spectral set off * 9) does not intersect any open set in 
Ê upon which f vanishes. 


Proor. The function f * p is bounded and continuous (Lemma 
8.1(d)} and so the statements to be proved are meaningful To 
prove {a} note first that g + p = 0 if and only if the function g is in 
L(y). the conjugate-orthogonal complement in L,(R) to Ky). It 
was observed in the proof of the preceding theorem that a character 
m is in o(g) if and only if £(z) = 0 for every g m $(p). What is stated 
in part (a) above is that m is in ofẹ) if and only if £(m) = 0 for every 
g such that g is in £(g). Since {zm} = Eln). these two statements 
are readily seen to be equivalent. 

Now let g € $(g). Then, as was shown in the preceding paragraph, 
gtg =0. Consequently g*/*9 —0 and so g£eS(f/*g) This 
proves that L(g} C 2(/  g). Since me olg) if and only if £(m) = 0 
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for every £ in (gp), and m € off * g) if and only if £(m) = 0 for every 
Ë in S(f +g). the statement (b) follows immediately. 

Finally let f(z) = 0 for m in the open set N. Let p be in N and, 
using Lemma 3, choose a point & in Z,(R) such that Áh(p) = 1 and 
him} — 9 on the complement of N. Then z(h« f) — hf — 0, and, 
since t is an isomorphism, hk «f —0. This ks(f*9) —0. Smce 
Jp) # 0 it follows from part (a) that p £o(f «g). Q.E.D. 


18 TuroRrw. A bounded measurable function gy on R is in the 
L,-closed linear subspace of LR) which is determined by the char- 
acters in any neighborhood of its spectral set, Conversely, if œ is in the 
L,-closed linear manifold determined by the characters in some closed 
set F in R then o(g) C F. 


Proor. Let N be a neighborhood of o{g) and suppose that o is 
not in the Z,-closed subspace determined by the characters in N. 
By Corollary V.8.12 there is an f in Z,(R) such that ftm) — 0 for 
m in N and fr f(z)g(z)dz # 0. Since (zf)(m) = f(m) it follows that 
(fm) = 0 for m in N and thus it is seen from Lemma 12(c) that 
e(f* g) ON is void. By Lemma 12(b), o(f = 9) Co(g) CN, and so 
o( f + p) is void and, by Lemma 1Ha), we have fs p= 0. By Lemma 
3.1(d) f«¢ is a continuous function and so it vanishes identically, 
in particular 


0 = (Fa go) = | feias = | faez, 


a contradiction. 

To prove the converse suppose that there is a character p in 
o{y) but not in F. By Lemma 2 there is a function f in L,(R) with 
fip) =1 and f(m) — 0 for m in F. Then 


f feles daz = fim) — o, meF. 


and so fa f(z)y(z)dz = 0 for y in the L,-closed subspace 3 spanned 
by the characters in F. Since [z-g, m] = [2, m][y. m] it follows 
that the Z,-closed linear manifold & determined by the characters in 
F is invariant under translation. Thus, since g is in by hypothesis, 
all the translates of e are in &. Since Q is L,-closed it follows from 
Definition 10 that [*, p] isin &. But then f(p) = fg fe) ix, pldz = 0 
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which is the desired contradiction, Q.E.D. 

Theorem 18 will be sharpened in Theorem 20 by showing that 
9 is in the subspace spanned by the characters in o(p} provided that 
the boundary of its spectral set contains no non-void perfect subset, 
Before proving this it will be useful to obtain some preliminary 
information, To this end we introduce a linear map & from L,(R) 
into L,(£) as follows. Let p be in L,,(R), so that for every f in L,(R) 
the function gf is also in Z,(R) and [gfl, S Iplolfiz The map © 
from L,(R) into L,(R) is defined, for f in L,{R), by the equation 
Df) = v(gf). The Plancherel theorem shows that @ is continuous, 
It follows from Lemma 8.18 that if p is a character m, in R, i.c, 
piz) = [x, m], ze E, then {f} is the translate (fp, of tf which 
is given by the formula (@f){m) = f(m—mj). In the following we 
shall be concerned with the special case of a function g in L,,(R) 
whose spectral set ofp) = (0). 


14 Lemma, Let 9 be in each of the spaces L,{R), LR} and 
LAR) and have o(g) = (0). Then D(f} vanishes on every open set in 
Ê upon which f vanishes, 

Pnoor, Let m be an arbitrary point in the open set N upon 
which f vanishes and let V be a neighborhood of the identity in ff 
with V = — V and m4-V CN. Thereis, by Theorem 18, a generalized 

~sequence the elements of which are linear combinations g,(z) 
= Di, ez m] of characters with m, in V and such that _ 


@ faoedd — lim [eem ge L,(R). 


Since m+V — m—V CN, m—m, is in N and it follows that the 
linear operator ©, corresponding to p, has (©, f)(m) = 0 for every a. 
It follows from equation (i) that 


(Am) = f. Tempel 
= lim f. s, mipale)f(a)dx — lim (8, f)() = 0, 
which shows that Øf vanishes at the arbitrary point m in N, Q.E.D. 


15 Lemma, Let the function g in L,,(R) have olg) = (0). Then, 
Jor some complex number a, 
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Dixy) = ayp 
for every open set V in R whose closure is compact, 


Proor. It follows from Lemma 8.6(i) that {V }is finite and thus, 
as was observed in the note following the proof of that lemma, for 
every positive integer there is an open set U, CV with U,C V 
and p(V ^ U;) < ljn. We may and shall assume that U, C Upi 
n = 1,2,.... By Lemma 8 there are functions f, in L,(R) o LAR} 
with f, vanishing on the complement of V, f (m) = 1 for m in U,, 
and f, having all their values between zero and one, It is clear that the 
sequence {f,} approaches yp in the norm of Z,(R) and so D(f) 
approaches O(r*,) in this same space. By Corollary IIL6.18(a) 
a subsequence converges almost everywhere and so we may and shall 
assume that Øj, converges almost everywhere to Pàr 1yy). 

Since f, vanishes on the complement of V it follows from the 
preceding lemma that Df, does likewise. It will next be shown that 
Djy is constant on U,. To see this, let m4, m, € U,. It follows from 
Lemma 8,18 that the functions g, and g defined for x in R by the 
equations g,{z) = [m m Vaz) and gi = [m maíz) have the 
transforms g (m) =f,(m+m,) and £m) =fi(m+m,). The same 
lemma and the remarks preceding Lemma 14 show that (@g,}(m) = 
(Df,Mon-+-m,) and (£g, )(m) = (f, Ym--m;) for all m, Thus, we have 


tig e.) = fimt) faint) = 0 


if m belongs to the intersection W of U,—m, and U,—m;. Plainly, 
W is a neighborhood of the identity in R. Thus, Lemma 14 shows 
that (Og, )(m) = (Og; (m) for min W, which means that (D/,)(m--m,) 
= (Df.)md-sn,) for m in W, and hence, a fortiori, {Bj ru) = 
(Dfa )(m;). It has now been shown that Øf, vanishes on the comple- 
ment of V and is a constant on U,, 

Since (f,,,—£,) vanishes on U, it follows from Lemma 14 that 
D4, — Df, on U, and thus that there is a complex number ap 
which may depend upon V but not upon z such that for every m in 

a. Um (0f, )(m) — ay for all sufficiently large values of z. Thus 


{Or yy) = lim( Pf, on) = ev gym), 
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for almost all m. 

It remains to be proved that the number a; is independent of 
the open set V. If fism L(R) n L,(R), f vanishes on the complement 
of V, and f(m) = 1 for m in an open subset V, of V, then the above 
proof shows that (f)(m) = ay for every m in Ve from which it 
follows that ay, = «y. Now let V, be an arbitrary open subset of R 
with compact closure, Then it follows from what has just been 
demonstrated that ay, = &puy, — ay, Le, ay is independent of V. 
Q.E.D. 


16 THEOREM. Jf the bounded measurable function 9 has its 
spectral set consisting of the single point m then, for some complez 
number a, p(z} = alz, m) for almost all z in R 

Proor. In view of Lemma 11(d) it suffices to prove the theorem 
in the case m = 0. In this case the preceding lemma gives an « such 
that for every open set V in R with compact closure we have 


6 19 ny = žy- 

Since every compact set in R is contained in an open set with compact 
closure it follows from Lemma 8.6 that equation (i) holds for any 
open set with finite measure. It follows from the regularity of p, that 
(1) is valid for every Borel set in R with finite measure. Since zpcf 
ig. linear and continuous in f it follows that zpc/ —a/ and thus 
gv tf — ox 1f for all fin L,(R). Hence g(z) =a for almost all x in R- 
Q.E.D. 


1? ComorLARv. If the transform tf of the function f in L,(R) 
vanishes at the point mọ then f is the limit in L,(R) of a sequence {f,} 
each of whose elements has a transform tj, vanishing in a neighborhood 
of m, 

Pnoor. Let £ be the closure of the set of all functions k in L,(R) 
whose transform th vanishes on a neighborhood of mọ. It will be 
shown that f is in 2. 

If g is in Q there is a sequence {g,} convérging to g such that £, 
vanishes in a neighborhood of mọ. Hence for every k in L,(R), 
heg, —hsg and since z(h «g,) = hé, it follows that hx g is in Q 
and that £ is an ideal. It follows from Lemma 6 that £ is closed under 
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translation. Thus &. the conjugate-orthogonal complement in L,(R) 
of £, is also closed under translation. Now f, mọ] 1s the only character 
in & since, if m + Mg Lemma 8 shows that there is a function g in 
L,(R) whose transform £ vanishes in a neighborhood of m, and 
Bm) # 0. Thus [*, m] is not in Rand f, mj] is the only character in $t, 
It follows from the preceding theorem that & consists of scalar 
multiples of F, mọ]. Since f (mq) = 0 the function f is in the conjugate- 
orthogonal complement of &, which by Theorem V.8.12, is €. Q.E.D. 


18 CoRoLLaRy. Let my be a point of R. Then there is a generalized 
sequence {ha} in LG) with h,fong) — 1, [E], =1 for all œ and for 
which h, +} +0 in LR) for every f in E) with f(n) = 0. 


Proor. Let V be a neighborhood of the origin in R with compact. 
closure and let W be a neighborhood of the origin with the properties 
W- —W,W+WCV. Then the characteristic function yy is in 
LAR) and bas norm [ry], = p(WX. It follows from the Plancherel 
theorem that the positive function py = (r ^yy)(1 3 yg )p(W) 3 has 
its L,(R) norm |py|, = 1. Since z is a unitary map it follows from 
Lemma 8.18 that 


1 t uai 
Érem) = ai arr wont, 


and so $(0) = 1 and fy(m) — 0 for m ¢ V. Let hy{x) = Er, mo]pyta) 
for zin R. Then hy is in Z,(R), y| = L and by(mj) = py(0) = 1. 
The directed set (E, X) to be used in defining the generalized 
sequence of our corollary will be the family of neigborhoods of the 
origin in R with compact closures, ordered by defining V SU to 
mean that U C V. The required generalized sequence is then {hp} as 
defined above. It remains to be shown that hy =f +0 in L,(R) 
provided that the function f in L,(R) has f(m,) = 0. It follows from 
Lemma 8.18 that hy(m) = 0 if m ¢ mgt V. Now, if £ > 0, there is, 
by the preceding corollary, a function g in Z, (R) such that £ vanishes 
on some neighborhood U of mọ and |f—g|, < & There is a V, in 
iE, X) such that any V in this set with V, < V has m;-V C U. 
Hence v(hy +g) = hyó vanishes identically and hy «g — €. This, 
together with Lemma 8.1(b) shows that 
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r eth = bp = }—kr sel S|f-eh<e  VEV 
which completes the proof, Q.E.D. 


19 Lemma, If and f are in L, (RF) and L,{R) respectively and 
dj fin} = 0 for every m in the spectral set ofp), then o(f + p) contains 
no isolated points. 

Proog, We shall make an indirect proof by supposing that m, 
is an isolated point of off + p). Since off + p) C o(p) by Lemma 12, 
it is seen that f(m) = €. Let k be in L,(R) with h(m,) = 1 and Å 
vanishing on an open set containing the remainder of off +g) It 
follows from Lemma 12 that the set (h « f + p) contains at most the 
single point m, and hence, from Theorem 16 and Lemma 8.1(d), that 
there is a number « with (A f x pz) = afz, mọ] for all 2 in R, To 
see that x = 0 let {hy} be the generalized sequence of Corollary 18. 
Then, since f (m,) = 0, it follows from that corollary that hy » f +0 
in L,(R) and therefore hy + {h+ }* g) 0, On the other hand 


hys (hw fe Me) =a f. [e—y moiety 
= ale, me] f, T molhetuVy = alt, mo) 


which is independent of V, Thusa = 0 and (h«}«y}{2)=a[2, my] — 0 
for all 2, Since A(eng)=1 it follows from Lemma 12{a) that 
mp ¢ o(f xy) which is a contradiction, Q,E.D. 

Making use of these preliminary results it will now be shown 
that if the spectral set of the bounded measurahle function g is such 
that every non-void closed subset of its boundary contains an 
isolated point, then g is the limit, in the L,-topology of L,,(R), of a 
generalized sequence of linear combinations of the characters in 
e(g) 


20 THEOREM. I} the boundary of the spectral set of the bounded 
measurable function p contains no non-void perfect subset then q is in the 
L,-closed linear subspace of L,(R) determined by the characters in 
oy). 

Proor. If p is not in the L,-closed subspace spanned by the 
characters in o(g) then it follows from Corollary V.8,12 that there is 
a function f in Z,(R) with fọn) = 0 for every m in o(p) and 


996 XL MISCELLANEOUS APPLICATIONS XL4.21 


[feeit = 1. 


Since f « p is continuous by Lemma 8.1(d) it follows from the above 
equation that fsp #0. From Lemma 12(b) it is seen that 
o(f'* 9) C otg) and from Lemma 12(c) and the equation qf = v it 
follows that o( fy} contains no interior point of o(p}, Hence o(f 9) 
is a closed subset of the boundary of o(9). Since f + o = 0 it follows 
from Lemma 11(a) that c(f 4 g) is not void, Thus, by hypothesis, 
o(/* gy) contains an isolated point which contradicts Lemma 19. 
Q.E.D, 

The next resuit shows in a striking manner the relations between 
the study of spectral synthesis and the original Z closure theorem of 
N. Wiener, 


21 THEOREM. Let f and g be in L.(R) and let f vanish at every 
point in R where B vanishes, Then, if the boundary of the set of zeros of £ 
contains no non-void perfect subset, it follows that f is in the closed linear 
subspace of L, which is spanned by the translates of g. 


Proor, Let £ be the closed linear subspace of L,(R) which is 
spanned by the translates of g, and let @ be the conjugate-orthogonal 
complement in L,(E) of £, Then Ñ is closed under translation. 
Moreover, the set of characters in Ñ consists precisely of those 
characters [*, m] with m in the set o of zeros of g. Now if f is not in 2 
it follows from Corollary 11.8.18 that there is a functional z* vanisbing 
on £ with 2*/=1, If ¢ is the bounded measurable function rep- 
resenting 2* as in Theorem IV,8,5 then, since 2* = 0, it follows 
that g is in $ and fg He)p{a)dz= 1. Thus, since the convolution fs g 
is a continuous function (Lemma 8.1(d)), f «g 4 0, Now the inclusion 
oly) Co follows from Definition 10 since g is in ft. Since of = vj, 
it follows from Lemma 12 and the hypothesis that o(f «¢) is a closed 
subset of the boundary of c. Since the boundary of c contains no 
non-void perfect subset and since fsg + 0 it follows from Lemma 
I1(a) that o{ fg) contains isolated points which contradicts Lemma 
19, Q.E.D. 


22 THEOREM. If the spectral set of a bounded measurable function g 
ds finite then is a linear combination of the characters in its spectral set, 
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Pnoor. Let ofp) consist of the characters [5 mj]; ... D, mj] 
Accordmg to Theorem 20, g is in the Z,-closure of the linear manifold 
in L,(R) spanned by these characters, It follows from Corollary 
V.8.12 that if 


Jets made = o, i= hsr 


for some function / in Z,(R) then fa f(e)g(x)dz = 0. Lemma V.8.10 
then shows that g is a linear combination of the characters 
[mj s» »» E-m]. QED. 

The next result, which gives a characterization of the spectral 
set of a bounded measurable function, is of particular interest since 
it can be generalized to apply to an unbounded function. We shall 
employ the notation, introduced just before Lemma 14, which 
associates with each function g in L,,(R) the linear map of L,(R) 
into L,(R) defined by the equation (f) = v(gf). Since gf is in 
L,(R) ^ LR) whenever f is, it follows that maps each function in 
L,(R) n L(R) into a continuous function on R which vanishes at pe» 


23 THEOREM. Let g be a bounded measurable function on R. 
Then a point m, in R is in the complement of the spectral set of q ij and 
only if there are neighborhoods V of the identity in R and U of my such 
that the transform x(gf) vanishes on U for every f in L(R)  L(RE) 
whose transform vanishes on the complement of V. 

Proor. If mQ€o(g) then there is a neighborhood V of the 
identity in Rand a neighborhood U of s, such thatU Nn (o(p)H- V4-V) 
is void. Let f be a function in L,(R) c L,(R) whose transform cf 
vanishes on the complement of V and let 9I be the linear manifold in 
L(R) of elements of the form 


ova) = X ee, m 
ta] 


where m, € o(p)H-V. For each such element gy let the map Øp from 
L,{R) to LR) be defined by the equation Oy (f) — (gy) and let 
(jf) = x(gf). Then 


(Dm) = Sef ts, mmes = X ef mma. 
iml R iml 
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This shows that Øp f vanishes on U, for if s is in U then m—m, is in 
the complement of V. According to Theorem 13, g is the limit in the 
L topology of Lo (F) of a generalized sequence {y,} in M. Thus, for 
m in U, 


(ym) = Í [s mlplay(a)ar 
= tim f. is mle. eyed = im (0, = 0 


which shows that r(gf) vanishes on U. 

Conversely, let f be a function in L,(R)n£,(R), whose 
existence is assured by Lemma 2, with f(0) 4 0 and f (m) =0 for m 
in the complement of V, and let g = f, be a translate of f. Then 
Corollary 8.17 shows that £(0) + 0 and £(m) = 0 for m in the com- 
plement of V. Thus, by hypothesis, the transform 2(g) = v(pz) 
vanishes on U. Hence, for m in U, 


© = [y, mO) = [y, m) fT mI ey pare 
= fp few mie etai. 


Now let k(x) = [x, mg]f(—2) for x in E. Then, since m is in U, the 
preceding equations show that h «9 = 0. Now 


Mm) = f le malta \ar = | Ts molas mf ez 
= fpd — fo) #0, 


and so it follows from Lemma 12(a) that sm, is not in o(p). Q.E.D. 

In case R is the additive group (— œ, o>) of real numbers a 
characterization of the spectral set of a bounded measurable function 
may be stated in terms of analytic function theory. Such a characteri- 
zation makes it possible to extend the notion of the spectral set of a 
bounded measurable function to certain unbounded functions, In 
giving this characterization the letter t will be used for the general 
element of the character group Ê = (— co, 00) and R will be regarded 
as embedded m the complex z-plane in the usnal way. 


24 THEOREM. Let p be a complex valued essentially bounded 
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measurable function of a real variable and let f be the complex valued 
function of a complex variable defined by the equations 


Ie) = (Pe etzyas, Ile) <0, 
(9 
= — f? “pera, F(z) >0. 


Then the spectral set of y consists of those real numbers t for which 
there is no analytic extension of f into a neighborhood of t. 


Pzaoor. Suppose that f has an analytic extension into a neighbor- 
hood of the real number t. For e 0 let 


pela) = p(z)e ri, weR, 
so that (x) > p(x) boundedly as £ approaches zero. Now 


alt) = (7 eret playa 
=f? eH) O(a) + DN e 16079 ead 


—eo 


= —ft-Hie)-eft- i). 


Since f is analytic near tj it is uniformly continuous in a compact 
neighborhood U of t, and thus ¢,(£) converges to zero as e approaches 
zero and uniformly for t in U. According to Lemma 2 there is a 
function k in £,(R) n L,(R) such that h(t) #0 and h(t) =0 for t 
in the complement of U. Since g,(z) > g(z) boundedly we have 


ha py) r Ra—y)o(z)de tim Í 7 h(z—)g,(z)dz. 


It is seen from Corollary 8.17 that $ (£) = e™ h(t), where h(x) 
= h(z—y). Thus, since vanishes in the complement of U, since 
A(t) vanishes on U, and since g, is in L,(R), the Plancherel theorem 
may be applied to give 


he py) — lim f. e*t (rhy) (eg, (t)dt = 0. 
en dee 
Since k +p = 0 and (sÀ)(t) = (th)(%) # 0 it follows from Lemma 12 


that f is not in the spectral set o(p). 
Conversely, suppose that t, ¢ o(p). Let U be a neighborhood of 
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tj whose closure does not intersect o(p). Then, by Theorem 18, 
g is in the L,-closed linear subspace of L..( — co, oo) which is spanned 
by the characters e* with £ in the complement of U. For each y in 
L,(— ©, co) let fy be defined in terms of y by the same equations (s) 
that define f in terms of g, and let C(U) be the linear manifold of all 
y in Ly (— co, œ) for which f, hes an analy tic extension to an open 
set Ny in the complex plane which contains U. An elementary cal- 
culation shows that the function f, corresponding to the function 
p(z) = e" is given by the equation f/,(a) = i(t—2z)7. Hence for t in 
the complement of U this particular y is in G(U). Since g is in the 
Lyclosure of the linear manifold in L,,(—oo, co) spanned by the 
functions e*, t € U, and since these functions are in G(U), in order 
to show that g is in@(U) it will suffice to prove that G(U) is L,-closed. 
The Krein-Smulian theorem shows that it suffices to demonstrate 
that the intersection of G(U) with every positive multiple of the 
closed unit sphere in L,,(—0o, co) is L,-closed. Since L,( —co, 00) 
is separable it follows from Theorem V.5.1 that it is sufficient to 
prove that every bounded sequence in G(U/) which converges in the 
L,-topology has its limit also in G(U). 

To prove this let {y,} be a bounded sequence in G(U) which 
converges in the L,-topology to the function y, and let f, =f, It 
must be shown that f, may be extended analytically into a neigh- 
borhood containing U. For each fixed z with £ (z) < 0 the function k 
defined by the equations 


h{z) =0, 2<0 
T mcd mmo, 


1s m L (— oo, ©) and thus, since y, approaches y in the L,-topology 
of L,(— co, co), it may be concluded that f,(z) — fo (z) uniformly on 
each compact subset of the half-plane f(z) < 0. A similar argument 
shows that f,(z) > /,(2) uniformly on each compact subset on the 
half-plane .$ (2) > 0. If {f,} were known to be uniformly convergent 
in a neighborhood of U, the analyticity of its limit fy would be clear. 
Unfortunately it is not clear that the sequence f, is uniformly con- 
vergent on any region containing an interval of the real axis and so 
an additional argument is needed. 

Let U be the open interval (a, 5) and Q the rectangle with 
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vertices ati, b-pi. It is clear that f, converges uniformly on any 
portion of Q whose closure contains neither a nor b. Let M be a bound 
for the sequence y, so that 
M 
df. co--isYl xau [emere = W —1x5«0. 
o 

In the same way it is seen that [f,(a--is)| < M|s{2 when 0 <s < 1. 
Similarestimates may be obtained for the values of f,(z) forz = b+is. 
Consequently the sequence {g,) defined by the equations 


£2) = fae Ke—aP2— by, z3 a,b 
=0 n z=a,b, 


converges uniformly on @ to the function g given by the equations 


a) = fy @)e—ePe—by, ag ab, 
=0 ? z—a,b. 


It follows from the maximum modulus principle that g, converges 
uniformly in the interior of Q to an analytic function G which, at 
every point in this interior other than those on the real axis, satisfies 
the equation 

G@) = fy (Y s—aY(«—by- 
Thus G(z)(z—aY(z—5)? is an analytic extension of fẹ to the interior 
of Q. This shows that y is in @(U) and completes the proof. Q.E.D. 


5. Exercises 


A. Exercises on Almost Periodic Functions 


1 Show that if F is in AP, and inf... .|F(a)] > 0, then 
the function 1/F(-) is in AP. 
2 If F is in AP. the limit 
1 4T 
M(F)—lim —| — F(ayd; 
dim op) , Fev 


exists. Moreover, limz ,,, (1/27) Jt? F(a-+a)dx = M(F) uniformly 
in a. 
8 Let F be in AP, and, for —œ < å < +00, let F} be defined 
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by the equation Fj(w) =e**F(a), andlet g(x) = F(z) F (a). Let (4) = 
M(f,) where M is defined as in Exercise 2. Show that a(4) = 0 
except for at most a countable infinity of values A, i =1,2,..., 
and that M(g) = X, felh). 

4 Iff is a non-negative function in AP, and M(f) = 0 (in the 
notation of Exercise 2) then f = 0. 

5 A continuous function f of two real variables z = (2,24) is 
called almost periodic if for each £ > 0 there exists a number L(c) 
such that each circle in the plane of radius L(e) contains a vector y 
such that |/(z)—f(c--y)| < z- Show that every such almost periodic 
function may be approximated uniformly by linear combinations of 
functions of the form exp i(t,2,-+t,«,). 

6 A continuous function f on a topological group G is called 
almost periodic if for cach £ > 0 there exists a compact set K (e) such 
that foreach gin Gthere exists an k in K (c)g such that [f(z)—f (eh)| e. 
Show that the set of continuous functions 2 whose translates a(-g) 
belong to a finite dimensional space are fundamental in the space 
of almost periodic functions, this space being normed with the norm, 


Wi = sup ite). 
zeG 


If G is Abehan, show that every almost periodic function may be 
approximated uniformly by linear combinations of contmuous 
functions z satisfying the identities 


lete)i=1, «Gu c 


B. Two Exercises on Haar Measure 

7 Let D, denote the group of all unitary transformations of 
determinant 1 in 2-dimensional complex Hilbert space. Show that 
the matrix of each u in Ü, has the form 

(pe Rte ) 
Aij —®, + 1Yy,) 

with 27-+7?-+22-+42 = 1. Show that the mapping p tu + (tie Yr % 
Ya) is a homeomorphism of Ù, with the surface S of the unit sphere in 
4-dimensional space. Show that for each Borel set e C S, the Haar 
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measure of the set g7!(e) is K tlmes its hyperarea as a subset of the 
surface S; and evaluate the absolute constant K. 

8 Let U, denote the group of all unitary transformations of 
n-dimensional complex Hilbert space E”. Show that the set F of alt 
win U, for which det (u--Z) = 0 is of Haar measure zero. Show that 
the mapping 
u—l 
ute 


is a homeomorphism of U,—F with the set X of all Hermitian 
operators in E”. Find a one-to-one linear homeomorphism y of X 
with n-dimensional real Euclidean space E”. Then find an explicit 
formula for the measure v defined by the equation v(e) = u((yg) e). 
where e denotes an arbitrary Borel subset of E”, and p denotes the 
Haar measure on the group Upe 


giui 


C. The Wiener Closure Theorem as a Tauberian Theorem 


9 (Wiener Tauberian Theorem). Let f be in L,(— «o, -- c) 
and let g be a function in Z,(— co, -- co) with a nowhere vanishing 
Fourier transform. Suppose that for some constant a, 


lim (p = f(a) =a [^ e(tyit. 


lim (p fz) =a Tf vitat 


Then 


for every y in L, 
10 Let g be in £,(0, co) and suppose that 


INCOLE —w<#< +o. 


Suppose that for some constant «, 


lim HE (3 ftdt = « | etta. 


aro € Jg 


Then we have 
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im atf É ) roa - «f^ vitat 


for each y in L,(0, co). (Hint. Use Exercise 9.) 
11 (Hardy.Littlewood Generalization of Tauber’s Theorem; 
Continuous Case) Let f be in £,,(0, co) and 


hm HN e** K(t)dt = A. 


aoo X 
Then 
1 
lim HE =A, 
eto i e 
12 Let f be measurable, bounded on each bounded subset of 


the positive real axis, and non-negative. Then if the integral 
get f(1)dt. exists for all z > 0, and 


1 
Tim — Í ev ((r)dt — A, 
aro £ Jo 
it follows that 


1r 

® =f Kt)dt is bounded for æ > 0, 
z 

(i) lim mif et? F(t)dt = 

where 


F() —t3 I He)ds. 


Moreover, 
(i) dim [eme =A e>0, 
(iv) lim — fae Wat)dt = A, £270, 
ao £—1 
(v) lim " denat =A. 
gle 


(vi) 1m HE =A. 
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18 Let f be real, measurable, bounded below, and let / be 
bounded on each bounded subset of the positive real axis. Then, if 
the integral fe e-*7f(t)dt exists for each æ > 0, and 


1 po 
lim if e^ f(rdt = A, 
ao € Jg 

it follows that 


1 
Hm —| Kd = A. 
ao 2 Jo 
(Hint: Use Exercise 12. Compare the hypothesis and conclusion with 
Exercise 11.) 
14 Let f be in L,(0, co). If 

im [ a= Abg i=1,2, 

trodes T 
for two numbers ¢,,¢, such that O < c; < c, < 1, and such that 
log c, is not a rational multiple of log ¢,, then 


lim = = fes = A, 
to t 
If log e; is a rational multiple of log c, this conclusion is no 
longer valid. 
15 Let b(@) be measurable, non-negative, and bounded on each 
bounded subset of (0, co). Suppose that 


* 1 ad 
f b(y) C = B dy =a, log x+a,}0(1) as g > co. 
1 y g 


Sbow that 
1r 
i) — | b(yMy is bounded for # > 2. 
2 Jom 
lr 
Gi) Bie) = =f b(y)dy is bounded for a = 1, 
" 


[i f Bi dy =a, log a-Fas--o(1). 


1 
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äv) lim s Bit =a, B0. 
as aE Sy 
v lim E a—£ (att = as, £0. 
" 
(vi) lim | b(at)dt—o. 
7o 
1f 
(vil) lim +f b(t)dt = o. 
mo € Jg 


(Hint: Use Exercise 14.) 
16 Let b be a real measurable bounded function on (0, co). 


im foo G -2)a=« 


Then if 
o (hen 
E NE 
eje 


(Hint: Use Exercise 15.) 

17 (Hardy-Littlewood). Let b be measurable and real on 
[0, co). Suppose that b is bounded on every bounded subset of [0, oo), 
and that ab(z) is bounded on the interval O <a < co. Then if 


m Ef fons a 


t 
Tim | &(s)ds =a. 
iodo 
(Hint: Use Exercise 16.) 
18 (Hardy-Littlewood). Let b be measurable and real on [0, cc). 
Suppose that b is bounded on every bounded subsct of [0, co), that 
&b(a) is bounded on the interval 0 < 2 < œ, and that the integral 


it follows that 


it follows that 


Í 2 et b(t)dt 
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exists for all z > 0. Then, if 


km €" b(f)dt = o, 


ac Jo 


it follows that 
Em | bdt =a. 
zoo 


(Hint: Show that fz b(f)it is bounded by the method of Exercise 
114.58, and use Exercises 18 and 17.) 

19 (Hardy-Littlewood). Let the sequence a, be real. bounded 
below, and let 


æ 
242" 
c= 

converge for æ < 1. Then, if 


e 
Him (1i—2) Xa,2^ = A, 
ao- LE 

it follows that 


(Hint: Let f(t) =a, for n <t-<n-+1, and use Exercise 18.) 
20 (Hardy-Littlewood). Let the sequence a, be real, and let 
^na, be bounded. Let 


> 4,2" 
Ex] 
converge for æ < 1. Then, if 


E 
lim XY a,a"— A. 
a) 


it follows that 


a 
lm > a, =A. 
mee mad 
(Hint: Let f(t) = a, for n x t < n—1, and use Exercise 18. This is 
Hardy and Littlewood's famous extension of Tauber's theorem, 
Exercise 11.4.54. Compare the present hypothesis with the hypothesis 
of Tauber, and compare the method of proof.) 
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21 Let f be real, measurable, and bounded on the interval 
[0, co). Suppose that for each s > 0, the integral 


> KOD 
o (+t? 
exists. Then, if 
> Kt A 
dt~— > 
o ree TS is 
it follows that 
Í KOdt-- As as £04, 
o 
while if 
Li ga a seo, 
o (GO s 
it follows that 
vo 
f Küdte As as s> 
o 


22 Let f be measurable and real on (0, co), and suppose that 
af(z) is bounded on the interval O <æ < co. Suppose that f is 
bounded on every bounded subset of 0 < a < co, and that 


t 
10 y 
a sH 
exists for each positive s. Then, if 
^ft 


—— dtes ag Bs $ — 00, 


it follows that 


(Hint: Adapt the method of proof of Exercise 18.) 

28 Let f be defined on [0, co) and have two continuous deri- 
vatives. Suppose that f(z) = O(a) as z + co, and that af(z) > A 
as æ > œ. Then a?f'(z) + —A as z > œ. 
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(Hint: Let p(t) = &f(t) for t = 1, and apply Exercise 10 to the 
bounded function p.) 

24 Let f be defined on (0, œ), and have two continuous 
derivatives. Let « > 2, and let f"(a) — (27) as z > co, and 
ajx) >A as @ > co. Then a?-!/'(z) > (2—a)A as @ > œ. 


6. Hilbert-Schmidt Operators 


In this section the theory of operators of the Hilbert-Schmidt 
type will be developed and rather deep and fundamental com- 
pleteness theorems for the eigenfunctions of such operators and 
associated unbounded operators will be proved. These resuits will be 
based upon a strong inequality due to T. Carleman which will also 
be derived in this section. Some of these results will be used in later 
chapters. In Section 8 applications are made in a series of exercises 
which develop the classical Fredholm theory of integral operators 
in a general form. 

The formal definition of the class of Hilbert-Schmidt operators 
on a Hilbert space will follow, but for the purposes of introduction 
it may be stated here that if the Hilbert space is represented as a 
space L,(S, Z, u) with positive measure p, then the Hilbert-Schmidt 
operators are those operators K having a representation in the form 


(fs) = f to. eld), fe LaS, E p) 


where 


fif es nacre < 00. 


These are compact operators that have important properties not 
shared by all compact operators. In some treatments of the Hilbert- 
Schmidt theory it is assumed that the kernel k is Hermitian sym- 
metric so that the corresponding operator K is self adjoint. No such 
restriction is made here and the completeness theorems obtamed 
will be applicable to certain classes of nonselfadjoint boundary value 
problems. 

In most of the discussion that follows it will be more convenient 
to work with an abstract Hilbert space rather than one of its rep- 
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resentations as an Lyspace and in this setting the class of Hilbert- 
Schmidt operators may be defined as follows. 


1 Dermmon. Let {x,,«€ A) be a complete orthonormal sct 
in the Hilbert space $. A bounded linear operator T is said to be a 
Hilbert-Schmidt operator in case the quantity ||T|| defined by the 
equation 


Wil = Cx tra. aod 


is finite. The number [[T]| 1s sometimes called the Hilbert-Schmidt 
norm or the double-norm of T. The class of all Hilbert-Schmidt 
operators on $ will be denoted by HS. 

In this definition of the class HS a particular orthonormal 
sequence was used. The following lemma shows that the class HS 
depends only upon the Hilbert space and not upon the basis. 


2 Lemma. The Hilbert-Schmidt norm is independent of the 
orthonormal basis used in its definition. If T is in HS and U is a 
unitary operator in $, then UATU is in HS and ||T|| = |U3TU]|. 
In addition, |T| <2] and 7] = {IT "IL 

Pnoor. Let |[7][4, ||T||s be the double norms of an operator 
when defined in terms of the complete orthonormal systems 
{t,«€ A}, (ypfeB) respectively. By using the identity 
kf = X; |(@, uy, which was proved in Theorem IV.4.18, it is seen 
that 


linis = ZiT = zz Taq, d 
= zr lew Tu- ZiT ut = |74- 


If the two orthonormal systems are taken to be the same this identity 
shows that ||7*]]a = ||Z|ls and thus {{7]|4 = fT*ij = || lle which 
proves the first and last statements of the lemma. 

If U is a unitary operator, then the set (Uz,, & € A} is also a 
complete orthonormal set in $ and since |z| = |U-!a], we have 


lU 7u|p = EU? TU} = 2 JUaj* = [i7 


which shows that U3 TU is a Hilbert-Schmidt operator if T is. 
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Finally, if £ > 0 let z, be an element of unit norm such that 
[TE < [Zae Since there is a complete orthonormal set con- 
taining the element a, we clearly have |TP < {{7]f?-+e and hence 
iri siii QED. 

8 Conmorranmv. If T is in HS and (2, & € A} is any complete 
orthonormal set in $, then 


liri = S 2! IT, iai 


Proor. This follows nui I.P = Seca (Tta zpi, 
since the terms are positive, the double sum exists. Q.E.D. 


4 Tueornem. The set HS of all Hilbert-Schmidt operators is a 
B-space under the Hilbert-Schmidt norm. In addition, HS is an algebra 
with {ZSI < {ITH iiS] for every S and T in HS. 


Pnoor. It is evident that if T is in HS and a is a scalar, then 
lei = lel 171]. Let 7, S be in HS and {z,, «€ A} be a complete 
orthonormal] set in $. It follows from Corollary 8 and Minkowski's 
ineqnality that 

IT+SI = CEE Ss e) 
a, 
S (Xs, TP + (ZS. og 
ak ae 
=lI7i+Hisi, 


so that T-LS is in HS. To prove that HS is complete, let (T,) be a 
sequence in HS with [[7,—7,,|| > 0. It follows from Lemma 2 that 
Ir. Tl +0 and so there is a bounded linear operator T in $ with 
IT -7,| > 0. To see that T isin HS, let k be an upper bound for the 
sequence {{{7,{[}- If 4, is any finite subset of 4, then 

È [fa = lim 2 [Trata S F, 

acA, now Ge A, 
and hence ||7]P = 3... 4|Ta.[? < E", showing that T is in HS. Let 
(e) be chosen so that {{7,—7,,]| < for n, m > m{e}. Then, for 
m mí) 


EKC-T.OneP— dm X4. 7.) 


acA, noo ae, 


< Hm sup [[7, —7,.]f* a 
PE 
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from which it follows that [[T—7, || 5 eform > mje) and completes 
the proof that HS is a B-space under the Hilbert-Schmidt norm. 

Finally, let T be in HS and let B be any bounded linear operator 
in H. Then 


ipi? = È [BTP S [BP X Ted? = [BPTP 
acd acd 
(ea = rey ll = ee") s 121 til. 


In particular if S is in HS, then since |S] < ||$]. we have 


IST 5 IST tiii S HSH i71 Q-E-D. 


5 ConorLanv. The set of Hilbert-Schmidt operators is a two-sided 
ideal in the B-algebra of all bounded linear operators in Hilbert space. 
Moreover, if T is in HS and Bis a bounded operator, \{TB\| < 711 |B] 
and ||BTij s Il iiri. 

Proor. It was seen during the proof of the theorem that HS is a 
subalgebra of B(f). and the final paragraph of the proof shows that 
it is a two-sided ideal, and that the above ineqnalities are valid. 
Q.E.D. 


6 TuEorem. Every Hilberl-Schmidt operator is compact and is 
the limit in the Hilbert-Schmidt norm of a sequence of operators with 
finite dimensional range. 

Proor. Let {Zu & € A} be a complete orthonormal set in and 
let T be in HS. Since 


lzi = 2 Teo 
acA 


only a countable number of elements |7z,|? can be different from 
zero. Also, for every integer z there is a finite subset 4, C A such that 


1 
Tz, <. 
AM S 


For each n let the linear operator 7, be defined by the equations 
Tata = Ta if ae A, and 7,2, = 0 if « ¢ A, Then the range of T, is 
finite dimensional. 

Furthermore, 
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1 
[Z-T = » PP< 
ath, n 


and so [7— 7,| x ||{7—7,l| < 1/- Hence 7 is the limit in HS and 
in the uniform operator topology of the sequence {7,}. It follows 
from Lemma VI.5.8 that 7 is compact. Q.E.D. 

Not every compact operator is in HS, however, For example, 
if {z,} is an orthonormal set in a separable Hilbert space, let 7 be 
the operator determmed by the equations Ta, = «tz, n= 1, 2,... 
‘The operator T is compact (cf. Exercise X.8.5), but it is not in HS. 

It has been noted in the preceding discussion that the elass of 
Hilbert-Schmidt operators forms a Banach algebra (without identity} 
under the norm ||- |]. It may readily be shown that in this algebra 
the inner product defined by 


(5, 7)) = 265, 72.) 


where (z,] is a complete orthonormal system, has the properties 
required of an inner product on Hilbert space and (7, 7}) = ||71]?. 
Thus the algebra HS is a Hilbert space in which the involution 
S + S* satisfies the identity 


(S7, E) = (2, S* E). 


Such algebras, which are known as H*-algebras, have been discussed 
by W. Ambrose [1] who has shown that conversely, every H*-algebra 
is topologically and algebraically isomorphic to an algebra of Hilbert- 
Schmidt operators on some Hilbert space. 


7 Tueorem. If T is a Hilbert Schmidt operator and f is a single 
valued analytic function on its spectrum which vanishes at zero, then 
KT) is a HilberSchmidt operator and the map T > f(T) of HS into 
itself is continuous. Furthermore if (j,) is a sequence of such functions 
having as common domain a neighborhood N of the spectrum of T and if 
10) > fA} uniformly for À in N, then f(T) > f(T) in HS. 

Proor. If the Hilbert space $ is finite dimensional, the result 
is trivial and so it will be assumed that § is infinite dimensional. 
It was seen in Theorem 4 that HS is a B-space and an algebra in 
which ||7'S]| < ||71j [ISI A unit may be adjoined by the method 
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described in Section IX.1 resulting in a B-algebra consisting of all 
pairs [a, 7] with « a scalar and T an operator in HS. The norm in 
this algebra is |[e, 7]| ={e{+{I7I- The algebra so obtained by 
adjoining a unit to HS will be denoted by HS*. 

Since § is infinite dimensional it follows from Theorems 6 and 
IV.8.5 that the identity operator is not in HS and thus HS has no 
unit. 

First we note an element [«, 7] in HS+ has an inverse if and 
only if aT--7 has an inversein the algebra B(£)) of bounded operators 
im $. For if [f S] =l% T], then [1,0] = [e T] 5] — 
(of, «S--BT-- TS] and hence f =o and a$--8T--T'S — 0. An 
easy calculation shows that BI--S = («I4.T]-.. Conversely, let 
B = (aI-LTy?. Since T 1s compact and © is infinite dimensional, 
we cannot have « — 0 for, if « — 0, Lemmas 5 and 6 would imply 
that the identity J — BT is compact which contradicts Theorem 
IV.&5. Let S — B—o-M. Then «BT =o B(T-+ol—ol) = 
eXI—«B) = —S. Hence S = —« BT and Corollary 5 shows that 
Sis in HS. This proves that if (xJ-- T) * exists as a bounded operator, 
then [«, Z]-! exists in HS* and is equa) to [«7, S]. 

Hence the spectrum of an element 7 in HS, when regarded as 
an derent of the B-algebra HS*, is the same as the spectrum of T 
when regarded as an element of the algebra B($) of all bounded 
operators in $. Since the operation of inversion is continuous in any 
B-algebra (1X.1.8) the mapping 4 > [4, —7]^! is continuous for 
Ago(T) If 6 is the mapping of HS* into B(9) which sends [a, 7] 
into oJ-L7, then 6 is continuous and 6{[4, —7]-1) = RA; T). 

Since (4, — T] is a continuous function for 4 in the com- 
plement of c(T), it follows that the integral 


1 
f=] zs I 


where € is a positively oriented rectifiable Jordan curve contained 
in the domain of f and containing o(T), exists in the norm of HS+. 
If the integral in [+] is the element [s U] in HS-. then from Theorem 
JIL2.19, it is seen that 


1 
e PORE ; Ti = KT) 
BI4U = — [m U] Jl. JORO: TA = KT). 
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To show that p = 0, let z; be the multiplicative linear functiona) on 
HS* defined by the equation z([e, 7]) = «. Since y is a homomor- 
phism it follows that z([4, ZJ!) — 4 and since x is continuous it 
follows from Theorem IIL2.19(c) that 


1 E 
w= nis UY =< (rey - rm. 


By hypothesis /(0) = 0 and so (T) = U and is therefore in HS, 
It lim 7,, = T in the norm of HS it follows from Lemma VIL6.5 
that the contour € of the integra! in [=] contains c(7, ) for all suffi- 
ciently large n. From Corollary VII.6.3 it is seen that, in the norm 
of HS*, 
Jim (4, -Z,]1 = [2, T]! 
aoo 


uniformly for 4 in C. Thus it follows from Theorem IIL2.19 that 


Jis f(7,) = Tim 6 fe [ev -nu) 


the limit being in the norm of HS*. 

Tn proving the fina! part of the present theorem, we may clearly 
suppose that the contour C of (x) lies entirely within the set N. 
Then, we have 


AT) =6 lf, jaya, -Taa 


aime (5 of hO Tyan} 
= lim (T) 


in the norm of HS. Q.E.D. 

As has been shown in the above discussion, the algebra of 
Hilbert-Schmidt operators is generated from the algebra of operators 
with finite dimensional ranges hy taking closures relative to a 
larger norm. It is therefore natural to conjecture that some of the 
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properties of finite dimensional operators, which m the case of a 
general linear operator in Hilbert space are irrevocably Jost, will be 
retained by Hilbert-Schmidt operators. To show that this is indeed 
the case we need to derive a variety of ineqnalities for operators in 
finite dimensional Hilbert spaces. Outstanding among these are the 
well-known “Hadamard determinant inequality,” the discovery of 
which, at the beginning of the present century, opened the gateway 
to the understanding of integral operators, and the remarkable 
inequality of Carleman given in Theorem 15. 

The next few theorems wil] deal with finite dimensional Hilbert 
spaces and give some elementary information about the notion of 
the trace of an operator. 


8 DEFINITION. Let {z}, - - -, Zp} be a basis for the finite dimen- 
sional complex Hilbert space E". Let A be an operator in E" and 
suppose that Az; = *7 10,2, = 1, - . ., n. The trace of the operator 
‘A, denoted by tr(A). is defined to be 


(4) = Xas- 
im 


It will be shown in the following Jemma that the trace of A is 
independent of the basis {a,} used to define it. It is quite evident that 
the trace is a linear function of A. 


9 Lema. The trace of an operator in E" is independent of the 
basis used to define it. In addition, if A and B are any two operators in 
E^, then tr(AB) = tr(BA). 

Proor. We shall prove the second assertion first. Let Hz, = 
Whabyty Then 

2o» 


n n 
ABr =} YXbaame BAR =J Yaghpm 
db kel lie 
Hence 


n » 
t(4B) =F > b,,0,, — tr(BA). 
el j=l 
To establish the first assertion, let (jj, ...,9,) be any other 


basis for E". Then the linear operator C defined by y, = Cz, 
$ —1,...,n, is a one-to-one map of E* onto all of itself. We will 
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calculate the trace of 4 relative to the basis gj, ..., Yy Note that 


Li 2 
AC3 y, = Aa, = D ayay = C F ayyy 
Er] i 
and so, 
Li 
CACY, = D aut- 
E 


From this it follows that the trace of CAC, calculated relative to 
the basis (44. Ynb is SF & By what has already been proved 
the trace of CAC" is the same as the trace of 4 = CICA, both 
traces being calculated with respect to the basis (yj, ...,9,). This 
proves the first statement. Q.E.D. 

We recal] that the characteristic polynomial of an operator A in 
E" is found by representing A as a matrix with respect to any 
convenient basis for E^ and calculating the determinant of 41— A: 


AQ) = det GI— A). 


Using elementary properties of determinants it is easy to prove that 
AA) is independent of the choice of the basis. 


10 LEMMA. (a) The trace of an operator in E^ is equal to the 
negative of the coefficient of 173 in the characteristic polynomial of the 
operator. 

(b) The trace of an operator in E" is equal to the sum of thenumbers 
in the spectrum of the operator, if each number is counted according to its 
multiplicity as a root of the characteristic polynomial. 

(c) The trace of a nilpotent operator in E" is zero. 


Pzoor. If (2,,...,2,) is a basis for E" and Az, = Diy agp 
Aa Gy... 00, 
AQ) = det | m Aes 0m 


Fy, Ogg es A Ogg, 


By considering the expansion of this determinant it is seen to be a 
polynomial A(4) = 4"—e "1+ ... +e, with e, = tr(A). 

To prove (b) it is sufficient to recall that c(A) consists of all 
4 for which AI— A is singular, i.e., all A for which A(4) = 0. Since the 
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sum of the roots of the equation A(A) = 0, counting an sn-fold root m 
times, is cj, the assertion is proved. Finally, if A is nilpotent, then 
o(A) = (0) and so tr(4) — 0 by (b). Q.E.D. 


11 Lemma. If A is a linear operator in the space E”, if 
o(A) = (A, . o Ah and if m, = dim Ef; A)E", i= 1, . .. ks then 
tr(4) = Xam. 

Pnoor. If 4, is in o{A), it is seen in Theorem VIL1.7 that 
A A,lisnilpotent on E(4; 4)E". Hence AE(A3 A) AEQ A)+Np 
where N, is a nilpotent operator in E^, Since I = $t , E(4; A) it 
follows that 


A- EMG AV EN. 


Now the trace is a linear function, and if P is a projection operator, 
then by selecting a basis for E^ which is the set-theoretic union of a 
basis for PE" and a basis for (I P)E", it is seen immediately that 
tr(P) = dim PE". It follows from these remarks and Lemma 10(c) 
that tr(4) = 9t m,4, Q.E.D. 


Remark. The number dim E(u; A)E" is the multiplicity of x 
as a root of the characteristic polynomial of A. This result is con- 
tained in the Exercise VIL2.8 and so Lemma 11 is a corollary of that 
exercise. This notion of the multiplicity of p is different from the 
dimension of the manifold {zje e E^, Az = pz) of eigenvectors of A 
corresponding to x. For self adjoint or Hermitian symmetric matrices 
A the two notions coincide. If 4 is an operator in E", we shall say 
that À,..., À, are the eigenvalues of A repeated according to multi- 
plicities if each 4; is an eigenvalue of A and every eigenvalue p of A 
occurs in this listing s» times, where m = dim E(x; A)E^. The same 
terminology wil] be later employed for Hilbert-Schmldt operators. 


12 THEOREM. (Hadamard’s inequality) If (a) és an n xn matrix 
of complex numbers, then 


[S detta s TI (3 le PP 


Note that this inequality may be interpreted as stating that the 
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volume of any n-sided parallelepiped is never larger than the volume 
of a rectangular parallelepiped with sides of the same lengths. 


Proor. The inequality is obvious for n = 1 and may be easily 
checked for n = 2. We shall suppose the inequality to be known for 
n—I, and proceed by induction. If (&,,) is an nxn matrix, let 
ty = [03 055, - - -> 6,1], f =L---, N, define a set of n elements of 
n-dimensional space E". If u, = 0, then both sides of the inequality 
[s] vanisb and the result is trivial. If [4| = (7. laa f$ #0, then 
since both sides of the inequality [x] are homogeneous in z4, it may 
be assumed that |u| = 1. Let v, vg, - . ., v, be an orthonormal basis 
for E" with v, = t4 and let W be the unitary operator defined by the 
equations Wo, = [1, 0, 0, . .., 0], We, = [0, 1,0, ..., 0], ..., Wo, = 
[0, 0, ..., 0, 1]. Since a unitary operator in E" has a determinant of 
absolute value unity, we have 


[det(a,,)| = |det(ey, us, . . ., 4,)] = det(W) det(a,, tg, ..-, Hp) 
= |det( Wey, Was, -.., Wet). 


Let the coordinates of Wu, be [zyz -.., pz]. Then, since Wu, = 
(1, 0, 0,..., 0], it follows that 
lug... 


det(Wu,, Wa, ..., Wu) = det |9 Vet «7 + Men 


e 
8 


na e + Wan 
Waz «~ a Won 
=det | : : 
ERE 
Using the induction hypothesis, we conclude that 
n a 
dettes] S TT CX. bea. 
E2 de. 
But since 


Gest s Gu = el = 


and |u| = 1, this proves the present lemma. Q.E.D. 
Hadamard’s inequality will be used in the following way. Let 
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(a4) be the matrix of an operator 4 in E" relative to the orthonormal 
basis 5, = [1, 0, . - -, 0], . .., à, =[0,-.., 0,1]. Let 4,, denote the 
cofactor of the element a,;, Le., £; is (—1)*€ times the determinant 
of the (n—1)x (n—1) matrix obtained by deleting the ith row and 
the jth column in {a,,). Then det(4) = Y? ,a,,4,, and 3246,54, 70 
ifj k. Assuming that 4 is one-to-one, Cramer's rule for 47! asserts 
that the matrix of det(4)A-}, relative to the basis 4,, . ~ ., Ön, is the 
transpose of the matrix (4,,). Consequently, if z = [5,, - - .. £,] and 
y = lti oC] then 


det(4Y4712, y) = Y. Asl. 
¿j=l 


i 


On the other hand, by expanding according to the first row and first. 
column, it is seen that 


9 ob 
det(4)(4-1z, y) = — det h pn 
E Ga» -> nn 


Hadamard’s ineqnality will be employed to estimate this determinant. 

18 LEMMA. Let (a,,) be the matrix of a one-to-one operator A 
in E" relative to the basis à, = [1,0,..., 0], ,.,, 0, = [0,,.., 0, 1]. 
Then the Hilbert-Schmidt norm of A is 


llall = CX leak. 
ijol 


Furthermore, if z = [&,,..,,§,] and y = [G, ..., Cl are two vectors 
in E^, then 


cs lel ly ale 
Ël an ->n æl lyi lAl 

tt Jace] i li cen 
Èn Onie- inn 


Poor. The first conclusion follows from Corollary 8. Now if 
æ = 0 the inequality [t] is trivial, so by the homogeneity of [T] in z it 
is sufficient to treat the case |z| = 1. As in the proof of Theorem 12, 
there is a unitary operator W in E" witha = W4,,. It follows from the 
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preeeding remarks that the final conclusion of the lemma is equivalent 
to the statement that 


| detC4Y G7 2, )] < [el Lat] no 1) 0795. 
Now, since W is unitary, det(4) = det(W- 4W) and (471a, y) = 
(47 Wp y)=(W 141 W8,, Wy). By setting B—W-! AW wehave 
Bo = W+14-1W and it follows from Lemma 2 that ||B|| = [4] 
Also, since W is unitary, the vector z — W-ty has the norm |g] = |y|. 
Hence the statement to be established may be written as 


Idet(BX B8, 2)| < kl [L8] t1) 77. 


By expressing this statement in terms of determinants, it is seen that 
it suffices to prove the lemma in the particular case where 


0—& - =, and 1=£,. Thus the determinant to be 
estimated is 
D lius a 
2n Be = det G i : Pur j 
vent 
"ii sails RN nn bes 


Let D denote the absolute value of this determinant. Then Hadamard’s 
inequality shows that 


fe Ds WiTIES lub}. 


Since the geometric mean of a finite collection of positive 
numbers is at most equal to their arithmetic mean (cf, VL11.84), 
if follows that 


nin Ld J7 pe! 
H Sees [AE 3 ut] D 
fal j=j 
By taking the square root of both sides of this ineqnality and combin- 
ing it with [s] it is seen that 
-1 
PERI 
(n—1)" PF 

which is the desired result. Q.E.D. 
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14 Lzwwa, Let 4 be an operator in an n-dimensional Hilbert 
space E^, and suppose that tr(4) = 0, Then there is an orthonormal 
basis (gy, «~», gu) for E", with (Ap; pi) = 06, 1 Si Sn. 

Proor, If n = 1 then, since tr(4) = 0, 4 = 0 and the statement 
is obvious. It will next be shown by induction that there is some 
non-zero vector pin E^ with (Ag, 9) = 0. To do this we first consider 
the case n = 2 and suppose that an orthonormal basis has been 
chosen for which the matrix of 4 has the subdiagonal form 


a ln 
( =) 
Let p = [1,2], so that (49, p) = a(1—|cP’)+82. If a = 0 we place 
z= 0. Ifa £0 let z = re where 0 is chosen so that c = bate? 
is real and where r is the positive root of the equation ??—cr—1 = 0. 
In either case it is readily seen that (4g, g) = 0. 
Next suppose that n > 2 and that the statement to be proved 

is false. Then 

min |{4g, g)| > 0. 

il 
Since the unit sphere in E" is compact, this minimum is attained at 
some unit vector gı. Let m = (4g,, pı). After choosing an or- 
thonormal basis (g,..., Pa} we have, by hypothesis, 


tr) = m+ X (gis 91) — 0. 
d-2 


This equality can be rewritten in the form 


: m 
El|A-- — I| pr = 
à( (4 )s x) o, 
where E is the self adjoint projection of E” onto the subspace § 
spanned by g,,..., Pae The operator E(4+mj{n—1)I) evidently 
maps S into itself. Hence it follows from the induction hypothesis 
that there is a unit vector p in S with 


(s Aher) =0. 
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That is, since Eg = p, 
(49, 9) = — — 
P,P) = — 
Thus 


"m 
lap, e) = — < Ge. v.) 


contrary to the definition of gı. Hence {49,, p1) = 0. 

The proof of the present lemma can now be completed by 
induction. Let 9 be a vector of norm one with (4, p) = 0. Let S, be 
the orthocomplement of the one dimensional space spanned by g, 
and E, be the orthogonal projection of E" onto Sọ. Jt has been 
observed that the lemma is true in the case that n = 1 and we now 
assume that it is known to be true for n—1 dimensional space. Then, 
by this induction hypothesis, it is seen that there is an orthonormal 
basis (p, .... qu), whose span is the subspace Sẹ, and such that 
{Eo Ayn v) = (Ayn v) =0, 2 X i Sn. Then (g, Pas -~ Ya) is the 
required basis for E". Q.E.D. 


15 THEOREM. Let 4 be an operator in E^ and À,,..., À, tis 
eigenvalues repeated according to multiplicities, and let A #0 be a 
complex number not in the spectrum of A. Then 


lec gerannt: 


fot 


Proor. Let B = A/A so that by Theorems VIL8.11 and VIL8.19 
we have o(B) = (A4. .., 4,/4) and E{afa; B) — Ef}; A). Also 
tr{B) = 3744/4 = tr( 4). Let N be any integer with N > |tr{B)|. 
For each such N define the operator By in E" @ E" by the equation 
Byz, y] = (Ba, {—1/N) t( B)y]. Itis evident from Definition 8 that 
tr{By) = 0, and that the eigenvalues of I—By are 


A ^. EIE per 


Hence det(I— By) is numerically equal to the product of these 
numbers, i.e., 


1024 XL. MISCELLANEOUS APPLICATIONS XL6.15 


fi) Me — 2l hS m -3 


ti 


Since (1/N)| t{B)| < 1 and 4 Æ 4, the inverse operator ([— By y? 
exists and it is readily seen that 


a 
U—Bx fx, y] [e Byz, (+ x tm) x] : 
Therefore |{{—B) | x | — Bx)"| and so 
(i) — |t —B4)IU —Bv?| x aet — By)||H— By). 


From Lemma 18 it follows that 
Ir Bp 


() Met — By IBIS c psc 


Now, by Lemma 14, since tr{By) = 0 there is an orthonormal basis 
xj. Aur in En QE" such that (Byz, 2,) = 0. Relative to the 
basis 2,,..., z,, y the matrix of the operator I— By has 1 along the 
principal diagonal and the negative of the coefficients in the matrix 
of By elsewhere. Consequently, 


Gv) |E—By|P = N+n+||By |? = N+ +N [te BYP+ Bl. 
By combining formulas (i) to (iv) it is seen that 
tB S (C A 
HS 80-3) ear 
( q Jean y 

(N--n4- N? er B) P+ || BI?) "798 N(Nc-2) N+n, 

(NXn— 18s (oye 

N-+n, 


This inequality is valid for all sufficiently large N, and therefore, 
by letting N increase without bound, it is seen that 


je TT ( a i)e- <expt}(14 ||B[P)- 
dad 


By recalling that B = 4// and that tr(H) = 57.,4,/4, the conclusion 
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of the present lemma follows immediately. Q.E.D. 

Having established these preliminary theorems on finite dimen- 
sional spaces, we now return to the study of Hilbert space. It is 
desired to generalize the notion of trace to certain operators in Hilbert 
space and at first glanceit may appear that this notion is immediately 
available for Hilbert-Schmidt operators. However, this is not true, 
as the following example shows. Let (z,) be an orthonormal basis 
for a Hilbert space $, and let 7 be a linear operator defined by the 
equations Tz, = z,j/n. Then the series 


E i 2 1 
Tzl*- Ys» 
Ae. 
converges, so that 7 is a Hilbert-Schmidt operator, while the series 
co € 1 
> (Tan 3a) = Y—, 
Lx! sa" 


which we might hope to use to define the trace tr(T'), diverges. 
Thus, a trace cannot be defined in this way for every operator of the 
class HS. It will be seen, however, that if T — UV, where both U and 
V belong to the class HS, theu the series 


53 (Tan Tn) = 53 (Vz,, U*z,) 
nmi aml 


converges, and defines a useful notion of “trace.” With this slight 
change in approach as compared to the finite dimensjonal case, 
enough of that theory may be carried over to generalize Theorem 15 
to arbitrary Hilbert-Schmidt operators. 


16 Lena. If S and T are Hilbert-Schmidt operators in Hilbert 
space $ and if {x,) is a complete orthonormal basis for $, then the series 
S2, T*x,) converges absolutely to a limit which is independent of 
the basis. 


Proor, Let {z,} and {yg) be any two orthonormal bases for $. 
By the Schwarz inequality and Theorem IV.4.18, 


js. YNT tas YS CX Sta y) XE Y no, ve) PY 
a. eg af 


= Fe. PHE [r*«.[* = IISI IIZ 
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Thus the double series 
C] PA (S2, YNT” 2, ug) 


converges absolutely, and hence the corresponding iterated series 
exist and are equal. By Theorem IV.4.18, 


> (Se, T*2,) = >>> (Sta, YAT” Zar Ye) 
[rt] ca z È (Typ, 2 S* Yp Ta) 
= n (Typ, S* ye). 


The existence and eqnality of the iterated limits corresponding to 
[1] implies the existence and equality of the single limits just written, 
Taking (y,} to be the same as (z,) it is seen that }(Sv,, T*z,) = 
DYAT*,, S*x,), so that this expression is symmetric in S and T. The 
independence of the basis used in the calculation now follows by 
another application of [tt], Q.E.D. 


17 DzriwrrioN, If S and T are Hilbert-Schmidt operators in $, 
then the trace of S and T is defined to be 


tr(S, T) = 3052,, T2), 


where (2,) is any orthonormal basis for $. 


18 THEOREM. The trace function ts a symmetric bilinear function 
defined on the product of HS with itself. In addition, if S and T are in 
HS, then 

IS, zy SSI TII, — en, T9) = IIZI. 


Pnoor. The symmetry of the trace function and the inequality 
ltr(S, 7)| s |[S|] [[Z]| were established durmg the proof of the 
preceding lemma. The bilinearity and the fact that tr(7, 7'*) = |[T|[* 
follow immediately from Definitions 1 and 17. Q.E.D. 

Xt follows readily from the results stated above that HS forms a 
Hilbert space under the inner product [S, 7] = tr(S, 7*). Although 
this fact is interesting, it will not prove to be of much use in the 
following. However, the trace function itself is a useful tool. 
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19 CoRoLLARY. The function tr(S, T) is continuous as a mapping 
from HS @ HS into the field of scalars, 


20 Lemma. Let T be a linear operator in Hilbert space $ having 
a finite-dimensional range. Let 9t be the nullspace of T, and let E be the 
orthogonal projection onto a finite dimensional subspace of £) containing 
SU. Then: 

(a) the spectra of the operators T and ET coincide. 

(b) Let f be an analytic function of class F(T) (ef. Chapter VILS) 
such that f(0) — 0. Then (ET) = EJ(T), (7) = f(T)E, &(f(T), T) 
= tf ET), ET), and t(f(ET) ET) coincides with the trace of 
the restriction of the operator ET{(T) to the finite dimensional 
space ES), 

Proor. (a) Since § 1s infinite dimensional the origm belongs to 
the spectrum of both T and ET. Suppose that A 0 belongs to the 
spectrum of 7. Since T is compact, Theorem VII.4.5 shows that 4 is 
an eigenvalue and hence for some non-zero x in $ we have Ta = Az, 
and hence, since 7 = TE, we have (ET)(Ex) = AEz, Hence A 
belongs to the spectrum of ET. Conversely, suppose that a non-zero 
scalar A belongs to the spectrum of ET, Then. for some non-zero æ 
in EQ, we have ETz — Az. Then Tz = Az-r-y, where y belongs to the 
subspace (f—E)f, and hence to the nullspace of 7. Let u = Aly. 
Then T(z--u) = A(zJ-u), hence A is an eigenvalue of 7. 

(b) Suppose that A is in the resolvent set of 7. From the identity 


AI-T — (AI ETy3I—EYA T)-(4I—ET)E, 


Which is easily verified by expanding the right hand side into mono- 
mia) terms and using the identity 7 = TE, one obtains by multi- 
plying by (4I—ETy* on the left and by (4I—Ty^ on the right 


[s] GI—ETy? = ÀO-EHCEGI -Ty?. 


Suppose that the analytic function f is in the class F (7), and hence, 
by (a), in the class (ET), and that /(0) = 0. Using [=], taking a 
suitable contour of integration C and using the definition of f(7') given 
in Section VIL8, it is seen that 
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(A 
ner) - d [ axa- ema - 2 (f a] a-m 
aide 2zi Je A 


+ zi E Í JANAI—TP dà = OME -E)+ERT) = ERT). 
mt € 


In much the same way it may be proved that f(T)E = f(TE), which, 
since 7 — TE, shows that f(T)E = f(T). 

Let (z,, o € A} be an orthonormal basis for $. Smee E is finite 
dimensional we may suppose without loss of generality that there is a 
finite subset R of 4 such that (z,, «€ B} is an orthonormal basis for 
EG, and (z,, « € 4— B) is an orthonormal basis for (I—E). ‘Then, 
since T = TE, we have T* = ET* and 


tr((ET), ET) = t(ERT), ET) 
= EG, (ETP 2.) 


acA 


[ul = LUT, T* 2a) 


acB 


= XUTTY,, 2.) 


ach 
= tu ETKT)ES). 
Since f(T)E = (T), we have {TXI E)—0, f(T)y, — 0 for 
„€A B, and it follows from the third line of j?] that 


t(f(7), T) = X AT), 7*2.) 


zeA 


= XT, Tta) 
acB 
= u(f( ET), ET), 
which completes the proof. Q.E.D. 


21 Lemma. Let T be a linear operator in the finite-dimensional 
Hilbert space E", and let À}, . . ., Àa be its eigenvalues repeated according 
to multiplicities. Then there is an orthonormal basis (x) for E^ for which 

(Tx, 2) =å; i=l, n 

Proor. It will be shown that there is an orthonormal basis (2,) 

for E" in terms of which the matrix (a;) of T has “subdiagonal form,” 
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ie. dj, = 0 for j > i. This will be proved by induction on n. If n = 1, 
the result is obvious. Next let > 1, and let À be an eigenvalue of T. 
Then 7—JI maps E" into a proper subspace S. Let S be an n—1 
dimensional subspace of E" such that S 2 Sọ. Then, since S is neces- 
sarily invariant under 7, there exists by the inductive hypothesis, 
an orthonormal basis (z, ..., 2, 4) for S with ((7—Al)z, xj) = 0 
for j > i. Let x, be orthogonal to S and have norm one so that 
{2i <- Zp} is an orthonormal basis for E”. Then the matrix of 
T—ÀL in termsof {z} .... z,Jis (£41), z,) and has ((T—47)o, 2) 
= 0 for j > i. This completes the construction of the desired ortho- 
normal basis. 
Thus the determinant det(AI T) is 
det(4L— T) = (1— (78,2)... (A(T, ,))- 

Hence it follows from the remark preceding Theorem 12 that the 
sequence (Te; #,), à — 1, n, is the sequence of eigenvalues of T 
repeated according to multiplicities. Q.E.D. 


Remax. Using the power series for the exponential function 
of an operator, it is easy to see that if 4 is an operator in E" whose 
matrix relative to a basis {z}, . . ., 2,) is subdiagonal and has diagonal 
elements 4,, ....4,, then the matrix of e^ relative to this same basis 
is also subdiagonal and has diagonal elements e%,..., e^», and thus 

-has determinant 

eh, ehh = den — qi, 
That is, dete4 — eU, Since, according to the preceding proof, every 
matrix can be put into subdiagonal form relative to some basis for 
E^, this identity is valid in general. If 4 is an operator in E^ such 
that 4-7! exists, so that log 4 can be defined, we cau write this 
identity as 

det 4 = det de&^4 — elon A, 
This identity will be useful below. 

In the next lemma and corollary, we make the essential technical 
steps needed to carry over the finite dimensional results to the 
infinite dimensional case, 

22 Lemma. Let À,z be complex numbers with Jz 41 and let 

iQ, 3) = = flog (1—22)2-22]- 
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Let {z,} be an orthonormal basis for Hilbert space, and let T be a Hilbert- 
Schmidt operator whose spectrum does not include the number 17. Then 
for any finite subset B of (z,) the following inequality holds: 


exp [tr(f(, T). 7)] 
<exp f: X area) [esp f: 5 #07s,,.)| Tla—24a72,,2,) 
m ach acB 
+TP 


Proor. It has already been observed that 7x, = 0 except for 
at most a countable subset of {z,}. Let (z,) be this subset, and put 
a; = aL. We may and shall assume that {q,...,«,} = B. Let 7, 
be the linear operator defined as follows: 


Tun — Tus. 1sisk 
Ta —9, i-k 
Teta =0 , 2,€ B, 


The operator T, has finite dimensional range, and the sequence (7;) 
converges to T in Hilbert-Schmidt norm, 

If A = 0, the present lemma is trivial, Assuming henceforth that 
A #0, we have f(A, 0) = 0, Let $, be the subspace of spanned by 
©, +555 Tp, let E, be the orthogonal projection of onto $, and let 
E,T,|o, be the restriction of E, T, to $, By Lemma 20, 


tr(f(A, Ty) Ta) = (f, f, Pa) 


Thus, using Theorem 12 and the remark preceding the statement of 
the present theorem, 


| etre o. mos m) ES (log tafa 
T jet tes d-A$3) gua 
= eta 22) peto] 


STI Ife neto 
1 


STP G5) eos 
del 
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-]I0—24207,2,. 2,)+ 1 a, []3 FAA) 
Lac! 
k k 
— IT 0—2207s,. 2,)-- Ta PH exp (X RATZ, z,)). 
ex e 
Given an integer n, choose k > n, Then, if the inequality 1--£ x ef 


is used with E — —22(AT z, x,)+ [T [*. the last expression in the 
above sequence of inequalities is not larger than 


TI B 2207s. z)-- Te. e Ern OT 

eS Ld Eau ITA, FL HOT a) 
= II D —220T7,, z;)- | T«f] EPs POT no 

2 © ELITS 


Thus, we have shown that for each k >, 


exp r(A Za). Tel] S I D.—2 4/072, z,H- [Te P 


ü a x 
~ exp ( > Z(177, 2.) exp ($ X Tu). 
A fond 


s By Theorem 7, f(A, Tẹ) converges to f(A, T) in the Hilbert. 


Schmidt norm, Hence, by the continuity of the trace function 
(cf, Corollary 19), 


tr(f, Te), Te) > tr(f(A, 7), 7). 


By letting k tend to infinity in inequality [t], the desired inequality 
follows, Q.E.D. 


28 ComoLLARv. For any positive e we have 
lim e | expitr(f(4, 7), T)]| = 0. 


ees 
Pxoor, Choose the finite set B so large that 
È Te < e 
aB 
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and for simplicity let M = Y, 5 |(Tz,, 2,)} It follows from Lemma 
22 that 
e expl f T). 7)]] S 
II 1—2342072,. z,) + ATE, p etait nno 
aeB 
and the limit of the expression on the right is clearly zero, Q.E.D. 

We are now in a position to obtain the fruits of our labors jn the 
form of infinite dimensional generalizations of key finite dimensional 
results, These generalizations are given in the next two theorems, 
and in Theorem 27 below, 

In the course of the next few theorems, it will be helpful to recall 
that an operator N in Hilbert space is quasi-nilpotent if lim,_,,.[N*}/* 
= 0, (See VI1.5,12 and IX,2,5). By Lemma VIL8.4, this is equivalent 
to the condition that c(N) — (0). 

24 THEOREM, Let N be a quasi-nilpolent Hilbert-Schmidt 
operator, Then tr(N, N) = 0, 


Proor, Since o(N) = (0), the function f(4, N) of Lemma 22 
is defined for all complex 4, and by Theorem 7 has as its value a 
Hilbert-Schmidt operator. Since 


lim HAHAA z} fz)  0f0.2) 
aro AA ea 
for each J, uniformly for x in some neighborhood of z = 0, it follows 
from Theorem 7 that 
im f(-- AL N)—f(A, N) 
pen A 


exists in the norm of HS and equals 2f(4, N)/0A. Thus, the function 
JAN) is an analytic function with values in HS. Xt follows from 
Corollary 19 that the function g defined by the equation 


80) = tr( {f N), N) 


is analytic for a)l 4, It is also clear from the definition of f(A, N) that 
E(0) = 0, The preceding lemma shows that Jexp(g(4))| = o(e%!") as 
À > co for each positive e. Thus, 
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be] Tim sup Z(g(4))—ep P < 0 
Jajoo 
for each e > 0, 

We now make use of a well-known and elementary complex 
function-theoretic inequality of Carathéodory (whose statement and 
proof are given below as Lemma 32) to deduce from this last in- 
equality the fact that 


"T g 
Pro Bl 
Thus, the function g(A)/4* is analytic and vanishes at A = co. It 
follows immediately that g has the Laurent expansion 


80) — di b T +... 


in the neighborhood of 4 = co, Consequently, the analytic function 
(1) — 3 is analytic for all finite and infinite 4 and vanishes at A = 0, 
By Liouville's theorem, it follows that g(4)—a4 = 0, i.e., g(A) = ad, 
Now, since (4, z) = z [log(1—Az)+-4z], it is clear that 
co Jtg 
fae a 
p=] 


“the series converging uniformly for sufficiently small À and z, Thus, 
it follows from Theorem 7 that 


co ANA 
fA N)—-—x E? 
= 


the series converging in the norm of HS for all sufficiently small 4, 
Thus, by Corollary 19, 


LN d 
aA = BA) = — X v (NN). 


Tt follows immediately that tr(N, N) — 0. Q.E.D. 


25 THEOREM, Let T be a Hilbert-Schmidt operator, and let 
Ja. Ža» ++, be an enumeration of its non-zero eigenvalues, each repeated 
a number of times equal to its multiplicity. If f and g are functions 
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analytic in a neighborhood of the spectrum of T and vanishing at the 
origin, then f(T) and g(T) are Hilbert-Schmidt operators, and 


t(f(T) eT) = E Nad 


where the series on the right hand side is absolutely convergent. 
Proor, Yt will first be shown that 


b] = HAP < eo. 


Xt follows from Theorem 7 and the spectral mapping theorem 
(VIL8.19) that it is sufficient to consider the case f(z) = z, and to 
prove that 

LI 
[es] PIRE 


px 


Let E(A,; T) be the projection defined in Section VIL8, and let 7^, 
be the restriction of the operator 7' to the subspace 


$, = X EQ TY. 
iml 


Clearly the eigenvalues of 7, in $, are À,, . . », 4,. Since furthermore 
[Zul] S |Z], and since from Lemma 21 and Corollary 8 we have 


Ep x rut. 


the conclusion [+x] is immediate, 

The absolute convergence of the series X% f(4)g(4,) thus 
follows from [x] and Schwarz’ inequality. Let $ be the closure of the 
subspace )?,E(A,3 T). and let $” be the orthocomplement of $, 
Let {y,} be an orthonormal basis for $ chosen so that {p}, +> -> Pn} 
is a basis for $, (1,+>-, Pa} & basis for Éa, ete, Let {y,} be an 
orthonormal basis for $”. Then it clearly follows from Definition 17 
that 


HKT), gr) -i (Tes. TP+ X (MP We, BT) pa) 
We have 
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X (AP ypu PI.) = lim. X (AT) (T0) 
fol ro 1 = 
= Hi te(@A 7X) = X eA) 


by Theorem VIL3,20, Theorem VIL8.19, and Lemma 10. The proof 
of the present theorem will consequently be completed once it is 
shown that Y, (AT Was B(T)" v) = 0- 

Since (AT). B(T} pa) = (ET Ya (TY), the validity of 
this equation is evidently a consequence of the validity of the three 
equations 


EU... ATY Ya) = 0, 
tr LET ya, KT Ya) = 0, 
È (CENT Ypa» (f+8NT)* Ya) = 0 


All these equations being of the same form, it is sufficient for us to 
demonstrate the first of them. By Theorem VIL3,20, $’ is mapped 
into itself by f(T). Thus, $/" is mapped into itself by f(T)*. Let 
ATIG” — S. Then, by Theorem 7, Lemma 2, and Definition 1, 
S is a Hilbert Schmidt operator. We have 


- (PHT )e, y) = QT y) = (æ, (Ty) syed”, 


P denoting the orthogonal projection of $ on $”. Thus Pf(7)|@" =S*. 
Hence, [t] is equivalent to the assertion 


t] tr(S, S) = 0. 


It follows from Theorem 24 that to prove [tt], it suffices to show 
that S is quasi-nilpotent. If this is not so, then by Theorem VIL4.5, 
there exists a non-zero complex number u and a non-zero vector 
we” such that Sz = uz, Thus, by Theorem VIL4,5 again, 
Eln TY)" {0} From the paragraph following Definition 
VIL3.17, from Lemma VL2,10, and from Definition VIL8.9, it is 


seen that 
Een ATY) = Eee TY 
Hence, according to Theorem VIL3.20, there is a non-zero complex 
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number v such that E(v; T)* 9" + 0. However, since (§", Ev; T) 
= 0 for every non-zero complex number v by definition, we have a 
contradiction which proves the present lemma. Q.E.D. 

26 TurzonrM, Let T be a. Hilbert-Schmidt operator with non-zero 
eigenvalues 1,,4,,... repeated according to multiplicities. Then the 
infinite product 


at) - Ti (1-4) e^ 


converges and defines a function analytic for à #0. For each fized 
A 3€ 0, p(T) is a continuous complex valued function on the B-space 
of all Hilbert-Schmidt operators. 


Pnoor. First note that if ¢ is a complex number with [7| < 1 then 
(+) log €(1~2) = CHE HE+ ...) = OP 


asf +0. Let fC) = C7 log (et(1—2)} and g(t) =% so that f and g 
are functions analytic except for £ = 1 and vanish fort = 0. If T is a 
Hilbert-Sehmidt operator with eigenvalues 4,,4,,... all distinct 
from 1 and if à # 0, then by VIL8.11, 7/2 has eigenvalues A,/A, 45/4,... 
Applying Theorem 25 it is seen that 


TA T = 2, 
t >=] = eu (1 j ; 
(6) 7) Žie ( A 
and that the series converges absolutely provided that A A, for 
any k. 
In view of the fact that 2, -> 0 it follows from the estimate in 


(+) that the series 
eo A, 

1 ev( = 3) 

2 oc a } 


converges uniformly and absolutely for each compact set of numbers 
4 which contains neither 0 nor any of the elements 4,. Therefore, 
taking exponentials, it follows that the product 


AT) = Tle ( =; 3 


converges uniformly for each such compact set of A. Since this 
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product clearly converges to zero for À = 4, it is readily seen that the 
function (7) is analytic for A 4 0 and vanishes only for A in e(T). 

It remains to show that if A Æ 0, then g,(T) 1s continuous in 7 
relative to the Hilbert-Schmidt norm in HS. To do this let (7,) be a 
sequence in HS with ||Z,—7|| -+0. Then if € is a compact set in 
p(Z), it follows from the fact that |Z,—7| < |[7,—7]| and Lemma 
VIL6.8 that € C p(7,,) for sufficiently large n. If f is the function 
introduced at the beginning of the proof, then for sufficiently large n 
the operators /(7./4) are defined for all 4 in € and by Theorem 7 they 
are in HS. It follows from Theorem 7 that 


sbe- 


uniformly for A in the compaet set C. Thus, from Theorem 14, it is 


seen that 
TOEN, 


the limit being uniform for å m C. 
Now since (7) = exp (tr(/(7/A. T/A)} for à in p(T), it follows 
that 


=e 


palT) = lim ¢,(7,) 


uniformly for A in €. But for each n the function g,(7,,) is analytic 
for A #0. Hence if € is a contour not enclosing zero, the uniform 
convergence of {y,{7,,)} on € and the maximum modulus principle 
imply that the convergence is uniform inside C, even though C may 
enclose points of o(7). Hence g,(Z,,) -> ya(Z) for all 4-4 0, proving 
that the mapping 7 ->g,(7) is continuous on HS. Q.E.D. 

The preceding results give a considerable amount of information 
concerning the distribution of the non-zero eigenvalues of a Hilbert- 
Schmidt operator. We have seen that there can be only countably 
many eigenvalues and they must converge to their sole limit point 

= 0 rapidly enough so that Z|4,|? converges. Moreover, there is a 
function g,(7) analytic for 1-40, whose zeros are precisely the 
eigenvalues of the operator, and this analytic function is of a rather 
elementary nature. Using the information about the function vx) 
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which has been developed in Theorem 26, we are now prepared to 
extend Carleman's fundamental inequality, given in Theorem 15 for 
operators in finite dimensional spaces, to general Hilbert-Schmidt 
operators. 

In stating the next result, we continue to use the notation 


ol?) =] (i-2)2^ 


and recall the fact that g,(7) is analytic for A 40 and vanishes 
precisely on e(T). 


27 Turorem. (Carleman). If A és in the resolvent set of the 
Hilbert-Schmidt operator T, then 
banar Ty s plow (4 7). 
Proor. It follows from Theorems 26, 6, and Lemma VIL6.1, 
that it is sufficient to consider the case in which 7 has a finite dimen- 
sional range R. Let § be the domain of T and let N — (x € [Tie = 0}. 
Then N? is mapped by 7 in a one-to-one fashion into R. Thus Rt 
must be finite dimensional. Let € be a one-dimensional subspace of 
RM, = RN +RK4G, and M, — S5. Then TM, = 0, and TM, CWM. 
Put 7, = TIR. Then clearly |[Z4|| = [Z|] o(Z,) =o(7), paT) = 
palT). Moreover, if m, EM, and m, EW, 


(M-T) {m +m) = (1—7,) m 1m, 
Thus 
[AIT] = max (31. [GI Z3). 


On the other hand, we cannot have 
BP > prn» 


since Lemma VIL6.1 would then imply that 7, had an inverse which 
is impossible since the eigenvectors in € belong to its domain, Thus 


lar D = J91—7,)»?l 


Consequently, the present theorem follows immediately from 
Theorem 15. Q.E.D. 
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28 COROLLARY. Let N be a quast-nilpotent Hilbert-Schmidt 
operator. Then for every A 0 we have 


|RQ; NY < [Al exp d ( + I] 

The effectiveness of Carleman’s inequality in the study of the 
completeness properties of the eigenfunctions of Hilbert-Schmidt 
operators will be spparent from the next theorem, where a function- 
theoretic argument based upon the principle of Phragmén and 
Lindelöf will be used to establish an important completeness property 
in & very general case. 

In the following theorem and in its corollaries the symbol sp(7') 
will denote the closed subspace spanned by all vectors x in Hilbert 
space $ which satisfy an equation of the form (AZ Ty'z— 0 for 
some complex à and for some non-negative integer s T being a 
bounded or unbounded operator in Hilbert space Ñ. 

29 THEOREM. Let y4,..., yg be non-overlapping differentiable 
arcs in the complex plane starting at the origin. Suppose that each of the 
Five regions into which the plane is divided by these arcs is contained in 
a sector of angular opening less than x]2. Let N > 0 be an integer, and 
let T be a Hilbert-Schmidt operator in Hilbert space § whose resolvent 
satisfies the inequality 


š IRO; 7)| = Op) 
as À -> 0 along any of the arcs y; Then the subspace sp(T) contains the 
subspace TY G. 

Proor. By the Hahn-Banach theorem (IL8.18) it suffices to 
show that every element y in § satisfying the condition (a, y) = 0 
for æ in sp(7} also has (Z*2, y) =O for xin}. 

Let y be such an element. By Theorem VIL4.5, the function 
y@) = AY R(; T*)y is analytic everywhere in the plane except at 
À — 0 and at an isolated set of points 4, such that 4,, > 0; at the 
points À,, the function y(4) may have a pole. For à 4, and 2 in the 
neighborhood of Amı we have 

IA) = W En: T*)RQ: T*yy-2N EQ; TY —E0,; T*))y 

=INEG, 3 TH EU: TY yt yi) 
and Theorem VII.3.20 and Lemma VII.8.2 show that the function 
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(å) is analytic even at À = 4,,. It will now be shown that y,(4) = 
AN EG, ; TY R(; T)*y vanishes which will prove that (A) is analytic 
at all the points A = 4,, so that y(A) can only fail to be analytic at 
the point A — 0. To show this, note that 


(yf), 2) = (NEG; TRO; TY y. 2) 
= W (y, EQ, T)RO; T2). 


Now it follows from Theorem VIL4.5 that E(/,,; T)R(4; T)z is in 
sp(T). Since y is in sp(T')^, it follows that (5,(4), à) = 0 for each x in 
$ and thus (IL3.14) that g,(4) — 0. Thus AY R(A; 7*)y is analytic 
everywhere in the plane except at the origin Suppose that this 
function is also known to be analytic at the origin. It follows from the 
identity 

TRO; T*yy = JR; T*y—239 2 T*y—,., T 0g 


that the function Z*Y R(4; 7*)y is analytic in the whole plane. Since 
this function is bounded, it follows from Liouville's theorem that 
T*' RQ; T*)y = 0, and hence, from the power series expansion of the 
resolvent, that Z*N y = 0 (cf. VII.8.4). That is, (y, T x)= 0 for all 
& in $, as was to be shown. 

The proof thus rests upon the assertion that the function 
9) -3'RQ; T*)y is analytic at the origin. To establish this 
assertion, we proceed as follows. Since (4) has an isolated singularity 
at A=0, it must (cf. Section IIL14) have a Laurent expansion 


ga) =... +a A... 


valid for à 40. Thus, for each g in $, (y(4), a) has the Laurent 
expansion 


(ALa) =.. +e, arte... 


We will show below that this last function is analytic for each a in $. 
It will consequently follow that (z ,,2) — O0 for each s — 0 and 
each z in $5 so that by the Hahn-Banach theorem z , — 0 for each 
s > 0, Consequently, y(4) is analytic at A = 0. Thus, to conclude the 
present proof, we have only to prove that the function (4) = 
OY RG; T*)y, a) is analytic at the origin for every z in $. Now, the 
orthoeomplement sp(T')* of the subspace sp(7’) is mapped into itself 
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by the operator 7*. Let S be the restriction of 7* to sp(7)". Assume 
that S is not quasi-nilpotent. Since, by Lemma 2 and Theorem 6, 
S is compact. it follows from Theorem VIL4.5 that there exists a non- 
zero complex number x and a non-zero vector z in sp(7)" such that 
Sz — pz. Thus, by Theorem VIL45 again, E(u; T*)(sp(T)-) 4 (0)- 
It follows from the paragraph following Definition VIL2.17, from 
Lemma VL2.10, and from Definition VIL8.9, that 


Eus T*) = EQ; TY. 


It is seen from Theorem VIL4.5 that E(a; 7) C sp(T) and thus that 
GP(TY, Ela: T)) — 0. Hence (E(u; T*)p(T). 8) — 0 which 
contradicts the fact that E(u; T*)sp(T)* {0}. This shows that S 
is quasi-nilpotent. By Corollary 28, S satisfies the inequality 


1R(5$) = O(glSIPP) as A 0. 


The function f thus enjoys the following two properties: 
(a) VA = (AY BGs Thy, z)) = O(S) as A >o. 


(b) {(A) is bounded on each of the five arcs y, by the hypothesis 
of the theorem. 

It follows from the principle of Phragmén and Lindelöf that f is 
analytie at the origin. Q.E.D. 

For the convenience of the reader, a sketch of the Phragmén- 
Lindelöf principle is appended at the end of the present section. 


90 COROLLARY. Let the ares y,,...,yg be chosen as in the 
preceding theorem and suppose that as A tends to zero along any of these 
ares the resolvent of the Hilbert-Schmidt operator T satisfies the in- 
equality Rs T)| = O(|A[). Then the subspace sp(T) coincides with 
the entire Hilbert space $. 

Proor. Since it follows from the preceding theorem that the 
subspace sp(7') contains the closure of the range of T, it suffices to 
show that the joint span of the range R(T} and the nullspace R(T) 
is the entire space H. Let (4,) be a sequence of complex numbers 
converging to zero along one of the ares y; and let æ be an arbitrary 
point in $. Then, by hypothesis, the sequence (A, R(4,; T}a} is 
bounded. It ean then be assumed without loss of generality (ef. 
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IV.4.7) that this sequence is weakly convergent to an element y. The 
proof will be completed by showing (a), that Ty — 0; and (b), that 
£&—g belongs to the subspace RP). To prove (a), note that for 
every z in § we have 


(Fy. 29] = Ye T*2)| = [be s 2, R, T*)7*2) 
= | lim [(e. 2,805 T) Ae 2l 
S lim [4] tel [e] V, RA, T*)] + Bim [2,| fe] fel 
=the I.) = o- 6 


To prove (b) note that for every z in the orthocomplement of R(T} 
we have 


(z—y, 3) = lim (»—4, R(A,3 T), z} = — lim (TE(4,: Te, z) = 0 


aoo 


and hence x—y belongs to (R(Ty')* = R(T). Q.E.D. 


81 Corortary. Let T be a densely defined unbounded operator 
in Hilbert space S, with the property that for some A, in the resolvent 
set of T, the operator E(4,; T) is of Hilbert-Schmidt class. Let yy .. +s yg 
be non-overlapping differentiable arcs having a limiting direction at 
infinity, and such that no adjacent pair of arcs form an angle as great as 
m2 at infinity. Suppose that the resolvent E(A; T) satisfies an in 
equality |R(A; T)| = O(IA[-") as A — co along each arc y,. Then the 
subspace sp(T) coincides with the entire Hilbert space 9. 

Pnoor. Suppose for the sake of definiteness that 4 — 0 and thus 
that 7-1 is a Hilbert-Schmidt operator. From the identity 


R(x; T) = AI RAs T) 


it follows that the operator 7! satisfies the hypothesis of the preced- 
ing theorem. It follows readily from Theorem VIL9.8 that the set of 
all elements x which satisfy an equation of the form (4I—Ty'a — 0 
for some complex A and for some non-negative integer n coincides 
with the set of all elements which satisfy an equation of the form 
(uI—7T-3y"z = 0 for some complex p and some non-negative integer 
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m. From this and from the preceding theorem we conclude there is 
a positive integer N for which sp(Z) 2 (7-1) $. Because T has dense 
domain, 71$ = Ñ, and hence (Z3) $ = $. Q.E.D. 

We conelude the present section with the proof of the two 
well-known principles of complex function theory used above. 


92 Lemma. (Carathéodory) Let f be a function analytic in the 
circle |z| < R of thecomplez plane, and let [(0) = 0. Then, if Bf(z) x M 
for || = E. we have |f(z}| S 2M in || S $E. 

Paoor. Making a change of scale of independent and dependent 
variables, we may evidently suppose that M — E — 1. Let 

Lo 
2—f(2) 
Then, since £ + £(2—£)-* maps the half-plane Zt < 1 mto the unit 
circle and maps £ = 0 onto itself, we have |g(z}| <1 for |s| = 1. 
g(0) — 0. Applying the maximum-modulus principle to g(z)/z, we 
consequently find that 
o < ie) < 4 
2-6) [2—4 


for |z|  &- Thus 1—$]/{z)| = 0 for |] £ } Q.E.D. 


gi) = 


83 Lemma. (Phragmén-Lindeléf) Let g be a function of the 
complex variable z defined and analytic in the interior of the smaller 
closed angular sector a of the unit circle formed by a non-intersecting 
pair of differentiable Jordan arcs y, and y, running from the origin to 
the unit circle, and forming an angle of opening less than m[2 at the 
origin. Suppose that g is also analytic in a neighborhood of each of the 
half-open arcs y,—{0} and ys— (0), that g is bounded on each of these 
half-open. arcs, and that 


lee = Oe) 
as z +0, z remaining in the interior of a. Then 
kal = 0a) 


as z +0, z remaining in the interior of c. 
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Proor. By rotating the complex plane, we may evidently 
suppose without loss of generality that g is a subset of the angular 
sector 


o= fı kl <1, Jarg 2| < z -4, 
where 6 is some positive number. Let M be a common bound for g 
on the half-open arcs y, — (0), ya— (0), and on the are 
za = keok = $ 
For each & > 0 consider the function 
hf) = exp(—ez ?-*)g(z). 
Since | args 3-?)| < (2+6)x/4—6) < n/2—6. for all zin a, we have 


[iu lexp(—ez?*)| SL zeo 
and even 
[t] | exp(—ez?*)| < exp{—ekj 2 sin?) zeo 


Thus, since |g(z)| = O(e* 5), it follows from [tt] that |h,(2)| 
converges to zero as z approaches zero, z remaining in g. Consequently, 
it follows from [*] that |h,(z}| is bounded by M on the whole boundary 
of 
= eal kl SB 

Using the maximum-modulus principle, we deduce that |h,(z}| is 
bounded by M throughout o,. If £ > 0, we have h,(z) > g(z). Thus, 
letting e > 0, we find that g(z) is bounded by M in the interior of cz 
Q.E.D. 


7. The Hilbert Transform and the Calderón-Zygmund Inequality 


In the present section, we shall consider certain important 
singular integral operators, and certain mequalities for those operators 
introduced in the one-dimensional case by Hilbert and M. Riesz, and 
in the n-dimensional case by Calderón and Zygmund. These operators 
and inequalities, interesting in themselves, will also be of particular 
use in the subsequent chapters. 
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The convolution integrals 
a) (e+ fia) = f, ke Mad 


will be considered as operators in L, (E^), and conditions will be given 
under which it may be asserted that the linear mapping 7,:} > k*}f 
is a bounded operator in Z,(E"). If fgn |k(y)|dy < ©, then it follows 
from Lemma 8.1 that the convolution integral (1) exists for almost 
all a, and defines a bounded mapping of L,(E") into itself, 
1 £p so. For p = 1, p = co, and p = 2, the exaet norm of this 
mapping may be determined. For p = 2, the n-dimensional analogue 
of Theorem 8.21(d) (cf. the discussion following 8.22) gives 


I e Ender 
m 


[Ze = sup 
yeE" 
Using the faet that Lf = Lo» it follows from Theorem IV.8,5 that 


Paleo = f. ryan. 
Since |Z7| = |Z}j it is seen that 


Teh = fp leta 
also. 
Since in some cases a meaning may be assigned to the integral 


@) [chr Malar 


even if [g.|k(r)|dr = co (for instance, by Plancherel’s theorems 
XL8.9 and XL3.22 if fps |k(x)|?dx < oo), this suggests that we try 
to define the operator 7, even in cases where fg. |k(x)|dx = co. In 
such eases we may hope that the integral (1) exists in some suitable 
“mean” or “proper value" sense, and defines a bounded mapping of 
LE") into L,(E*), provided only that the integral (2) exists in 
some related sense, and is bounded in y. 

Consider, for instance, the case n — 1, and take A(x) = lje: 
in this case, the integral (1) becomes 


(8) mE] 


oo 9—9 


dy. 
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an integral studied by Hilbert. The integral (2) may be interpreted 
in terms of a Cauchy principal value as 


+o pity 
Í g ein i 
EUR 
gin gti 
eT 
eds z 
E f Sa 
a Fon i f Efa 


xw sinz 
= nisgn (y) 


This is & bounded function. Thus there are reasons to expect that 
Hilbert's integral (8) defines a mapping of £,(— oo, 4- o») into itself 
which is of norm exactly z. It will be shown presently that this is 
indeed the case. Since J*% |z dr = oo, the integral (8) does not 
define a bounded mapping in Z,(— «o, 4- oo) (and similarly, it does 
not define a bounded mapping in L,,(— co, +0). In the spaces 
L(— o ©) with 1 « p « œ, M. Riesz has shown that Hilbert's 
integral (8) does define a bounded operator. His beautiful proof of 
this fact will be given later in this section. As is signalized by its failure 
for the limiting cases p = 1 and p = cc, this inequality of M. Riesz 
is far deeper than the elementary inequality 


(ITIL Mea ae {f° me f° nra 


valid if [+ k(z)|dz < co, which we have considered as its prototype. 

It should be emphasized in connection with the Hilbert integral 
(8) that our proper value calculation is tenable only because 1/x 
takes on values for x negative exactly equal in magnitude and 
opposite in sign to the values which it takes on for x positive. This 
circumstance makes 
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1 dr 
se 
a om 
(in the principal value sense), for instance. If we tried to take |e 
as the convolution kernel, i.e., if we considered the integral 


Ka) 
-œ ke—yl 


instead of (8), all our considerations would fail. 
In the multi-dimensional case the convolution integrals 


+e Q(z—y) 
lvl" 


of the form analyzed by Calderón and Zygmund will be considered. 
Here, Q is a function giving the "angular" dependence of the quantity 

Qe) 

bP 
on its independent vanable, and ts consequently taken to satisfy 
the condition Q(z) = Q(tz), t > 0. In the particular case of Hilbert's 
integral (2) for instance, Q(x} = sgn x, In the case that Q is an odd 
function, i.e., Q(—2) = —Q(), it is easy to show, using M. Riesz's 
inequality, that the integral (4) defines a bounded mapping of 
L,(E") into itself, 1 < p < oo, if Q has a finite (hypersurface) 
integral over the hypersurface of the unit sphere in E^. This will be 
done below. But, even if Q(—2) Æ —O(z) it may still happen 
(for n > 1, but not for n = 1) that the hypersurface integral of Q 
over the hypersurface of the unit sphere is zero. An example for 
n = 2 is the tmportant integral 


EEG Ke) dudv 


e-v? 


(4) Kudy 


where we have taken z = x+iy, w = u+iv. This integral has the 
form of the integral (4) where Q is the even funetion Q(z) = ([z||z? 
and the hypersurface integral of Q over the hypersurface of the unit 
sphere in E? is 
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* et d) — o. 
v 


If the hypersurface integral of Q over the hypersurface of the unit 
sphere is zero, then, whether Q is odd or not, (4) defines a bounded 
mapping of L,( E^) into itself for 1 < p < œ. This statement, which 
is valid under mild smoothness restrictions on Q, constitutes the 
inequality of Calderón and Zygmund. Most of the present section is 
devoted to its proof. The real difficulty, as has been indicated, comes 
for Q even; this difficulty will be overcome by reducing the case in 
which Q is even to the case in which Q is odd. 

Since we shall be considering kernels with a sort of “radial” 
symmetry, we will have considerable occasion in the course of this 
section to make computations in “spherical polar coordinates.” For 
this reason, we shall now explain the way in which these coordinates 
can be established. Let E* be Euclidean n-space, S the unit sphere in 
E", À, the Lebesgue measure in E^, Er — E*—{0}, and R the 
positive real axis. Since E? and E" differ only by a single point, they 
may be regarded as being identical from the measure-theoretic point 
of view. Each point z ín E? may be written uniquely as 2 = ro, 
where re E, c € S, and the mapping fr, o) >z — rv is evidently a 
homeomorphism of RXS onto Ej. Thus the o-field 4, of Borel 
subsets of E? is the product o-field of the c-field Zp of Borel subsets 
of E and the o-field Zg of Borel subsets of S, in the sense of Definition 
IIL1L3. We have 


aq) fetti =P", Merde, tuo fe TE). 
Thus, the measure 
dr 
afe) -Í Iz ec B,, 


has the property that 
(2) alte) = llle} 
Define a measure p on £s by putting 
ple) =a((1,2]xe), | ee s. 
The measure u, for reasons that will appear later, is called the measure 
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of hypersurface on S. Using (2), we have 
27" ple) = a((2-, 2] xe), ees, n20, 
and adding all these equations we have 
2u(e) = a( (0, 2] xe), cE Bs. 
Using (2) agam we find 
ip(e) =o{(0,t]xe), eces, t>0, 
so that also 
(b—a)(e) =a((2,b] xe), e€ Bs, w>b>a>d. 
Tt now follows by standard measure-theoretie arguments that 
A,(d)ple) = ald xe), de Br, €€ fis. 


Thus the measure-space (E>, @,, a) is the direct product measure- 
space (E, Bp. A) X(S, Bs, i) Using Fubini’s theorem ILLO, 
Theorem ITL11.14, and Theorem III.10.4, we find that for each 4,- 
integrable function f, and also for each non-negative 4,-measurable f, 


[o fes = [> f ror) plden)ar. 


Application of this formula, of Fubini's theorem in this connection, 
etc, will be called “writing the integral fg» le)dz in spherical polar 
coordinates," In the remainder of tlus section, we will use the rules 
for making such a “change of variables” freely and sometimes im- 
plicitly. 
Two useful identities satisfied by the measure p of hypersurface 

on § are 

He) = ple} eeg, 

He) = Ve), cE Bs, 


where V is an arbitrary rotation of E". Moreover. 


dr 
HS) = Lwa < a 
1s|e|<2 T 


a fact which we shall use constantly. 
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We begin our formal development by considering a Lebesgue 
measurable function f defined on Euclidean s-space E^, supposing 
that f has a finite number of “singularities” at which it is not Lebesgue 
integrable, and defining a certain Cauchy-type principal value 
integral for f. 

1 Dzriminow. Let f be a Lebesgue measurable function 
defined on Euclidean s-space E". Suppose that there exist a finite 
number of points pı» ..., p, in E" such that for each & > 0 and 
B0, f is Lebesgue integrable over the set 


SQL 8 Pp s p) = We E"| el € E, le—p,| ze $ = 1... kh 
Then, if lim, ,5 p s [sen e; —— fz)dx = a exists, we will say that 
f is integrable ín the principal value sense, and write 

2 fo Hodr = a 
The points p,, « « s Pe Will be called singularities of f, it being assumed 
that f is not integrable in a neighborhood of any one of them. 


2 LEMMA. Let f and g be measurable functions defined on E^, 

and suppose that f and g are integrable in the principal value sense. Then 

(i) If a and B are scalars. af+Pg is integrable in the principal 
value sense, and 


2 | pn lotta) eNA = oP |, ftint po f... ete. 


(ii) For each real a, the function h defmed by hlæ) = flax) is 

integrable in the principal value sense, and 
2 farer = j? f: fada. 

(iü) If U ts a homogeneous linear isometric mapping of E" into 
dtself, the function h defined by h(a) = j(Ua) is integrable in the principal 
value sense, and 

2 NC E 2j. Fayda. 
(iv) If |æ) = ole") as je] > 00, then, for each s, in E", 


the function h defined by h(z) = f(z--25) is integrable in the principal 
value sense, and 
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2 | Madde = P| fel. 


Proor. Statement (i) is evident from Definition 1. Statements 
(fi) and (iii) are evident consequences of Definition 1 and of the 
formulae 


[E Hedda = IN 2 
fevnir = le" [trs 


which are valid for every Lebesgue integrable function g. Statement 
(iv) will follow in the same way as soon as it is shown that |f) 
= o(|cP™) implies that 


lim Kar = 0, 

Roo J SQ, R)AS(G, R) 
where S(y, R) = {2 € E"||r—y| € R}, and where båe = (bu ejb ney 
denotes the symmetric difference of the sets b and e, Since 
S(0, R)AS (xo, E) C (S(O, E--|x;])) (S(O, R— |l)" and [()]— offal") 
as |z| > oo, it is clearly sufficient to prove that 


ar = A[SQ. B+ |x9|)(S(0, R—|x|))"] = OCR”) 


as R > œ. But, transforming to spherical polar coordinates and 
letting «o, denote the hypersurface measure of the unit sphere in E", 
we have 
rd r7 de S 2o] dn 
-eol 
= 0R). Q.E.D. 


In the next lemma, we introduce for the first time the specific 
type of singular integrals with which we will be principally concerned. 


8 Lemma. Let g be a measurable function defined on E^, Suppose 
that the points p,,...,p, in E" are such that for some & > 0, g is 
Lebesgue integrable over the set {x| |z—p,| > £ i= 1, « « «, k). Suppose 
that in the e-neighborhood of each of the points Py, ««« py, E is of the 
form 


OR =O, 


2(z—p) 


ear 9 
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where Quz) = Qtz), t >0, where Q, is integrable over the hyper- 

surface of the unit sphere in E^ and has hypersurface integral zero, and 

where }, is continuously differentiable. Then the principal value integral 
2 fe Blade 

exists. 


Proor. If pfe) denotes the hypersurface measure of the Borel 
subset e of the unit sphere S in E” then for à —1,..., k, 


Q 
Í £670 p pir = nef HI Qfoytdo) =o. 
8>|e—pJ>3, 


ke—-pl" 


It follows that 


? dr 
f... eme sf, Ff ieee re-veo 


: 
sx [ Of Otona 
a * Js 


=K(—4) | otio. 
E 
for some constant K and sufficiently small 6 > 6, - €. Thus 


Tim gx)dàr — 0, i=l, k 
2 —2J 212-912, 
Dee 
The existence of the limit 
lim elzjdz, o iP—L..akh 
222J|a-p]»3 
now follows from Cauchy’s convergence criterion. Q.E.D. 
4 DEFINITION: Let Q(z) be a function of x defined for x #0 
in E* such that 


(i) Q@) = (f ) 40, á zeEr 


(ii) The hypersurface integral of Q over the set S vanishes. 
Then the expression 
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> ary, a, ye E^ 


is said to be a convolution kernel of Calderén-Zygmund type. 


5 Lemma. Let Q and Q be two infinitely differentiable functions 
having the properties (i) and (ii) of the preceding definition. Suppose that 
Q, is odd, and that Q, is even. Then there exists an odd function Q, 
having the same properties (i) and (i), and such that the integral 


92,(—u) Q(u—y) 


a) 9| ———. de 
m eu deu 
which exists for x +y by Lemma 8, can be written in the form 
Qfe—9) 
d 


Pnoor. Let the function defined for x #y, æ, ye E” by the 
principal value integral (1) be denoted by K(z,y). Then, from 
Lemma 2, K(x, y) = K(r—y, 0) = K,(a—y), where we have written 
K, for the function K,(z) = K(z, 0). Since Qaz) = Q(z), i — 1,2, 
a > 0, it follows from Lemma 2 that, for a > 0, K (ax) =a "K, (2), 
so that the function Q,(z) = |2|"K,(2) satisfies condition (i) of the 
preceding definition, and we have 
Em) 

be—gl* 
That Q, is odd follows immediately by Lemma 2, since 
Res) on 
lu — 
Qi ru) Qulu) 
MT 
2 -əf Q(e—v) R) á 
bw BF 


= -K,(2). 


K(x, y) = 


K {~r} = əf. 


=-9 


Since Q,(z) = —Q,(—2), it is clear that the hypersurface integral of 
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Q, over the hypersurface of the unit sphere is zero, and thus the 
present lemma is fully proved. Q.E.D. 


6 Dermrmion, If Q,, Q, and Q are as in Lemma 5, then the 
convolution kernel Ko, is said to be the convolution-product of the 
kernels Ko, and Kg . We write Ko, = Ko, * Ko. In the same way 
the symbol Kos] ‘will be used for the function g defined by the 
principal value integral 


ee) =9 fe “ee 2 


oye fy dey, 


provided that this integral exists. 
As will be seen presently, the preceding lemma need not be valid 
without the stated hypothesis on the parity of 2, and Q, 


7 Lemma. Let Ko be a convolution kernel of Calderén-Zygmund 
type in n-dimensional Euclidean space E", and suppose that Q is 
infinitely often differentiable for x + 0. Let f be a C? function vanishing 
outside a bounded subset of E". Then, if F(g) denotes the L,-Fourier 
transform of a function g in LAE”) ie, 


Flee) = m (goywif,, | Een dy, 
we have Kg] in LE) for p >L ond 
FE oxe) = FUN) P Lx Po) QU aen dy. 


In particular, the principal value integral P fgn ees te exists. 


Proor. Suppose that f(y) vanishes for |y| = E, Then, if 
le] = Ej, 


(Eoso = 12 {= oe ) f yel 
EM pearl. 3 lalay, 


M denoting an upper bound for |Q(y)|. Thus (Ko + fx) = O(|zl-") 
as || ^ co. Since 
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Ru) 
pzs lel 


it follows that Kg + is measurable. 
Let M, be an upper bound for |f{y)| and for 
z tu) 


(la E" us Oy, lE 


Let x be the characteristic function of the sphere of radius 2(Ry 41). 
Now according to Definition 4(ii) fs Q(c)y (do) = 0 and so 


(Kg * fix) = fz—yMv. 


? au heat Ei 


Iowa 


g )dy — 

IK: P" ) ei y 

and we have for e| x Rj4-1. 

t) Mene sof EO uel o rests 
x lvl 


ja) 
SMM, dr 
o 


=2MM o, (R41) 


Where c», denotes as before the hypersurface of the unit sphere in E^. 
Thus (Kọ +f) is bounded. We remark for use below that an almost. 
identical argument will show that 


d; 
oe y 7e 7? | 


is uniformly bounded for & > 0. If the constants Ce, C,, anda >0 
are such that |o 7Xz)| € Co re E", and |(Ko*fXa)| x Gle”, 
le] Za, we have 


Jo lios Dar os Cp f, Crema 
=, Cia 4-0? Í. 9 rnb dy 
P 


= «x Cp o*-Cr(n(p—1)) a- « co, 
Thus Kj, «f is in L,(E*). 
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It follows from Plancherel’s Theorem 8.9 and Theorem 8,22, that 
if (KR) is a sequence of real numbers approaching infinity, we have 


Rly) 
"173 


Guten, imf o (mf oe P Fe scio de, 


where here, and later, we write uz for the scalar product (u, 2). 
Since, as remarked ahove, the integral in the inner braces of this last 
formula is uniformly bounded in e it follows from the Lebesgue 
dominated convergence theorem (IIL6.16), and hy Fubini's Theorem 
IIL11.9 that equation (1) may be written as 


F(K + J)(u) = (22) 7? Lum, f ee d 
isk, 


feit] ae 
a) 


F(K + fu) = (21)? Lum. lim eur Ü 2e) He- vd) dr 


Fro eS js R, size Wl" 


= Garth liam. mf er { J aa fee dy 


š 2y) ! 
= miim P| ——- iet Ha —y)dz} dy. 
(Qa) am. e be ar" Ha—y) } ly. 


Passing to a subsequence without loss of generality, we may assume 
(cf. IIL6,3 and IIL8,6) that for almost all u in E" 


(2) FCD = Liam. ny? P wf eo? f(x—y) dz} dy. 
x ly" Vise, 


If f(z) — 0 for |x| > Ry, then 
Satan, OMe ade = faae d < RR, 
=0 yl > BA Ry 
Thus, if y, is the characteristic function of the set (| |z|  E,4- Ej). 


LL ende 


= of 5 "T (f ee aj 
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< Í Il 
Bmsssmom, dl 


d Í.. Waar 


Ro dr 


RH 
Smera- f wem 77 
lea E DEM 


2R, 
s r3 HS) max 1) Í.. |Ka)|dz, 


5E 


which evidently approaches zero as f > œ. Thus (2) gives 


FE D = (any m P EE (f emen] ay 
n B 


Q à 

- (im af LO se ay} Fia. 
joo See dul 

provided only that the limit in the braces in this last equation exists. 

Thus, to complete the proof of the present lemma, it suffices to show 

that 


(8) 0) əf TP eray lim Í QW) s, ay 
E 6; 


smar ul" 


exists for each u. By Lemma 2, the integral Ó(£u) exists 1f (u) exists 
"and ¢ 2-0; and the integral (Vu) exists and equals 


əf 2@) gis Vu dp — d P ena dy 
E 


T 


if Ø f e. QUU) y|- 7 0 dy exists and V is a rotation of E". Thus, 
to show that the proper value integral (8) exists generally, it is 
sufficient for us to consider the cases u — 0 and u = [1, 0,,,., 0]. 
Ifu — 0, we have evidently 


etes 


since Js lwla) = 0. Hence, it suffices to show that the integral 
P fg. 6 Q(a)|2| "dr exists. Let x, be the characteristic function of 
the interior of S. Then 
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RE) gy 
pF” 


exists by Lemma 3. Fi it suffices to show the existence of the 


"T ga S0 ES { [e ar} non 


Rooisee lel 


P m ie 


where w, denotes the first component of the unit vector w. Since 
Timp... fF r3 6 dr exists for all w such that c #0, i.e., for p-almost 
all w, the existence of the limit (+) will follow by the Lebesgue 
dominated convergence theorem if we can find a p-integrable function 
of such that 


R ra 
dr 
1? 


Now, for —1 <a, <1, €, £0, and E Z1, 
In 


R gira, 
f dri a S —log jo,| + 
i F 
X log lo, "^" 


where K is a bound for [fP+:! exp (-ér)dr/r| for all R zz 1; such a 
bound exists since the limits limg , f1 exp (ir )dr/r exist. Thus, to 
complete the proof, it will suffice to show that the function p(w) 
= — log [e| is p-integrable on S, The Fubini theorem gives 


EU 1 
Í oe kal ay Í alf (og r — og opido), 
EEIUESTI lel + s 


and so 

[pet r af cal 

s susti lel 
and it suffices to prove that the first integral on the right side of this 
equation is finite. This integral is readily seen to be finite since 
|zP is bounded on the region indicated and 
fisse, lernen Sf ey cy Ioglldr 
=e [5 —log|rijdr < «. QED. 


So), wes, EIL 


| drsgnan 


dr 


(ee erene 


dr+2,S) f log (r)dr, 
+ 
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The next theorem gives the inequality and the argument of 
M. Riesz. 


8 TueEorem. Let d « p < co, let j be «n C?(—c0, 4 00), and 
vanish outside a bounded set. Then there exists a finite constant K, such 
that the Hilbert proper value integral 


dio = e [779 ay 
oo €—9 


satisfies the inequality |Hf|, < K,|/|.. 


Proor. We know by Lemma 7 that (F(Hf)) (y) —zisgn(g) 
(FG (y), F(g) denoting the Fourier transform of g. By Plancherel’s 
theorem (8.21), we know that |H/|, < z|fl We will first show that a 
finite constant K, with the property specified in the statement of our 
theorem may be found for p = 2n, and will subsequently use this fact 
and auxiliary arguments (the Riesz convexity theorem, and an 
argument involving adjoints) to obtain the same result for other 
values of p. Let J =zif4+H. Then clearly (cf. Lemma 7) 


FU) = 0 y«9  feL(—c, +00) 
= mi Fify) y 20. 


Let f be in C*(— co, 4- co) and vanish outside a bounded set, and let 
g= Fj} Since Fi/)eL,(—c, +00) and F(f) is bounded, 
F(Jf}EL,( oo, 4-00) and is bounded. If we put g, = £ g,= £ * 8,19 
it follows from an inductive argument that each function g, 
vanishes for almost all z <0. Moreover, by 3.21, 


& = F(U"). 


It may be shown, exactly as in the second paragraph of the 
proof of Lemma 7, that (Hf)(x) is uniformly bounded, and that 
KHfya)| = OtIz[3) as lel -> eo. (Ff)" is in E,(— œ, +o) for n >1, 
so that by 3.21, 


gale) = zs LINEN e dp, 
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£, is continuous, and thus g,(0) = 0 for n = 2, Putting x = 0, we 
consequently find that 


a) [s Gite ane)" dy = e, m2. 


Let f be real, so that H is real. Then it follows by taking the real 
part of (1) that 


LE Vad ‘2m 
X [7 cr (e) ter caine ay = 0. 
[A 
By Hélder’s inequality, this gives 
MS fm 
m — miam = Oe 
warts E (or) wr." <0 
x-o 
Let a = |Hflom!|flens Then we have 
m 
a- > (2) o <0. 
Hence g is bounded by the largest real root z,, of the equation 
mA fom) 
gu ( ) eoe 
Z le 
Thus [Fflen S 7, |/|;..« Since a complex function may be written as 
the sum of its real and imaginary parts, this proves the present 
theorem for the special case p — 2m. 
It follows immediately that for p — 2m, H may be extended in 
a unique manner to a bounded mapping of L,(— oo, + 0) into itself. 
That the same conclusion fs valid for all p = 2 follows at once from 
the Riesz convexity theorem (VLI0.11). 
Next we turn our attention to the range 1 < p <2. Since, by 
Lemma 7, FHF- is the operation of multiplication by the function 
ni sgn (y) it follows at once that (FH F-4)* — —FHF-1, Since, by 


Plancherel’s theorem (8.21) F is unitary it follows at once that 
H* — H and hence 


(Hf g) ——(,Hg heel, 


Thus, if2 < p < co and I/p+1/p’ = 1, while f is in C” and vanishes 
outside a bounded set. we have 
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Jes aneka — — 7 Hegde — ge Lu oo, +0), 
by continuity. Thus 
I, = sup | (^7 Hiig] < rl. 


by Theorem IV.8.1, the Hahn-Banach theorem (IL3.14) and Holders 
inequality, and the theorem is proved for all p, 1 < p < oo. Q.E.D. 
Having proved the basic inequality of M. Riesz, we now proceed. 
to prove the full inequality of Calderón and Zygmund. Our first step 
is to put the result of M. Riesz in an equivalent but technically more 
convenient form. This is done in the following lemma. 


9 Lemma. Let | « p « oo. There exists a finite constant A, 
such that if the function f e C°(— co, + o0) vanishes vutside a bounded 
set, then the function g defined by the equation 


1 
ale) = Í fte yy 
blz1 9 


satisfies the inequality Vel, S A, 


Pnoor. Let p be an infinitely often differentiable non-negative 
function, vanishing for || 21, and satisfying the equation 
ieu) = 1. Let 


" a 
wine) — e [7 te e o [778 Ma 


Then, by Lemmas 7 and 8.1, p Hf = Hy}. 

Now it follows from an argument like that in the second 
paragraph of the proof of Lemma 7 that H(g)(y) is bounded and thus, 
since 
[cos | — 

y—u)du 
y 7! 


|r — | < 
y 


CE a, 
* bife 


it is seen that H(p)—ye L,, where y is the function defined by the 
equations y(y) = 37, ly| = 1; y(y) = 0, fyl < 1. Hence, by Theorem 


—O(r?) — ss y| > ©, 
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9, Lemma 8.1, and the Riesz convexity theorem, we have 


ll, = vel = lp BUB) Hv fl, 
< p BOLA) £l 
S HHP QED. 
Tt is now easy to obtain an inequality, exactly analogous to that 
stated in Lemma 9, for odd kernels of Calderón-Zygmund type. 
10 Lemma. Let Q be an odd function defined in E", with 
Q(tz) = Q(x) for t > 0, and suppose that Q is infinitely often dif- 
ferentiable in the neighborhood of the unit sphere S of E". Let the function 
fin C°(E") vanish outside a bounded set. Then, if 1 < p < co and A, 
is the constant of Lemma 9, the L,(E")-norm of the function g defined 
by the equation 


gg) = ) fe uy 


MWe p 
ds at most 271A fL, [5 |Q(o)|p{den), p being the measure of kypersurface 
on S. 


Proor. By writing the integral in polar coordinates, it is seen 
that 


< a 
ge) = Í, ordao) | feo) 


E fece a 

Het 
By Lemma IIL1.16(b) and Theorems IIL11.17 and IIL2.20(a) we 
have 


(0 (£,]f retta] s tam)" < f (f, Grote), dd) 


for each function F which ıs (», X»,)measurable on the product 
space (4,7,) x (B, v,) of two measure spaces, the second of these 
measure spaces being positive. Hence 

i T 


ll x3 Í, IN = ETN 
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and it is sufficient for us to prove that 


nar cns 
e Fle al a = ace. 


The outer integral in (2) being invariant under a rotation of co- 
ordinate systems, we may without loss of generality choose a co- 
ordinate system in Æ" in which œ = [1,0,...,0]. Then what we 
have to show is that 


f. IN pore 2 ds dus 


saf Wen sssri idr dry... dz. 


(3) 


Now, it is an evident consequence of Lemma 9 that 


LR Í Hah a... Ep) 
dat Mi Aa alan 
-ele t 


" 
saf [fley,---5,) dz, —o0 <r <o, j—2..." 
=o 


Upon integrating this inequality with respect to 2,,...,2,, the 
inequality (8) follows. Q.E.D. 

~ Now we are able to establish the Calderón-Zygmund inequality 
for odd kernels. 


1} TuronrM. Let 1 « p « oo. Let Q be an odd, measurable 
bounded function defined in E" such that Ql) — Q(tz) for t> 0. 
Then, for f in L,(E*), the limit 


Qu) 


(Kos fe) = lim Í fle—u)du 


eso Jaze lul” 


exists in the mean of order p, and, if A, is the constant of the preceding 
lemma, 


Wa * fi, s A, f Ila. 


Proor. We first wish to prove that the function g defined by the 
equation 
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Qu) 
dea lud" 
satisfies the inequality |g], x ZA,|f|,, where I = [.|{Q(@)|p(de). To 
do this, let {Q,,} be a sequence of odd functions, each infinitely often 
differentiable in the neighborhood of the unit sphere, such that 
Q2, (tz) = OQ, (x), £2» 0, m > 1, and such that 


a) az) = 


Ke—uldu 


Tan | 10,62)— Qao) = 0. 

moo 
First suppose that f is infinitely often differentiable and vanishes 
outslde a bounded set. Let 


Bent) -Í £e 2) uu. 
raza b 

By the preceding lemma, {z,,} 1s a Cauchy sequence in L,( E"), and 
consequently converges in the norm of L(E") to a function g in 
L,(E"), which, by the preceding lemma, satisfies the inequality 
lel, x A,Hf[,. Passing to a subsequence, we may assume that 
Bm(2) > p(x) for almost all x. But it is clear that g,,(z) -» g(x) for all x. 
Hence  — g, proving that |g], < 4, H/l, if f is in C^) and vanishes 
outside a bounded set. 

Next let f be in L,(E*), and let (f, be a sequence of functions 
in C°(E*), each vanishing outside a bounded set, and such that 
V-le > 0. Put 

Qu) 
mz bd" 


By what has just been proved, {h,,} is a Cauchy sequence in L,(E"), 
and consequently converges in the norm of Z,(E") to a function y in 
L,(E"), which satisfies the inequality |v|, < A4,I|,. Passing to a 
subsequence, we may assume that &,,(x) > y(x) for almost all x. 
On the other hand, since 


Í 196) e 
1211 lel 


hale) = fio uu. 


dr < max ior f gor dy 
1 


zes 


= max Gp - (6971) * < eo 
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for each q > 1. it is clear that h,,(x) > g(x) for each z. Thus the 
integral in (1) exists for each z in E? and for each f in L,(E"), and 
the function g defined by that integral satisfies the inequality 
lel, S A,Ifl,- 

Next, for each > 0 define a mapping H, of L,( E") into itself 
as follows: 


Qu) 
(H, fe) = m u)du, e L,(E*). 
Ne lz lui" fe fes 
Then clearly, putting u = £v 
Q(v) 
H, = — eve" di 
(fe) f. ET 
= BT. foy, 


where 7, denotes the mapping of Z,(E*) into itself defined by the 
equation (7, f)(x) = f(ez). Since 


If, (e aera] mH. fen. 


it follows immediately from what has been proved that |H,| = 
{Hi| E A,I. We wish to show that lim, ,, H, f exists strongly for each f 
in a set fundamental in Z,(E*), since then by Theorem IL8.6 the 
present theorem will be proved. Suppose that f is in C°(E") and 
vanishes outside the set {z| |r| < Hj. Then, as was shown at the 
beginning of the proof of Lemma 7, the proper value integral 


(2) (Kg + f(z) = lim (H, f(z) 
£20 


exists and is bounded in a. Since f(y) = 0 for [y| > E it follows that, 
for |x] > R41 and 0 c € «1, we have (H,f)(z) = (Kg « f2) and 
So it suffices to prove that 


lim IG f) GG + fon dr = o. 
eo JIqsna 


By Corollary IIL6.16, this will follow from (2) once it is shown 
that (H,f)z) is uniformly bounded. Let L be a bound for 
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illya). Then using the mean value theorem of the 
calculus and Definition 4(i) and (ii) we have 


9 
idi. fe = | Í NN P ff) f du 
me 


2f 
< Tp(S) max |Otu)] Í dr 
Iq LJ 
= 2L4(S)E43) max |Q(u)| < oo, 
ijol 


completing the proof. Q.E.D. 
Next we introduce a convenient odd auxiliary function. 


12 Lemma. There exists a non-zero constant c such that 


əf 2. EM dr =e 
g kel" 


Proor. If n =1, we have calculated the integral and found 
€ = sii in our heuristic discussion of Hilbert's integral in the fourth 
paragraph of the present section. Thus, only the case n > 1 will be 
considered here. We need only consider the case j = 1. Let the 
integral on the left of the displayed formula be called p(y). Then, by 
Lemma 2, 


G) gly) =p} t9, 

(i) gg) ——9(C-9. 

(ii) g(Uy) = gly) if U is a rotation in E" leaving the point 
[1 0,..., 0] fixed. 


Any two points u, v e E" such that v, = v, and fu] = fo] ean be 
mapped into each other by one of the rotations described in (iii). 
Hence, ply) can be written fory + Oand i = Lasgly) = vill lgl)- 
By (i), y is independent of its second variable; by (ii), y is odd. Thus 
oy) = ville. 

Let @(y) denote the integral 


e. ati Jaa 


Then clearly 
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w) ow) = () n o) : 


Let V be a rotation in the plane of g,, y (.e., a rotation in E* 
which keeps all points in the plane of gs, . . ., y,) fixed. Then V maps 
gi Higgs into e? (y tiya) and 2, +ix, into e'f(z,-Fiz,). By Lemma 2 

(v) Dy) = € Dy). 
Let z(g tiy) = Pll» Ye, 0, --- 1). Then by (iv) and (v) 

(vi) (e ^2) = ez), ze HO. 

(vii) yz) = nf), t>0, z40. 


By (vi), gré?) = é? g(r), by (iv) y(r) is real, and by (vii) (r) =e 
is independent of z- Thus z(re?) = ce, and hence 


H 
v (aa) = gs Ye» D - - +, 0) = ROY, Yar O,- -n 0) 
Vy S 
IL = Sh Has) 
= he) 
—cecos8 =c¢ -= 


Vite 


„£0 that y(z) = a, and the present lemma will be proved once we show 
that c £0, 

If e = 0, then, by Lemma 8, Ko+f= 0 for any f in C*(E*) 
which vanishes outside a bounded set; here we have placed 


pi 


DS 


Let f # 0 be chosen to vanish if z, < 0 and to be non-negative. Then 
for g, >0, 
E: z 
Korpo) af 1 fle—y)ar = i. 
Et ef 2,20 ke 


contradicting the fact that Kg f — 0. Q.E.D. 


fz—yMy > 0, 


18 Lemma. Let y be in LAE”), f in L,(E"), and let Q be as in 
Theorem Y1. Then 


1068 XL MISCELLANEOUS APPLICATIONS XL7J4 


0) Kos (yf) = (oxv)sf. 

Proor. By Theorem 11 and Lemma 3.1, both sides of this 
equation vary continuously in the topology of L,(E") as y and f vary 
continuously in the topology of LE") and Z(E") respectively. 
Hence, a continuity argument shows that it is sufficient to prove (1) 
if f and y both belong to C?( E^) and vanish outside bounded sets. 
Let f and ¢ be the Fourier transforms of f and y respectively, and let 


kyo ema 
k 


Then by Lemma 7 and 3.15 the Fourier transforms of the right and 
left hand sides of (1) are both Kf, so that the present lemma follows 
from Plancherel's theorein (8.9 and 8.22). Q.E.D. 


14 Lemma. Let Q,, Q,. and Q, be related as in Lemma 5 and 
Definition 6. Let 


£e) . E 
pla) BF" kzi yale) pf fe] 22 


=0, je] <1; =0, le] «2. 


Let S be the unit sphere in E^, and let p be the measure of hypersurjace 
on S. Let & > 0. Then there exists a constant K, depending only on € 
and Q, such that 


G) foldo) 5 K, [ f, Ilo" o) 

Gi) f. lys) Ga, v eMe SK, {| Ro (1) 
Moreover, Q, is odd and bounded. 

Poor. For l| 2 2, 


(Ko, vy) 
f Q4) fus PD [i Qu) Qe) y 
R 


»dut ^ de—u yu lu—al 


More 


pe 


Q0) 
y 24 92 


= ve [ du 
yiz) NS Te du 


XL7.14 HILBERT TRANSFORM. CALDERÓN-ZYGMUND INEQUALITY 1069 


X denoting the characteristic function of the set fa] jz] x Y). The 
funetion ju|-^Q,(u) is infinitely often differentiable for ju] = 1, and 
has a derivative with respect to u; equal to 


Hotu) + ( 2) (0) e 


Since Q,(tu) = Q,(u) for t >0, we have 


e 
(o) (tu) = (5.9) uh i=l. na t9 dudo 
Thus 


a. tro, (u)} = muita (- 2) ) ja 
= Ofl. 


It follows from the mean value theorem of calculus that there exists 
a finite constant L (depending only on Q,) such that 


1 fe Q(z—u) Ae] 
Mike — k 
for ju] <1, e| = 2. Thus the second integral in (1) is bounded by 


Qu) (Qeu) Qie | 
See — ——_} du 
l [7d fes a . 
s ie [ tota far 
* ? ate) 
soyons (f iere). 
5 


Lp 


Hence 
Qj, usa to, = v)G) s K, aie IQ. pl ae 
where 


= (SYPE [Pedr = sy? 


and 6 = /(1+4e), so that K, clearly depends only on £ and Q,. 
(In the remainder of the present proof, we shall continue to use the 
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symbol K, for a constant depending only on e and Q,). We may 
conclude in the same way that there exists another constant K, such 
that 


8) f uu bl) co, e puft du < K, f oN Eddo) 
Since by Theorem 1} there exists a constant K, such that 
lKa, s velas S Kehte 
jua- 
a - K [free] ^ (E Mouton) 
MG 
= Ke |f, Io anao] ^, 
it follows from (8) that there exists a constant K, such that 
juae Mac 
hue = [f Istae] ^ (marl 
tite} 
SK, |f oN ao; 


(+e) 


thus 
fioled) < pts Yn [J 10,099 deo} 
X (Sylt A NM perta e (f igo aa) 


proving (i). 
By (4) and Hélder’s mequality we have 


uae) 


uode) 


+e) 


zit 
[Ies nne stores? [f exta] 
SEI 


lds2 


Uitte) 
specto x [f tosta) 
5 


so that (ii) follows from this and (2). That Q, is odd follows from 
Lemma 5. Finally, to show that Q, is bounded, note that since the 
second integral on the right of (1) has been shown to be bounded for 
le] = 2, we have only to show thet K «y, is bounded for je] = 2. 
If we put p(z) = Qile, je] z 1. ‘and viz) = 0, j| S 1, we 
have clearly 
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Qu) Q(a—u) 
"dul dew 


(5) (Ko tva) = evo? Í xc) 2) 


The second integral on the right of (5) may be shown to be bounded 
exactly as the second integral on the right of (1) was shown to be 
bounded. Since |(y * yae) X fyiblysle. the present lemma is fully 
proved. Q.E.D. 

15 Lemma. Let 1 « p « oo. and let Q be an even. function. 
defined in E^, infinitely often differentiable on the surface of the unit 
sphere, and satisfying the equation Q(tz) = Q(z) for t > 0. Let f be 
defined in E^, infinitely often differentiable, and let f vanish outside 
a bounded set. Let € > 0, and 


= (fp tor pda} 


S being the unit sphere in E^. and p being the measure of hypersurface 
on S. Then there exists a finite constant A, , depending only on p and e, 
such that the L,(E") norm of the function g defined by the equation 

Qu) 
Te] dr 


ken 


az) = fle—ujdu 


is at most A, ,LJfI,- 


^ Proor. Let Q(z) = c+ ajej, where c is the constant of 
Lemma 12. Then, by Lemma 12 and Lemma 7, F{Ko, fy) = 
Ss Fify) for each f in C°(E") which vanishes outside a bounded 
set; here F(g) denotes the Fourier transform of g. By Plancherel’s 
theorem (8.9) and by Theorem 11, both sides of this equation are 
continuous linear operators in L,{E*), so that we have 


F(Kg hy) = 5 F()y, — he LAE"). 
^ l 


i 


Consequently, 

> Ko,*(Koth)—h,  heL(E"). 

E 
Let yu) = Q(u) ful, fe] = 1; y(u) = 0, fu] < 1. By Lemma 14 and 
Theorem 11, 
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ll, = |Z Ko e Ko ev) 


z nLmax Ko * y) fle» 
ists 


where L = fs|y,|u{dy). By Lemma 14, Ko sy may be written as 
Ko sy =eithe 


where pfu) = QP fuut", fu] z 1, gdu) — 0, hu] <1; Of(u) = 
LL {tu), 12-0; QË is odd and bounded; 


f 9f ello) S Keles 


and 
[tear S Kele. 
Then, by Lemma 3.1 and Lemma 10, 
Ito, ay) fl, S 2K.LAIL. Q.E.D. 


Now we can prove the general result of Calderón and Zygmund. 


16 THEOREM. (Calderón-Zygmund) Let 1 < p < oo, ande 7-0. 
Let Q be a bounded measurable function defined in E" with Q(z) = OQ (tz) 
for t> 0 and with 


f 96422) = o. 


S being the unit sphere in E^, and p being the measure of hypersurface 
on. S. Then, for every f in L,(E"), the limit 


Kos fr) = mfo Q0 uu 


exists in the mean order p, and there exists a finite constant A, , depend- 
ing only on p and e, such that 


Kos fl, S ALIA. 
where 


uc: 
)j 79 eo. 


= { in IQ! uldo) 
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Proof. Let co, =p{S). Then, by Holders inequality, 
SslQ@)|p(ds) o9 1,. Hence, by Theorem 11, the present 
theorem holds if Q is odd. Since Q may be wntten as the sum of its 
odd and even parts, it is sufficient for us to consider the case in which 
Q is even, But in this case the theorem follows from Lemma 15 in just 
the same way that Theorem 11 followed from Lemma 10. Q.E.D. 


8. Exercises 


A. Exercises on Fourier Integrals 

1 Let fT be the subspace of L,(—00, + 00) consisting of all 
functions which vanish for £ negative. Show that £} forms a closed 
subalgebra of the convolution algebra L,(— oo, -+ oo). Show that if m 
is a multiplicative linear functional on the algebra £}, there exists a 
complex number z with .fz > 0 and such that 


mQ = fy eied fes 


2 Let f, and f, be in L,(—oo, +00), and let Az) = fh {e)la} 
If F, F,, F, are the Fourier transforms of f, f,, fs respectively, show 
that 


FG) = [^ Re-v Fw. 


= 8 Generalize Exercise 2 to an arbitrary locally compact 
Abelian topological group. 
4 Let p21, let f be in £,{—o, +00}, and let g be in 
L {— œ, +0). Show that the convolution 
veo 
(Fee) = [7 Ke—view dy 


exists for almost all æ, is in L (— oo, +00}, and that 


lal, s Ih lel- 
5 If f and g are in L,(—co, oo) o L,(— oo, oo), and if 
gle) = [7 fo. 


show that the Fourier transforms F and G of f and g respectively 
are related by the equation 
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it F(t) = Git). 
6 Let 1 Sp X2, and let f be in £,{—oo. 4+ o0). Show that 
dA 
F(t) = lim € fla)dz 
Ace) La 
exists in the norm of Z,(—oc, +0), where p?-4-g? — 1. (Hint: 


Cf. VLILA3.) 
7 Show, with the hypotheses and notation of Exercise 6, that 


1 pt4 
lim — | Fedt = f(a) 
Arco SES a 
in the topology of L(—co, +0). (Hint: Cf. IV.4.19.) 
8 Show, with the hypotheses and notation of Exercise 6, 
that if b is in L,(—co, -+ 00}, then 


fe JOE LFG)P dt < o. 


9 Let Abe a real function of a real variable such that A(-)F(-) 
is the Fourier transform of a function in Z,(— co, -- oo) whenever F 
is the Fourier transform of a function in L,(— co, +00). Show that 
for 1 Sp S 2, ÀC)F(-) is the Fourier transform of a function in 
L,(— oo, +00) whenever F is the Fourier transform of á function in 
L(— co, ++ 00}, the Fourier transforms being defined as in Exercise 6. 

10 Let J be a function defined on (— oo, ++ 00} which is of finite 
total variation. Show that if 1 < p < 2, and if F is the Fourier 
transform of a function in Z,{— oo, + oc), then so is A(- )F(-). Fourier 
transforms are to be defined as in Exercise 6. (Hint: Use the in- 
equality of M. Riesz.) 

11 Let A, be a sequence defined for — œ < n < +00 which is 
of finite total variation. Show that if X% | a, e*"* is the Fourier series 
of a function in L,(0, 27}, then so is 319,,a,4,e**. 

12 Let f bein Z,(— oo, -+ 00), and let F be its Fourier transform. 
Show that 
m i its di 
fe) =tim L| mecea 
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if f is of bounded variation in the neighborhood of æ. (Hint: Cf. 
IV.14.17.) 

18 Show that the conclusion of Exercise 12 remains valid if 
the condition that f is in L,(— co, +00) is replaced by the require- 
ment that f be in Z,(— co, +00). 

14 Show that there exists a continuous function f in 
L,(— ©, +00) n E,(— cc. +œ) such that the limit in Exercise 12 
fails to exist for æ = 0. 

15 Show that there exists a function f in L,{— œ, +00) for 
which the family of functions 


1 +A 
(e) = — F(t)e^?*dt, 
nie) > Í. 0 
F denoting the Fourier transform of f, fails to satisfy the inequality 
sup | |fae)ldr < oœ. 
A>O 


16 Show that not every continuous function, defined for 
—0oo < $< oo and approaching zero as f approaches ++ 0 or — co, 
1s the Fourier transform of a function f in L,(— 00, 4- o0). 

17 Find a function f in L,(— co, + o0) which is the indefinite 
integral of another function in L,(— co, +00} such that the Fourier 
transform F of f satisfies the condition 


[zio = o 


Show that if f is the integral of a function in L4 — co, ++ co), this is 
impossible. 

18 Let fbein Zy(— co, --co) and let F be its Fourier transform. 
Then 


201 (79 t 
f(z} = lim — Fithe**o.{- Ja 
Aveo 22 oo A, 
provided that the function « is bounded, continuously differentiable 
at the origin, and that both « and its Fourier trausform belong to 
L(—©, +00). The limit is in the topology of L,(—o0. +00). 
Moreover, under the additional hypothesis that the Fourier trans- 
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form of « is bounded above by an even, monotone decreasing function 
in L, we have 
f) = lim — NES G ) 
Asoo 27. 

(i) for almost all æ, and 

(ii) for each æ at which f is continuous. 
(Hint: Cf. VIIL9.5.) 

19 Let f be in L(— co, +0), and suppose that the Fourier 
transform F of f also belongs to L,(— oo, -- oo). Show that 


1 i: ^ 
fe) = a) erok 


almost everywhere. (Hint: Use Exercise 18.) 

20 Letl Sp x 2, let E" denote real n-dimensional Euclidean 
space. and let f be in L,(E"), the measure being Lebesgue measure. 
Show that 


+A +A 
F(f,,... 1) = lim S ginis t feriis dr, .. dt, 


Aveo. 


exists in the norm of ER where p 1--g? = 1. Show also that 
Hay, ss m) = hm (22) 


a 
+A 
f> af qn Plh, ts 
-A 
in the topology of LE"). (Hint: Cf. Exercises 6 and 7.) 


B. Exercises on Inequalities and Singular Integrals 
21 (Hardy and Littlewood) Let the function f in Z, (0, 27) have 


ef) = |" fae mds = o, nco. 
Show that 

$ eo fnr sxf? leyes, 

rt 


where K is a certain absolute constant. (Hint: Show, using Exercise 
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IV.14.88. that there exist two functions f,,/, in L,(0, 27) such 
that e,(f,) = 0, n < 0.i = 1. 2. and such that f = f, f} Then use 
Exercise 8.) 

22 (Conjugate Trigonometric series) Let f be in L,(0, 22) where 
l«p-« œ. Let 


en) (I Hede, = —o<n< +o. 
Show that the series 
E 2 
[+] X sen (ne, (fer —lim F sgn(n)e (fe 
nee po sp 


converges in the mean of order p, to a function which is given hy the 
singular integral 
1 
-—| ———Àf(&—w9My. 
zil, ian paa I 
Here, the integral is to be understood as the limit 


Ho rim F +f) tan = mee 


which exists in the mean of order p. (Hint: Use the method of Exer- 
cise IV.14.19 to establish the mean convergence of the series and 
Theorem 7.8 to establish the mean convergence of the integral.) 
28 (Calderón-Zygmund) Let 1< p< co» and let Q be a 
function defined in E" and having the properties 
G) Qtr) = Qa), 10, 
Gi) [s Q(o)p(do) = 0, 
S being the unit sphere in E", and p the measure of hypersurface on S, 
(iii) Q(t) is a continuously differentiable function of ? for t # 0. 
Show that, for f in L,(E"), the singular integral lim,_,(J*)(y)}. where 
Qie) 
JE = Tp Ky 
CNW) =f pp from 
exists for almost all y. (Hint: Let g be a function in C?(E") which 
is non-negative, vanishes outside a bounded set, and has integral 
equal to one. Put g,(z) = e*g{ex) for each function g. Show that there 
exists a function p in Z,(E") such that 
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J*f—9,5 GG sf) = p, f. 


Then use a suitable generalization of Exercise VIII.9.6.) 
24 Let 1<p< 05 then the integral [t] of Exercise 22 
converges almost everywhere for each f in L,- 


C. Exercises on Eigenvalue Location 


25 (A. Brauer) Let 4 = (a5,) be an s X»: matrix, regarded as a 
linear transformation in E". For each k. 1 Sk < n, let C, be the 
circle with center a, and radius 


n= min (Sjea X Fu 


Show that each eigenvalue of A lies in some circle C,. (Hint: Let 
[zi - - -> Tn] be the eigenvector belonging to an eigenvalue 4. Show 
that if [z] = max, i then jan] X Soen lanl) 

26 (A. Brauer) Suppose that all the circles C, of Exercise 1 
are disjoint. Show that cach contains exactly one simple eigen- 
value of A. If in addition, it is assumed that all the elements of A 
are real, it follows that all the eigenvalues of A are real. (Hint: Let D 
be the matrix with the same diagonal elements as 4, and with zero 
off-diagonal elements. Consider z4--(1—2)D, 0 Sa <1.) 

27 Using the notation of Exercise 25 show that 


detCA = TT (loud n 
m1 


if all the factors in the product are positive. 

28 (Perron) Let A be as in Exercise 25. Let q,...,c, be an 
arbitrary set of positive numbers. Then each eigenvalue À of A 
satisfies the inequality 

BS max ej* X eal 
ISise ka 

29 For each n and each m <n, let E», be the space of all 
skew-symmetric functions a(4,,i,,...,i,) of m Indices running 
between 1 and n. (That is, a(i» > - - -s imn} = —6(5 Fas - - -> jm) if the 
ordered sequences 4j, ..., m and j,,..., 2, differ by a smgle inter- 
change) Put (a.5)— X, s, a(4,..., 5.) bd... m) thereby 


dy. 
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making E; into a Hilbert space. If A is a matrix as in Exercise 25, 
let A™ be the transformation in E7, defined by the equation 


(ABMs evi) = E ausser a Ms d 
de 
Show that (AB) = A™B™), and that (4*)9) = (4™y*, Show 
that if 4,,.>-,4, are eigenvalues of A (each eigenvalue A being 
repeated a number of times equal to the dimension of the range of 
E(A; A)), then the eigenvalues of A™ are 


POEM 


Ù ta -- -» Èn being an arbitrary sequence of integers such that 
1Si4,<4...<i, Sn. 

80 (H. Weyl) Let A and (4) be as in Exercise 29. Let B be 
the unique positive square root of AA*. Let (4) be the eigenvalues of 
B. Suppose that (4,) and {z,} are arranged in order of decreasing 
absolute value. Show that 


Val S ps aA S paro Pad] S pr papas ete. 


(Remark: This result is the best possible (Horn).] 
81 (H. Weyl) Let {4,3 and {u,} be as in Exercise 30. Show that 
the ineqnalities of Exercise 80 imply that 


E! 4 
ZaPSE p21, rxji&za 
del E 
(Hint: k,--E,K lI EE, K;i-- ... is an increasing function of all its 
variables as long as Kf 2 hy, KZ Z kkp kè > keka» ete.) 
92 (H. Weyl) Let (4,) and (44) be as in Exercise 80. Show that 


ZAP SIG. pzL 
E WAAFE YE (ese? pz 
a m 


etc. 

98 Let A be an operator in an n-dimensional Hilbert space, 
and let B = 3(4--A4*). Let &. end p, be respectively the least and 
the greatest eigenvalues of B, and let å be an eigenvalue of A, Then 


n. SAWS n. 
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84 (Bendixon) Let 4 be as in Exercise 25, and suppose also 
that the matrix elements of A are real, Let C = (A—A*), and let g 
be the maximum of the absolute values of the matrix elements of C. 
Then 


IZ EST: 


€ 1 ) d 


(Hint: Use Exercise 88 and the case n = 2 of Exercise 31.) 

$5 (Pick) Let C be a real, nxn, skew symmetric matrix, with 
elements (a,,), and regard A as a mapping of n-dimensional Hilbert 
space into itself. Show that 


IC S get Z, 
2n 
where g is the maximum of the absolute values of the elements of the 


matrix C. Show consequently that the inequality of Exercise 84 may 
be improved to give the inequality 


n(n—1 i. 


E 
bi seco s(t 


(Hint: By arranging the components a; of a vector z in an order such 
that .(z,z,—5,2,) = 0 if i <j, show that 


* = - n 
[Ax ol S ie X Gm) < elel cot =) 


86 (Parker) Let A be as in Exercise 26. Show that if À is an 
eigenvalue of A, 


HL < mex teal -H lad 


87 (Frobenius) Let A be a matrix whose elements are all 
positive. Show that 

(i) The eigenvalue å largest in modulus is simple, and in fact 
real and positive. 

(ii) The eigenvector z belonging to the eigenvalue 4 has positive 
components, 

{iil} Any eigenvector of A having positive components is 
proportional to z. 
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(iv) The eigenvalue å is the largest number Ay for which there 
exists a vector y with positive components for which each component 
of Ay is at least as large as the corresponding component of Agy- 
(Hint: Use the Brouwer fixed point theorem. Better, consider the 
iterates 47.) 

88 Let p 21, let (S, Z, p) be a positive measure-space, and 
let A be a compact operator in L,(S, Z, 2). Suppose that A maps 
positive functions into positive functions. Show that 4 has an 
eigenvalue À which is positive, which is at least as large as the modulus 
of any other eigenvalue of A. and to whieh there corresponds a non- 
negative eigenfunction. 

89 Let A and B ben Xn matrices and let {4,} bean enumeration 
of the eigenvalues of AB, Show that 


Špa < anien. 


(Hint: Put AB in subdiagonal form. ||4|| is the Hilbert-Schmidt 
norm of A.) 

40 (Lalesco) Let A and B be operators of Hilbert-Schmidt 
class, Let (4, be an enumeration of the eigenvalues of AB, repeated 
according to multiplicity. Show that 


à l4 snnm. 


D. Exercises on the Fredholm Theory of Hilbert-Schmidt Operators 


In the following set of exercises, Æ is a given Hilbert-Schmidt 
operator. (4,) is the family of non-zero eigenvalues of A. repeated 
according to their multiplicities, 6(4)} is the function defined by the 
convergent infinite product 


80) = TI aaar, 
H 


and A(4) is the analytic operator-valued function 


R(t; Ay). 
(Cf. Theorem 6.26.) 
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41 (Smithies) Show that 
(a) if f(z, A} = zT log(1—22), 


ôt) = exp {tr(A(4, 2). A)}, 
Š an 
(b) sa) -en[- = E 
where 


[D 
pz] 


(e) &(4) =(— X73o,901). 


na? 


{d) 64) = 


(Ay 
= n! 


XI.8.41 


AZXAL 


where Py — I, and where for s& > 1, P, is the nxn matrix 


0 nl 0...... 6 
[^ 0 2—2 0... 
95 og 9e - 
P, = E . 
0 
2 aF 
On - -. 03 05 0 


42 (Smithies) Show that 
(8) (F—-14) AQ) = 200). 


(b) If 6(4) — 248,4, and A(4) = X2, 4,4". then Ay — 0, and 


A, = 6,11 +48, S 478, 9+ 21. pA ÓS. 


(c) A, may be written as a symbolic 2 xz determinant 


i 
cr A 
A, = det > 
z nl E Phy 
åm 
where P, , is the (n—1) x{n—1) determmant of (d) of the preceding 


exercise. 
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43 (Smithies) The funetion A(4)—A6{4)/ is an analytic function 
of A, even if we regard it as having values in the space HS of operators 
of Hilbert-Schmidt class. Consequently, the series 


4(0)—290) = SA 
ne 


of the preceding exercise converges in the Hilbert-Schmidt norm. 

44 Let (S, Z, p) be a positive measure space. Then an operator 
A in the Hilbert space L,(S, X, i.) is of Hilbert-Schmidt class if and 
only if there exists a p xp measurable function A(-, +) on S xS such 
that 


e NND < o 
and such that 
G) (Ant) — f. As Dudh fe LS, E u), 


for -almost all s, ie., if and only if A can be represented as an 
integral operator with a kernel satisfying (i). If such a kernel A^, -) 
exists, then it is unique, and ||4|f is exactly equal to the finite 
quantity {i). Conversely, if A{-,-) is a Xp measurable function 
defined on S xS, and satisfying (1), then (ii) defines an operator A în 
LS, X, p) which is of Hilbert-Schmidt class. 

45 Suppose that the Hilbert space H in Exercise 43 is the space 
LS, £, p) of Exercise 44. Let A,(s, f) be the kernel of Exercise 44 
which represents, in the sense of Exercise 44, the operator A, of 
Exercise 42. Then the power series 


Als, 2) = X4*A s D 
& 


converges for p xp-almost all fs, £], and Afs, t; 4) is the kernel which 
represents the operator /(4)—24ó(AM in the sense of Exercise 44. 
46 (Hilbert) Suppose that the hypotheses of the preceding 
exercise are satisfied, 
(2) Show that the constants 6, and the operators A, of Exercise 
42 are uniquely determined by the equations 6, = 1, 6, = 0, Ap = 0, 
A, = öl, and by the recursion relations 
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A, = 6, 41+-4A,, 4 


cy» 
6, = tr (4,—6, 41, A). 
at 
(b) Let A{-, -) be the kernel representing the operator A in the 
sense of Exercise 44. Let §, be the sequence of constants determined 
by the formulae à, = 1, 


= ff, Eresma LES 


h-— 


al 


where B(s,,...,5,) is the determinant of the 2 x matrix whose 
general element, ie., element in the ith row and jth column, is 
A(s,, 3) ifi Æ j, and zero if i = j. Let À, (5 t) be the function defined 
by the formulae 

(1) 
{n—1)1 


Â (64) = Í es Í Bs t5 81>- - -> 8,)u(ds,)---ulds,), 
8 sS 


nz, 
where B,(s.t; 5, ...,5,) is the determinant of the (n--1) x (n1) 
matrix whose general element «,, is given by the equations 
9,17 A(s, tia, =Ale.s,,) n+ 27 >1 
ta = As; 1,8), nt12j>1 
9,4770. nbbmi-jol 
[PL CES n+l zi#j>l. 


Show that Ê (s, t) satisfies (1) of Exercise 44, and hence represents an 
operator 4, of Hilbert-Schmidt type. Show finally that If A,{s, t) 
are the functions of the preceding exercise, then AAS, t) = A,(s, t) 
for p Xp-almost all [s, t], and 
$,— oes 2 z2. 
47 Let a number o, be chosen arbitrarily, and let d(4) = d{A) 
exp(—Ag,). Show that 


40) = C ite ua, 
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and that 


ay) = $ CP ae (Rs 


where Rọ —1, and where, for n 21, R, is the nxn matrix 


% n—l © ...0 

o a n—2 o 
Ra = | % 7] 

a e nA 

[2 9; 6; 


Show that the operator-valued function D(A) = d(A)(1—C4/2)) * is 
analytic in 4, and that D(A) = $7 ,D,A^, where Dy = 0, D, = ds, 
and where for s > 2, D, is the operator defined by the symbolic 
determinant 

1 nl 0...0 
cr A 
al ae: Raa 

An 


48 (Fredholm Determinant Series) Let the hypotheses of the 
preceding exercise be satisfied, and suppose that the Hilbert space 
of that exercise is L(S, Z, p), where (S, X, p) is a positive measure 
space. Let A{-, -) be a kernel representing the operator A in the sense 
of Exercise 44. Suppose that A{-, -) is chosen in such a way that the 
formula f(s) = A(s, s) defines a p-measurable, jintegrable function. 
Suppose that the number c; of the preceding exercise is chosen to be 


5 = f, Als, sys(ds). 


(a) Then the numbers d, = det(R,) of the preceding exercise 
are given by the formulae dj = 1, 


dy f... [Cle tds nm 


where C(s,,...,8,) is the determinant of the nxn matrix whose 
general element is A(s;, s,). 
(b) The formula 
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D(s.t) = f,--- [LC (te tates nf m 2 BR 


where €"(s, f; $,,---» 8,) Is the determinant of the (n--1) x (#+1) 
matnx whose elements are given by the formulae 


an = A(s. 1); 
a1, 4(5s, 1) mb j> sxs;—4(G 510) atl 2j>1 
aeg = AG a> 84) ntl ij >ds 


determines a kernel satisfying (i) of Exercise 44, which represents the 
operator D,—d, ,I of the preceding exercise. Moreover, the series 


ay (ar 
D(s, t; A) =z PETI D,{s, t) 


converges for all A, for p> p-almost all [s, t], and D(s, t; 4) is the 
kernel which represents the operator D(4)—44(4) of the preceding 
exercise. in the sense of Exercise 44. 

Show, finally, that by choosing A{s, s) = 0 for all s in S, we 
obtain the result of Exercise 46 as a special case of the present result. 
(Hint: Generalize the method of Exercise 46.) 

49 The operator A of Hilbert-Schmidt class is said to be of 
trace class if X54, < oo. The trace tr(A) of an operator of trace class 
is defined to be tr(4) = } 2,4, Prove the following statements. 

(a) Ifthe operator 4 of Exercise 47 is of trace class, and we 
take a, = tr(4) in that exercise, then dA) = [4,0 4,4) the 
infinite product converging absolutely and uniformly for A in any 
bounded set. 

(b) The product A of two operators A, and A, of Hilbert- 
Schmidt class is of trace class; moreover, tr(4) = tr(A,, Aq). 

(c) Let the operators A, A,, and A, in (b) be operators in 
L,(S,Z, p), where (S, Z, p) is a positive measure space, and let 
Al»), Aso.) be kernels representing A,, 4, respectively in the 
sense of Exercise 44. Then the kernel A4(-,-) defined by 


Aled) = f, Atos Ae, ttr) 


for each s and £ for which the integral on the right exists, represents 
the operator A in the sense of Exercise 44. Moreover, 
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te) = f, Als, s)u(as). 


(d) If (44*)! is of trace dass, A is of trace class. 
(Hint: For (d), use Weyl's inequality, Exercise 80.) 


E. Miscellaneous Erercises 


50 (Halberg) Let (S, X, jj) be a o-finite measure space. Let T, 
be a J-parameter family of bounded operators defined in a sub- 
interval J of the parameter interval 1 <p < co, each operator T, 
aeting in the space L.(S, Z, i). Suppose that for m, p, in I, T, end 
T, always agree on the intersection of L, (S. Z, i) and L, (S, 2, p). 
Prove that log |o(7,)| is a convex function of p. 

51 Let the hypotheses of Exercise 50 be satisfied. Slow that 


9(7,) C o(7,) a e(7,) if è m SPS Ps P- Poe Peel. 


52 Let the hypotheses of Exercise 50 be satisfied. Show that if 
Pi and p, are in F, then any component of o(T,, ) intersects o(7,,)- 

53 Let the hypotheses of Exercise 50 be satisfied, and suppose 
in addition that the number 2 is in J and that 7, is Hermitian. Show 
that c(7,) C e(7,) for every p in 1. 

54 Let the hypotheses of Exercise 50 be satisfied. and suppose 
n addition that (S, X, x) is finite. Let p, g bein F, p < g, and 4 ¢ o(T,). 
Then A ¢o(7,) if and only if (47—7,)(5, CL) C L, —L.. 

55 Let the hypotheses of Exercise 50 be satisfied, and suppose 
m addition that S is the set of integers, and that each point in S has 
measure 1. Let p, g he inZ, p > q, and A ¢ o(T,,). Then A ¢ o{7,) if and 
only if QI TL, -L) CL,—L.. 

56 (Schmidt) Let the hypotheses of Exercise 44 be satisfied, 
and suppose that the operator A is Hermitian. Let {y,} be an enumera- 
tion of the normalized eigenfunctions of A, and (j,) an enumeration 
of the corresponding eigenvalues. Show that à 


As, 1) = X nos). (D. 
1 
the series converging in the topology of L,((S, Z, p) x (8, £, p)}- 


57 Let S be a compact space, and (S, X, p) a finite regular 
measure space. Let K(s, t) be a continuous function of the variable 
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[5,1] in SxS, and suppose that 


K(s,t) = Kha), 
so that 
(Kp) = f Kts, Nike eda) 


defines a compact operator in L,(S, X, z). Let (g,) be an enumeration 
of the eigenfunctions of K, and (5) 2n enumeration of the correspond- 
ing eigenvalues. Show that if g = Kf for some f in L(S, Z, p), then g 
is continuous and the eigenfunction expansion of g converges uni- 
formly and unconditionally. 

58 (Mercer) Let the hypotheses of the preceding exercise be 
satisfied, and suppose that the operator K is non-negative. Show that 


Kis, t) = Sag deed, 


the series converging uniformly. (Hint: Show that Kt, t) — Diule (OF, 
and thence prove that the latter series converges uniformly. Use 
Exercises 57 and 56.) 

59 Let g, be an orthonormal set of functions in the Hilbert 
space L,(S, Z p) with |g,(s)| € M < œ. for s in Sand n = 1,2,.... 
For each f in L,, put e, = fef(s)g. (s)p(ds). Show that for each p 
with 1 < p £2, there exists a finite constant K, such that 


E M» 1 ye 
(È labor)” sx, {f nope)” 
=) o 
(Hint: Use the interpolation theorem of Marcinkiewiez stated in the 
section of notes and comments concluding the present chapter.) 


9. The Classes C, of Compact Operators. 
Generalized Carleman Inequalities 


If T is a compact operator in Hilbert space, the non-negative 
self adjoint operator 7*7 is compact (Corollary VI.5.5); thus, by 
Corollary X.8.5, Corollary VL5.5, and Corollary X.2.8, A ={T*T Y} 
is also a compact non-negative self adjoint operator. The eigenvalues 
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[as Hos - - - Of A, arranged in decreasing order and repeated according 
to multiplicity, form, by Theorem VIL4.5, a sequence of numbers 
approaching zero. These numbers are called the characteristic numbers 
of the operator T; we write j, (7) for the nth characteristic number 
of T. 

In terms of these characteristic numbers, we may define various 
norms for and classes of compaet operators. 


1 Derinition. (a) [Th  (3zat4 (T) P, co > p> 0; 

(b) [Zhe = SUP a seco [s (DE DI = IZ 

(c) C, is the set of all compact operators T such that |T], is 
finite. 

The final equality in (b) follows from Theorem X.2.1 and Lemma 
IX.8.2. The basic properties of the characteristic numbers p(T) are 
stated in the following lemma and corollaries. 


2 Lemma. The characteristic numbers p, (T) of a compact operator 
are given by the following formula: 
Ba T) = min max eL zo 
i vi-l 


Tipe = .-—(p mo 


Proor. This formula may be written 


(T) = min 


Since |Zg[* = (Tg, Tg) = (T* Tg, g), we see our lemma to bea 
special case of the *minimax formula" for the eigenvalues of a com- 
pact operator, given as Theorem X.4.8. Q.E.D. 

It will be convenient in what follows to aaopt the formula of 
Lemma 2 as a definition of j,(T) in case T is not compaet. Note that 
IT| = p. (T) quite generally by this definition. 


8 CororLaRY. The characteristic numbers of a compact or non- 
compact operator satisfy the inequalities 


Bsema(Tr T; S na(Ti) Eis a(T2) 
Pena) S paa Ties a(2)- 
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Proor. We observe that 


min max KZ,+75}¢l 
Ld lel-i 
E A =---= (FG a E 
= min (Zi 91+ |Zz9]) 
Vies im 
f.e)= Ll 
Zo min max Zigt 
[n 
(e v)-- 
+) min Fol. 
aste Vue leat 


i9. 95,1) —. -—(9 94 4)—0 


proving the first assertion. 


Similarly, 
mmn 7:79} 
[a 
IZ, 7.9} 
Ses st se) (Peel) 
17,9] lel 
min max Il). 
Pn Ill = H 
t Ri oe Mri RM a 


proving the second assertion. Q.E.D. 


4 Coronary. (a) |e, {Z-A Tl- 

O) HATA) S HATJA HAT) S [Alp (2). 

(c) ATU) = |i, 07) if 1 = [U| and 1 = [U>], and, in partic- 
ular, if U is unitary. 


Proor. Assertions (a) and (b) are special cases of the statements 
of Corollary 3; assertion (c) follows at once from (b). Q.E.D. 

Statement {a) of the preceding corollary enables us to prove 
various results by approximation of general compact operators with 
compact operators having finite-dimensional range. This will be a 
main technique of the present section. The following lemma gives a 
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useful auxiliary statement for the application of this process, showing 
how the eigenvalues of an operator behave in such a process of 
approximation. 


5 Lena. Let T, T be compact operators. and let T, > T in the 
uniform operator topology. Let À, (T) be an enumeration of the non-zero 
eigenvalues of T, each repeated according to its multiplicity. Then there 
exist enumerations A, (T,) of the non-zero eigenvalues of T, with 
repetitions according to multiplicity, such that 


lim 4,,(Z,,) AT) | mz 
the limit being uniform in m. 


Proor. Choose a decreasing sequence e; of numbers approaching 
zero such that the periphery of the disc C,, with radius e, centered at 
the origin lies wholly in the resolvent set of the compact operator T. 
Find a decreasing sequence of numbers 6, « e, such that the circles 
of radius &, centered at those points of e(7') outside C, are non- 
overlapping. Then, by Lemmas VII.6.4, VIL6.5, and VII.6.7, there 
exists an increasing sequence 7, of integers such that for 2 2 su 
each point in o(T,) lies either in C,, or within a distance à, of a point 
in o(T). Moreover, if the points of o{7,,) are repeated according to 
multiplicity, then the number of points in o(7,,) lying within 6, of a 
pomt å ee(T)—C,, is precisely equal to the multiplicity of 4. 

For n, € 4 < Agp enumerate the points of e(7,) as follows: 

(i) Arrange the points },,...,, in o(7)—C,, in the order in 
which they occur in the sequence A,(7). Enumerate first all the 
points in e(7,) lying within 6, of AD next all the points in e(T,) 
lying within 4, of À,. and finally all the points lying within 6, of },. 
In each ease, repetition should be made according to multiplicity. 

(i) Enumerate the points of e(7,) ^ C,. repeated according 
to multiplicity, in any convenient way. 

Now choose any positive e and M. It is plain that we may find 
k so large that e, < £ and A(T), . . -» Ay{Z) all lie outside C,,, while 
DOT) H2, < for j > M. Let n > m. By the above construction, 
VG) AAT) < 4, for j x M, while both [4{7,)] and [A(T)] are 
bounded by e for j M. Thus the lemma is proved. Q.E.D. 
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6 Lemma. Let T bea compact operator, and 4, (T) an enumeration 
of its eigenvalues, repeated according to multiplicity, and in decreasing 
order of absolute values. (If there are only a finite number N of non-zero 
eigenvalues, we write A,{T) = 0, n >N). Then, for each positive integerm 


{a) AZ)... AAT) S t7). - - 1 D: 
O EDP s Y peres 
p 1 


(€) B) = p) 


Proor, We group these three loosely related statements together 
because of the similarity of their proofs. By Lemma 5 and Corollary 4, 
and the elementary fact that any compact operator may be ap- 
proximated in norm by a sequence of operators T, with finite. 
dimensional range, it is enough to prove the lemma in the special 
case that 7 has finite-dimensional domain and range. 

Note that if T has finite-dimensional range, T = ET, where E 
is the orthogonal projection on the range of T. Thus T* = T*E*, 
so that 7* also has finite-dimensional range. This remark will be used 
implicitly from time to time in what follows, 

Let G be a finite-dimensional space including both the range of 
T and the range of 7*; suppose that the dimension of € is d. Then, 
plainly, G is invariant under 7 and 7*, and, since (T€, z) = (GL, 7*2) 
2-0 for all z, we have TS% —0 and similarly 7*G+ = 0. Thus, it is 
easily seen that 


AT) = 4{ZIG), lsnSd A(T) =0. n>ds 
Q) a0) = HATE) 1E€2£d pq(T)—0 nd 
pÁTS) = RTI) Snsd u(T*.)—O, nd 


Consequently, it is enough to prove (a), (b), and (c) for operators in 
Finite-dimensional Hilbert space. 

In this case, (a) and (b) are known inequalities of Weyl, given 
in Section 8 as Exercises 8.81 and 8.82. To prove (c), note that any 
finite-dimensional operator can be approximated arbitrarily closely 
by non-singular operators; thus, without loss of generality, we may 
assume T non-singular. Let U = (7*7 )/273. Then plainly U is non- 
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singular, and U*U — (T*)4 T* T T3 — I, so that U is unitary. We 
have UT = (T* T£; thus UTT*U+ = T*T, so that U(TT*)/2p-1 
= (T* TJ? Since unitarily-equivalent operators have the same eigen- 
values, (c) follows. Q.E.D. 

7 ConoLLaRv.7/ T € Cp, co > p > 0, then the series 2, (A(T))* 
converges absolutely and 


> ADP xb. 
e el 
Proor. This is clear from (b) of the preceding lemma. Q.E.D. 


8 ConoLLaRv. If TeC,, coc pO, then ihe series tr(T) 

= DEAL) converges absolutely and 
Ic s Zh- 

Remark. The expression tr(7) is called the trace of T. 

The following lemma states some useful elementary properties 
of the spaces C,. The norm inequalities stated in the lemma are 
inexact for the range 1 p < co and will be improved a little later 
in our discussion. 

9 Lemma, (a) We have C,CC, ij p&p: |T|, decreases 
as p increases. 

(b). If Tis T, are in Cp. then T+T, is in C, and 

T+ Td S20 Lt aly pci 
I7, s 217, 8+ 217515, o<p sL 


(©) If Ty is in C, and Ty is in C,,, then T,T, is în Cp, where 
Yir +1/r, = Yjr. Moreover 
TARTE. 0-r«co 
(a) HT is in C, and A is bounded, then AT and TA are in C, 
moreover, 


[AT S HA Ti — ITAL s [THAT 


(e) Ca is the Hilbert-Schmidt class of operators, and [Ty = ilT || 
for T in Cy. 
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Pnoor. Part (d) follows at once from (b) of Corollary 4. Since, 
if {p;} is the complete set of eigenvectors of T*T, we have 


ITR = Žar- Ie. P = |IZIP. 


This proves (e). 
Statement {a) is evident from Definition 1. 
To prove (b), we put Z — 7,47, and note that, by Corollary 8, 


Bonai tTa) S pua 3) f a (72) 
Panel Ti+ Ta) S HoT) 1 (T9). 
First let p 2 1. Then by Minkowski's inequality, 


(È pamato) = {S atro) (waa) 
S [Bat Hale 


In the same way 


(È teap)” s mi em 


Thus the first assertion of (b) follows on addition. The assertion 
of (b), for the range 0 < p X 1, follows in just the same way on 
replacing Minkowski’s inequality by the elementary inequality 
e+ ly? = e--g[^. valid in this range of p- 

Similady, using Corollary 3, and the Halder inequality 


(Er s (Tero, 

valid if 7714-73" — 73 and 0 < n, ry, r < co, we obtain (c). Q.E.D. 

The slightly unorthodox "triangle inequality" given in (b) of 
the preceding lemma does not prevent us from using our “norms” 
to define a topology for C,- A set U C C, is to be called open if for 
every T in U there is an £ > 0 such that (7| |Z" -T| < e} CU. It 
follows at once from the preceding lemma that 7 -> 7* is a continuous 
mapping of C, into itself, that T — 7 is a continuous mapping of Cp 
into Cy if p' > p, that [T,, Tg]  T4-- T, is a continuous mapping 
of C, x C, into Cp, and that [7,, 7,] 7,7, is a continuous mapping 
of C,x C, into C,, where 73 — p44g7. What is missing of the 
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ordmary properties of a metric space ıs the assertion that |T], is a 
continuous function on C,. Later, when we improve Lemma 9(b) by 
removing the superfluous constant 2, even this will follow. 

The space C, has tbe completeness property expressed in the 
following lemma. 


10 Lesa. If T, eC, is a sequence of operatars such that 
[ZnT nlẹ > 0 as m, n — co, there exists a compact operatar T such 
that T, >T (iu the topology of C,) as n -> co. 


Proor. By Lemma 9(a) and the faet that the family of compaet 
operators is closed in the uniform topology of operators, (Corollary 
VL5.5), there exists a compact operator T such that Z, > T in the 
uniform topology. Thus, by Corollary 4{a), lim, ,.{7,—T,,) 
= p,{T,—T). It follows that 


| > batt T) s tim sup{ $b — Pal 


maco 


= lim sup [7,—T7,|,- 
mco 


Therefore, letting N — co, we find 
IT, Th S im sup [TyTn 
mco 


So that 
lim [Z, —7|, < lim [7,—7,|, = 0. 
mco maoo 


QED. 
The following easy lemma will be useful in the sequel. 


Il LEMMA. Let T be compact. Then there exists a sequence T, 
of compact operators haring finite-dimensional ranges, such that 

{a) T, ->T in the uniform topology as n -> œ; 

(b) |[7,—7], >0 as n> co i TEG, 

(ec) [Zul > Zh, es n > œ if TEC. 


Proor. Let 9,,9,,,,, be an orthonormal basis for Hilbert 
space consisting of eigenvectors of 7*7 corresponding to the 
eigenvalues (j,(T))*. (n(7))5 >>» of this operator, Let E, be the 
projection on the space spanned by gy. .., 9, and let E, —I—E,, 
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Let T, = TE, and let 7; = TE, Then it is dear that Z, has finite- 
dimensional range and 7 = 7,--7;. 

Since E; > 0 strongly, | E; | > 0 uniformly for æ in any compact 
set. Thus, E,7*2 >0 uniformly for æ in any bounded set and 
[E T*] = [T] + 0. This proves (a). 

Since 7*7, = E, T*TE, = T*TE,, it is plain that 


BA) = BT) mS, n(T)—90 mon 


Thus (c) is obvious, Since it is plain by an exactly similar argument 
that 
BT.) = Emin?) ML 


(b) is equally obvious. Q.E.D. 

We shall ultimately need to demonstrate the continuity (or, 
quite equivalently, the additivity) of the function tr(7') of Corollary 
8. The proof, unfortunately, involves the same delicate point that 
gave us difficulty on the road to Theorems XI.6.24 and X1.6.25. 
We shall surmount this obstacle by a complex-variable argument of 
much the same sort. 


12 LEMMA. If T, and T, are operators with finite-dimensional 
range, then tr(T, - T,) = tr(74)--tr(7,). Hence, for two such operators, 
Ir, 791 x 17,—7- 


Proor. Let € be a finite-dimensional subspace of Hilbert space 
including the ranges of 7,, 7,, Z? and 72. Put 7, = T, -- 74. It 
follows, by arguments such as those given in the third paragraph of 
the proof of Lemma 6 that tr(Z,) = tr(ZjJOy te(Z;) = tr(T,O): 
tr(74) = tr(3[E), Thus the first assertion of our lemma follows from 
the corresponding finite-dimensional assertion (cf. Definition XL.6.8, 
Lemma X1.6.10). The second assertion follows from the first, from the 
elementary equation tr(aT) = a tr(), and from Corollary 8. Q.E.D. 

Lemma 12 makes it clear that tr(7) has a unique extension by 
continuity from the dense subset of finite-dimensional operators 
in C, to the whole of C,. We call this extension £t(7). The next main 
landmark of our argument will be the proof that é(7) and tr(T') are 
identical. We first state some easily proved properties of £r(7) in the 
following lemma. 
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13 Lemma. (a) The function tr(T) is linear and continuous 
en ihe space C,. 
(b) We have vu 
HT) = Y (To, 9) 
a 
where (gj) is any orthonormal basis and the series converges absolutely. 


Proor. Statement (a) follows immediately from the preceding 
lemma and from the definition of (7), To prove the absolute 
convergence of the series in (b), let y}, y, -.. be an orthonormal 
basis for Hilbert space consisting of a sequence of eigenvectors of 
(TT*)¥? corresponding to the eigenvalues 4,(7), p(T), . - . of this 
latter operator, so that [Z*y,| = p(T). Then 


SKTA SS Yos vill, gol 
i=l del j=l 


ur 


œ s [Xie eor] (Zi. ear} 


jel Lind 
= Sel) = he 


This demonstrates the convergence of the expression on the right of 
(b): since that expression is linear, the inequality {+} also implies its 
continuous dependence on 7. Thus, using Lemma 11, (b) will follow 
generally if we establish it for an operator 7' with finite-dimensional 
range. Such an operator is the sum of a finite collection of operators 
with one-dimensional range. Thus, without loss of generality, we may 
assume T to have a one-dimensional range, i.e., we may assume that 
T has the form æ — {z, v)u. It is easy to compute that tr(7) = (u,v) 
for such an operator; thus the formula of (b) reduces to the formula 


(52) = F ( gg, 1) 
il 


which we know to be an elementary consequence of the completeness 
of the orthonormal basis {p}. Q.E.D. 

The next lemma will allow us to sharpen the norm inequalities 
ofLemma 9, insofar as these pertain to the spaces C, with co 2 p zz 1. 
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14 Lemma. (a) Let œ >p 21 and let qp? = 1. Let C? 
denote the set of non-zero operators with finite-dimensional ranges. Then, 
df A is in C, 


a) |4, = sup 
(b) Let p and q be as above, let A be in C, and B in C,. Then 

AB and BA are in C,, 

(2) &(AB) — &(BA), 


and KstAB)| < | ALBI. 
(c) Let p, q, A, and B be as above. Then 


|4Bl, s |AL]Bl.- 
(d) Lei p be as above and A, A, be in C,. Then 
[+A < AH 


Proor. It is clear from formula (1) that (d) will follow from (a). 
Similarly, if (a) and (b) are proved, we have 


(A A, B) EiIREN: 
Mad cas BUAI < gy HABI 
Bec? IB| Bec® |Bl 
S Allie 


by Lemma 9(d). Thus, only (a) and (b) need be proved. 

Suppose that (a) is known in the special case in which A has a 
finite-dimensional range. For general A, we may use Lemma 11 to 
find a sequence A, >A in the uniform topology and in the topology 
of Cp, such that 4, has finite-dimensional range. If Be C* C C, 
it follows from the continuity of the mapping [A, B] > 4B of 
C, X C, > €, and the continuity of tr on C, that 


fA B)| = lim [ér(4, B)| S tim |4,]|B|, 
zo Da 
< JAlylBle- 


Conversely, there exists a sequence {B,} in €? such that |B,|, — 1 
and |f%(A,,B,)| = |4,|p—1/”. Thus, since 4 B,— A, Bp belongs to C° 
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it follows from Lemma 12 and Lemma 9(c) that 


\&(4B,—A,B,)| S I4 —4,)B,], S 214— Alp 
so that 


~ 1 
EAB.) 2 [4,,—214—4,],— — > lAl 


Hence the general validity of A would follow from the validity of A 
for operators with a finite-dimensional range. By elementary ar- 
guments such as those employed in the third paragraph of the proof of 
Lemma 6, which we leave to the reader to elaborate in detail, we may 
conclude that to establish (a) in general it is sufficient to consider the 
case in which the Hilbert space is finite-dimensional. 

The argument in this special case is as follows. Since both sides 
of (1) are continuous in 7 and since every finite matrix may be ap- 
proximated arbitrarily closely by non-singular matrices, it is sufficient 
to consider the ease in which T is non-singular. Then A = (TT*y/? 
is also non-singular and if U = 4717, UU* — 47 42 41—1, then U 
is unitary, and T = AU. Let B, = U-1473. Then TB, = A”, so 
that tr(7B,) = X|p,(T)|7. On the other hand B, By =U AU, 
so that z; (Bo) = i (T, and 


- [Bole = {ZDP p — {Z lany. 
This shows that 
[t(7Bo)| 
[Bol 
and hence that the nght side of formula (1) 1s not less than the left 
side of formula (1). 
To prove the converse it suffices to show that 


(8) {tr(7B)| s ITLIB| 


as above we may see that it is sufficient to prove this equation when 
both 7 and B are non-singular. Since a non-singular matrix has been 
shown above to have the form 7 — AU, where U is unitary and A 
is positive definite and Hermitian, and since by the spectral theorem 
A may be written as A = VDV*, where D is a positive diagonal 


= [Zl 
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matrix with the same eigenvalues as A, the statement (3) follows 
from the inequality 
lec UD, VD, V^) < [D,,ID, 


le- 
Using the identity tr(SS’) — tr(S'S'), 1t is enough to establish 
(4) ‘(DU D,U)| x |D,l,]D,l,. 


for each pair U, Ü of unitary matrices, and each pair D,, D, of 
positive diagonal matrices. The inequality (4) may be written as 


[Esa dahl S (Xi Y^ (Y dy)". 


This last inequality follows by the Riesz convexity theorem (VI.10.7) 
from its special cases p = 1, 9 = co, and q = 1, p = oo, which are 
implied by the two evident inequalities 


2 bl sa D [ecg] SV 


for the pair of unitary matrices U, Ü. Thus (1) is proved for the case 
p # œ. The easy extension of this proof to the case p = co is left 
to the reader, 

Since the linear functional £r is continuous on C}, and since, 
as we have observed in the paragraph following Lemma 9, 
[4, B] > AB is a continuous mapping of C,x €, into C}, it follows 
from Lemma 11 that to prove (b) in general, we have only to prove 
(b) in the special case in which A and B have finite-dimensiona! 
ranges. But then the inequality in (b) is plainly a special case of (a), 
while the identity (8) follows readily from the corresponding identity 
for operators in finite-dimensional spaces. This completes the proof 
of the present lemma. Q.E.D. 

It follows immediately from the preceding lemma, from Lemma 9 
(d). from the fact that |4| < }Alp, and from Lemma 10 that for 
p 21 the family C, of operators, with the norm |.|,, is a complete 
B-algebra; if the Hilbert space is infinite-dimensional, this B-algebra 
has no unit. Thus, the argument used to prove Theorem 6.7 may 
with the slightest of adaptations be used to prove the following 
lemma. 
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15 Lemma. If p 21, if T € C, and ij f is a single valued analytic 
function on the spectrum of T which vanishes at zero, then f(T) € C, and 
the mapping T — KT) of C, into itself is continuous. Furthermore, if 
{fn} is a sequence of such functions having as domain a common neigh- 
borhood N of the spectrum of T and if f (A) > f(A) uniformly for 2in N 
then fT) > (7) in the topology of Cp. 

The modifications necessary to carry over the proof of Theorem 
6.7 from the special case p= 2 to the general case p Z1 are 
sufficiently slight that they can cause the reader no anxiety. We 
therefore omit to set them out. 

Let TeC,. By Lemma 15, the mapping T > log(I--zT) is 
defined whenever —z-!&c(T) and depends continuously on T. 
Thus, the function det(1--zT) = exp (tr(logU--z7)) is defined if 
—z7! lies in the resolvent set of 7, and depends continuously on 7. 
Since, if —z1 ¢o(T), 

jim SAH +h) logta) 

hot h 
converges uniformly for £ in a neighborhood of c(T), it follows by 
Lemma 15 that 
a log(E-+(2-+h)T)—log(I-+2T) 


: 
: D 


A20 
"exists in the topology of Cj. Thus ér(log(-4zT)) is an analytic 
function of z, defined for all z such that —z! ¢ c(T). The following 
lemma states an important inequality for this function. 


16 Lemma. Let T € C,. Then 
(a) |detü-EzT) S L G+ bes tns 


(b) the function det (1427) is analytic in z for all z and has only 
removable singularities at the points z such that —z! € o(T). 

Proor. The left side of formula (a) is continuous in 7. In the 
course of proving Lemma 11, we showed how to construct a sequence 
of operators T,, with finite-dimensional range such that |T, — 7], > 0 
and 4,(7,) = un, (T) if m Sn, palT) —0 if m2 n. Thus the 
inequality (a) will follow in general once we establish its validity 
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for operators T with finite-dimensional range. Arguing as previously 
along the lines of the third paragraph of the proof of Lemma 6, we 
may even say that 7 may be considered without loss of generality to 
be an operator in a Hilbert space of dimension d < co. 

The formula e**^ — det( 4) is valid for finite-dimensional mat- 
rices, det(A)} denoting the determinant of A. Since the determinant 
of A is the product of its eigenvalues, it follows hy Lemma 6(a) 
that we have 


a 
| det(Z+27)| = IT 4.0227) 
nat 
a 
ES IFAI SEZI] 
E 


< I (LHe (7) 


which completes the proof of (a). 

The determinant det(I-Lz7,) is an analytic (and even a poly- 
nomial) function of z, if T, operates in finite-dimensional space, and 
hence more generally if 7, has a finite-dimensional range. Thus, 
since a hounded convergent sequence of analytic functions converges 
to an analytic function, it follows that det(Z+27) is analytic if 
—21 ¢o(T). Since hy (a) det(I-izT) is bounded, the singularities 
are removahle and (h) is proved. Q.E.D. 

Remark. Since, hy the maximum modulus principle, a hounded 
sequence of analytic functions which converges at all but an isolated 
set of points converges everywhere, it follows that det(I--T) is a 
continuous function of TeC, for all T, irrespective of whether 
—1€o(T) or not. It is equally evident that the preceding argument 
suffices to prove the following slightly more general lemma. 


17 Lemma. Let T, Be C,. Then the function 
det 4-T42B) 


is analytic in the complex variable z. 

Now we are able to prove that tr(7) = tT). The following 
lemma takes a first step hy demonstrating this equality in case T' is 
quasi-nilpotent. 
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18 Lena. If N € €, is quasi-nilpotent. then EN) — 0. 


Proor. Since c(N) = (0), —27 € o(N) is true for all z. Thus 
L(z) = &(log (-EzN)) is an entire function of z. Choose E so large 
that »7,, 4,08) « £- Then, from Lemma 16(a), it follows that 


& E 
lexp (L2); S [I Q- ele ()) exp (ef 5 6, 07)) 
EI mH 
k 
= IIoc) exp (ejl: 
we have used the inequality 1+a < e* for a > 0. Consequently, 


AL(z) S 2e|z| for sufficiently large |z|. Lemma 6.22 then implies 
that |L(z)|  8e[z| for sufficiently large |z|, so that 


beo kl 
Thus L(z}/z is analytic and vanishes at z = œ. The Laurent series of 
L(z) at z = oo is consequently 
b 
L()-—at-—-4..5 
z 
so that L is bounded at infinity. By Liouville’s theorem, it follows that 


L(x) is constant. Since L(0) = €r(log Z} = tr(0) — 0, we have L = 0. 
Since, by Lemma 15, 


e (19-4 NE 
lg gren) — Y CAP ON 
Em] k 
we have 
œ (—1 «s iNY 
o—-LG)- X Cru 
Pei k 


Thus €(N*) = 0, k > 1. Q.E.D. 

Next, let 7’ be a general operator in C,. Let E, = E(A(T); T) 
be the finite-dimensiona! projection corresponding to the non-zero 
isolated point AT) of c(T). Let 


$. = X ETI T), 


Sao be the closure of LJ„§,, and H* be the orthocomplement of $- 
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Let {y,} be an orthonormal basis for $. chosen so that (gy... Pa, 
is a basis for $1, {P. - - 9u,] is a basis for Qs, ete. Let {y,} be an 
orthonormal basis for §*. Then it clearly follows from Lemma 18(b) 
that 


(*) Gr) = Y (ose È Teo vo. 


On the other hand, 
L2 La 
2 Go. 9) = m. > (Fe. p) = Tim m eio) 
Em eoo i= 


= Tim Žan 


$-co i=l 
=tr(T), 


by Lemma 6.10 and the definition or tr(T'). Thus, in order to 
show that &(T) = tr(T), we have only to show that the second sum 
on the right side of formula (=) is zero. 

Now, since $, is invariant under 7, $+ = ($,,)* is invariant 
under 7*. We have 


3 (Tvey) = 2 Pv v) = ET 


by Lemma 18(b). If the compact operator 7*|$* were not quasi- 
nilpotent, then by Theorem VII.4.5 there would exist a non-zero 
complex number x and a non-zero z € $* such that 7*z — yx. Thus, 
by Theorem VIL4.5 again, E(u; T*)6* #0. From the paragraph 
following Definition VII.8.17, from Lemma VL2.10, and from 
Definition VIL3.9, it is seen that 


E(ui T*) = Ela; TP. 


Hence, we would have Elf; T + 0. ie., (£^, Els TIO) + 0- 
But, since E( fi; T)© C Ho = (O*)", this is ampossible. It follows that 
7*|G" is quasi-nilpotent, and hence from the preceding lemma, that 
€(T*|p) = 0. This completes the proof that £&(T) = tr(T) for all 
TeC, We formulate this important result as a theorem. 


19 "TuEoREM. The functional tr(T) on C, is continuous and 
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linear. We have tr(T) = (T), where €r(T) is the expression of Lemma 
18(b). 
We now pause to sharpen another of the inequalities of Lemma 9. 


20 Lemma. Let A, EC, , A5€C,. AgeC,, where vj rg! eng! 
= 1. Then 

(a) |tr(4,4245)| S [Aul] sb] Asl, 

(b) if r= rita’, nire rg 21, then 


li Ash S | Aids, [ele 


Proor. By the continuity of tr(7) for T € C,, the continuity of 
the product Z'S which was noted in the paragraph following Lemma 9, 
the continuity of the norm function which follows from the triangle 
inequality of Lemma 14(d), and by Lemma 11, it follows that we may 
without loss of generality assume all operators to have finite-dimen- 
sional ranges. By arguments such as those of the third paragraph of 
Lemma 6, we may then assume our Hilbert space to have finite 
dimension d. Lemma 14(a) shows that (b) follows immediately 
from (a). Thus, we have only to prove the trilinear inequality (a) 
for operators in a d-dimensional Hilbert space. 

Arguing as in the paragraphs of the proof of Lemma 14 following 
formula (3) of that proof, where we proved a bilinear inequality quite 
similar to our present trilinear inequality. we see that it is sufficient 
to prove the inequality 


(1) Kr(DU, D;U,D,U;)] S 1D], IDs], ID]... 


U, being unitary and D, positive and diagonal. The Riesz convexity 
theorem (Lemma VL10.7) will imply (1) once we establish the 
special ease z, = 1, 7, = oo, 73 = co of (1) and the two symmetrical 
special cases z, = c0, r, = l, 74 = © and 7, = co. fa = © rg — l. 
But 


Itr(D,U, DU, D,U;)| S Dih D] 4Ds].. 


follows immedistely from Lemma 9(d) and Corollary 8. Q.E.D. 

We may now proceed rapidly to the main goal of the present 
section: the derivation of inequalities for the resolvent of an operator 
in C, generalizing the Carleman inequality, which inequality has been 
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given as Theorem 6.27. We first define an appropriate family of 
generalized determinants. 


21 DEFINITION, Let © X p S E, where E is an integer not less 
than 1, and let 7 be in €,. Let 2, = A,(7), i > 1. Then 


E 2 (14 
det, +7) = IT [arna eld any. 
P 2 k—1 

22 Lemma. Lei p and k be as in Definition 21. 

(a) The product defining det,(I--T) converges absolutely. 

(b) detU-LT) is a continuous function of T on C,. 

(c) If T'eC,, det,I--T-ExT") is an entire function of the 
complex variable z, whose derivatives all depend continuously on T and 
T. 

(d) Ifk 2 p Zk—1 there exists a finite constant T, depending 
only on k and p, such that 


det,H-T) S exp (FIT). 
(c) If k 22 and p S k—1, we have 
Cay? 


det,(Z-+7) = exp = pose») det, ,U--T). 


(f) Fork = 1, det, - T) coincides with the function det(I-+T) 
of Lemma 16. 


Proor. We have 


RB 
log(1-)—4-4- 5 —..-k geal = 


ee oqat (asl +0) 


= OF) (as|a| > 0). 


Thus, using the elementary inequality je*—1| < jeje", we find that 
there exists a sufficiently large constant T so that 


a) 


a-3)es (2+ eae )-2| 


sra on 3n) 
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both in the vicinity of A = 0 and in the vicinity of A = œ. Since 
the function on the left is bounded in bounded regions not containing 
À -- 0 and the function on the right is non-vanishing, we may, by 
increasing T, assume that the above inequality holds for all 4. 

Similarly, for each k > p = k—1, we find a constant I depend- 
ing only on p such that 


(2) S exp (Fl). 


Oe) 


(1+4) exp (^ mx 


The absolute convergence of the product of Definition 21 will con- 
sequently follow from the convergence of the series 


(8) 5 bt exp (Pt). 


so HA] 1+4] 


Since, if $7 ,|A,|* « oo, all but a finite number of the terms [A,| are 
bounded by 1, it follows at once that the series (3) will converge if 
DA, [* converges. Hence, by Corollary 7, the product of Definition 21 
converges uniformly if 7 € C,, p Sk. This proves (a). 

The inequality in (d) follows similarly from (2) if k > p > k—1. 

It is clear from Definition 21 that if Y7,|A(T)f* « co, then 
by what has already been proved the produets defining det,(I-+ T 
and det, (I-- T) converge, and 


det,(Z4+7) - exp EZ x xS = det, 4-7). 


Since, from the spectral mapping theorem (VII.3.19), 959,25 = 
tr(7*), (e) follows at once. 

Now we turn to the proof of (b). If [2| <1, then the inequality 
(1) may be written, perhaps with an increase of the constant I’, as 


cay 
k—1 


(4) a) d x rap. 


(144) exp (^ et 


If we note the identity 
O1.. -an —l = (a — l)a . - . ap + (a5—1)a5 - -. a,-- (a, —1)0 --- Oy 
and the elementary inequality |l+2| x e", it follows that 
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|= (Zs) e (Št). 


Thus, if all the constants [A,| are less than 1, we have 


TI lara exp (^R Fa) | 


#1 


i (1,)— 
2a 


E E 
<{¥ ur] ew (X tt. 
= E 
If À(m) is a parameter family of sequences such that 
(i) Am) >A, as m > co uniformly in i, 
(ii) lim, 97, [A(m)|* = 0 uniformly in m, 
it follows that 
(Di) X3. |4(m)|* is bounded uniformly in m, 
(iv) Am) +0 as i > co uniformly in m. 
"Thus, by the above inequality, 


(ya 
k-—1 


lim II [eomm exp (m ex 


foc fart 


ato) EST 


uniformly in m, so that 


n [rmn exp (me aide cu at00)] 


Terram exp (Lim. CP ane] 


uniformly in m. On the other hand, by (i), 


lm TI (crm) exp (— adm)... +4 = ate) 


mo $21 


z n {0-440 exp (^ plas 2j 


k-1 


Thus, since the order of two limits may be interchanged if one of 
them is uniform, we find that (i) and (ii) imply 
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tim TT (ec) exp (24... 5 atn) 


maoo del 


z Dosa (m) a ( -At + C Dan) 


Since 
Z Palen S max [zr Y Vat" 5, 


statements (i) and (ii) are implied by the following statements (i) 
and (ii’): 

(9) Am) +A, as m > co, uniformly in é. 

(i) Y,]L(m)|** is uniformly bounded. 
"Thus, using Definition 21, Lemma 5, and Corollary 7 1t follows that 


det,(I-4-7,,) > det,(147) 


if Tn» T €C, , and Tn >T in the topology of C, ,.. This proves (b) 
if pk. 

To handle the limiting case p = k, note that if 7,, >T in the 
topology of C,, it follows by what has already been proved that 


det, (C 7,,) > dety +T) 
But, by (e), 


detyn (+T) = exp (Gr ec) de(l T,) 


det,, (147) = exp (S t?) det E47). 


Since, by the observations made in the paragraph following Lemma 9, 
T* +T* in the topology of C,, and since by Theorem 19 this implies 
tr(77)  tr(T*), (b) follows also if p = k. 

Since a bounded, convergent sequence of analytic funetions 
converges uniformly with all its derivatives, it follows readily from 
(b) and from Lemma 11 that (c) will follow in general if it is estab- 
lished in the special case in which both 7 and 7" have finite-dimen- 
sional ranges. The arguments given in the third paragraph of the 
proof of Lemma 6 reduce this case to the case in which our Hilbert 
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space is fimte-dimensional. But. for a matrix 7 jn d dimensional 
Hilbert space, since the determinant (in the ordinary sense) of 
T is the product of the eigenvalues of 7 and the trace of T is thesum 
of the eigenvalues of T. then 


Tr (eene ew (2m... FY mJ] 
can 
k— 


= det(I-- T) exp (^m deed Pom). 
This expression clearly depends analytically on the entries of the 
finite matrix 7; thus (c) is proved. 

We saw in the course of proving Lemma 16 that the function 
det(I 4- T) of that lemma is continuous in 7(cf. the remark which 
follows Lemma 16). Thus, by (b) and by Lemma 11, to prove (f) in 
general we have only to prove (f) in the special ease in which T has 
finite-dimensional range. The arguments of the third paragraph of 
Lemma 6 suffice to reduce this case to the case in which our Hilbert 
space is finite-dimensional. But in this latter case, both det, (I-4- T) 
and the function det(I 4-7) of Lemma 16 have been shown to coineide 
with the determinant, in the ordinary sense. of the matrix T+T. 
This was established for det, (1-1- 7) just sbove, and for the function 
of Lemma 16 in the semi-final paragraph of the proof of Lemma 16. 
This proves (f) and completes the proof of the present lemma. 
Q.E.D. 

"The next lemma gives a derivative formula which is the key to 
the subsequent course of our argument. 


23 Lemma. Let k be an integer not less than V, and T, BeC,. 
Then, if (—1) €e(T), 
d 
© i det,(14+-7+42B)|,_» 
= det, -T) [fü TY) -o +(e 7938]. 


Proor. Let us first remark that, since the function g(Z) 
= (14¢)7—-14..-4+(—1)**¢** has a (k—1}fold zero at £— 0 
and is analytic on the spectrum of T, we may write g(£) = RCK, 
where h(Z) vanishes at zero. Consequently, 
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eT) = G4 T3 14... (A932 = ThT). 


By Lemma 15 and the paragraph of discussion following Lemma 9, 
it follows that if 7, >T and B, +B in the topology of C,, 
aT.) — g(T) in the topology of Crx» while g(T,)B,  g(T)B in 
the topology of C,. Thus, by Theorem 19, the trace on the left of 
formula («) is defined and continuous in 7 and B. By (c) of the 
preceding lemma and by Lemma 11, it follows that to prove the 
general validity of formula (s), we have only to consider the special 
case in which 7 and B have finite-dunensional range. Arguments like 
those of the third paragraph of Lemma 6 suffice to reduce this case 
to the case in which our Hilbert space is of finite dimension n. In this 
latter case, as we have seen in the final paragraph of the proof of the 
preceding lemma, 


det, -T-EzB) 


= det ET eB) exp [tr [- em. QUU 


k—1 


(T43B, »] | s 
Sinee 
d 3 = 
= (T+2B}]ļ o = LTBI, 
dz i% 
we have 
d 
i tr((T-+2BY)|,9 = j tr(773B). 
Thus 


1 


H E exp fe [—cr+aB)+- - ames o 


k—1 
(0 
k—1 


= exp {tr (^0 T3 tr[( —EH4-..-- (1X1 7*2 


On the other hand. if a;; and b; are the matrices of a pair of linear 
transformations A and B in s-dimensional space, then since a 
determinant is linear in each of its rows, we have 
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DR ORT 
d gy Og; +++ Ogn i 
g A+B) ao = +--+ 


Gn @n2-- -Onn ba b. +++ Onn 


Therefore, by Lagrange’s expansion formula and Cramer’s formula 
for matrix inverses, we haye 


aa 
Fda Atle m X Sur 
1j 
= det(A} tr( AB), 
where y, denotes the cofactor of the element a, of the matrix A. 
Substituting A —I47 and using [f], we obtain formula (+) at 
once. Q.E.D. 

Remark. Statement (c) of Lemma 22 shows that the expression 
on the left of (4) is continuous in 7 and B. Thus, the expression on 
the right of (+) may be defined by continuity for all 7, whether or 
not (—1) e o(T). This eorresponds to the fact that since det, (I T) 
has an n-fold zero at any point p such that A = —p € o(T) and A is 
of multiplicity n, while (-L jT)! has at most an 7-fold pole there (cf. 
VII.3.20, VII.8.18), the expression 

det +T +T F4 .., 4 ( 195382 
may be defined by continuity, irrespective of whether (—1)€o(T) 
or not. This remark will be used freely and implicitly in what follows. 

It is now entirely trivial to derive a generalized Carleman 
inequality. 

24 "THEOREM. Let k be an integer not less than 1, and 1 Sp Sk. 
Then there exists a constant T depending only on p, such that 


[det 74+ THOE+Ty4 E+... E (-1Y7*3)], € exp (MITE +1)), 
where p1-pq —1. 


25 COROLLARY. If k and p are as above, there exists a constant I 
depending only on p. such that 


Idet, +T - T)?| < exp (TTR 
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Proor or THEOREM 24. The formula of Lemma 23 and the 
derivative formula 
17 W 
2i Jg, C 
of complex funetion theory imply that 
det, (1-4 TYycDU- T)? 414. . (1) 77738] 
1 


=| fede F474 CBE. 
2i Jitma 


FO) — 


Thus, by Lemma 22(d), there exist constants I” and I" depending 
only on p such that 

tridet -T(-- T) P4. . (1*3 7*3)8]| 

S exp (P(T HB} s exp(M((7R+0) 
if BeC, and |B|, X 1. Theorem 24 follows immediately from 
Lemma 14(a). Q.E.D. 
Pnoor or CoroLIARY 25. Since there exists a constant I” 

depending only on p such that 

Ir xr, <Sexp(M(ITP4+V), — j—n...k-2, 


Corollary 25 follows immediately from Theorem 24 and Lemma 9. 
Q.E.D, 

For 0 <p <1, we cannot argue in exactly this way, but a 
modification of our method of proof wil establish the corresponding 
results for this range without difficulty, 


>» 26 THEOREM. Let O< p <1. Then there exists a constant T 
depending only on p, such that 
Jeta- Td --Ty?| s expartri)- 

Pnoor. From the analytic dependence of (I -+T y1 on pit follows 
at once that it is sufficient to prove our theorem under the assumption 
that (—1) £o(T). Then, if 7, >T in the topology of C,, T, >T 
uniformly by Lemma 9(a) and Definition 1(b), so that the expression 


[detr +Z] 
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approaches the expression on the left of the inequality of our theorem. 
By Lemmas 11 and 9(b) it is then sufficient to prove our theorem 
in the special case in which T has a finite-dimensional range. Ar- 
guments hke those of the third paragraph of the proof of Lemma 6 
then show that it is suffieient to prove our theorem for the case of a 
finite-dimensional Hilhert space. We shall, in fact, show that for a 
non-singular operator S in a d-dimensional Hilbert space, 


ai 
a) [det $)53| < TT 745} 
a 


Since p U-ET) X Vg T) by Corollary 8, and since there plainly 
exists a constant Z' depending only on p such that 


tlel Stal, 


our theorem will follow. 

Since we have shown in the third paragraph of the proof of 
Lemma 14 that S = UMU', when U and U' are unitary and M is 
a diagonal matrix with the entries j4($), . . .. i, (S), in proving (1) 
we may assume without loss of generality that S — M. But then 
(det M)M^ is also a diagonal matrix, whose nth diagonal element is 


Since the y,(S) are arranged in decreasing order, the largest of these 
diagonal elements is plainly the expression on the right of (1), which 
proves our theorem. Q.E.D. 

Theorem 26 and Theorem 24 yield the following corollary for the 
special case of a quasi-nilpotent operator. 


27 COROLLARY. Let N be a quasi-nilpotent operator and NeC,, 
where 0 « p < œ. Then the resolvent R(A; N} has a bound 


IRQ; N) x err 


in the neighborhood of À = 0, T being some finite constant depending 
on p and N. 

The argument of Theorem 6.29 may now be carried over 
without difficulty to compaet operators whose imaginary part is of 
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the class C,. This argument was based upon the inequality of Corollary 
6.28, of which the preceding corollary is a direct generalization, 
and on the Phragmén-Lindelof theorem, Lemma 6.83. The 
generalized form of this theorem may be stated as follows: 


28 Lemna. (Phragmén-Lindelóf) Let g be a function of the 
complex variable z defined and analytic in the interior of the angular 
sector o bounded by a non-intersecting pair of differentiable Jordan 
arcs y, and y; and forming an angle of opening less than zip at the origin. 
Suppose that g is also analytic in a neighborhood of each of the half-open 
arcs y, —(0) and y, —(0), that g is also bounded on each of these half-open 
arcs, and that |g(z)| = O( exp |z| *) as z >09, z remaining in the 
interior of o. Then lg(z)| = O(1) as z > co, z remaining in the interior 
of o. 

Proor. Apply Lemma 6.88 to h(z) = g(z?/?). Q.E.D. 

With Corollary 27 and 28 in hand, we may use the argument 
of Theorem 6.29 to obtain the following theorem. 


29 THEOREM, Let O< p « o» and ld TeC, Let ,,---7, 
be a family of non-overlapping differentiable arcs in the complex plane 
starting at the origin. Suppose that each of the s regions into which the 
plane is divided by these arcs is contuined in a sector of angular opening 
less than zip. Let N > 0 be an integer and let the resolvent of T satisfy 
the inequality 

IRG; T) = Oa) 


as À 0 along any of the arcs y,. Then the subspace sp(T ) contains the 
subspace TYG. 

The very minor adaptations of the proof of "Theorem 6.29 
needed to yield the proof of the above theorem are left to the reader. 
We note that the minimum necessary number s of arcs is [2p]--1. 


80 COROLLARY. Suppose that as À tends to zero along the arcs y; 
of the preceding theorem the resolvent of T satisfies the inequality 
IRG; T)| = OWA). Then the subspace sp(T) coincides with the entire 
Hilbert space $. 


81 Corotuary. Let T be a densely defined unbounded operator 
in Hilbert space $ and 0 < p < oo. Suppose that for some A, in the 
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resolvent set of T the resolvent R(A,; T) és èn the class Cp. Let y,,.. 7, 
be non-overlapping differentiable arcs having a limiting direction at 
infinity and suppose that no adjacent pair of arcs forms an angle as 
great as nijp at infinity. Suppose that the resolvent R(4; T) satisfies an 
inequality |R(A; T)| = OUAP) as A — co along each such y,. Then the 
subspace sp(T) coincides with the entire Hilbert space $. 

The proof of Corollary 30 is identical with that of Corollary 
6.30 word for word, while the proof of Corollary 31 differs from 
that of Corollary 6.31 only in slight details, the elaboration of 
which we leave to the reader. 

In order to apply the preceding theorems, it is necessary to have 
criteria guaranteeing that a given operator lies in a class C, . Following 
are a number of simple conditions of this sort. 


32 Lemma. Let 2 S p < co. Let p, be an orthonormal set and T 
a bounded operator. If 


batt up 
[È tear} < 
then T €Cp- 


ProoF. Let y, = |Tọ;]- Let the operator B be defined by By, 
= (Tg, yf". Then plainly 


Šip- 


so that, by Definition 6.1, B belongs to the Hilbert-Schmidt class C,. 
H we let Ay, = 7} ” p, then A is plainly self adjoint and A belongs 
to the class C,, where 7(1—p/2) = p, i.e., r = p(1—p/2) 1. Thus, by 
Lemma 9, T — BA belongs to the class €,, where 6&3 = 
44(1—p/2}p = p; ie., T belongs to C. Q.E.D. 
If A is the operator in L,I0, 2z] mapping e" into (inp? for 
n 4- 0 and mapping 1 = e into —z, then A has a two-dimensional 
range and 
z 
Í edy = > eftz_ Ale), — ngo, 
lu in 
= 0—A(e™), n=0. 


It is plain from this that the operation of integration belongs to each 
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class C,,, (but not to the class €,). Thus, for instance, if K(z, y) is a 
Hilbert-Schmidt kernel such that 


HE 


[5e vorty 
o 


Pk ) dyd 
E e. gh z< o, 


we may write 


Rene fe at f nm 


so that, from Lemma 9, KeC,, where 1 — 214 (1+ey}; i.e., 
K € Cenne for each e. Similarly, if 


Lf la) "Ky dey < co, O<Ssck, 


then K belongs to the class Cyrene 


cL (& a) xe x + Gy Kia) 


we see in the same way that K belongs to the class Cu. 

Similar results may be derived by direct estimation of the 
characteristic numbers (T). Suppose, for instance, that the kernel 
K satisfies the Hólder condition 


if 


Jar<o, OSsSk, 


1 s 
o ref Í [Ke yth - Ki ipa) sn 
[] 
osz ysl, h0 
Then, if f is a function in L,(0, 1) satisfying the 7 linear conditions 


Ln 
iin 


(2) Halde=0, $j-—9,...—1. 
we may write 


(3) (p) = [ Ki, wordy 
= fL y) — K. s wierd, 
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where 
j j j41 
Ks. =K (e$). iyi ogj<a- 
n n n 


If u, is a decreasing sequence of numbers, then plainly 
< 


thus u, (K) S 0 1|K|,. Consequently, if f is subject not only to the 
n linear conditions (2) but also to 7 additional linear conditions 
adapted to the kernel K —K,, we may be sure that 


Jp s ce (£P Ms E. randa)" if 


s r[[/^ ea^ yp — reel, 
ie. 


(4) Ha K) S Paes, 


Thus K eG, if p(}+«} > 1, ie, p > 2/(14+2). 

Numerous results of this sort are to be found in the work of 
Hille-Tamarkin [1]. 

We may derive a simple result of this sort for the infinite interval 
as follows. Since the mapping Z,:/(z)- faf(y)dy in the space 
L,[0, 4] is related after division by A to the formally iden- 
tical mapping l, in L,[0,J], by the unitary transformation 
H(z) > (Az) 417, it follows from our earlier calculations that there 
exists a constant M such that p, (I 4) « M An-. Thus, i£ K is a kernel 
on [0, co) x [0, co} such that 


LE [xe "M [zs vi) day oes 


we have K =K p+Kpl p, where K g and Ky are the integral operators 
with kernels 


Kil, y) = K(z,B} y S B; Kalz, y) = K(z, y), y >B. 


" e 
Ky(ey)—9, y >B;  Ky(ny --— a E y. y € B. 
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Thus, by Corollary 3 and by the estimate for the characteristic 
numbers of a Hilbert-Schmidt operator used above, 


Panl K) S MBP 4 nt { ini E VK ss E MB 


Let us now suppose that 


fc fe Matos Pandy = 00872). 
Then the above inequality may be written as 
Ha KK) S M'n AP [Bii B 7), 


in terms of a certain finite constant M'. Since B may be chosen 
at our discretion, it is seen that 

Hs (E) S Mn (Hehe), 
Thus K is in C, if p > (22-2) (8x1) 

If the variables z and y of the kernel K (z, y} lie in a bounded 
region of d-dimensiona! space, we may easily adapt the argument 
based on formula (3). It is necessary in this case to divide our region 
into z^ subregions. Thus the result corresponding to (4) is 


Hes K) S Pons, 
if K satisfies the Hélder condition (1). This may be written 
BAK) £ Pac Hala, 
Similarly, if K has derivatives of the first s orders with respect to y 
which are sqnare-integrable ın both variables, then 
pK) S Poo sim, 


We have KEC, for p > 2d/(d+«) m the first case and Ke C, 
for p > 2d[(d--s) in the second case. 


10. Subdiagonalization of Compact Operators 


Any Hermitian operator in a finite-dimensional space can be 
reduced to diagonal form by a unitary transformation. This statement 
is, of course, false if we omit the word “Hermitian” as the theorem 
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on reduction to Jordan canonical form shows. It is even false that 
every finite matrix can be reduced to diagonal form by a non- 
singular transformation. On the other hand, as the proof of Lemma 
6.21 makes plain, every finite matrix can be reduced to subdiagonal 
form by a unitary transformation. In the present section, we shall 
discuss the analogue of this result for arbitrary compact operators 
in Hilbert space. Our analysis will yield a number of interesting 
inequalities which permit a useful extension of the result of the 
preceding section. Throughout the present section, we assume for 
simplicity of statement that Hilbert space is separable. 

Subdiagonal representations of an operator are connected with 
the study of its invariant subspaces. Thus, the key to the situation 
that we wish to analyze is the following general, interesting, and 
important theorem of Aronszajn and Smith. 


æ% 1 Tweorem, Let T be a compact operator in a B-space X of 
dimension greater than 1. Then X has a proper non-zero closed subspace 
9) such that TYC Y. 


Paoor. H X is finite-dimensional. the result follows trivially from 
the existence of an eigenvector. Hence we may assume that X is 
infinite-dimensional and has no eigenvectors. Pick a vector Z with 
|e] = 1. Since the closed subspace X; spanned by the vectors T'z, 
i 21, is invarant, we may suppose that X, = X. If the vector T" 
was linearly dependent on the set A = (7"—2,..., Z} of vectors, 
then 7*3z would also be dependent on A, and, inductively, all 
T"H£ would be dependent on A, so that X would be finite-dimen- 
sional. Summarizing, then, we may assume without loss of generality 
that 

(i) the vectors Z, T%,... are linearly independent; 
(i) the closure of the linear span of the vectors Z, TZ, ... is X. 


For each integer k, let X! denote the (k-- 1)-dimensional space 
spanned by z, Tz, ..., T*z. For each closed subspace 9) of X and each 
wed, let p(x, 9)) denote 

inf |r—y]. 
p 


Then it is readily verified that we have 
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(i) p(z-£,9) S plz, 9)2-p(£, 9) 
(v) plez, 9) = le]p(e. 9? 
(v) pe, 9) S kl. 


By (ii) we have 
(vi) limeso p(z, X?) + 0, ze X. 
For each sequence 9), of subspaces of X, put 
lim 9), = (al lim pt, Ya) = 0}- 
parry 


It follows readily from (iii). (iv) and (v) that lim 9), is a closed 
subspace of X. 

For each subspace 9) of X and each g c X, let 9)(z) denote some 
vector y € Y) such that [D(z)—2| S 2p(z, 9))- Define the linear trans- 
formation T, of the space X' into itself by putting 

T ,(agZ4-- - -+0,T*Z} 
= as TEL. . pas 1 TPH pa X (TP). 
Tt is plain that 


IP —T3(a5z4-- - -+0 7521] 
S 2|u|p(T**z, X1) = 2p(x, TZ, X). 


Thus, since p(z+y, 9) = p(z, 9) for any ye), we have 
(vi) KT—7,2] S 2p(z X9") seg 


Since X? is finite-dimensional, Lemma 6.21 shows that X? has an 
increasing chain 


0) — X*&ecxeic. .cxeu-xe 
{0} —xeocxenc...cx x 


of subspaces such that X% is j-dimensional and T€ C xt, 

We now prove that if k,, 7, are any pair of sequences such that 
k, > co, and 0 S j, S kp then fj = lim X94 is an invariant sub- 
space. Suppose indeed that z €, so that there exists a sequence z, 
of vectors in X*«is) such that z, >z as n> œ. Put Tz = u, then 
Tz, >u. Moreover, Tz, e Xi, while 
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Ju 7, S lu Te T Taden 
S |lv— 72, |H-2p(T2,,, X' 
S |u—Tx,|4-2p(u— Tr, Z) 
+2p(u, ZH 
S 8lu—T7z,14-2p(u, Xi"!) +0 


by (üi)-(vii) above, proving Our assertion. 
Note that we have actually proved the following somewhat 
stronger statement: 


(vii) If 8 = lim X%-*) and u= lim Tz,, where x, eX"), 
then we. 


It only remains to construct sequences k,, j; for which the in- 
variant space § differs both from (0) and from X. This we do as follows. 
Choose some a > 0 so small that a < 1 and [T] 2 a|T|. Since 
EEX — Xk" for all k, the numbers p(Z, X*01), . .., p(z, £5) de- 
crease from 1 to 0. Thus, foreach k there exists a uniquej(K) such that 


(x) p(z, FE") > a > p(g, xim 


Choose a sequence z, eX") such that x, —z] <a- Then there 
exists a subsequence z, such that Tz, converges strongly to an 
element y (since T is compact). Put 8; — XUc/&2), gi — xc 3&9), 
and let 8 = lim, 8’ = lim. Then, since 8, C 9, for all i, it 
follows easily that 8 C8’. Plainly, by (ix), ye’, so that since 
jy— 1| = lim [T(z,, —2)] S afT| while [Tz] > «fT, we have y 4 0 
and thus 9’ + {0}. On the other hand, since by (ix) there is no point of 
any of the spaces within a distance œ of z, there can be no point of 
8 within a distance a of #, so that § + X. 

If there is no proper invariant subspace of X, it must follow that 
8= {0}, 8' =. By (ix) and the compactness of T, this implies that 


(x) Tz, +0 if z, is a bounded sequence in 8,- 
On the other hand, since dim (8,8,) = 1, there exists a vector 
1 € By such that 8,4 -(2,) = 3}. Since z, is finite-dimensional, we may 
even suppose that «, has been chosen so that u| = 1 and 
inf pul = fu] = 1. 


268, 
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Then plainly 
Qu) Peru] 2 [o] and 2e,+au] 2 fal, z 68, 


Since 8’ = X, we may find sequences z,, Z; €8, and a, @, such that 
zto,u,>% and Z,L&,u, TZ. By (x) and (xi) a, and &, are 
bounded and a; Tu, -» Tz, &,Tu, -> T?Z. Thus |a,| must be bounded 
below by a positive constant and a subsequence of &,/a, must con- 
verge to a constant y, so that we must have y7% = T*2, contradicting 
(i. QED. 


2 Derinirion. Let T be an operator and E a projection. We 
say that E is a subdiagonalizing projection for T if T leaves the range 
of E invariant, i.e.. if ETE = TE. 


8 Lemma. Any operator T in Hilbert space admits a marimal 
totally ordered set F of orthogonal subdiagonalixing projections; ie., 
a totally ordered set of subdiagonalizing projections not contained in any 
larger set of subdiagonalizing projections. The jamily F contains the 
strong limit of any monotone-increasing and of any monotone-decreasing 
sequence of projections in F. 


Proor. Our first statement follows at once from the Hausdorff 
maximality theorem (1.2.6). Let (E,) be a monotone-increasing 
sequence of projections in F, let E be in F, and let E, be the strong 
limit of E,. If E, < E for alln, then E,, X E; if E, = E for some E, 
then E, 2 E. Thus, if E, is adjoined to F, F remains totally 
ordered. On the other hand, since E, T E, = TE,,, we find in the limit 
ETE, — TE, Thus T leaves the range of E invariant. It follows 
from the maximality of F that E „is m F. The proof for a monotone» 
decreasing sequence of projections in F is identical. Q.E.D. 

If E and F are orthogonal projections and E = F, then EF = 
FE = F. Thus all the projections of a maximal totally ordered 
family ¥ of orthogonal projections commute. Let (z,) be a dense 
set of vectors in Hilbert space and put 


ode 
E) = ————. 
AE = X sp 


Then g( E) plainly increases with the projection E. If E, E, are in F, 
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and g(E) = g(E,), then, since F is totally ordered, we may assume 
for the sake of definiteness that E < Ey. Hence |Ex,|? = |E,2,|? for 
each m, so that Ez, = Ez, and E= E,. That is, g(E) = g( Ej) 
implies E = Ej. Similarly, (E) S g(Ej) implies E € E,. If E,, 
E are in F and g(E,) increases to the limit g( E), then it follows 
from what we have already proved that E, is an increasing sequence 
of projections and E, < E. If E,, is the strong limit of E,, then 
E, E and 9 E) = g(E). Thus, it follows as above that E,, = E. 
This proves that if g(¥,,) is increasing with limit g( E), then E, has 
the strong limit. E. We may show in exactly the same way that if 
g(E,) is decreasing with the limit g(E), then E, has the strong limit 
E. Since every convergent sequence contains either a monotone- 
increasing or a monotone-decreasing sequence, it therefore follows 
that g(E,) > g(E) implies E, -> E strongly. Hence. if we choose a 
countable set (Ej) C F such that (p(E;)) is dense in the range of the 
function g, then each E in F is the limit either of an increasing or of 
a decreasing sequence of projections in F. We shall show below that 
there exists a Hermitian operator 7 such that all the projections E, 
belong to the spectral resolution of 7 and such that each projection 
in the spectra) resolution of 7 is the strong limit of linear com- 
binations of the projections E,. Suppose for the moment that this 
has been done. It follows readily that all the projections EK in F 
belong to the spectral resolution of Z. We may consequently use the 
results of Chapter X on the spectral representation of T to obtain 
a spectral representation for the maximal family F of projections. 
This may be carried out as follows. By Lemma X.5.8, there 
exists a sequence z,, 2 20, of vectors in our Hilbert space H, such 
that © is the orthogonal direct sum of the spaces (x,) where 


Q) $e) = PT ed ECT} 


and there exists a decreasing sequence , ofsets such that (E(e)z,, a.) 
= {E(e@,)zp, zo), % = 0, for all Borel sets e. 

We may and shall assume in addition that |x| = 1. 

Put XE) = |Ez,f. It follows as above that A(E) is an increasing 
function of E, that 2(E,) = A( Ej) implies E, = E, for any pair E,, 
E, of projections in F, that A(E,) x A(E,) implies E, S E,, and that 
ALE,) > A(E) implies E, -> E strongly. It is plain, on the other hand, 
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that E, > E implies A(E,) > A(E). Thus, from Lemma 8, the range 
of the function A is a certain closed subset C of [0, 1]. Since the 
mapping E — A(E) is one-to-one, we may invert it, thereby para- 
metrizing the maximal set F of subdiagonalizing projections as E}, 
AeC. By our above remarks, E, depends continuously on 4, in- 
creases as A increases, and we have |E z|? = 4. 

Let (a, b) be an interval complementary to the closed set C. 
Then, since F is maximal, there is no closed subspace X of Hilbert 
space) which is invariant under 7' and which satisfies E, CX C Ep. 
Consider the mapping To = ( E— E,)T|( E, — E,)©. If X; is a closed 
proper subspace of the Hilbert space (E, — E,)$ which is invariant 
under To then it is plain that X = X, © E,§ is closed, invariant 
under 7, and satisfies E, C XC E,Q. Thus, T, can admit no proper 
closed invariant subspaces. Since 7, is compact, it follows im- 
mediately from Theorem 1 that (E,— E,)$ is one-dimensional. 

Let g denote a function defined on the interval [0, 1], taking on 
each of its finitely many values on an interval of [0, 1], and having 
allits points of discontinuity in the closed set C. Such a function has 
the form 


(2) als) = ap a, ESO 
where 
(8) O=a,<4a,<...<a,=1L. 


Call the class of all such functions 3. Let U,, be the mapping which 
sends the above function g&$ into the vector 


(4) sta Ble) 


Then, in the first place, we have 


L 1 
Weel = Y saei = f lloras 
e o 
thus U, may be extended to a unique isometry between the closure 
of § in L,[0, 1] and the closure in $(z») of the vectors (4) (for which 
m = 0). It is easily seen that the closure of 8 in L;[0, 1] is the set of 
all functions which are constant on every interval of the complement 
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of the closed set C; we shall denote this subspace of L,[0, 1] by the 
symbol £,(C). Since each projection in the spectral resolution of T 
and hence each continuous function of T is a strong limit of linear 
combinations of the projections E,, it follows from (1) that the 
closure in £(z,,) of the vectors (4) is $(z,,). Thus, by taking m — 0, it 
follows that U, may be extended to an isomorphism between £,(C) 
and (zy), which we continue to denote by the letter Ug. 

Let $ be a bounded operator in L,(C) which commutes with 
each projection U,!E, Up. Let 1 denote the function in Z,(C) which is 
identically equal to 1. If Us'SU,(1) = A(z), then it is evident that 
(U,! SU,g)(z) = e(z)h(z) for each gef, so that, since 8 is dense in 
LC), (U5  SUQEY(x) = ela yea) for all ge L,(C). In order that S be 
bounded, it is plainly necessary that k be bounded; in order that S be 
a projection, it is plamly necessary that h(x) = 0 or 1 almost every- 
where. In particular, for each projection E(é) in the spectral resolution 
of T, there must exist a Borel set e of [0, 1] such that (Up E(£)U,g)(x) 
= x,(z)g(#), x, denoting the characteristic function of e. If E(f) is a 
second projection of the spectral resolution of 7, and f C Z, then since 
E@E(f)= E(), we musthave (U EWEN) = xAadele), where 
f Ce, On the other hand, it is plain from the definition of the mapping 
U, that (U,!E, Use) = Xo, 3)(@)e(2). It follows from what has been 
stated just subsequent to formula (1) that there must exist a de- 
creasing family e, De, 2 €4--. of Borel subsets of [0,1] such that 


6) (Ez) (EEQ e T0) = (10,4) Oey mL 


where p denotes Lebesgue measure. 

Let (a, b) be an interval complementary to the closed set C. 
Then (E£,— E,)z,, is orthogonal to (E, —E,)az, if m z 1. Since we 
have seen above that the range of the projection. E,— E, is one- 
dimensional, it follows that (E, — E,)z,, = 0. Thus e,, (a, b) = ¢. 
The sets €j, 65, ... consequently are contained in the set C. 

It follows from (5) that for m 21 and g in fj we have 


IU, gl? = PAD 6 En) 


= f, leas. 
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Thus U,, may be extended to an isometry between the closure of 3 
in the space L,(e,,, i) and the closure of the set of vectors (4). Since 
each projection in the spectral resolution of T and hence each con- 
tinuous function of T is a strong limit of linear combinations of the 
projections E,, it follows from (1) that the closure of the set of 
vectors (4) is §(z,,). On the other hand, since e,, C C, the closure of 8 
in the space E,(e,,, ui) is easily seen to be the entire space L,(e,,, x). 
Thus U,, may be extended to an isomorphism between L,(e,,, i) and 
(To), which we continue to denote by the letter U,,. It is plain from 
the definition of U,, that (U, E,U, g)(z) = xpo, ylz) m ZL 

Since the whole Hilbert space $ is the direct sum of the or- 
thogonal subspaces (z,), the mapping 


U:[gz), (2). -.] > DU nem 
mo 


is an isomorphism of £,(C) © La(e,, #) © L,(es, u} € . . . onto H. On 
the other hand, it is clear that U-3 E,U is the mapping 
(gol), & (0). - --1 > Dro ayer Xo, (D (2). - - -]- 

The preceding analysis leads us to the following theorem. 

4 "THEOREM. Let F be a mazimal totally ordered family of sub- 
diagonalizing orthogonal projections for the compact operutor T in 
Hilbert space. Then there exists a closed set C in [0, 1] and a sequence 
€i 2&2... of Bord sets such that F is isometrically equivalent to the 
family {E,|A € C) of projections in the space 

De = LC.) © Le, p) © Lele p) © -~ 
defined by the formula 
Balez), gol), -- -] = oale) zalege), + -1, 
where y,(x) denotes the characteristic function of the interval [0, 2), 
and p the Lebesgue measure on [0, 1]. 


Proor. To complete the proof of this theorem, we have only to 
show that if E, is a countable, totally ordered family of projections, 
there exists a Hermitian operator 7 such that: 

(a) All the operators E; belong to the spectral resolution of T. 
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(b) Every projection in the spectral resolution of T' is the 
strong limit of linear combinations of the projections E,. 

This we do as follows. Let Y be the commutative B*-algebra 
of operators generated by the projections E, and let A be its spectrum. 
If c is any element of A. i.e.. any continuous homomorphism of 9f 
into the complex number space, let S(«) be the sequence [o E,), 0, 
€ Ej), 0, (Es), 0, . . .]. Since E? = E,, S(w) is a sequence of zeros 
and ones, which we may taketo be the dyadic-decimal representation 
of a certain real number r(c) lying in the interval [0, 1]. 

Let E(e) be the spectral resolution of the algebra 9I, so that E(e) 
is a countably additive regular projection-valued Borel measure 
defined on A (cf. Theorem X.2.1) By Theorem X.2.1 we have 


J, oH E42) = E. 
Let the Hermitian operator T be defined by 
T= [retain 


Then, if E, is the spectral measure on the wiit interval defined by the 
formula E,(e) = E(re), we have 


T= [rein 


by the change of measure principle. Hence, by Corollary X.2.7, E,(e} 
is the spectral resolution of the Hermitian operator T. If d, (7) is the 
nth entry in the dyadic expansion of the real number 7, we have 


E((rld, (7) = 1) = E(foldans(r(@)) = 1) 
= E({ola(E,) = 1)) 
= [EE = E, 


"Thus, each of the projections E, is m the spectral resolution of the 
Hermitian operator 7. 

On the other hand. let a Borel set e C A be given. Choose a dense 
subset z, of Hilbert space. Then, since the measure E(e) is regular, 
there exists for each integer m a closed set f,, C e and an open set 
O, 2 e such that 
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1 
Elez 7. S (Elaja < IE(O, Jo, S [Etc 7 


l1€ZEnsm. 


Using the Urysohn theorem (1.5.2), we may find a continuous 
function e, (c) on A such that 0 X o, (c) <1 and such thatg,,(w) = 0 
if € ¢ Op, while 9, (c) = Y if w is in f,,. It then follows readily from 
the formula displayed just above that if 


Dn = | Gnleo)E(do, 
we have 
KEE) Pn Ja, = f xelo)—Pnleo) PEC dor), 


4 
<-, l1zntzm. 
m 


Tbus E(e) is the strong limit of the operators Ø. On the other hand, 
it follows from Theorem X.2.1 that 9, belongs to the algebra 9f, 
sothat, is a limit of linear combinations of products of the operators 
E,. Since the projections £, form a totally ordered family, the product 
of any finite subcollection of the E; is the smallest of the E, (i.e., the 
projection E, with the least range). Thus E(e) is a strong limit of 
linear combinations of the projections E,. 

This proves (a) and (b), and completes the proof of Theorem 4. 

We meet the smallest number of inessential technical com- 
plications if we state a result on subdiagonalization for the special case 
of Hitbert-Schmidt operators, in which case a kernel representation 
of the operator always exists. The following preliminary lemma 
describes this kernel representation and gives various of its elementary 
properties. 


5 Lemma. Let T be a Hilbert-Schmidt operator in the space Oy 
of Theorem 4. Then there exists a unique set K,,(8, 1) of kernels, defined 
and square-mtegrable on [0, 1] x [0, 1], such that 

G) Kast) = 0 if sge, i 21 or if ige f 21. 

Gi) K,,(5 1) — Ky (5. 1) if s and 2? lie in the same interval 

of the complement of C. 
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(iii) K, {S 1) = Ks, £) if t and £ lie in the same interval of 
the complement of C. 

Gv) IP = Dos JoJo Ks, tf dodt < co. 

Q0 T(S) fals ---] = [nt &(5 ---- 
vehere 


a= K (s. t)f,(t)dt, 
4-140 


the series converging unconditionally in the topology of L,. Conversely, 
if K,, is any family of kernels satisfying (i), . . ., (iv), then (v) defines 
a Hilbert-Schmidt operator in $y with norm given by (iv). 


Pnoor. Let A = 0, 1] xN, where N is the set of all integers 
n 21. If we regard N as a measure space, each integer having 
measure 1, and (0, 1] as carrying its ordinary Borel-Lebesgue measure, 
we may regard A as a measure space, carrying the product measure ». 
Our first step will be to establish that every Hilbert Schmidt operator 
K in L(A) is represented by a unique kernel K(-,») e L(A xA) in 
such a way that 


Q IKI? = f. f IK (e, Pa Prtda pta) < œ 
and 
e (fX) = | Kt, 0f» qan. 


We shall also establish, for later purposes. that if K is represented 
by the kernel K(a, b), then the adjoint operator K* is represented by 
the kernel K(b, a). Conversely, if K(-. -) is a kernel satisfying (1), then 
(2) defines a Hilbert-Schmidt operator. 

To prove these assertions, let (p;) be an orthonormal basis for 
L(A}. Then, from the definition of a product measure space every 
function in L,(A x A} may be approximated by linear combinations 
of characteristic functions of sets of the form ex f, where e and f are 
measurable subsets of A. Therefore, the set of linear combinations of 
product functions y(a);j(b) is dense in L,(A4»x A). Thus, the set of 
functions {g,(a)g,(b)} is an orthonormal basis for L,(Ax 4). Let K 
be a Hilbert-Schmidt operator in L(4). Then, by Corollary 6.8, 
if we put Cy = (Kg, Pi), we have Z|C,,P = ||K|P < co. Thus, there 
exists in L (A x A) a function K (a, b) whose Fourier coefficients with 
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respect to the basis {y,(a}p,(b)} are Cy. Plainly (1) is satisfied. We 
have 


(f, |f co. rea naa” 
s LA, pe [aa] cm] f, ean]? 


from Theorem III.2.20, Theorem III.11.17, and Schwarz' inequality; 
thus the integral on the right of (2) defines a bounded operator R. 
Itis plain from the definition of the kernel K that 


(Kgn p) = Bey gi) 
for each i and j. Thus, forming linear combinations and by continuity, 


(Kf, e) — (Keg. — hae Ln). 

so that K = K and (2) is satisfied. 

Since (K*g,, pi) = (Kpr 9) = Ci. the kernel representing K* 
is the function K(b, a) = K*(a, b) with the Fourier coefficients Cy. 

If K(a, b) is a kernel satisfying the inequality in (1), then we 
have seen that the right side of (2) defines a bounded operator R. 
Since (Kg, g;) are plainly the Fourier coefficients of K(a, b) relative 
to the orthonormal basis {p,(a)p,{)}, it follows from Corollary 6.8 
that Š is in HS and that the equality in (1) is satisfied. Consequently, 
if the kernel K represents the operator 0, we must have K(a, b) = 0, 
»Xv almost everywhere. Thus all the above preliminary assertions are 
proved. 

It is plain, since A is the product measure space [0, 1] x N, that 
the elements of L,(4) may equivalently be regarded as sequences 


f= [AG Als), ---] 
of functions in L,[0, 1], the norm of such a sequence being defined by 


i= nora. 
Side 
Similarly, functions Kọ, ») e L(A x A) may equivalently be regarded 


as infinite matrices K,,(s, t) of functions in E,{[0, 1] x [0, 1]). Thus 
our above conclusions may be reformulated as follows: 
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If K is a Hilbert-Schmidt operator in L(A), there exists a 
unique set K,,(s, 2) of kernels representing K in the sense that 


e KU). flo). - 1 = Lele), to. -- 

where 

a els) = F [ Kus. of nd. 
ildo 


the series converging unconditionally in the topology of L}. Moreover, 
(iv) is satisfied, The adjoint operator K* is represented by the set of 
kernels 

Ki(s, t) = Kits) 


Finally, if K is any set of kernels satisfying the inequality in (iv), 
then (8) and (4) define a Hilbert-Schmidt operator K in L,(A) 
satisfying the equality in (iv). 

It is plain from Theorem 4 that the Hilbert space Hy of Theorem 4 
is a subspace of L(A). The orthogonal projection E of L,(A) onto $y 
is readily verified to be defined by the formula 


Epis), fale) - --] = (8) gle), - 


where g,(s) = x, (sf, (s), 7 2 2 and e; denotes the Borel sets of Theorem 
4, and where 


gls) = fis). sec 
1 
gls) = an] m sel; 


where F denotes an arbitrary one of the intervals complementary 
to the closed set C and u(I) its Lebesgue measure. 

If T is a Hilbert-Schmidt operator in Qo, then since an or- 
thonormal basis for L,(A) may be found which consists of the union 
of an orthonormal basis for § and an orthonormal basis for $4, it is 
plain from Definition 6.1 that K = TE is a Hilbert-Schmidt operator 
in LA). We have plainly EKE =K, Kipy — 7, K*\®) = T*. 
Moreover, from Definition 6.1, |[K]| = ||Z]- Thus, the Hilbert- 
Schmidt operators in £, are simply the restrictions to $o of the class 
of Hilbert-Schmidt operators in L,(4) satisfying EKE = K, or 
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equivalently EK = KE = K; the mapping of such operators onto 
their restrictions to o is isometric. 

Since it is obvious that K satisfies EX = KE = K if and only 
if the representing kernels K,,{s, 2) satisfy (i) (ii), and (iii), the 
present lemma is fully proved. Q.E.D. 

We have also proved the following corollary. 


6 ConoLLARy. The adjoint operator of the operator K of the 
preceding lemma is defined by the set KT, of kernels defined by 


KE (6, t) = K a(t, 8). 


The following theorem gives the subdiagonal representation of a 
Hilbert-Schmidt operator. 


7 THEOREM, Let F and T be as in Theorem 4, and let T be a 
Hilbert-Schmidt operator. Then the kernels Ky of Lemma 5 satisfy 


Ks t) = 0 


unless either $ S tori = 1, j = 1, and s and t lie in the same interval 
of the complement of C. Conversely, if the kernels K,, have this property, 
then F is a maximal family of subdiagonalizing orthogonal projections 
for T. 

Moreover, T is a quasi-nilpotent operator if and only if K,,(s, t) = 0 
whenever s and t lie in the same interval of the complement of €. 


Paoor. Since 7 leaves therange of E, invariant, (I— E,)TE, = 0. 
The form for the projection E, given by Theorem 4 makes it plain 
that the kernels representing (I— E,)T E, are 


a5 MEE, Dy), 


where y, denotes the characteristic function of the interval [0, 4), 
and $, denotes the characteristic function of the interval (A, 1]. 
Thus, K,,(s, 1) = 0 if there exists a 4 € C such that s 2 4 2 i. That is, 
K (s, i) = 0 unless either s < tor s and ? belong to the same interval 
of the complement of C. Since, by Lemma 5, Kis!) = 0 if s 
and t belong to the same interval of the complement of € unless 
P—j = 1, our first assertion is proved. 

Conversely, suppose that the kernels K,, have the property 
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descrihed ın the hypotheses of the present theorem. Then, retracing 
the steps of the above argunient, we can conclude that (J — E,}TE, — 0 
for each 4 in €. Hence T leaves the range of each projection E, in- 
variant, and the set F of projections E,, 4€C, subdiagonalizes T. 
To prove the second proposition of our theorem, we have only to 
verify that if E is any other orthogonal projection such that E = E, 
or E, Z E for each 4 in C, then E is in F. For this purpose, let 
4g = sup AFEC, Ez E Plainly, Ez E, while E x; E, if 
A> dg. If Ay = inf Ge C, A > Ao}, we must therefore have E < E, 
It is elear that 4, = A, unless (4, 4,) is an interval complementary 
to the elosed set C. If 4, = Jy, then E, S E x: E, , so that Eisin F. 
If (4g, 4) is an interval complementary to the closed set C, then it is 
plain from Theorem 4 that E, E, is a projection with a one- 
dimensional range. Thus, since E, SES E, it follows that either 
E= E, or E= E, so that E is in F in this case also, and the 
second assertion of our theorem is proved. 

Next, suppose that T is quasi-nilpotent. Let (a, b) be an interval 
of the complement of C, and y its characteristic function. Let K,(s, t) 
= c for s, t in [a.b]. Then. if f is the vector 


f=% 9,9,...] 
it follows from what has already been proved that we may write 
Tf — [ec ts & l 


where [£,, £y, ...] belongs to the range of the projection E,. Thus, 
inductively, since T leaves the range of E, invariant. we have 


T^f = [xe e.h 
where [g". gf"). .. .] belongs to the range of the projection E,. Thus 
1 £2 ig po a 
(^f f} = en(b—a). 


Since T is quasi-nilpotent, we have |7"{ = O(c") for each positive £ 
as n -> œ. Thus we must have c = 0, i.e, Ky;(s, t) «0 if s and t 
helong to the same interval of the complement of C. 

Conversely, we shall suppose that K,,(s,i} — 0 if s and t helong 
to the same interval of the complement of €, and prove that T is 
quasi-nilpotent. Since by Lemmas VII.6.7 and VII.6.8, Theorem 
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VII.4.5, Lemma 6.2, and Theorem 6.6 the limit in Hilbert-Schmidt 
norm of a sequence of quasi-nilpotent Hilbert-Schmidt operators is 
quasi-nilpotent, it follows from Lemma 5 that we may assume 
without loss of generality that for some finite M, |K,,(s, 2)| X M and 
that for some finite d, K,,{s, 2} = 0, ifi 2 dorj zz d. The nth power 
T" of T is plainly represented by the set of kernels KẸ” defined by 
Ks, )=0, ifizd ojzd 

Kst) = 

a 1 

x Í E [seo asd Ky, Late, 1)do,.. do, 


DEI RE 
tEüjzd 


Using the bound M for the kernels K,, and the fact that K,,(s, t) = 0 

unless s <= £, we may estimate the sum in the preceding equation by 
(uy 

7 (n1 


(dat ff doy... do, 4 
050, 56,5 50, 451 
Thus, by Lemmas 6.2 and 5, |7"{ = o(£") for each £ > 0. and T is 
quasi-nilpotent. Q,E.D. 
8 Lemma. Let H be a compact self adjoint operator leaving the 
range of each of the projections E, of Theorem 4 invariant. Then 


Hiis} fals)» >-] = [m(s)f,(s), 0, 0, ...]. 


where m(s) is a bounded function vanishing on € and constant on each 
of the complementary intervals of C, 

Proor. If E,HE,~HE,, then, taking adjoints, we have 
E,H = E,HE, = HE,. Thus H commutes with any orthogonal 
projection whose range it leaves invariant. For each Borel set e which 
either includes or excludes the whole of each interval of the com- 
plement of C, define the projection E(e) in the space of Theorem 4 
by writing 

Ele) [fts), hish- - -] = Dre), x5), - . -h 


X, denoting the characteristic function of the set e. Since, from what 
we have seen, E(I;)H = HE(I,) if I, = (a, b) is an interval of the 


1136 Xi. MISCELLANEOUS APPLICATIONS XI.10.8 


complement of € (for E(I) = E,—E,), we have HE(C) = E(C)H. 
Thus, if X is the range of E(C), X is invariant under H and the 
restriction A of H to X is a Hermitian operator in the Hilbert space X, 
We wish to show that Ej = 0. 

Suppose that this is not the case. Then, by Corollary X,8.5 
and Corollary X.2.3, there is a number 4 such that the space X, = 
{a\Fla = dc} is finite-dimensional and non-zero. By Theorem X.2.1, 
there must consequently exist in X, a vector æ such that E(e)z = æ or 
E(e)z = 0 for each Borel set e. Since E(C)z = 2, it follows that if € 
is divided into the union of 2” Borel sets e; each of diameter less than 
2~", we must have E(e;)z = a for exactly one of them. Thus, for each 
integer 7, there exists a Borel subset 2, of diameter at most 2" such 
that E(2,)e =a. Putting &, = Um> ,£,, we May even suppose that 
the £, form a monotone-decreasing family of sets, But then it is elear 
from the definition of E(e) that E(Z,)y —0 for each y. We con- 
sequently obtain a contradiction which proves that H = 0, so that 
H = HEC). 

If I, is an interval complementary to C, then it is plain from 
Theorem 4 that E(I;) has a one-dimensional range, Thus there exists 
a constant mj [m,| < |Z, such that HE(,)} = m, EU) If we define 
the function m(s) by m(s) = m,, s € I,, and m(s) = 0, s€ C, and put 

MACs), fe). ---] = [mM G) 0, 0, -] 
it is plain then that H EJ) = MEQ,), so that HE([0, 1] —C) = 
ME({0, 1]—C). Since HE(C) = ME(C) = 0, it follows by addition 
that H = M, proving the present lemma. Q.E.D. 

We recall that if T is an operator in Hilbert space, (T--7*)/2 
is called its real or Hermitian part, and (T— T*)/2i is called its 
imaginary or anti-Hermitian part. 

Let us note that the quasi-nilpotent operator 


I: fla) >i E Hy dy 


in L,[0, Y] has been shown to be of class C,,, for each positive £, 
but to lie outside of class C,. On the other hand, the adjoint of the 
operator J is 


I* 3 fla) i f Keddy. 
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Thus (2i) *J —J*)f(z) = 2 1 ft f(y)dy; i-e. the anti-Hermitian part 
of J is a one-dimensional operator. This makes it elear that in order 
to conclude that N eC, if the anti-Hermitian part of N lies in C,, 
we must have p > 1. In this range, the following theorem states 
exactly such a result. 


9 THEOREM, If Dp « p< co, and if T is a compact quasi- 
nilpotent operator whose anti-Hermitian part belongs to the class C,, 
then T itself belongs to the class C,, 

We will prepare for the proof of Theorem 9 with a preliminary 
series of lemmas and theorems, First we state a convexity theorem 
for the classes C, which is in close analogy and even in close relation 
to the Riesz convexity theorem of Section VI,10, 


10 THEOREM. Let 1 X prp,.r mox p>p’. Le S be a 
bounded linear transformation mapping the class C, of compact operators 
into the class C, of compact operators. Suppose that S? is also a bounded 
Enear transformation of the subclass C y of C, into the class Cp. Then, if 
0 cac Lp" =afpt(l—alp’, Vr" =ajrtQ—alfr’, S isa 
bounded linear transformation of Cy. into C... 

Proor. Put 

OT, B) = tr((FT)B) 
for each T in C, and each B with finite-dimensional range. Lemma 
9.14 makes it plain that to prove the desired result, we have only to 
establish the existence of a constant F such that 


7, BY S IIT ABl. 


where 


+ Ee 
9? 3 Ei 4 T: 9 T 

Since from Lemma 9.14 @{7, B) is continuous in 7 for each B with 
finite-dimensional range, it follows from Lemma 9.11 that we may 
assume without loss of generality that 7' has a finite-dimensional 
range. 

The arguments of the third paragraph of the proof of Lemma 9.6 
now show that our theorem may be reduced to the following pro- 
position, 
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If Ø(T, B) is a bilinear form on the family of all matrices in 
d-dimensional Hilbert space. aud if 


IST, By s riTLIBl. 


load, By S TIT Bk 
then 


0) IO, BY STZ yl Ble» 


where p, p", p” and g, 9’, g” are as above, Since the set of non-singular 
matrices is dense in the set of all finite matrices, we may assume in 
proving (1) that 7 and B are non-singular. In this case, it was shown 
in the fourth paragraph of the proof of Lemma 9.14 that T = U, D, U, 
and B = V, DV, where U,, Uz» V;, V, are unitary matrices and 
where D, and D, are diagonal matrices. Thus, our theorem is implied 
by the following statement: 

If (7, B) is a bilinear form on the family of all matrices in 
-dimensional Hilbert space. and if 


JOU, D,U,, V; D,V,)] S FID WPale 
|O(U,D,U,, VD, Val SID Pale 


for all unitary matrices U,, Up, V,» V, and diagonal matrices D,, Dy, 
then 
OU, D, Un, V, D, V] S PIDs Dale 


If we examine the Definition 9.1 of the norms in the class C,, we see 
that the above statement is an immediate consequence of the Riesz 
convexity theorem, Lemma VI.10.7. Q.E.D. 


1 CokoLLaRY. If 1 Sp < œ, if T is in Cp, and if {pi} is an 
orthonormal set of vectors, then there exists a finite constant T, such that 


2 US 
[X o or] < ram. 
PRoor. The mapping ¥ which sends T into the transformation 


(ST\@) = X (Too odo, e) 
El 


plainly is bounded, and even of bound 1, as a map of C,, ^C... 
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Lemma 9.7 shows that the series $7 (Ton q,) is unconditionally, 
and hence absolutely, convergent if T is in C,. Thus, if T is in C}, 
the sequence ((To,, 9,)) belongs to the sequence space I. The closed 
graph theorem now implies that for some finite constant F}, 


EAGA EPA 
a 


Thus the above transformation Ñ is bounded as a mapping of €, 
into C}. Our result now follows at once from the preceding theorem. 
Q.E.D. 

Let K, be the set of kernels representing a Hilbert-Schmidt 
Operator K, as in Lemma 5. Put 


p(s, 1) = 0 if s and z belong to the same interval of the com- 
plement of €; 

p(s, t) = sgn(t—5) otherwise; 

a(s, t) = (pfs, 0)". 


Let pK be the Hilbert-Schmidt operator represented by the 
kernels K, (s, t)p(s, 1), and let 7K be the Hilbert-Schmidt operator 
represented by the kernels K,,(s. 2)7(s. 1). It is plain from Lemma 5 
that p and 5 are bounded linear transformations of the Hilbert» 
Schmidt class C, into itself. The following lemma shows that a 
corresponding statement is also valid for p + 2. 


12 Lemma, Let p « p « co. Then the linear transformations 
p and y defined above may be extended to bounded linear mappings of 
C, into C,. 


Poor. We will mimie the proof of the inequality of M. Riesz, 
"Theorem 7.8. Thus, our proof will involve: 

(a) consideration of the ease p = 2X, k integral; 

(b) interpolation from (a) to get the genera] ease co > p 2 2; 

(c) a “conjugacy” argument to go from (b) to the cases 
l<ps2 

The details are as follows. Sinee z(s, 2) -= 1 unless s and t belong 
to the same interval of the complement of C, it follows from Lemma 5 
that K—2K is a Hilbert-Schmidt operator represented by kernels E; 
satisfying É,, — 0 unless è= j =1, (s, 1) = 0 unless s and t 
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belong to the same interval of the complement of C, É,(s 1) = 
K,,(s, t) if s and t belong to the same interval of the complement of C. 

Let J, bean enumeration ofthe intervals forming the complement 
of C, and let 


As) = sed, 


1 
(apy 
=0 otherwise, 


# denoting Lebesgue measure, so that {¢,} is an orthonormal set of 
functions. Put 


5 = [Bp 9.0. ..] 


so that g, is an orthonormal set of vectors in the Hilbert space $y 
of Theorem 4. Then the above description of K—7K implies that 


(K—9K \z = Y (Key ey. g). 
4-1 


Thus, by the preceding lemma, K > K—7K is a bounded mapping 
of C, into C, so that K >yK is a bounded mapping of C, into Cp, 
l1Spso. 

Since, from Lemmas 9.6(c), 9.14, and Definition 9.1, an operator 
is in €, if and only if its Hermitian and anti-Hermitian parts are in C,, 
all we must do to prove our theorem is demonstrate the existence 
of a finite constant T, such that |pH|, x: I |H], if H € €, Cand H 
is Hermitian. 

Let H be in C, and let H be Hermitian. Then, by Lemma 6, 
pH is anti-Hermitian and 4H is Hermitian. Moreover, by Theorem 7, 
(p-+-4)H is quasi-nilpotent. Thus, by Lemma 9.14 and the definition 
following Corollary 9.8, tr({(p-+-7)H)**) = 0 for each integer k 2 1. 
Since the real part of the trace of an operator is the trace of its 
Hermitian part, it follows that 


d 25 
a) È (zj) (emen = o. 


Since by Lemma 9.14 and Corolilary 9.8 
lte((p HY GEPA = [pH Bajo gr 7. 
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while from Definition 9.1 
tr((pHy*) = oH. 
it follows from (1) that 


e pit Y (7) PERE” < o 


Tt follows at once that 


where « is the largest root of the polynomial 


ie 


Since we have already seen that H — yH is a bounded mapping in C,, 
the correctness of the present lemma for p = 2k, k integral, follows at 
once. Theorem 10 immediately implies that the present lemma is 
correct for any p >2, p < o». 

Next, we shall establish the identity 


(5) tr((pA)B) = tr( A(pB))} 


for A, Be C,. This identity would follow at once from the definition 
of the mapping p if only we knew that 


eo 
(4) tr(AB)= Y [^em 1) B, (t, s)dsdt 
1j2140J40 
for each A and B in C,, {A,,} and (B, being the sets of kernels 
representing A and B, respectively, in the sense of Lemma 5. We may 
write (4) equivalently in the slightly more convenient form 


(5) ttan- y Pd aues 1) B, (s, 1)dsdt = 0. 
£i Jo Jo 
To verify (5), note that its left-hand side defines a Hermitian inner 


product [A, B] on €,, such that 4, A] = 0 for each A in C, by 
Lemma 5. Thus 
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221A, B] = [A+B, A+B] LA, A])—[B, B] = 0 


for all A, B in C,, and similarly .4[A, B] = 0, so that [A, B] = 0, 
proving (5), (4), and (8). 

The validity of the present theorem in the range 1 < p x 2 
now follows at once from its validity in the range 2 £ p X œ and 
from Lemma 9.14. Q.E.D. 

In what follows, we will use the symbols p and y to denote the 
continuous extension to the classes C, of operators of the mappings 
p and s of the previous lemma. We will also write r = (p--3))/2. We 
note the following corollary. 


18 CoROLLARY. (a) The mapping t is a bounded map of 
C, into Cp 1 < p< o. 

(b) If H is anti-Hermitian, then the anti-Hermitian parl of tH 
is nfl. 

(c) zH leaves invariant the range of each of the projections E, of 
Theorem 5. 


Proor. Only statement (c) has not been proved m our earlier 
discussion. To prove (c), we have only to note that both sides of the 
equation E,(tA)E, = (4)E, are continuous in the operator A. 
Thus, by Lemma 9.11, it is sufficient to prove (c) for operators A 
with finite-dimensional range. Since, by Theorem 7, (c) is true for 
each Hilbert-Schmidt operator, the present corollary is obvious. 


14 ConorLany. If A in C, is an operator in the space Bq of 
Theorem 5 and (Ag, œ) = 0 for the characteristic function o of each of 
the intervals complementary to the set C, then A = 9A. 

Proor. Let I, be an enumeration of the intervals complementary 
to the closed set C, and let g, be the vectors of the second paragraph 
of the proof of Lemma 12. We have seen in the indicated paragraph 
of that proof that 


(A—7A)e = Yo; vos. p3) 
Ei 


if A is in C}, Since, from Theorem 9 and Corollary 11, both sides of 
this equation are continuous in A eC, it follows from Lemma 9.14 
that the equation holds for aH A in C,. The present corollary is 
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immediate from this equation. Q.E.D. 
Now we are ready to prove Theorem 9, 


Pzoor or THEOREM 9. Using Theorem 4, we may suppose without 
loss of generality that 7 maps the range of each of the projections 
E, of Theorem 4 into itself, Let (a, b) be an interval of the comple- 
ment of C, and x its characteristic function. Then, if f is the vector 


f= 00.. 
we may write 
TÍ = [ez By Ezr -+ -l 


where [g,, £z» - ..] belongs to the range of the projection E,. Thus, 
inductively, 
T^f = [ey Vg gi. 
where [2\”, gf"), , ..] belongs to the range of the projection E,. Thus 
(77f, f) = e%(b—a), 


Since T is quasi-nilpotent, we have |7"| = o(s”) for each positive e 
as n — o. Therefore we must have c--0, Thus, (Tg,. g) = 0, 
€; denoting the orthonormal veetors of the second paragraph of the 
proof of Lenima 12. Let H be the anti-Hermitian part of 7. Then 
(Hg; ¢;) = 0 for all i, so that, by Corollary 14, H = yH. By Corollary 
18, 4H is the anti-Hermitian part of tH; thus T and tH have the 
same anti-Hermitian part, so that S = T—zcH is Hermitian, By 
Corollary 18 again, S leaves invariant the range of each of the pro- 
jections E}, It is plain from the definition and continuity of z that 
((tH)p,, pa) = 0 for all. Thus (S¢,, p;) = 0 for all i, But the operator 
S has the restricted form specified in Lemma 8. Thus we must have 
S -- 0. Hence T = tH, and Theorem 9 followsfrom Lemma 12, Q,E,D, 

It is now quite easy to extend the completeness theorems of 
Seetions 6 and 9 in a useful way. The first three paragraphs of the 
proof of Theorem 6.29 may easily be seen to show that the validity 
of the completeness theorem (6.29) for an arbitrary compact operator 
T follows from the analyticity of AY E(A; T*|X) at the origin, X being 
a subspace of Hilbert space, invariant under 7'*, such that the re~ 
striction of 7* to X is quasi-nilpotent. If we assume that T has an 
anti-Hermitian part lying in the class C,, then plainly 7* also has 
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an anti-Hermitian part H, lying in the class C,. Let E be the or- 
thogona! projection on X. Then it is easy tosee that the anti-Hermitian 
part of T*|X is the restrietion to X of EH, E; thus T*|X has an anti- 
Hermitian part lying in C,- By Theorem 9, 7*|X itself must lie in C,. 
Once this key fact is established, we may continue to reason along 
the lines of the proof of Theorem 6.29. In this way, and with the 
generalization noted in the discussion of Theorem 9.29, we obtain the 
following theorem. 


15 THEOREM. Let 1 < p < co, and let the compaet operator T 
in Hilbert space $ have an anti-Hermitian part lying in the class C, . Let 
Yr «s Y, be non-overlapping, differentiable arcs in the complex plane 
starting at the origin. Suppose that each of the s regions into which the 
plane is divided by these arcs is contained in an angular sector of opening 
less than njp. Let N > 0 be an integer, and suppose that the resolvent 
of T satisfies the inequality 

Hs TY = OI") 
as} — 0 along any of the arcs y,. Then the subspace sp(T) contains the 
subspace TNS, 

Similarly, by arguing as ın the proofs of Corollary 6.80 and 
Corollary 6.81, we obtain the two following corollaries, whieh gener- 
alize Corollaries 9.30 and 9.31. 


16 Conorranv.Lefthe arcs yy, . . ., y,be chosen as in the preceding 

theorem and suppose that as A tends to zero along any of these arcs the 
resolvent of the compact operator T satisfies the inequality |R(A; T)| = 
O(A|3). Then the subspace Sp(T) coincides with the entire Hilbert 
space &. 
9» 17 COROLLARY. Let 1 <p < co. Let T be a densely defined un- 
bounded operator in Hilbert space S, with the property that for some Ay 
in the resolvent set of T, the operator E(A,; T) is compact and has an 
anti-Hermitian part belonging to the class C,. Let A, .. o» y, be non- 
overlapping differentiable arcs having a limiting direction at infinity, 
and suppose that no adjacent pair of these arcs forms an angle as great 
as nip at infinity. Suppose that the resolvent R(A; T) satisfies an ine- 
quality |R(A; T)| = O(JAIN) along each of these arcs. Then the subspace 
Sp(T) coincides with the entire Hilbert space 9. 
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11. Notes and Remarks 


Compact groups. Theorem 1.1 is a special ease of Theorem 4 
stated below. An elementary proof of the existence of Haar measure 
on a compact group with a countable base was given by von Neumann 
[12] and is reproduced in Pontrjagin [1; Sec. 25]. The fundamental 
theorem of Peter and Weyl [1] was first proved for compact Lie 
groups; see also Loomis [1; Sec. 38], Pontrjagin [1; Sec. 29] and 
Weil l; Sec. 21]. 

The Peter-Weyl Theorem 1.4 is basic to the theory of represen- 
tations of compaet groups. The principal definitions and theorems of 
this theory are as follows. 


Derinition: Let € be a topological group, and X a B-space. 
Then a representation R of G in X is a strongly continuous homo- 
morphism g  R(g) of G into the group of bounded invertible linear 
transformations on X. If X is a finite dimensional complex Euclidean 
space, the representation R is said to be finite-dimensional, If X is a 
Hilbert space and R(g) is a unitary operator for each ge G, then 
the representation R is said to be unitary. 


Dermo: Let G be a topological group. and E, and R, two 
representations of G, both acting in a space X. Then R, and R, 
are said to be equivalent if there exists a bounded linear 7 in X with a 
bounded linear inverse, such that R (g) = T R,(g)T for each ge G. 

Using the Haar measure on a compact group, it is easy to prove 
the following theorem. 

THEOREM: Any finite dimensional representation of a compact 
group G is equivalent to a finite dimensional unitary representation of G. 

Deriniitow: Let G be a topological group and E a represen- 
tation of G in a B-space X. Then Rissaid to be irreducible if X admits 
no proper closed subspace invariant under all the operators H(g), 
geG. 


Deriirion: Let G be a topological group, and R a represen- 
tation of G in a H-space X. Let X be written as a direct sum 
X—34X,09... X, of closed subspaces invariant under all the 
operators E(g), and let us write B,(g) = R(g)X,, i= 1... n, so 
that R, is a representation of G for each i — 1, . .., n. Then we write 
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R = B,@®... © R,, and say that Kis the direct sum of R,,.... R,,. 

The following theorem 1s easily proved by induetion in case R 
is unitary, and thus follows in the general case by the theorem 
stated above. 

THEOREM. Any finite dimensional representation of a compact 
group G is a direct sum of irreducible representations. 

This theorem shows that in studying finite dimensional represcn- 
tations of a compact group G we may, without loss of generality, 
confine ourselves to the analysis of irreducible finite dimensional 
unitary representations. If such a representation acts in a finite 
diniensional space E”, then introducing a basis for E", we may regard 
the representation as being described by a set of unitary matrices 
(U,,(g)). The individual entries U,,(g) are called the matriz elements 
of the representation, and depend continuously on g. The sum 
XOU) = tr(R(g)) is called the trace of the representation, 

THEOREM. Let R and R be teo irreducible finite dimensional 
unitary representations of a compact group G whose Haar measure 
is p. Let QU, (g)) and {U,,(g)} be the matrix elements of these two 
representations. Then, if R and R are not equicalent, we have 

fe ODU) = 0, all i, j, k, 2 
Moreover, we have 
Jj, Ute Uude) = 0 
unless k — i and 1 — j. 

By LG) we denote the Hilbert space of all functions on G 
square-integrable with respect to Haar measure. The preceding 
theorem and the Peter-Weyl Theorem 1.4 together have the followmg 
consequence, 

THEOREM, Let G be a compact topological group; let (R)) be a 
maximal set of unitary representations of G, no two of which are equiv- 
alent. Let (Ue be the corresponding family of matrix elements. 
Then (Uy is a complete set of orthogonal functions in Ly(G). 

DEFINITION: A set (R2) of finite-dimensional irreducible 
unitary representations of a compact G is said to be a complete set 
of representations of G if 
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(2) No two of the representations R‘ are equivalent. 
(b) Any irreducible representation of G is equivalent to one of the 
representations R9, 

Conorrany: If G ıs a compact topological group satisfying the 
second axiom of countability, and G is not a finite set, then any 
complete set of representations of G is countable. A complete set of 
representations of a finite group is finite. 

DEFINITION: A class function on a compact group G is an element 
į of L(G) such that f(k) — f(ghg*) for almost all k whenever ge G. 
The class of an element k of G is the sct (ghg !|geG). 

The class functions form a closed subspace of L,(G). The trace 
of any finite dimensional representation of G is a class function. 


THEOREM. Two irreducible representations of a compact group G 
are equivalent ij and only if they have the same trace, inequivalent ij 
and only if their traces are orthogonal. The traces of a complete set of 
representations of G form a complete orthogonal basis for the space of 
class functions in LG). 

Coronary: If G is a finite group, the number of representations 
in a complete set of representations is equal to the number of distinct 
classes of G. 

The main aim of the representation theory of compact groups 
is to display a complete set of representations for a given group 
explicitly. 

Explicit complete sets of representations for many finite groups 
have been given. For an account of the representations of the group 
x(n) of all permutations of z objects, see Littlewood, The theory of 
group characters and matrix representations of groups, Oxford, Claren- 
don Press, 1950. A corresponding account of the representation theory 
of the alternating subgroup (n) of a(n) is to be found in G. Frobenius, 
Uber die Charaktere der alternierenden Gruppe, Sitzungsber. Akad. 
Berlin 1901, p. 303—315. 

The infinite compact groups whose representations have been 
most exhaustively studied are the compact connected Lie groups. 
These are the compact coumected groups, satisfying the second axiom 
of countability, which have a neighborhood of the identity homeomor- 
phic to a domain in a finite dimensional Euclidean space, In this 
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case, the homeomorphism may be chosen so that, in the “coordinates” 
in a neighborhood of the identity which the homeomorphism in- 
troduces, the basic group operations k >h" and [g, h] > gh are 
described by functions which are not merely continuous but in- 
finitely often differentiable. The structure of any compact connected 
Lie group is well understood. Let G be such a group. Then there exists 
a connected topological group H such that G is the image of H under 
a homomorphism & such that k7{e) is a subset of H with no limit 
points. Moreover, H is the direct sum of a finite number of groups 
H,, each of which is either 

(1) The additive group of the real axis; or 

(2) The group SU(n) of all n x». complex unitary matrices of 
determinant 1; or 

(8) The group SpU(a) of all 21x 2n complex unitary matrices 
V such that [Vz. Vy] =[z, y], where [2, y] is the non-singular bilinear 
form [x,y] = tY NTH Tayat --- Xen ile Van ages OT 

(4) A group Ún) admitting a two-to-one homomorphism onto 
the group U R{7) of all real x xz unitary matrices of determinant 1; or 

(5) One of five other compact groups, known as the exceptional 
simple compact groups, described explicitly in the monograph Les 
groups réels simples finis et continus, Ann. Ec. Normale Sup, 3-iéme 
Série, XXXI, (1914), p. 263—355 of Élie Cartan. 

The structure theorem for compact connected Lie groups which 
we have just stated makes it plain that the irreducible representa- 
tions of an arbitrary compact eonnected Lie group may be found once 
one knows all the irreducible unitary representations of the basic 
types (1)-5) of Lie groups which we have listed. Since the additive 
group of the real axis is Abelian, its irreducible unitary representa- 
tions are all 1-dimensional, and are of the form x > exp (ixz), where 
— © « « « +00. A complete set {2} of each of the groups SU(n) 
and SpU(2n) is described in H. Weyl's famous book The Classical 
Groups, Their Invariants and Representations, Princeton, 1946. The 
spaces in which the operators R act are irreducible spaces of ten- 
sors; for each tensor z and each ge SU(n) or SpU(2n), the trans- 
formed tensor R(g)y is defined in the manner customary in tensor- 
analysis. Weyl also describes a complete set of representations of the 
group RU(n) of n xn rotation matrices; these representations are 
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likewise given by irreducible sets of tensors. The group KU(n) has 
additional representations, which, if one tries to regard them as rep- 
resentations of the rotation group itself, turn out to be double- 
valued. These representations are the so-called spin representations 
of the group Ki (n) (or, by abuse of language, of the rotation group 
RU(n).) For an account of these representations, cf. R. Brauer and 
H. Weyl, Spinors in n dimensions, Am. Jour. of Math. 57, 1935, 
p. 425—449, and also P. K. RaSevskii, The theory of spinors, A. M. S. 
"Translations Ser. 2, v. 6, 1957, p. 1—110. A complete classification 
of the irreducible unitary finite-dimensional representations of the 
five exceptional simple compact groups is given in Weyl’s memoir 
Theorie der Daretellungen kontinuierlicher hatb-einfachei Gruppen 
durch lineare Transjormationen YII, Math. Zeitschift v. 24 (1926) p. 
877—895. 

"The representation theory for groups which are neither compact 
nor commutative is a good deal more complex, and is still not fully 
worked out. For certain important non-compact non-commutative 
groups however, the irreducible unitary representations in Hilbert 
space have been completely classified, and non-commutative exten- 
sions of various important theorems of harmonic analysis, notably 
the Plancherel theorem, have been given. For an introduction to the 
representation theory of groups of this type, cf. the book of I. M. 
Gelfand and M. A. Neumark, Unitére Darstellungen der Klassischen 
Gruppen, Berlin, Akademie Verlag, 1957. The important particular 
case of the Lorentz group is treated in Neumark's article Linear Rep- 
resentations of the Lorentz group, A. M. S. Translations Ser. 2, v. 6, 
(1957), p. 379—458. 

Almoet periodic functions. The main theorem on almost periodic 
functions is due to H. Bohr (see Bohr (2; Sec. 84] for a different 
proof). For other proofs of this theorem and additional results see also 
Loomis {1; Sec. 41j, Weil (1; See. 33—35] and the references given 
in IV.16 pertaining to the section on the space AP. 

Convolution algebras. The discussion in Section 8 in the text makes 
free use of the properties of Lebesgue measure on the real axis. The 
corresponding properties for Haar measure, which are needed in the 
varous arguments, will be proved here. The reader will thus have a 
treatment of the subject which is self contained except for the exist- 
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ence of Haar measure on a locally compact, o-compact Abelian group. 
As reniarked in the text, the development presented in this section is 
valid for a general non-discrete locally compact. o-compact Abelian 
group. However, there are a few comments that we should make con- 
cerning the general non-Abelian case. First of all we shall prove, in 
Theorem 2, that a locally compact group is automatically a normal 
topological space, a fact that was occasionally used in the text. 
Next we shall state the fundamental theorem concerning the existence 
of Haar measure and prove some of the more important elementary 
properties of this measure which will give ample evidence to indicate 
that it behaves very much like Lebesgue measure on the real line. 

It should be noted that these groups on which we use a Haar 
measure are not only loeally compact but are o-compact,1.e., they are 
the denumerable union of compact sets. We shall discuss briefly the 
special case when E is compact, and also the case when R js discrete, 
which was excluded in Section 3. Finally, we give a proof of the cele- 
brated Pontrjagin “Duality Theorem". 

In the following we write the group operation as addition, since 
Sections 8 and 4 deal with Abelian groups. 


1 Lemmas. If R is a locally compact space, and if F is a elosed 
subset of R which does not contain a point p, then there is a real valued 
continuous function } on R with J(p) = 0, (F) = 1, and 0 < f(x) 1, 
for x in R. 

Nore. This lemma says that a locally compact space 1s a com- 
pletely regular (IV.6.21) topological space. 

Proor. Compactify R by adding a point œ and taking neigh- 
borhoods of oo in E v {00} to be the complements of compact sets in 
R. Then E v (oo) is a compact Hausdorff space and hence (L5.9) 
normal, and the set F, = F v {00} is closed in E v {co}. Let f, bea 
real valued continuous function on E v {œ} such that f,(p) = 0, 
AG = 1 and 0 S f(z) S 1. ce E v {co}. The restriction of f, to 
the space R is the desired function. Q.E.D. 


2 "TuronEw. If R is a locally compact group, then R is a 
normal topological space. 


Proor. Let K, be an increasing sequence of compact sets with 
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E—UJZ,K, We observe that if A and B are disjoint closed subsets 
of Rand if n is an integer. then there is an open set U C E such that 
4n K, C U and Un B = ¢. This is true since for each pe An K, 
there is an open set U(p) such that p € U(p) and U) n B = d; by 
the compactness of A n K, the desired U is the union of a finite 
number of such U(p). To prove the normality of E we shall use this 
remark inductively. 
Let F, and F, be disjoint closed sets in R. We select an open set 
G, in R such that 
FanEQCG, Gao F,—4. 
and then choose an open set H, such that 
FOR, Ci, Ho (Fio 6) — 4. 

By induction, choose open sets G, and H, such that 

Fin K, CG, Ĝn(fuv Mo... 0Ha) =% 

Fan K, CH, H,a(hvG,vu...v&)=¢. 


The construction assures that G, c H,, — $ for all integers n, m. 
Put G = US, G, and H = UZ, H, so that G and H are disjoint open 
sets. Since UK, = B it follows that F, C G and F,CH so the 
normality of B is proved. Q.E.D. 

We now turn to the question of the measure theory on a locally 
compact group. 

8 THEOREM. (Haar) If the locally compact topological group B is 
the denumerable union of compact sets then there exists a non-negative 
countably additive measure À defined on the Borel subsets X of B such 
that AU) > 0 for any open set U, A(K) < œ for any compact set K and 
A(z4- E) = A(E) for any ze R and Ee X. The measure i has the regu- 
larity property 


sup A(F) = ACE) = inf 4(G), Ec X, 
FEE CE 
where Fis a closed set and G an open set. Furthermore À is unique in 
the sense that any other measure satisjying these conditions is a positive 
multiple of 2. 

It may be remarked that this theorem was proved for compact 
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groups in Theorem 1.1, and that the only use that is made of it 1s in 
the case of an Abelian group. We shall not prove this theorem, but 
refer the reader to Halmos [5; pp. 254—263]. 

The existence of an invariant measure on a group satisfying the 
second axiom of countability was first shown by Haar [1], and the 
question of uniqueness was first discussed by von Neumann [17]. 
Other proofs of existence or uniqueness have been given by Cartan 
[1] Kakutani [17], Kakutani and Kodaira [1], Loomis {1, 8], von 
Neumann [12], Raikov [1, 2], and Weil [1, 2]. Other results concern- 
ing measures invariant under transformations are found in Oxtoby 
and Ulam [1]. 

We now present some useful properties of Haar measure which, 
though elementary, are not obvious consequences of the invariance 
property. 

4 Lemma. Let B be a locally compact, a-compact, Abelian 
topological group, X its Borel field, and 2. its. Haar measure. Then 
A E-L2) = A(E) and 4(—E) = HE) for every E in E and a in B. 

Proor. The invariance of Haar measure under right translations 
follows immediately since B is Abelian. The fact that 4( —E) = A(E) 
is a simple consequence of the uniqueness of Haar measure. Q.E.D. 

5 COROLLARY. Let B. X. and À be as in Lemma 4. Then (B) is 
finite if and only ij B is compact. Points in B have positive measure ij 
and only ij B is discrete. 

Proor. If B is compact then Theorem 3 implies that A(B) < cc. 
Conversely, suppose that B is not compact, and let V be a neighbor- 
hood of the identity with compact closure. Since no finite collection of 
translates of V can cover E, we may select a sequence {z,} such that 
2,4 € Ura(z,--V). Let U = —U be a non-void neighborhood of 0 
such that U+U C V. Then the open sets (z, --U] are pairwise disjoint 
and so co = Ys A, HU) = A(US En --U)) SAB), proving that 
AB) = co. 

If B is discrete, then the set consisting of a single point is open 
and hence has positive measure. Conversely, if points have positive 
measure o, then since each point p can be included in an open set U 
of measure less than 32/2, it follows that U can contain no point but p. 
Thus p is simultaneously open and closed. Q.E.D. 
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Since the measure space (B, X, 4) is a o-fimte measure space the 
theory of integration as developed in Chapter III may be used as a 
basis for the theory developed in Sections 3—4. In particular we 
should notice that the product group Bx H is a locally compact, 
c-compact, (Abelian) group if B is. Thus the product group has a 
Haar measure A® defined on its Borel field 2@. It is natural to ex- 
pect that the product measure 2 x A coincides, up to a constant multi- 
ple, with A, This fact will be established in Theorem 7. 


6 Lemma. Let the locally compact Abelian group B be the denumer- 
able union of compact sets. Let A be a Haar measure in B, and let E be 
the o-field of Borel sets. Then if f is 7-measurable, the function g defined 
by g(z. y) = f(x—y) is AXA measurable. 

Proor. Let X >E be the product o-field of subsets of Bx B and 
let E be an open subset of R. Then, because of the continuity of 
the group operations, the set {[z, yjlz—ye E} is open in Bx B and 
hence is in £x X. Now, for an arbitrary subset E of B, let p( E) = 
iis y] e Bv Bley € E}. Then e(U E) = Ua MED pE) = 
(p(E))’, and p($) = ¢. Since p(E) eZxZ if E is an open set, it 
follows immediately that p(E) € Zx X for EeZ. Now let Eel 
and have A-measure zero. By Fubini’s theorem (I1L11.9) we have 


foa tont. MAX AM ALS, D) 

= foa xs(5—t)0 » Adis, £2) 

IRI TEE 

= IRI - A(dt) = 0. 
Thus, p( E) has Ax 4-measure zero if E has Am: re zero. It follows 
that if E is in the J-completion of X, p(E) is in the 4-completion of 
EXE. Let f be J-measurable. Let U be an open set of complex 
numbers, E = (z|/(z) €U} and D = (is g]l/(s—y) € U). Then D = 
p(E), and now the measurability of the function /(r—g) follows 
immediately from IIL6.10. Q.E.D. 

The next result is of prime importance when working with Haar 

measure. 


7 THEOREM. Let X be the field of Borel sets in the locally compact, 
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o-compact group B and let } be a Haar measure in. B. Then the product 
measure Ax A is a Haar measure in B x B. 

ProoF. Since the product group B?! = B x R is locally compact 
and g-compact. it has a Haar measure A defined on its Borel field 
©) and what we shall prove is that for some constant e, 

(Bm, xem, 40) = (B. X, 2) « (B, 2.2). 

Since it is clear that XU! — X X, what will be proved then, is that 
à 1YE) — e 2E), EeZ®, 
for some constant c independent of E. This condition (i), as is seen 
from Corollary 111.11.6, is a consequence of the assertion that 
üi) AYA x B) = ci AGB), A, BeX. 
Thus we shall endeavor to establish (i). For every E m 2 let 
#(E) = AYRE) where k is the homeomorphie homomorphism in 
B® defined by the equation 

hile, yI) = ly. 2). (2, y] e BO. 
It is readily verified that x ıs a Haar measure in B® and so 
(E) = cA®{E) for some constant c independent of E. This shows 
that AA XB) = c Bx A) for each pair of sets 4, B in X. 
Actually c = 1, as may be seen by letting A and B be open sets with 
compact closures so that 0 < AU(4 x B) < œ. Thus 
(ii) AO(A 4 B) = 2°84 Bx A), A, Bed. 
Now fix B in E with 0 < A(B) < co, and consider the measure on X 
which assigns to the set A in Z the value 1@1(A x B). This measure 
is readily seen to be a Haar measure in B and so for some constant 
«( B), independent of A, we have 
(iv) A®1(A 7 B) = e(B)AA), Aer 
If A also satisfies the condition imposed upon B, i.e., 0 < A(4) < co, 
then it is seen, by interchanging A and B and using (iii) and (iv), 
that ¢(B)A(A) = c(A)A(B). Thus for sets A, B in X with positive 
finite A measures it follows that the ratio 

(A) e(B) 


MA) XB) 
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is a constant c independent of A or B, ie., (B) = ci(B), which in 
view of (iv) means that (ii) holds if 0 < A(B) < cc. Using the coun- 
table additivity of 42 and 4 as well as the g-compactness of E it 
follows immediately that (ii) also holds for all B in Z. Q.E.D. 

When discussing a group R with Haar measure 4 this theorem 
enables us to refer to the Haar measure on the product group Bx B 
rather than a Haar measure. The Haar measure on Ex B will al- 
ways mean the uniquely defined measure 4x 4. 

We now consider the special form that the results of Sections 8 
and 4 take when B is a compact Abelian group, a case studied ex- 
plicitly in Section 1. 

8 TuronEw. Jf B is a compact Abelian group, its character 
group R is disercte. 

Panor. Consider the neighborhood N(0, R, 1) = {me RI Iz, m] 
—{a, 0j| < 1, z € Bj of the identity in R. If me N(0, B, 1) and if 
&€B is such that [z, m] #1, then it is easily seen that for some 
integer n we have Fnr, m] — A(x, mJ") < 0. This shows that 
N(0, B, 1) contains only the identity of R, hence R is discrete. Q.E.D. 

In this case every subset of Ê is measurable with respect to the 
measure u constructed in Lemma 3.6, and, except for a constant 
factor, its measure is the number of points in the subset if this is finite 
and oo otherwise. Plancherel’s theorem asserts that the set of charac- 
ters forms a complete orthonormal set in Z,(B), which fact was also 
proved in Theorem 1.6. We leave it to the reader to show that if B 
is the compact Abelian group of the real numbers modulo 25, then R 
is algebraically and topologically isomorphic with the additive group 
of integers and we may write [z, m] — ef". Then the point p,, is the 
point oo(— — co) compactifying the integers and the statement that 
(zf)(p,.) = 0 for all f € Z,(0, 22) is the familiar Riemann-Lebesgue 
lemma. The value of the function rf at the character (integer) m is the 
m-th Fourier coefficient of f, i.e.. 


hin) = 


= s et f(x)dz, 
LJ 


and the isometry in Plancherel's theorem is the classical equality of 
Parseval: 


1p? " 
x 2dr = 2 
zl. fe dz = Y e. 
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valid if f e L,(0, 2m). Since R is diserete and therefore contains no 
perfect sets, Theorem 4.21 asserts that if f and g are in L,(0, 27) and 
if each Fourier coefficient of f vanishes whenever the correspondiug 
one for g does, then f is in the elosed linear subspace spanned by the 
translates of g. 

Next we consider the case where B is a discrete Abelian group. 
Here every subset of B is measurable and, except for a constant 
factor, the Haar measure of a set is equal to the number of points in 
the set if this is finite and co otherwise, In this case the operation of 
convolution by the function f(0) = 1, f(z) = 0, x + 0, is the identity 
on L4( B) and so the last statement in Lemma 8.8 is false. The situation 
in this case is actually simpler, since there is no longer any need to 
adjoin an identity and the algebra 2 can merely be taken to be EA 
instead of Y)-+{aI}. Thus no point p, needs to be removed and so 
Mo can be taken equal to „æ. Thus we have the following result. 
which is dual to Theorem 8. 


9 Tneorem. If B is a diserete Abelian group, its character 
group R is compact. 

The results of Sections 8 and 4 carry over for the case of discrete 
groups and many of them, for example Theorem 3.16, simplify to 
some extent, A particular case of interest is furnished by the additive 
group ef integers. We leave it to the reader to show that the character 
group of this group is algebraically and topologically isomorphie with 
the additive group of real numbers modulo 27, or, equivalently, with 
the multiplicative group of complex numbers of unit modulus. Using 
the second of these realizations for R we have [n,4] — 4" where ne B 
(so that n is a positive or negative integer) and 4 e R, We now statea 
result which corresponds to Theorem 4.24 for the case that B is the 
group of integers; suitable modification of the proof of Theorem 4.24 will 
yield a proof of the result to follow. We leave the details to the reader. 


10 THEOREM. Suppose that $ = {ap} — co « n « 40, is a 
bounded sequence of complex numbers. Let f be the function of the 
complex variable z defined by 


Za”, lel > 1. 


— Danes kl <1. 
n-0 
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Then a complex number t of modulus 1 is outside off) if and only ij 
there exists a function g which is analytic in a neighborhood of t and is 
such that g(z) = f(z) for all z in this neighborhood for which |z| + 1. 

Making use of this theorem and an analog of Theorem 4.22 for 
the group of integers, we obtain the following interesting result 
concerning analytic functions. 

11 THEOREM. Let f be a function defined and analytic at every 
point of the complex sphere except for a finite number of points, Ča, . . -sby 
lying on the unit circle. Suppose that the coefficients in the Taylor 
expansion of f in the region |z| < 1 and the Laurent expansion of f in 
the region |z| > 1 are bounded. Then there are complex numbers cy such 
that $ 
fe) = Xob-üy*. 

EI 


There are a number of applications of this theorem to operator 
theory, some of which are given as exercises in Section 5. 

We have already noted that the additive group of integers and 
the multiplicative group of complex numbers of unit modulus (or 
equivalently, the additive group of real numbers modulo 2z) have the 
property that each is algebraically and topologically isomorphic with 
the character group of the other. This is a special case of the well- 
known **Pontrjagin Duality Theorem” which asserts that if B is a 
locally compact Abelian group and if Ê denotes the character group 
of B, then B and Ê are algebraically and topologically isomorphic 
under a natural isomorphism. We shall now give a proof of this 
theorem, but first it will be convenient to establish a preliminary 
lemma showing how to embed B homomorphically into 

12 Lemma. The mapping x of B into Ê defined by {m, xz] = 
Iz, m], me R. is a continuous homomorphism. 

Proor. Clearly «(0) = 0, and since 

Im, «(2,- 2,)] = [2 -25, m] = (2, mie m] 
= Im, saim, ez] = [m, «ento 
the mapping x 1s a homomorphism. By Lemma IL1.6 it is sufficient 
to prove that x is continuous at 0. To do this let (0, K, £) be the 
neighborhood of 0 € Ê defined by 
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{Xe Al lim, Xj— Im, 0]] < 2, me Ê}, 


where É is a compact set in Ê and e > 0. Let U be a neighborhood of 
Oe B with compact closure, and for each m, in K consider the neigh- 
borhood 


N (m, U, =) [nes 
Since K is compact, there exist a finite number of points m,,. . ., Piy 
such that the neighborhoods N(m,, U, e[8), . .., N(m,, U, ef8) cover 
R. Now each of the characters m, is continuous, so we ean find a 


neighborhood V of 0c B, with V C U, such that if ce V and 
$—1,...,k then 


les m] ml < Å zeU}. 


e 
Ike 3i. mJ] < È- 


Hence if z e V and m e É, we have for some choice of i = 1,..., k, 
lin, xa]—[m, 03] = |fe, m]—[0, 0| 
S |ie, m]— [o 7,3 H- Le, 7:3— (0, m,]|+|[0, mjJ—[0, 3l 


€ € € 
S> +>- +E 
^8 s 3 * 3 
This proves that if æ is in V, then xz is in N(0, Ĝ, «) so that x is con- 
tinuous, Q.E.D. 


18 THEOREM, (Pontrjagin) The mapping x is an algebraic and 
topological isomorphism of B onto 

Proor. We first show that x 1s an algebraic isomorphism, If 
kd, = 0 then we must have [2z),m] = 1 for all me B; that is, to 
show that « is an algebraic isomorphism we must shew that for each 
a, #0 there exists at least one mye Ê such that ‘x9, mg] + 1. 
Assume that this is false for some zp, and let V be a neighborhood of O 
with compact closure such that (z,4-V)r V — $. Let f be a con- 
tinuous function vanishing outside of z,4-V such that f(a) + 0. 
Then / € L, ^ LB), and so qf is continuous and in L,(R). By the 
assumption that [z,, m] = 1 for all m € È and Plancherel’s theorem 
we have 


fa feo ieri) = f ftm pim) #0. 
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On the other hand, by Corollary 8.17 and Plancherel's theorem we 
have 


fi ior menfem) ~ | xd referam) 
= fais. 


But this last integral vanishes since f vanishes outside 2 + V and 
(zo4- V) V = ¢. Hence x is one-to-one, and thus is an algebraic 
isomorphism of R into Ê 

Next we shall show that «(B) is dense in the space Ê If not, 
then by applying Lemma 4.2 to Ê, we find that there exists a function 
He £,0 L,(R) with |H], 40 but such that £H vanishes on x(R). 
If k = He LG) it follows from Theorem 3.16 that k vanishes 
almost everywhere on B and hence |hlp — 0, which contradicts the 
Plancherel theorem. 

To complete the proof, we add the point at infinity to both R 
and Ê and define x(co) = co, that is, we consider x as a mapping on 
Bu {0} to the space Bu {co}. Thespaces Ru {00} and Êu {0} are 
both compact Hausdorff and x is a one-to-one mapping of R u (oot 
into a dense subset of BU {co}. If we can show that x is continuous 
on R u {co}, then its image in Êu (co) will be compact and thus all 
of Ru {oo}. It will then follow from L5.8 that «^! is continuous. 
Now, it was proved in the preceding lemma that « is continuous at 
every point of R. Therefore it only remains to be shown that x is 
continuous at co. 

Let (z,) be a generalized sequence in R which approaches co. 
By Lemma 4.8, given any neighborhood U of (co), there exists an 
Fo € L,(R) such that (£F Â) = 1 for £ € U. Thus. if we can show 
that (£F,)(kz,) 0, it will follow that xz, is eventually in U, which 
will prove the continuity of « at infinity. Thus, it suffices to prove 
that for any Fe L,() we have £F(xz,) > 0, where 


Fixe.) = f o fea, mnm). 


Now for each « the mapping F > £F(xz,) is a linear functional 
on Li) with norm at most 1, so by Theorem IL3.6 it is enough to 
show that £F(xz,) >0 for F in a dense subset of L (Ê). Since the 
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measure in E is regular, the set X of functions in L, n L,(E) which 
vanish outside of compact sets in R are dense in L,( E); by Plancherel's 
theorem (z/[f€ X} is dense in L,(£) and hence {rf - telj, ge J£) is 
dense in L, (Ê). Now let f, g be in # and vanish outside of a compact 
set C with C = —C. Then if F —zf-zg we have by 3.17 and 
Plancherel’s theorem 


EF (cx) = (a lcs mleson)ealen)udm) 
= fafi—z iini, 


but the integral vanishes if z, € C+C and so the proof 1s complete. 
Q.E.D. 

This theorem was first proved (in the separable case) by 
Pontrjagin and in general by van Kampen [1]. For other proofs of 
this theorem see Cartan and Godement [1; p. 95], Loomis [1; p. 151], 
Pontrjagin [1; Sec. 381—835], Raikov [1] and Weil [1; Sec. 28]. 

The results of Section 8 are, as we have seen, generalizations 
both of the theory of Fourier series and of the Fourier integral. For 
the classical results in these closely related subjects the reader should 
consult Zygmund [1] for Fourier series and Bochner [6], Titehmarsh 
[8] and Wiener [4] for the Fourier integral. Treatments of the ab- 
stract theories are also given in the treatises of Loomis [1] and 
Weil [1], and in the papers of Cartan and Godement [1], Raikov [1] 
and Segal [2]. Much additional information is available, for example 
concerning positive definite functions, almost periodic functions, and 
results for non-Abelian groups. The survey article of Mackey [5] and 
Chapter IX of Loomis [1] will be of considerable sid to the reader. 
In addition to the papers cited above we cite the following: Ambrose 
[0], Beurling [1], [2], Gelfand and Raikov [1], [2], Godement [2], 
[8], [4], Krein [6], Naimark’s book, Normed Rings, and Segal [8], [4]. 

Tauberian and closure theorems. The basic results of this section 
have their foundation in the work of Wiener [4], [5], which was for 
the case of the real line, although many of his proofs are valid in 
greater generality. Extensions to the case of locally compact Abelian 
groups were given independently by Segal [2] and Godement [1]. 
The discussion in 4.14—4.20 is a slight modification of the method 
used by Helson [1] to prove Theorem 4.20, Proofs of this result in the 
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ease of the real line have been given by Ditkin [1], Segal [2]. and 
Mandelbrojt and Agmon [1], [2], and for a wide class of groups by 
Kaplansky [5]. Theorem 4.16 is due to Kaplansky [5]; another proof 
has been given by Riss [1], the one here being due to Helson [1]. 
That spectral synthesis is not possible for all functions in E,, was 
shown by L. Schwartz [2] for Euclidean space of three dimensions. 
It has recently been shown by M. Paul Malliavin that spectral 
synthesis is not possible for all functions on the real axis. Cf. P. 
Malliavin, Sur l'impossibilité de la synthèse spectrale sur la droite, 
Compt. rend., 248 (1959) pp. 2155—2157. For related results, ef. 
Paul Koosis, Sur un théoréme remarquable de M. Malliavin, Compt. 
rend., 249 (1959) pp. 852—354; P. Malliavin, Sur l'impossibilité de la 
synthése spectrale dans un algébre de functions presque périodiques, 
Compt. rend., 248 (1959), pp. 1756—1759, and J. P. Kahane, Sur un 
théoréme de Paul Malliavin, ibid., pp. 2948—2944. H. Pollard (Duke 
Math. J., 20 (1958), pp. 499—511 has shown that spectral synthesis is 
valid for all L, functions satisfying a HOlder condition of order 
= L3 For xelated results, cf. H. Helson and J. P. Kahane, Compt. 
rend., 247 (1958), p. 626; J. P. Kahane, Compt. rend., 246 (1958), 
P- 1949; Y. Katznelson, Compt. rend., 247 (1958), p. 404. For spectral 
synthesis in topologies weaker than the L, topology of Lo. see 
Beurling [8]. 

Attention in Section 4 has been directed to the manifolds in 
L,(R), (or dually in Z,,(E)) which are closed under translation of 
functions. That this is essentially the same as considering ideals in 
L,(R) is indicated by Lemma 4.6. It is frequently convenient and 
suggestive to consider the ideal-theoretie point of view; this is done, 
for example, in the works of Loomis [1] and Mackey [4], and the 
papers of Silov [4] and Mirkil [1], which the reader should consult for 
an exposition and for references. We have not drawn explicit attention 
to these questions since we found it convenient to adjoin an identity 
to the algebra L,(R) in order to apply the results of Chapter IX, and 
such adjunction alters the ideal-theoretie structure. However, a few 
remarks are in order and follow. In a commutative algebra $8 over 
the complex field which does not possess an identity the ideals of 
main interest are the regular ideals, i.e., ideals Z such that $8/I has an 
identity. It is seen that Z is a regular maximal ideal if and only if $8/Z 
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is isomorphie with the complex field, and it turns out that the regular 
maximal ideals of L,(E) are in one-to-one correspondence with the 
pomts of Æe, ie., with all the maximal ideals of the algebra obtained 
by adjoining an identity to L,(R) except the point at infinity of .#. 
Now in an algebra with identity every ideal is contained in a maximal 
ideal, but if an identity is not present this is not true and it becomes 
an important problem to find when a closed ideal is contained in a 
regular maximal ideal. Theorem 4.8 settles this question for L,(E). 

In analogy with the decomposition of an integer into a product 
of prime powers, algebraists study the decomposition of ideals into 
the intersection of primary ideals. For our purposes we define a closed 
ideal to be primary if it is contained in precisely one regular maximal 
ideal. Theorem 4.16 may be interpreted as saying that every primary 
ideal in Z,(E) is a regular maximal ideal. Hence the problem in L,(E) 
is to find when a closed ideal 1s the intersection of the regular maximal 
ideals which contain it. This is sometimes called the spectral synthesis 
problem for ideals. While the example of L. Schwartz cited above 
shows this is not always possible in L,(E), Theorem 4.20 gives a 
conditionally affirmative result. Wermer [8] has studied an abstractly 
characterized class of B-algebras for which every primary ideal is a 
regular maximal ideal and in which a closed ideal is the intersection 
of the regular maximal ideals containing it. L. Schwartz [8] and 
Whitney [1] have also given examples of B-algebras in which every 
closed ideal is the intersection of primary ideals. Beurling [1] 
troduced, m 1938, classes of subalgebras of L,{— co, co) giving 
conditions under which every closed ideal is contained in a regular 
maximal ideal. Similar results for a more general class of function 
algebras were obtained by Wermer [7] who determined the primary 
ideals in some of these algebras. Other results of a related nature have 
been obtained by Beurling [2}, [8]. 

Fredholm theory. Location of eigenvalues. The Fredholm theory of 
operators of Hilbert-Schmidt type presented in Section 6 is due to 
Carleman [2], to Hille and Tamarkin [1], and to Smithies [1]. Hille 
and Tamarkin give in addition an assortment of theorems dealing 
with the asymptotic distribution of the eigenvalues of an integral 
operator, under various analytical conditions on its kernel. They also 
prove the theorem of Lalesco, that Y ,|A,| < œ if {4,} is the se- 
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quence of eigenvalues of the product of two operators of Hilbert- 
Schmidt type. Chang [1] and [2] gives related results dealing with the 
product of an arbitrary finite number of operators of Hilbert-Schmidt. 
type. Nikovié [1] gives some results for a class of integral operators 
defined by requiring the finiteness of integral expressions in 
the kernel then generalizing the Hilbert-Schmidt requirement 
ffl (a, y)Paxdy < œ. Exercises 25 through 86 give most known 
inequalities for the eigenvalues of a finite matrix. The following should 
be mentioned in this connection. Farnell [1] shows that each eigen- 
value A of A satisfies the inequality 


UP s X14; J4*64 
E 


where 6,...6, is an orthonormal basis for n-dimensional Hilbert 
space. Barankin [1] and [2] shows that 


UP < max (Y leai)( 2 Jand)» 


(ax) being the matrix-elements of 4, and gives a number of generali- 
zations of this inequality. 

The spaces C, of Section 9 were introduced by von Neumann 
and Schatten, see their paper in the Ann. Math. 49, 557 (1948). The 
completeness theorems of Sections 9 and 10 generalize earlier work of 
Carleman and of Keldyš, and are related to theorems given in various 
recent Russian papers on the theory of compact operators. See 
M. G. Krein, “On the Theory of Linear Nonselfadjomt Operators,” 
Doklady Akad. Nauk S.S.8.R. 130, 254-256 (1960); L C. Gohberg 
and M. G. Krein, “On Completely Continuous Quasinilpotent 
Operators,” Doklady Akad. Nauk S.S.S.R. 128. 227-230 (1959); 
M. G. Krein, “On Spectrally Complete Systems of Generalized 
Eigenvectors of a Dissipative Operator,” Uspekhi Math. Nauk, 14, 
145-152, 1959. The theory presented in Section 10 is closely related 
to the theory given in the paper cited above, of Gohberg and Krein. 
Particular attention has been paid, in the papers cited, to dissipative 
Operators, íe., to operators whose anti-Hermitian part is negative 
definite. Such operators behave in a particularly simple way in a 
number of respects. See the cited papers for an account of these special 
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properties of dissipative operators, as well as for references to other 
Russian papers on nonselfadjoint compact operators. 

The theory of subdiagonalization presented in Section 10 has 
been extended in a very interesting way by M. S. Livšic. He gives 
a theory of subdiagonalization for arbitrary bounded operators 
whose anti-Hermitian part belongs to the trace class C,. See his paper 
“On the Spectral Resolution of Nonselfadjoint Operators,” Mat. 
Sbornik 31 [78], 149—199 (1954), as well as the expository paper of 
M. S. Brodski and M. S. LivSic, “Spectral Analysis of Nonself- 
adjoint Operators and Unstable Systems,” Uspekhi Mat. Nauk 13, 
1-85 (1958). The method of LivSic is based upon consideration 
of the characteristic operator function of an operator T = H-HiH', 
defined as W,(7; F, G) = I-2iF(I  Ty?G, where GF =H’ is a 
factorization of the anti-Hermitian part H’ of T into the product of 
two Hilbert-Schmidt operators. As an application of this theory, 
Brodskif and Livšic establish the very interesting result that the 
operation f(z) > fo(/(y)dy in E,[0, 1] has no invariant subspace other 
than the obvious invariant subspaces L fa, 1], 0 < a < 1. Thus, this 
operator is unicellular, in the sense that its lattice of invariant sub- 
spaces is totally ordered. For all of this, see the papers cited above, 
of Livšic and of Brodskii and Livšic; these papers also give an 
extensive bibliography of related Russian and non-Russian work on 
nonselfadjoint operators. 

Singular integrals and inequalities. The general inequalities of 
Section are due to Calderón and Zygmund [1] and [5]; the particular 
case n = 1 (Hilbert transform) to M. Riesz. Calderón and Zygmund 
[1] show that if the function $2 satisfies a suitable, rather weak, 
continuity hypothesis, then the singular integral 


2(z—y) 
gs lel" 


piz) = Huddy 


(i) exists for almost all z if f is in L,(E")or L,(E"), o> p> 1, 
(cf. Exercise 8.28); 
(i) satisfies f ,Jg(z)l “dz < œ if fe L,(E"), £ > 0, and A is 
bounded; 
(ii) satisfies {[,lp(x)|dz} < co if A is bounded and 
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fe A + logt Ionas < o; 
(iv) satisfies fp.|p(z))dz < co if 


fu. KON og +A «eo. 
In eases (ii) (ii) and (iv) the singular integrals 


Q() 
lim}  —- f(y—aYz 
eod ze Kl" 
converge in the topology of L, , (4), L,(A), and L,(E") respectively. 
These results make it possible to relax the condition 


M icr aam 
of Theorem 7.11 to the following inequality: 
INEO MORE 


Calderón and Zygmund also give apphcations of their results to a 
number of “potential” kernels of the sort arising in the theory of 
partial differential equations. Subsequently their inequality has found 
many important applications in this theory. 

In [5], Calderón and Zygmund give similar results for a related, 
somewhat more general class of integral operators in E,, 1 < p < ©. 
In [6], they discuss the theory of algebras of singular convolution 
operators of the type studied in Section 7, in particular, the maximal 
ideal theory and the question of the existence of inverses. 

It is well known that, by applying standard inequalities to 
functions with values in an appropriate Banach space, the appli- 
cability of these inequalities can often be usefully extended. For this 
reason, it is noteworthy that. whereas M. Riesz’ original proof of his 
well-known inequality for the Hilbert integral uses complex-variable 
methods and hence cannot be extended to vector-valued functions, 
a real-variable proof of the sort given by Calderón and Zygmund [1] 
ean be so extended. We indicate here how to take systematic ad- 
vantage of this fact. We will find that we obtain inequalities of the 
Calderén-Zygmund-Riesz type sufficiently general so that ine- 
qualities of Paley, Littlewood, and Zygmund may be obtained as 


Mee 
ye" < 00, 
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corollanes. Our presentation follows the lines of the recent elegant 
paper of Hórmander (“Translation Invariant Operators”, Acta Math. 
104, 93-189 (1960)). Hórmander gives an extensive bibliography of 
earlier work. 

One of our tools will be the following important interpolation 
theorem of Mareikiewiez, generalized to vector-valued functions. 
Neither the statement nor the proof of this theorem is any different 
for vector-valued than for scalar-valued functions. 


14 THEOREM. Let (S.2,u) and (5, E,, p) be two positive 
measure spaces; X and X, be two B-spaces; and let 1 & p «q«r, 
1X€p «4 <n, with p py, r Sn, 1g —o[pd- (1—)/r and 1/g, = 
&[p, 4 (n —a)fny for some a, with 0 — c — 1. Let T be a linear transforma- 
tion of the space Lo of all bounded measurable functions defined on S 
vanishing outside a set of finite measure and having values in X, into 
the space of all measurable functions defined on S, and having values in 
X,. Suppose that there exists a finite constant K such that 


K us 
0) palf kept > p< (f orn]. 
fel, a0, 
and also that 
K ur 
@) [als KT GUI > e) <= (f. erp ata} . 
fel, a>o. 


Then it follows that there exists a finite constant K’ such that 
) [fs TAa <x (f aea] ^. 


Proor. For each measurable function g defined on the measure 
space (S, X, p) and each a > 0, let 


(4) (2). = ntt] leto] > e 


If g is defined on (S,, Z4, 4), let (g), be defined in an exactly cor- 
responding way. Then |g, the tth power of the L,-norm of g, is given 
by the formula 
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6) lei fea) = — [7 atate). = t [7 aeda. 


For each such function g, put 


gt? (s) = g(s) if |es)[ x a, 
(6) go = il if Jete) = a, 


g(s) = g(s)—g'Xs). 
Tt is then plain that 

(h= (Gh. Sa, 
7) Eh = 0, b>a, 

(8), = (Bas 


Moreover, since / = #4f@), we have Tf = (Tf)4(77™), and 
therefore if b > 0 we have, by hypothesis, 


(TP € CI?) HTF ora 
L K'a pepr og); 
here and in what follows, K’ denotes an arbitrary finite constant. 
Now we put a = a(b), when a(b) is a monotone-increasing function 
with inverse b = b(a) whose precise form is to be specified below, 
and use (5), (7), and (8) to obtain 
Iris s xe J foe ret fete teen pm» yas 
" og afe) nr 
sE || em R Perde] ao 
e are 
(9) f pae Lf (h. aza] 
aib) nir 
E t ; bete ede] al ab 
+ IN [ f. E Bree (9) (o —e(b))s71 ae] "aj : 


The continuous form of Minkowski's inequality may be written 


o» — [afe nad < [flies tao" 


(5 


zip 


a) 
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and is valid whenever k = 1. Using this and (9) we get 
irre; s e ([ free? [farm map 

+ [fe [fr eomm sm as |" has] ^] 
a) gs { fr (Le 3 Bey de 

+ [fp Me [terre moy mtryaa |" "ac |^. 
Now we put b(a) = a, so that (11) reduces to 

(A sK { fF Oe Heide 
a2 + [foe [fite amr ae mas |" a] ] 
<K { N (P [c tetera 4 pratite] acl. 


Since 


(18) =—+ > =—+ , 
g P 9 a P "n 


it follows that if we determine £ from the equation 


(14) E 2 a)=2-1 
a P 
we have also 
as) qe )- i2 
i T 
and 
(16) rH nhrin = pH -pipip = 4 


Thus Mareinkiewicz’ interpolation theorem is proved. Q.E.D. 

Tt is to be noted that if 7 is a bounded map of L,(X) into L, (X,), 
it satisfies condition (1). 

Next, following Hérmander, we exhibit a class of convolution 
kernels which satisfy condition (1) for p = 1. These kernels are 
described in the following theorem. 
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15 TuronEM. Let X and X, be two B-spaces. Let K(x) be a 
function of æ in E", having values in the B-space of bounded linear 
mappings of X into X,. Suppose that K(a) is integrable over every 
finite region. Let q = Y and A > 0 be given and suppose that there 
exists a constant C < oo such that for each t of the form 23 we have 


T e 1 
an  (j,.,IKGG-)-kenre]" scr" — Ws 
Put 


(18) (Ha) = |, Kie—udw f eL). 


Suppose also that for some p and r with o0 > p Z L œ >r 21, and 
A/p—1jr = 1—1jg, we have 


a9) [fa EN] < c (f. eras]. 
Then 


c 
(200 pee E"| KAPE] > ap x <f iejldz, fel 
m 


for some finite constant C'. 
The proof of Theorem 15 is based upon the following covering 
lemma. 


16 Lemna. Let a number s > 0 be given, and let u be an integrable 
function defined on E" with values in the B-space X. Then we may write 


(21) u=0 + > Wy, 
k=l 
where 
(223) lel hel S lul 
EI 
(22b) l(z)z2?s ze EX, 


(22c) each function w, vanishes outside a certain cube I, having a 
side of length 27», where n, is a certain positive or negative 
integer, all the cubes I, are disjoint and X, m(,) S s? pu] 
and [p maiz = 0. 
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In (22c) we have used m(e) to denote the Lebesgue measure of 
the set e, and have used [u| to denote the L,-norm of the integrable 
function u. Lemma 16 is proved by Hórmander (loc. cit.) for scalar- 
valued functions. The proof for vector-valued functions is hardly 
different. We therefore omit the proof, and pass immediately to the 
proof of Theorem 15. 

Proor or THEOREM 15. First note that Æ may be increased 
without spoiling any of the hypotheses. Thus, we may and shall 
suppose that A has the form 4 = 2M. Suppose the w is a function 
whose integral is zero and which vanishes outside a cube J having a 
side of length 4-3, centered at the origin. Then we have 


Gs) Coq = |, (Kte—y) Ke) elu dy, 
so that, applying (17), 
(n) lf es oaled] x Choy, 


fof; denoting the L,-norm. Since the condition (17) is invariant under 
translations and under dilations in any ratio 1 : 27, it follows that if 
w is a function whose integral is zero and which vanishes outside a 
cube T’ having a side whose length is of the form 2*, then the cube J” 
may be included in a cube J” having a side of length 2**?M such that 


(25) {frar ANu” s chau. 


Let the functions v, v, and w, be as in the preceding lemma, and let. 
w” = Draw; it follows at once from (25) and (22c) that there 
exists a set e of measure at most 2?"Ms-!]u|, such that 


(26) T lorem as] < Che"), s 8Cluj. 


Since (W), < t-*|W]z for any function W, (ef. (4)), it follows at once 
that for t > 0 


(27) (fu), S Cjui En ]u D: 
here and in what follows we shall write C’ for an arbitrary but finite 


constant and |W), for the L.-norm of W. Since u = vw", we deduce 
at once that 
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(28) (Q9), X (HV) gt Of 2"), 


Since |». € C's and Jul, x uj. Hólder's inequality gives 
kel, < C'st?'T|u[/? for each p >i. Since we have assumed that 
JX fl, & C'[f], for each function f in Ly, it follows that 


(29) fe], s Caju. 

Thus 

(80) (fv), € C's rer 
= Celle, 


Thus, using (27), (80), and (28), we find 
(81) (Hu) € C'(tC*ult rs? [ul r5"? esl), 


The positive number s is still at our disposal. Choosing it so as to 
minimize the expression on the right of (81), we get 


(82) (Au) € Ct. 
and Theorem 15 is proved. Q.E.D. 

17 COROLLARY. Under the hypotheses of Theorem 15 it follows that 
(83) tle x cy 
for each r >r 21, p>p 21 with 1p' 1] = 1—1]jg. 


Proor. This follows at once from the Marcinkiewicz interpolation 
theorem and from Theorem 15. Q.E.D. 


18 ConoLLaRY. If the kernel K of Theorem 15 satisfies 


2 K(z) 


um 


ic Me 
az) €CO, i=1,....0 
M 


for every t which is a positive or negative power of 2, then it necessarily 
satisfies (17). 


Pnoor. Equation (84) may be written 


EE e 


X e yii 
per xa) a) <e, 
jaz, 
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which, by integration over an appropriate path, evidently implies 
(17). Q.E.D. 

19 COROLLARY. Let the kernel K of Theorem 15 satisfy the equation 
(86) O,K(2:)0, = 97"*K(z), | z€E" 


where O, and O, are operators in X, and X, respectively, all of whose 
powers, both positive and negative, are bounded. Then hypothesis (17) 
of Theorem 15 is implied by the statement 


e f 
?2hizi 


Pzoor, If £ is of the form t = 2’, j being a positive or a negative 
integer, then (86) and (87) together imply 


2 key dr< ©, B= EEP S 
ĉr, 


e f = Keel ae 
ez ela jaz, 
e 
scha i EO 
zziz ez, t 
e El 
of Led 
sez 2 z c Lêz t 
2 ef |? kæ dz 
2z hepa |e 
Thus 
(89) ? kel axe zl EE ke ae 
— K(a a 
coz pe za [s 2 r 22pj 21 lêt, 
e 
=2C R(a)| az. 
2zkjzi ae, 


so that the present corollary follows easily. Q.E.D. 

If n —1, g=1, condition (84) reduces to the condition 
Varia =e (K(z)) = O(t). 

The inequality of Paley and Littlewood is not hard to deduce 
from Corollary 19. We first prove the following generalization of the 
Calderón-Zygmund theorem to vector-valued functions. 
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20 Turorem. Let (S, E, p) be a positive measure space. Let 
Q(x) be a numerically-valued kernel defined in E”, homogeneous of 
order 0, smooth except atx — 0, and whose surface integral over the surface 
of the unit sphere is zero. Let E,{L,) denote the L,-space of functions 
defined on E", with values in L(S). Then, for each 1 « p < co and 
1<@< ©, the convolution transform 


(40) ie) > ep Eee op fen )dy 


defines a bounded transformation of L (Le) into itself. 


Proor. We first consider the special ease p = q. The space 
L,(L,) may in an evident manner be identified with the E,-space on 
the product set E*S and the inequality to be proved reduces to 


e — [je Pen 


sc Í, [re s)rdads. 


drds 


This inequality is nothing hut an integrated form of the ordinary 
Caiderón-Zygmund inequality. 

It follows from the validity of the present theorem for p = q 
and from Corollaries 17 and 19 that the present theorem must he valid 
whenever 1 < p < q < œ. It is then clear that the validity of our 
theorem for 1 < q < p < © will follow from the evident fact that 
the adjoint of an operator of the form (88) is of the same form, and 
from the following lemma, 


21 Lemma, Let X be a B-space and X* its adjoint space. Let 
1 «p,q« o, p rq? = 1. Let (S, L, p) be a positive measure space. 
Then 
(42) ap lere] = Vr rene. 

seLGX*. [gig si 

Proor. That the right side of (42) bounds the left follows at 
once from Hólder's inequality, generalized in a trivial way to vector- 
valued functions. Knowing this, it follows at once that it suffices to 
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prove the reverse inequality for a dense subset of L, (X), so that we 
may assume without loss of generality that f is a simple function, i.e., 
that f(s) — 4, on each of the disjoint sets e, à — 1, ..., 2, and that f 
vanishes outside the union of these sets. There exist elements «7 in 
X* such that 2? (2) = [z;| for è = 1, . . ., n, and jež] = 1. Let k be a 
scalar-valued function and put g(s) — h(s)a if s is in e, and g(s) =0 
if s is in none of the sets e,. Then 


(48) Jetteas = f holoas 


hence (42) follows from the similar well-known equation for scalar- 
valued functions. This concludes the proof of Lemma 21, and with it 
the proof of Theorem 20. Q.E.D. 


22 COROLLARY. Let (S, E, p) be a positive measure space, and let 
3«p«o,1«q-« ©. Let € be a finite constant, and let f(x, s) 
be a measurable function defined on the product space EV y. such that 


(44) FS fies nua ax x c. 


Let f(E, s) be the Fourier transform of the function f(x, s) with respect 
to the variable x, and let glx, s) be the function whose Fourier transform 
is defined by &(E, 8) = f(E, 8), E > 0; (E, 8) = 0, E < 0. Then there 
exists a constant C' depending only on p and q such that 


(45) MINCE EE 


Pnoor. This is merely the special case X = L,(S), n— 1, 
Q(x) = sgn x of Theorem 20. Q.E.D. 

The next corollary generalizes the preceding corollary in a 
familiar way. 


28 COROLLARY. Let (S, Z, p) be a positive measure space, and let 
l«p-«co,l1-«q«c For each real E, let T(E) be a bounded 
operator-valued function from L (S) to itself. Suppose that the operator- 
valued function T(E) is uniformly bounded and of bounded variation. 
Let f(x) be a function of the real variable « with values in the space 
L,(S), and let f(E) be its Fourier transform with respect to the variable x. 
Let X, be the mapping defined by the formula 
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(46) Gne) = THK). 
Then Jf, is a bounded mapping of the space L,(L,(S)) into itself. 


Proor. For each real £j let #,, be the mapping in Z,(L,(5)) 
defined by the formula 


un DODE E> i 
=0 otherwise. 


By Corollary 22, it follows that there is a finite constant C’ such that 
(48) Eg s c 


the norm heing, of course, the norm of X, as an operator mapping 
L(L,(S)) into itself. 
On the other hand, it is plain from (46) and (47) that 


(49) Hy = [HATE T C00) 


F(—o) denoting the mapping f(z) > T(— oo)/(z) The present 
corollary follows at once from (48) and (49). Q.E.D. 

If the operator 7(£) of the preceding corollary is a multiplication 
operator, the result stated can be significantly improved to give a 
result, generalizing a theorem of Zygmund, which we shall need in 
what follows. For reasons of notational simplicity we confine our 
statement to the special case in which S is countable, so that the space 
L, of the preceding corollary reduces to the sequence space l. 


94 Lemma. Let 1 <p < 00,1 « q < co. Letk,(&) be a sequence 
of bounded functions. Suppose that these functions are uniformly bounded 
and that their variations are uniformly bounded. Let X be the trans- 
formation in L{l,) which maps the vector-valued function whose nth 
component has the Fourier transform f, (E) into the vector-valued function 
whose nth component has the Fourier transform k,{£)f,{£). Then X is a 
bounded mapping of L,{I,) into itself. 

We shall, instead of giving a direct proof of Lemma 24, regard 
Lemma 24 as the limiting case of Lemma 24’, stated immediately 
below. The deduction of Lemma 24 from Lemma 24" is trivial and we 
therefore omit the details of this deduction. 
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94' Lemma. Let p, q, k, be as in the preceding lemma, and, for 
each N, let Jf y be the transformation in L (1) which maps the vector 
whose nth component has the Fourier transform f (È) into the vector 
whose nth component has the Fourier transform k (E),(E) for n <N, 
and ,{) forn > N. Then there exists a finite constant C' independent 
of N such that the norm of X y, regarded as a mapping of Ll) into 
itself, is at most C'. 


Proor or Lemma 24’. Subtracting a suitable constant c, from 
each of the functions k,, we may suppose without loss of generality 
that k,,(— co) = 0 for each n; here we have used the uniform bound- 
edness of the functions k, and of their variations to conclude that the 
constants ¢, are uniformly bounded. Similarly, multiplying each of 
the functions k,, by a suitable positive constant c,, we may suppose 
without loss of generality that each of the functions k,, has total 
variation 1; here we have used the uniform boundedness of the 
variations var(k,) to conclude that the constants c, are bounded 
below. 

Let (È, ... Ey) be the mapping in Lj) which maps the 
vector-valued function f whose nth component has the Fourier 
transform f,(£) into the vector-valued function g whose nth com: 
ponent has the Fourier transform g,(&) defined by 


£50) EdE) = 5E) n>N, 
Eg)-—f4Uh E<g. nm Sn. 
=0, &>&, nN. 


Then it 1s clear that 

(51) FE (Ey, «oes Ey) = M ess ENDO, «.., 0) 4 (Bs. — En, 
where .A(E,, . .., £y) is the isometry of L (l) defined by 

(52) lad} > (51,3; 


in (52) we have written £, = 0, n zz for notational simplicity. 
Thus Corollary 23 implies that #(€,, ..., £y) has a bound €' in- 
dependent of N and of &,... £y. 

Formula (50) and the definition of Xy make it evident that 


(5) hy = [PE Ella) «-- 2s 
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thus since var(k,) = 1, J'y has the same bound C’. This proves 
Lemma 24’, and, as we have remarked, Lemma 24 follows at once. 
Q.E.D. 

After these preliminaries, we may at once proceed to the proof 
of the inequality of Paley and Littlewood. 


25 THEOREM. Let D « p X2, let f(z) denote an arbitrary 
function in L,(— co, --co), and let f,(z) denote the function whose 
Fourier transjorm is identical with that of f in the range 2^ < |E| < 2t 
and vanishes outside this range. Then there exist finite constants C and 
C’ such that 


(54) cf i2: Ier) ae ep: Mayda 
sef (F wer) a. 


Proor. Let y{é) be an even function in C™ identically equal to 
1 for 1 x |$] S 2, identically equal to zero for |é| < 1/2 or |£| = 3, 
chosen so that its integral and first few moments are zero. Let (£) 
be the vector whose nth component is p{2"); K is then a vector. 
valued function with values in the two-sided Hilbert sequence space 
la. Let 


1 
MA d A 
(55) Ka) = Í e^ É(5)d5 


since U^É(£) = É(27£), U denoting the unit shift operator, it follows 
that K(2"z) = U"2-"K(z). If y is the Fourier transform of g, then 
yla) and its first few derivatives vanish at 0, while |y(z)| = O(|z?) 
at |z| = co for any finite n. The nth component of the vector K(x) is 
2"y(2"2); thus 


+> 
(56) [K'@P= X y(hzy 
P3 
Since 
: 
en wens (H) 


the series (56) may be compared to 


1178 XI. MISCELLANEOUS APPLICATIONS XI.11.25 
+o gm 
A pezr 


and its sum is therefore bounded on each bounded interval of æ. 
Let the transformation J^ be defined by the equation 


(58) + x 22. 227]: 


(59) PO = KOKO, 
or equivalently 
(60) ta) = [7 Kew yforay. 


Then J^ maps scalar-valued functions into functions with values 
in &. It is plain from Plancherel’s theorem that J^ is a bounded 
mapping of the space L, of scalar-valued functions into the space 
L4(L) of square-integrable vector-valued functions, Corollary 19 and 
Corollary 17 now imply that, for 1 < p <2, J^ maps the space L, 
of scalar-valued functions boundedly into the space L,(I;) of vector- 
valued functions. 

Let . be the mapping in L, (l) which maps the vector-valued 
function whose nth component has the Fourier transform g,(£) into 
the veetor-valued function whose sth component has the Fourier 
transform A,(£) defined by 


(61) AE) = Eh 2" < |e) < 24, 
=0, otherwise. 


By Corollary 24, is a bounded linear transformation. On the other 
hend, it is plain from the definition of É(£), from (59), and from (61) 
that £^ maps the function f into the vector-valued function whose 
nth component is the function f, of (54). Thus the left-hand in- 
equality in (54) is proved. 

To prove the right-hand mequality in (54), we argue similarly, 
as follows. If G is a function with values in the Hilbert sequence space 
1, whose nth component has the Fourier transform £,(£), then put 


(62) (£62) = [7 Kew) Gods: 


equivalently, YG is the scalar-valued function whose Fourier 
transform is defined by 
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ceo 
(63) LEO = Y RDE) 


By Plancherel’s theorem, £ is a bounded mapping of E,(2,) into the 
space of scalar-valued functions. Thus, by Corollary 19 and Corollary 
17, & is a bounded mapping of L, (I) into E, . It is clear from (68) and 
(61) that YAM maps G into the sealar-valued function f whose 
Fourier transform is defined by 


(64) j= gih «lem. 
This proves the right-hand inequality in (54). Q.E.D. 


26 ComoLLaRv. Theorem 25 remains valid in the full range 
1«p«eo. 


Pnoor. We saw in the course of proving Theorem 25 that the 
mapping X which sends a scalar-valued function with the Fourier 
transform f(£) into the vector-valued funetion whose nth component 
has the Fourier transform f,(£) defined by 


(65) H= xj" 
= 0, otherwise, 


is a bounded map of L, in L (h) if 1 < p X 2. The adjoint ofthis map 
is evidently the map Y.# of the proof of Theorem 25, regarded as a 
map from L (1;) into L,, where 1/p--1/g = 1. Thus YW is bounded 
even in the range 2 X g < co. We may show by a similar “adjoint- 
ness” argument that the map .#X is bounded in the extended 
range. Q.E.D. 


27 ComoLLamv. Theorem 25 remains valid in the full range 
1 « p « co, and for functions f with values in an arbitrary Hilbert 
space. 


Proor, Note that Theorem 20 goes over with trivial modifications 
of its proof to functions with values in an arbitrary Hilbert space 
(or even an arbitrary L,-space) and, in particular, that Lemma 21 
generalizes with hardly any change in its proof to any pair X, Y* of 
B-spaces such that 
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(66) sup y*(2)|= |, ze Bs 
wer? 


and that in consequence Corollary 22 is valid for functions f(a, s) 
with values in Hilbert space. Therefore, Corollary 28 generalizes, 
with hardly any change in its proof, to the space of functions f with 
values in any space L,($), $ denoting an arbitrary Hilbert space. 
Next, it may be noted that Lemma 24 generalizes at once, and with 
the same proof, to the space L, (#,{)) of functions whose values lie in 
the sequence space 1, consisting of all sequences of vectors in the 
Hilbert space £, the pth powers of whose norms are summable. This 
remark permits the ready generalization of Theorem 25 to functions f 
with values in a Hilbert space §. The generalized Theorem 25 may 
be extended from the partial range 1 <p <2 to the full range 
1 «p « o by use of the generalized form of Lemma 21 stated just 
above. Q.E.D. 

Now we are ready to prove Marcinkiewicz' theorem, and even a 
slight generalization of it. 


28 THEOREM. Let 1 < p< oo. Let L,(Q) denote the L, space of 
functions with values in a Hilbert space G. For each real £, let T(E) be a 
bounded operator in $; suppose that the function T(E) is bounded, and 
that the variations 


(67) var (78) 
mgc 
and 
(68) var — (7(5) 
-at» 2-2 


are uniformly bounded as n ranges over all positive and negative integers. 
Let f be in LAS), and let f(E) be its Fourier transform with respect to 
the variable x. Let X, be the mapping defined by the formula 


(69) GO = TON. Fe LD 
Then X, is a bounded mapping of the space L,{%) into itself. 


Proor. Let {+ denote the Hilbert space of all (two-sided) 
square-summable sequences of vectors in $. Let THE) be the mapping 
which takes the vector (z,) in {+ into the vector whose nth com- 
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ponent is 7(é)a, if 2" < [é| < 2™? and zero otherwise. As we have 
remarked in the course of proving Corollary 27, Corollary 24 general- 
izes to functions with values in the space L($) — $*. Thus, we may 
conclude that the mapping Ji in L($*) defined by the formula 


(70) CAMO = THORE Fen» 


is bounded. Let + and @ be the mappings of L (§) into L,(1(9)) 
and L,(L($)) into £,{), respectively, defined by the formulae 


e) (Fl = 50. — 2 xj zn, 
=0, otherwise; 

and 

(72) (APO) = FAQ, 2 S JE < 2". 


Then, by Corollary 27,.9/* and £ are bounded. On the other hand, 
it is plain from (69), (70), (71), and (72) that BX jof+ = X ,. Thus 
X, is bounded. Q.E.D. 


29 COROLLARY. In Theorem 28 the hypotheses (67) and (68) 
may be replaced by the hypothesis 


(78) Ire x nu 
m: 


This corollary gives a vector-valued generalization of a useful 
theorem of Mihlin. 

Theorem 25 above was proved in a slightly more general form 
by Paley and Littlewood [1]. They prove the discrete analog of a 
theorem which may be stated in the continuous case as follows: 


80 THEOREM. Let f > a> 0 be positive constants. Let {2m} be an 
increasing sequence of non-negative real numbers such that 4, = 0 and 


+a), S A4 S A+B ae 


Let f be the o-field of subsets of the real line generated by intervals of the 
form [--À,, +4,]. For each fe L,(—co, +œ), and each ee fl, let 
E(e)f = F(z. F()), Xe denoting the characteristic function of e, and 
F : La +L, the Fourier transform. Then, if 1 < p < co there exists a 
constant K — K(p, «, ft) such that 
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IEC), S Kip- o, Bl, eef, feln b, 


Marcinkiewicz [1] improved this result in various ways, arriving at a 
slightly generalized discrete analog of Theorem 28, above, which may 
be stated in the continuous case as follows. 


81 THEOREM. Let x, fl, p, (4,) be as in the preceding theorem. Let 
M < œ. Let g be a function defined on the real axis, and continuously 
differentiable for z # + À,, such that 


o eee [> we@lesm, izo 
(i) POSM —o<ar< +o 


Let H,f = F-(gF()) for f in L, Then there exists a constant 
K(M, p, «, fl) such that 


[Hfl S K(M, p. o. BYflys feb;nL,. 


Marcinkiewicz also gives an m-dimensional version of his theorem. 
In the two-dimensional case, the conditions (i) and (ii) of the preced- 
ing theorem are replaced by the conditions 


LETS i i a IL 


las Plz z) | dade SM. Osif 
Aoi 
o CE ireal ies 
Ana 
é 
«Iz se x] +È oa a) ] de < M, osii 
Gii’) Pla aa) € M, — —o < Tys Tg < to. 


This will make the proper formulation of the m-dimensional version 
of the Marcinkiewicz theorem plain, though because of the notational 
complexity of the m+1 conditions which replace (i), (ii), and (iii) in 
this case, we refrain from citing them explicitly. 
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Tt follows readily from the Marcinkiewiez theorem that if y is 
real, and if we place g(t) = |¢[*7 for £ in E^, then there exists a finite 
constant K, m depending only on p and m such that 


|F3gF(Dl, S K, lf, f EEN Ly 
Thorin [1] made use of this fact to give the following m-dimensional 


generalization of a result due in the one-dimensional case to Hardy 
and Littlewood [1]. 


82 Tueorem. Let f be in L,(E") and let p <r. Then the integral 


iy) 
ane) = fe EMEN 
exists for almost all x in E^, and defines a bounded mapping of LE") 
into L,(E"). 

Thorin proves this theorem by a convexity argument comparable 
to the argument given by him to prove the Riesz convexity theorem. 
In this way, he is able to simplify the original Hardy-Littlewood 
proof, which was based on their method of “‘rearrangements in 
decreasing order" even in case m — 1. This general method is dis- 
cussed in Hardy-Littlewood-Pélya [1], Chapter 10. 

Tt should be noted that because of the positivity of the kernel in 
the preceding theorem of Hardy-Littlewood-Thorin, it may be 
carried over immediately to singular integrals of the form 


Kaw fG) 
za ie caprae 


dy 


K being a bounded and measurable function. 

In the paper cited above, Marcinkiewicz also shows how the 
condition (1-Fa)4, X 4,4 X (1+8)4, in the fundamental theorem 
of Littlewood and Paley may be relaxed. 

In his paper “The Decomposition of Walsh and Fourier Series”, 
American Mathematical Society Memoirs, no. 15 (1956), I. I. Hirsch- 
man discusses a number of interesting inequalities related to the 
inequality of Marcinkiewicz, and to related inequalities of Littlewood 
and Paley and of Babenko. His memoir shouid be consulted for a 
detailed account of these inequalities, and for a bibliography. Later 
work by Hirschman also relates to these inequalities. 
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A function f defined in a subset A of E" is said to satisfy a 
Holder condition of exponent £ and constant K if 


FH S Kje—yf, ayes. 


The set of bounded functions satisfying such a condition forms a 
B-space under the norm 


= sup, sup LESA y sup ite 


These B-spaces have been studied extensively in connection with the 
theory of singular integrals. Singular integrals of Hilbert-Calderón- 
Zygmund type may be shown under suitable hypotheses to map 
functions satisfying a Höider condition of exponent 0 < & < 1 into 
functions of the same sort. Singular integrals of Hardy-Littlewood- 
Paley type may be shown under suitable hypotheses to map functions 
satisfying a Höider condition of a certain exponent 0 < & < 1 into 
functions satisfying a Höider condition with larger exponent. 
Theorems of this type are particularly useful in the theory of partial 
differential equations. For a variety of such theorems, see Zygmund 
[1], pp. 225—228; Friedrichs [1], and Friedrichs [11], pp. 101—121, 
especially Theorem 9.7, p. 116; Hardy and Littlewood [1]. 

Many of the inequalities which we have proved have “discrete” 
analogs in the form of inequalities for certain sums, singular integral 
inequalities for periodic functions, etc. These may be found in the 
various references cited. See, in particular, Zygmund [1], Chapters 7 
and 9, and also the recently appeared second edition of this work of 
Zygmund. 


CHAPTER XII 
Unbounded Operators in Hilbert Space 


I. Entroduction 

In the preceding chapter we have seen how the spectral theory 
developed in Chapters IX and X may be applied to various problems 
in mathematical analysis. However, we have not as yet applied this 
theory to the important class of problems known as boundary value 
problems. This is because the operators arising in boundary value 
problems are differential operators and thus not everywhere defined 
on Hilbert space. In the present chapter we lay the foundations for 
an extension of the spectral theory of Chapter X which is sufficiently 
general to cover a variety of applications to self adjoint boundary 
value problems. The boundsry value problems themselves will be 
discussed in the following chapter and the present discussion will 
merely give the abstract technical foundation. 

The new difficulties arise not only because the differential 
operators are not everywhere defined but because they are not 
continuous on their domain of definition, ie. they are unbounded 
operators. Since some of the concepts used in Chapter X have no 
a priori meaning for unbounded operators we shall redefine many of 
these notions in a more general setting. The term operator will be 
used for a linear map between linear spaces. The symbols $(T) and 
R(T) are used for the domain (or domain of definition) and range 
respectively, of an operator 7. Two operators 7 and U are said to be 
equal (in symbols, 7 = U) if and only if (7) = $(U) and Tz = Ux 
for every z in $(7); T is said to be an extension of U (in symbols, 
7 QU) if and only if 2(7) 2S(U) and Tz = Uz for every x in 
DU). The symbol U CT is sometimes used in place of TDU. 
Unless stated to the contrary it will be assumed that the domain and 
range of each operator under discussion is a subset of a Hilbert space 
which will be designated by the symbol §. As usual, an operator is 
said to be bounded if the suoremum sup |Tz] taken over all z in (T) 
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with |a] = 1 is finite and otherwise 7 1s said to be unbounded. Thus 
an operator is unbounded if and only if it is discontinuous at one 
point (and hence at every point) of its domain. The graph I(T) of 
an Operator 7 is that subset of § © H consisting of all points of the 
form [z, Tz] with z in $(7), and 7 is said to be a closed operator if its 
graph is a closed subset of  @ Ñ. The direct sum of Hilbert spaces 
will always be taken in the sense of Section IV.4 so that $ @ Ẹ is a 
Hilhert space with the inner product 


(ry, Tel EY» el) = (n. y1) Gs He). 


This inner product may be used to define a new inner product in 
DIT} by means of the formula 


Ga, yn = (fr, Ta), fy 7y]) = G y) (To Ty) — a yes 


The space DAT) with the inner product (z, y), is not necessarily a 
Hilbert space since it may not be complete relative to the norm 
{a, a}? but if T is a closed operator then the linear space D{(T) with 
inner product (a, y), is complete and is therefore a Hilbert space. 
Furthermore a closed operator 7 when considered as defined from 
the Hilbert space (T) with the inner product (z, y), to with inner 
product (a, y), is continuous. 

In using the elementary algebraic operations of addition and 
multiplication on operators which are not everywhere defined one 
must exercise a bit of caution and so we state the following formal 
definition. 


1 Dermo. Let 7 and U be linear operators and let a be a 
complex number. Then the operators 7--U, TU, aT, and T- are 
defined as follows: 

(à) DP+U) = DT) n DU), {P+U)z = Tz--Ua; 

(b) DTU) = (ajz DU), Ur eS(T), — (TU); = T(Uz); 

(e) if a — 0 then aT =0, otherwise $47) — (T) and 
(oP jx = a(Ta); 

(d) if T is one-to-one then $(7-3) = R(T) and Tty — s if 
y= Tz. 

The usual associative laws (4+B)+C — A+B+C) and 
{AB)C = A(BC) hold, so that sums and products of several operators 
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may be unambiguously written without the use of parentheses. The 
distributive law (4--B)C = AC+BC has its familiar form but, 
since (B --C)a may be in the domain of 4 without Be or Cz being in 
this domain we only have the inclusion 4(B+C) 2 AB+ AC instead 
of equality. 

Just as in the case of a bounded operator the resolvent set p(T) 
of an Operator 7 is defined to be the set of all complex numbers 4 
such that (AJ T) exists as an everywhere defined bounded operator. 
For À in p(T) the symbol R(4; 7) will be used for the resolvent operator 
(AI- Ty. The spectrum o(T) of T is the complement of the resolvent 
set p(T). The poiut spectrum o,(T), the continuous spectrum o AT), 
and the residual spectrum o,(T) are defined just as they were m 
Definition X.3.1 for bounded operators. One way in which un- 
bounded operators differ from bounded ones is that the spectrum of 
an unbounded operator may be the whole plane. 


2 Lemma. The inverse of a closed operator is closed. A bounded 
operator is closed if and only if its domain is closed. 


Pnoor. If A, is the isometric automorphism in $ © § which 
maps (a; y] into fy, 2] then (7) = A,F(T) which shows that T is 
closed if and only if 7 is closed. If B is a bounded closed operator 
and if (z,} is a Cauchy sequence in D{B) then ([z,, Bz,]] is a Cauchy 
sequence in the closed set P'(B) and hence it has a limit (z, Bz] in 
TB). Thus the sequence (z,) converges to the point z in $(B) which 
proves that $9(B) is closed. Conversely, if the domain of the bounded 
operator B is closed and if ((z,, Bz,]} is a Cauchy sequence in F(B) 
then the limit z = lim z, exists in D{B) and, since B is contmuous, 
En Bz,] > (z, Bz] which proves that P'(B) is closed. Q.E.D. 


3 Lexma. Let T be a closed operator. Then the sets p(T), o,(T), 
o. (T), and o,(T) are disjoint and their union is the whole plane. The 
resolvent set p(T) is open and the resolvent Ri; T) is an analytic 
function of À and satisfies the resolvent equation 


RG; T)—R(s T) = (&—2)RU; DRT), h ee p(T). 


Pnoor. ft is clear from the definitions that p(7), o,(7), o.(T), 
and o,(7) are disjoint sets and that if a point 4 is not in any of these 
sets the inverse (AI—7) must exist as an everywhere defined and 
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unbounded operator. Thus to prove the first conclusion it will suffice 
to show that if (AJ— T) 3 exists with domain § then / is m p(7). It 
follows from Lemma 2 that (41 —7)^ is closed and hence it follows 
from the closed graph theorem (IL2.4) that (4I — 7)! is bounded 
since it is everywhere defined. An examination of the proof of Lemma 
VII.8.2 where the facts that p{(7) is open and that R(4; T) is analytic 
are proved for bounded operators will make it clear that these same 
facts hold for unbounded operstors. Finally, the resolvent equation 
follows by subtracting the first of the following equations from the 
second 

QI—7)RU; TR(; T) = Bii; T), 

Gal TRU; TWRG5 T) = RU; T). Q.E.D. 


The Hilbert space adjoint 7* of a bounded operator 7 in Hilbert 
space has been defined by the identity (Tz, y) = (a, 7*y). We shall 
need to use the notion of the Hilbert space adjoint of an operator 
which is not necessarily bounded and this concept is formulated in 
the following definition. 


4 Derinirion. If the domain 2{7) of the operator T is dense 
in § then the domain D(T*) consists, by definition, of all y in € for 
which (Tz, y) is continuous for z in $9(7). Since $(7) is dense in Q 
there is (IV.4.5) a uniquely determined point y* in © such that 
(T2, y) = (a, y*) for every z in S7). The Hilbert space adjoint or 
simply the adjoint T* is defined on D(7*) by the equation T*y = y*. 
In other words 

(Ta. y) = (a, T*ty, xe D{7), ye DT"). 


In this definition the domain D{7) is required to be dense in § 
in order that the point y* corresponding to a point y in $(7*) be 
uniquely defined. Thus, whenever we mention the adjoint of an operator 
T, it is tacitly assumed that ST) is dense. Similarly wbenever the 
inverse 7-1 is mentioned it is tacitly assumed that 7 is one-to-one. 

We recall that the orthocomplement of a set Y in § is defined 
as the set (z[z € £, (2, 9) = 0}. This orthocomplement is denoted 
by SOU or by 9. The set A” is clearly a closed linear manifoid and 
if Y is itself a closed linear manifoid then Y and 9%* are complementary 
manifolds, ie, § =A @ W* (IV.4.4). 
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5 Lemma. Let the isometric automorphisms A, and A, in $ 6$ 
be defined by the equations 


Ailey] = (y ab Ale y] = (v a]. 
Then 
I(T3)— AJ(T, — IQ(7*) = (4,77), 
Aids AA, =I, =L 


Proor. We have (y, y*]er(T*} if and only if 
= (Ta, y) (5 y*) = (Tz, — m) (s g*lh ze DT). 


Hence I(7*) = ( 4,F(T))*. The proofs of the remaining statements 
are left to the reader. Q.E.D. 


6 LrMMa. Let T be an operator in Hilbert space. Then 
(a) if DIL) is dense then T* is a closed linear operator; 
(b) if T- exists with dense domain then (T*)* exists and 
(o3 = (1-95; 
(e) if B is an everywhere defined bounded operator then 
(T--B) = T*-B*, (BTY = T*B*; 
(à) ST)" = (yly E XT”), Try = 0}. 


Proor. Since an orthocomplement is closed, statement (a) 
follows from Lemma 5. 

To prove (b) we note first that 7*y = 0 implies that (72, y) = 0 
for every a in DÒT). Since the manifold 8t(7) = D{7-+) is dense this 
means that y = 0 and thus that (7*)" exists. Now, by Lemma 5. 


PUP) = ATT») = A(ATUD)* 
= (4A UD)* = (A441 0))* 
= (SAT = ASI) =U), 
and thus (7*}1 = (7-1)*. 
To prove (c) we have, since B is everywhere defined, (T-- B) = 
DT). Since B is continuous and ((Z--B)z, y) = (Tz, y)+(Bz, y) 


we see that D(7*) = D((7+B)*). Thus, for z in $(7) = DT +B) 
and y in $(7*) = S((7--B)*) we have 
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(2, (7+ B)*y) = ((7+B)s, y) = (Tz, y)+ (Bz, y) 
= (a, Try) +(e, Bry) = (a, (74+ By), 


which proves that {T+ B)* = 7*4+ B*. 

To prove that (BT)* = 7*B* we suppose that z is in D(7) and 
that y is in D((B7)*). Then (2, (BT)*y) = (BTa, y) = (Ta, B*y) 
which shows that B*y c D{7*) and therefore that y c D{7*B*). This 
equation also shows that for y in D{(B7)*) we have T*B*y — (BTY*y 
and this proves that 7* B* D (BT)*. Similarly, if æ is in (T) and y is 
in Q(7*B*) then (z, 7*B*y) = (Tz, B*y) = (BT, y) which shows 
that y is in D((BT)*) and that (BT)*y = T*B*y. This proves that 
(BT)* 2 T* B* and completes the proof of (c). 

Finaly we note that the statement (d) follows immediately 
from the identity 


(Tx, y)=(2,T*y), ze9(T, yeD(T*), 


and this completes the proof of the lemma. Q.E.D. 

Most of the considerations in this chapter and the next will be 
directed towards an operator which is either symmetric or self adjoint 
according to the following definition. 


7 Derrnirion. The operator 7 is said to be symmetric if 
(Tz, y) = (a, Ty) for every pair z. y of points in D{7). It is said to 
be self adjoint if T = T*. 

An operator 7 may be symmetric without having a dense 
domain but if D{7) is dense so that 7* is defined then the notion of 
symmetry is equivalent to the inclusion 7* 2 7. Of course if T is a 
bounded everywhere defined operator then the statements 7* 2 7 
and 7* = 7 are equivalent and thus a bounded operator is symmetric 
if and only if it is self adjoint. If 7 is an everywhere defined sym- 
metric operator then 7* 2 7 and thus 7* = T. By Lemma 6(a) T 
is closed and by the closed graph theorem (II.2.4), 7 is bounded. Thus 
an everywhere defined symmetric operator is bounded and self adjoint. 

Even though symmetry and self adjointness are the same for 
bounded operators, an unbounded symmetric operator need not be 
self adjoint. As an example consider the operator id/dt on the domain 
So(id/dt) in L,{0, 1) consisting of those functions f with a continuous 
derivative and with /(0) = f(1) = 0. Since 
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if. = f irea 
= J KODA) 
d 
= Gig) tees (i). 


it is seen that idj/dt on the dense domain D{id/dt) is symmetric. 
However, this operator is not self adjoint for it is clear from the above 
equations that any function g with a continuous first derivative has 


the property that 
A 4 d 
(9) 769) res (i). 


and thus any such g, even though it fails to vanish st one of the 
endpoints 0 or 1, is in the domain of the adjoint of id/dt. 

The problem, suggested by the preceding example, of finding 
self adjoint extensions of a given symmetric operator will be treated 
systematically in Seetion 4, 


2. The Spectral Theorem for Unbounded Self Adjoint Operators 


In this section the spectral theory developed m Section X.2 for 
bounded self adjoint operators will be extended to cover the case of 
unbounded self adjoint operators, In particular it will be shown that. 
every self adjoint operator has a unique self adjoint regular countably 
additive resolution of the identity in terms of which an operational 
calculus may be given. This will be shown by first proving that the 
resolvent R(a; T) = (a1 T) of a self adjoint operator 7 is defined 
for all non.real a and 1s itself a normal operator to which the theory 
in Section X.2 may be applied. 

1 Lemma, Let T be a symmetric operator and a a non-real scalar. 
Then («1 —TY3 exists and 
p s eL 

Me 

Proor. If .£(x) and @{a) are the imaginary and real parts of 

a and if x e (T) = $(xI—T) then 


eeu). 
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Kel—7)2? = ({eI—T)z, (ef T)z) 
= (Fla), (x02) + ({AlalI—T)2. (Aa) —Tys) 
2 (For, Fale) = M GOTT 


from which the desired conclusions follow immediately, Q.E.D. 


2 Lemma. The spectrum of a self adjoint operator T is real and 
the resolvent is a normal operator with R(o; T)* = R(à; T) and 


1R(a; 7)| € Fed, Ila) £0. 


Pnoor. Let a be a non-real scalar. The preceding lemma shows 
that {af 7)" exists as a bounded operator. To prove that a is in 
pU) it will therefore suffice to prove that its domain is closed and 
has orthocomplement zero. Since 7 = 7* it follows from Lemma 
1.€{a) that 7 is closed and thus that of—7 is closed. Lemma 1.2 
shows that («1— T)? is closed and, since it is a bounded operator, 
its domain must be closed (Lemma 1.2). By Lemma 1.6(d) 


(DA-TI) = (REL 7))* = {y\(eI—7)*y = 0}. 


Now (of—7)* = af—T and, since #{&) ~ 0 we see (Lemma 1) 
that &I—T is one-to-one, Thus (y|(xI— T)*y = 0} = (0). This 
completes the proof of the statement that aep{7) and proves 
therefore that the spectrum is real Since {of- T)* = a&f—T it 
follows from Lemma 1.6{b) that R{ã; T) = R(a; T)* and thus that 
R(q; T) is normal. The final inequality is a corollary of the preceding 
Jemma. Q.E.D. 


8 THEOREM, Let T be a self adjoint operator. Then its spectrum 
is real and there is a uniquely determined regular countably additive 
self adjoint speciral measure E defined on the Borel sets of the plane, 
vanishing on the complement of the spectrum, and related to T by the 
equations 

6) — 9D) = Gre, (A... (Eta, 2) < 00}, 
and 


{b) Te = ed af AE(diYr, zem). 
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Pnoor. The reality of the spectrum was established in Lemma 2, 
Consider the homeomorphism p = h(4) of the compact complex 
sphere which is given by the equation u = (i -4)71. We shall show 
first that A maps o(T) u (oo) onto o( R{i; T)). Let A 4: i be a pointin 
p(T) and let 4 = (APR: T) -G—2). It follows readily from the 
resolvent equation (Lemma 1.8) that (uI— R(i; T))4 =I and thus 
that pis in p( R(i; T)). IfA — then p = oo and therefore, in this case 
also, p is not in the spectrum of the bounded operator R(i; T). 
Conversely, let 0 z p € p( R(é; 7)), let A = (p1 —R{i; T), and let 
B = gR(i; T)A. Then Bis one-to-one and its range is $b(T). Thus the 
equations 

GI—7)B = (4—91--GI T)]B 
= [-R(s T)+pNA — 1L 


show that À is in p(7). On the other hand we cannot have u = 
Ocp(R(i 7)) for this would imply that R( T)? = iI—7 is a 
bounded everywhere defined operator, which ease we exclude here 
since the theorem has already been established for bounded operators 
in Chapter X. This shows that the homeomorphism h maps p(T) onto 
p(Rü; T)) u (o0) and thus it maps c(7) v {co} onto o(Rti; 7)). 

For every Borel set ô in the complex plane let E() = E,(h(2)) 
where E, is the resolution of the identity for the normal operator 
RG; T). We note that E,{{0}) = 0 for if 0 zx = E,((0])z then 
RG; Tz = po) AE, (dA)e = 0 which contradicts the fact that R(é; T) 
has an inverse. This shows that if dis the finite complex plane we have 
E(8) = I and thus E is a spectral measure, The spectral measure E 
is self adjoint, countably additive and regular since E, has these 
properties (Corollary X.2.4). Furthermore it is clear that E(o(7)) = I 
and thus that E(5) = 0 for ô C p(T). Since the spectrum of 7 is real 
it follows that an integral over the real axis with respect to the 
measure E is the same as if taken over the spectrum o{7). 

Now let 


Dy = (al Ls B(E(di)z, 2) < co). 


It is clear that E()p C D for bounded Borel sets ô. Also, for a 
bounded set 6, we have [[,4E(dA)z|® = f42*(E(dA)z, x) and thus 
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@ Dy = fa] lim f. AE(dÀYyr exists}. 


It will next be shown that $7) C Dy. If æ is in D(T) then, since 
DIT) = Ri; TY, æ has the form z = R(i; 7)y and 


J * AE(@A)e = f? AEODRG: Thy. 
By the change of measure principle 
k ; E(42); 
RT = [ug = | AS, 
where both integrals are taken over the whole plane, and so 
7 4 9 34 
ik Ba - Là E(dÀ)y -F pg Ee. 


This shows that 2 is in Dj and hence that $7) C D. 
From (ii) and Theorem X.1.1 we have 


R( T) f", G—2) E42) = E(L-77, n 
which shows that E([—7, 2])5 C &(7). Now 
TE((—n, n}) = (€f —tG—7)] RG: 7) E G—2A)E(2) 
- [2592 


and thus it follows from (i) that for æ in € the sequence 
{TE{[—n, n])z} converges. Since 7 is closed and E(( —2, n] > a 
it follows that æ ıs in $7) and Tz — lim, f^, AE(dA)z. This proves 
that $, C (T) and thus that Dy = $7). 

To see that E is unique let F be another spectral measure with 
the properties of E. It follows from (a) that F((—m, m])e is in 
ST) and thus, from (b), that 


GI—TYF( m, mde = lim |” 62 FGAF m me 


=lm [^ -DF 6 (5m me 


so) — 


= f ^ -AFA 
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Since, by Theorem X.1.1, we have 


F(l—m, mp = aren] | y 22] 


it follows that 
^ F (di) 
F([—m, m] = 6I —7)F(—m. mp f oe , 
F(42) 


— GI—T) Nr 
so that 

™ F(di) 
aA 


RG: TF(-m, mp = f 


By letting m > co we see that 


dà) 
Be?) -f a : 


Thus, by the change of measure principle, 
Ri; T) = J AF(h (42). 


Corollary X.2.7 shows that F(h-N5)) = E,{6) for every Borel set 6. 
Thus F(é) = E,(h(ô)) = E(6) and E is unique. Q.E.D. 


4 Derinition. The unique spectral measure associated with 
a self adjoint operator 7 as in the preceding theorem is called the 
resolution of the identity for T. 

It is clear that for bounded self adjoint operators this notion 
coincides with that of Definition X.2.5. 

For every bounded Borel function f defined on the real axis, 
or on the spectrum of the self adjoint operator 7, we may define the 
bounded normal operator f(7) by the equation 


NE) = f... HEA) 


where E is the resolution of the identity for 7. According to Theorem 
X.1.1 the map f —f(T) is a *-homomorphism of the algebra of 
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bounded Borel functions into an algebra of normal operators in 
Hilbert space and thus the above formula defines an operational 
calculus. Theorem 3 suggests how this operational calculus may be 
extended to a calculus for unbounded operators f(7) associated with 
unbounded functions f on o{7}. The formal definition is as follows. 


5 Derrnrtion. Let E be the resolution of the identity for the 
self adjoint operator 7 and let f be a complex Borel function defined 
E-almost everywhere on the real axis. Then the operator f(T) is 
defined by the equations 

DHT)) = (2] lim f,(Z)a exists} 
^ 
where 
h= WAlSn £0-9 l0 


and 
f(P)a = lim f,(P)o, z eD(AT)). 


Tt is clear from Theorem 8 that if /(4) =A then /(T) = T but 
it is not clear that if f is the polynomial ag+a,4+ ... +0,4” then 
HT) is the polynomial agl+o,7 + ...+0,7" as defined in Definition 
1.1 or as in Definition VII.9.6. This is the case, as will be shown in 
Corollary 8 below, so that the symbol f(T) for a polynomial f is 
unambiguously defined, 


6 THEOREM. Let E be the resolution of the identity for the self 
adjoint operator T and let f be a complex Borel function defined E-almost 
everywhere on the real azis. Then f(T) is a closed operator with dense 
domain. Moreover 


€) DAT) = fel (7 WAP Etads, 2) < of, 

(5 (ts y) = [T ADEE), eD) vef, 
© Wn (7 VORE a), e eD), 

@ AT = JT), 


€ Ren-[^ 72. aenn) 
-o W— 
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Proor. It is convenient to use the notation £,(7) introduced 
in Definition 5 and to let e, = (4] |f(4)] & 7}. Then, for z in S(f(T)), 
we have from Corollary X.2.9{iv), 


UP a? = lim pf (DYya? = m f VOIE (2, 2) 
- E IMAP Elda a, æ). 


This proves (c) and also shows that the domain D(f{Z)) is contamed 
in the manifold (a|flf(4)|*{ E(dA)z, x) < co}. On the other hand if x 
is in this manifold and if m >n, we have 


UTP = f, _ VOPRED) 0 


and (a) is established. 

It is clear that for each n = 1, 2,..., we have Efe) CD(HT)) 
and thus, since E(e,)z — for every z in €, the domain D(f{(7)) is 
dense in §. To see that f(T) is closed let {a,} C D(HZ)), a, >% and 
HD)ay, > yo. Then. for every integer m, 


fT eq = lim fT e, = lim Ete,)f(T)e, = Elen Yor 


Thus 
Yo = lim E(e,,)y, = lim f, (T)2, = HT). 


It follows that a» is in D(f{7)) and that /(7) is closed. 

To prove (b) let z be in D(f{7)), y in £, and let p(e) be the total 
variation of the set function (E(-)z, y) on the set e. By the complex 
form of the Radon-Nikodym theorem (IIL10.7) there is a Borel 
measurable function p with (e) = f p{4)( E(dÀ)a, y) for every Borel 
set e, It follows from Theorem IIT.2.20 that |p(2)] = 1 for p-almost 
all A end thus we may and shall assume that |p(4)] = 1 for all 4. Let 
AA = HAP) so that by part (a), we have DA(7)) = DHT). 
For z in D(f,{7)) and y in § it follows from Corollaries IIT.10.6 and 
IIL6.17 that 
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(tT), v) = im [^ taiwan BCAA, ) 
= im (^ woe 


= f nomen, 


This proves the existence of the integral in (b) from which it follows 
that 


(He, y) = tim [^ ADEA, ) 
= tim | AOLE 9) = [^ IOE). 


which completes the proof of {b). 
To prove (d) let z,y be in $(/(7)) = $(/(7)). Then 


Ute, g) = (7. JAED y) = [6 Ew, 2) = (2 fT). 


Thus f(T) C f(T)* and to prove (d) it will suffice to show that 
S(f(7)*) C ((7)). If y is in $S(/(P)*) then, for any z in $ and 


any integer m. 
(2 y) = 7), y) = UG) EG, y) = (2, Ete ICD) 


and so £,(P)y = E(e,(T)*y —f(T)*y which shows that y is in 
D(J(T)) and proves (d). 

Finally, to prove (e) we observe from Corollary X.2.7 that the 
spectral measure E, defined by the equation E,(e) = E(e,e) is the 
resolution of the identity for the restriction of 7 to the Hilbert space 
Én = Efe,)®. Also, since E(a; Z)(«1 —7 )E(e,) = Efe,), it is seen 
that the restriction of the resolvent to §, is the resolvent of the 
restriction of 7 to §,. Thus. by Corollary X.2.8. 


Ria; Te = lim Ria; 7) E(e,)z 
2 a Ede _ FÉ Eae 
m Je, On a—À 


which completes the proof of the theorem. Q.E.D. 


Aep(), 


— 
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7 ConoLtARY. Let T be a self adjoint operator and let f, g be 


complex Borel functions defined E-almost everywhere on the real axis. 
Then, for every scalar a and every Borel set e of real numbers, the 


operators f(T), &(T) of Definition 5 have the properties 

(a) (QU) = AT) 

H) (-90)2f10)tg(7Y; 

() DADA) = HUANAD) oD AT), AD IATA); 

(d) AT)E(e) 2 EDT). 

Pnoor, Statements (a) and (b) follow directly from Definition 5 
and Theorem 6(b). To prove (c) let z be in S(g(T)) and g(T)e in 
So(/(T)). Since 
[msan z) = tim im f^ tne. @P Bay, 2) 

lim lim If, (7)g, (7)2 = lim YATT e? — HADAT « oo, 


noo mco 


we see that SS(/(T)&(7)) CD (8)(7)) ^ $(g(7)). On the other hand 
if x is in S(g(7)) and [Z VAZA UE(d2)z, x) < oo, then the 
argument above shows that 


Jim YP ef? < eo. 
By Theorem 6(e) ^ 
PADET — [~ VANE eT Iw, eTa), 


so that f. WMP EG? Yo, e(7)2) «eo. It follows from Theorem 
(a) that g(T)z is in S(7)). Thus 


Sb(fCr)e(7)) = BUND) o (atr). 
By Theorem 6(b) the integral 
(49(7)s, y) = [= ADUNE, v) 


exists for each y in $. Consequently, by the dominated convergence 
theorem (IIL6.16), 


(APP), y) = lim lim | £, 03e, 0(E(42)2, y) 
= (VO(T)a, v). yeh. 
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Finally, to prove (d) we observe that if æ isin D(#(7)), then 
Ele)f(T)a — lim, E(ey,(7)z = lim, f,(T) E(e)z which shows that 
Efe)z is in S(f(T)) and that f(T)E(e)z = EAT. Q.E.D. 


8 ConoLLanY. Jf T is a self adjoint operator and if f is the 
polynomial f(A) = opt - . . +0,,4% then the operator f(T) of Definition 
5 is the same as the operator f(TY of Definition VII.9.6. This operator 
HD) is also the same as the operator apf + ... e, T" as defined in 
Definition 1.1. 

Pmoor Yt is clear that the sum esI +... +0,7” defined in 
accordance with Definition 1.1 is the same as the operator f(T) of 
Definition VIL9.6. Let f,(7) be this operator and let f,(T) be the 
operator corresponding to f in accordance with Definition 5. Corollary 
7 shows that 


rn TI 2407. 


Let e be a bounded Borel set of reals so that, by Theorem 8, 
Ele) C DT) and TE(e) — f,AE(d2). Thus TE(c) C Ele} CD(T) 
which shows that E(e)D C $77). Similarly it may be shown that 
Ele) CD(T") for every integer n from which we conclude that 
E(e)} C S(A(U)). Thus if e, = A A] & 9). it follows from [*] 
that (7)E(2,) 2 UD) Ete, But since Efe,)@ C $(/(7)) we have 
fTYE(G,) — f) (es). Now let z be in S(f,(T)) so that E(e,)z >£ 
and 
f) Eleda = f(T)EG,)o > fs(Tyo. 

But, by Theorem VIL9.7, the operator f,(7) is closed and so a is in 
D(Al7)). This proves that SS((7)) C $(/(T)) and in view of [*] 
that f, (7) = f(T). QED. 


9 TutronEM, Let E be the resolution of the identity for the self 
adjoint operator T and let f be a complex Borel function defined E-almost 
everywhere on the real axis. Then 

{a) IAD) = Eess sup 0); 

AeetT) aol 

(b) e(f(T)) is the intersection of all sets {{5) where 6 varies over the 
Borel subsets of o(T) with E(é) = I; 

(c) if f is real then f(T) is self adjoint and its resolution of the 
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identity is given in terms of the resolution of the identity for T by the 
formula 
E(6; KT)) = E(f ^5), 
where 6 is an arbitrary Borel set. 
Pnoor. Let e, = {4] |M4)| € 7} so that 


E-ess sup |f{A)| > E-ess sup |f{A)]. 
etr) 


Ace, Ae 


Thus. using Corollary X.2.9, 1t is seen that 
WN = IMP )ECe,)| = E-ess sup |f{(4)| > E-ess sup 1/4), 
Aces Aco} 


and hence that [f(7)] z E-essx cogn sup IHA) 
Conversely, for z in S(f(7)), we have 


VT ye] = lim (T), al 
£ lim (E-ess sup |/()])lz] & (E-ess sup {A)| ial, 
^ Aet, Aect(T) 


and thus |f(T)] € E-ess, cir, sup |/(4)]. This establishes equation (a) 
Let g(4) = (a—f{4))“! where a is such that the set f(x) = 
(A) = a) has E-measure zero. By (a) 


lg(7)| = E-ess sup ]«—f0)]3 
Aec(T) 


and thus g(7) is bounded if and only if (x—f(4))-3 is E-essentially 
bounded. Since g{7) is closed and has a dense domain it is bounded if 
and only if it is everywhere defined (Lemma 1.2). Thus if g is E-essen- 
tially bounded, « is in p(f(7)). Conversely. if a is in p(/(T)), then 


(IADE) = [s 


which shows that E(f-3(a)) = 9 and hence that g is E-almost every- 
where defined. Since a is in p(f(T)) we have |g(7)| < œ and the 
above equation shows that g is E-essentially bounded. Thus a is in 
pf (7) if and only if g is E-essentially bounded. Statement (b) may 
now be proved just as the corresponding fact for bounded operators 
was proved in Corollary X.2.9. 

To prove (c) we note that the self adjointness of f(7) follows 


(a—H4)) EA) = 0, 
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from Theorem 6 (d). Now let E,() = E(/-(2)). By the change of 
measure principle we have, using the notation f, of Definition 5, 
O — f" uuo = |? er nm OE 42 
= [Pf xen 00) E42) = AT) 
Similarly 
[PE = f 108 x0 al) E02 
and so for each vector x 
@ — (7 reU 2 a) = [= IO, a). 
It follows from (ii) and Theorem 6 (a) that 
S) = [a [nta æ) < a}. 


From (i) and Definition 5 we have, for x in D(f{7)), 


frs = m f^ atia 


Thus it is seen from Theorem 8 that E, = E(-; f(7)). Q.E.D. 

Just as in the case of a bounded self adjoint operator the resolu- 
tion of the identity may be calculated explicitly in terms of the 
resolvent of T. 


10 Treorem. If E is the resolution of the identity of the self 
adjoint operator T and if (a, b) is the open interval a < À < b then. 
in the strong operator topology. 


Ella, b)) — lim tim . f [Ru—ei: T) — R(u-kei: T) Mg. 

d+ ess 29d Joa, 

Pnoor. The proof is nearly the same as the proof of the cor- 

responding theorem (X.6.1) for bounded operators. Corollary X.2.9(v) 

should be used in place of Corollary X.2.8 (iii) and. instead of referring 

to IX.3.15, the fact that g(7) = R(x; T) if (4) = (a—4) * should be 
inferred from "Theorem 6. Q.E.D. 
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11 TuroRrw. Ij E is the resolution of the identity of the self 
adjoint operator T and ij F is a continuous scalar function defined on 
the real line, then, in the strong me topology, 


F(T)E((a, b)) = i; T)— R(u rei; Tp, 


for every finite open interval (a, b). 


Pnoor. The method of proof used in the preceding theorem may 
also be used to prove the present theorem if it is shown that the 
function 


-ë 1 1 DX [P Fido 
G.s 2) = zl Po E ]e-z a 


£i—À, E PEST) 
is bounded in A uniformly for small positive à and £ and 
Is] lim lim 666. e. 4) = FA u(4) — —0 «A «o. 
E £549 


where xa,» is the characteristic function of (a, b). Y£ M is a bound for 
|F{u)] on the interval a < u « b then 


b—6—AÀ E 
16604) S M [arctan ad "| <M 
E3 = € 


and so G is uniformly bounded for small positive 6 and e. Let 
0 <6 < (b—a)/2 and suppose first that A is not in the interval (a, b). 
Then the integrand approaches zero uniformly as e approaches zero 
and so the equation [x] holds on the complement of (a, b). Now let 4 
be a point in (a, b) and choose ô and e so that a-Fó < ÀA—4/£ < À 
+e < b—6. Then 


een Ef Me. fet = 


ad ave ave (eA pe 
An elementary calculation shows that 
E [Ss 8 ] F(u)dga ! 
ien ET Ner 
uv deve arte 
M b—6—à =. 
&— [arctan —~— — arctan 240-3 —2 arctan =, 
E E E Mt. 
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and hence that the sum of these two integrals approaches zero with e. 
Now let M(s) be a bound for |F(u)—F(A) on the interval 
A—A/6 < p < À+. Since F is continuous. M(r) approaches zero 
with £ and we have 
1 [n F(p)edu 
n dave (u—APte 

_ FUSE edp i 1 (^-VE(Fl(g)— F(A))edu 

z Jaye APE adayi (eA tet 


1 


and 
1 pr F(pedu 
E ve 


uv [mue 
which shows that 


2 1 2 
— F(4) — arctan —| X M{e)— arctan 
E t a 


1 (^6 Fi 
gs 2 YE Feet 
eam dace p Mee 
This completes the proof of equation [s]. Q-E.D. 
We conclude the present section with the following interesting 
theorem which follows easily from the results of Section X16. 


= F(a). 


12 Tneorem. Let T be an unbounded selj adjoint operator in 
Hilbert space $. Suppose that o{T) is a countable set of points with no 
Jinite limit point, and that if (4,) is an enumeration of o(T). each point 
being repeated a number of times equal to the dimension of E(T. 1,)0, 


we have 
co 


XX? «o 


nel 


Then, ij B is an arbitrary bounded operator. the set of all vectors æ which 
satisfy an equation (T+ B—plI)'x = 0 for some integer v and some 
complex p, is a set fundamental in Hilbert space. 

Proor. By Theorem 6 and Corollary 7. there exists an ortho- 
normal basis (y,) for Hilbert space such that Ty, = 4,9,- (To obtain 
the set {p} we have only to take together a family of orthonormal 
bases for each of the separate spaces E(T, 4,,)). It follows from 
Definition XL6.1 that (T— A7)-! is of Hilbert-Schmidt dass for every 
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Ae p(T). By Lemma 2.2, there exists a finite constant K such that 
IRG; T) < $, IBR; T < $ and |R(s T)B| <4 for 42] BK. 
Then, if |¥4] = K. it follows from Lemma VIL6.1 that I— BR(A; T) 
has a bounded everywhere defined inverse A(A) of norm at most 2. 
We have 
Q1— T— B)R(; T)AQ) = I. 
Thus 
QI T—B)RU; TIAQ)UI—T By = (I—T— Bc 
for each s € S(T) = D(T+B). If we put 
y= RQ: TJAQJAI— T— Byc—a, 

it follows that (4/4- T— B)y = 0, so that, multiplying on the left by 
RA: T). E— R(4: T)B)y = 0. Since |R(4; T)B| < $ for | 4A] z K. 
it follows that y = 0 if |A| z K. Thus, for |2] > K, we have 

QU-T -ByR(: T)AWa=2, 2Eh 

RU: TMQA-T—Bkg = 2,  zeS(T4B) 


for | fA] > K. This shows that if 42 = K, then Ag o(T+B), and 
RU; T+B) = RU; T)4Q). Consequently, 


IR; T+B)S4-2 for |JAK. 


and the present theorem follows immediately from Corollary KL6.3L. 
QED. 


3. Spectral Representation of Unbounded 
Self Adjoint Transformations 


The purpose of this section 1s to extend the notions of spectral 
representation and ordered representation as presented in Section 
X.5 to the case of an unbounded self adjoint transformation. A 
completely satisfactory extension will be given in Theorem 5 below. 
We shall then make a more detailed investigation of the important 
case in which the Hilbert space has the form L,(S. X. v), where v is 
a o-finite positive measure and shall show that, under certain con- 
ditions, the linear isometry U which determines the spectral rep- 
resentation may be given a useful form. More explicitly, there are 
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measurable kernels W, such that, in the norm of £4(4,), we have 


(Uf) fA) = lim | f(s) W,{s, 2»(ds). JE L.{S,Z, >). 


nod S, 


where (S,) is an increasing sequence of sets of finite s-measure 
covering S. This particular form of the spectral representation 
theorem will have important applications in later chapters where » 
will be Lebesgue measure on an open subset of Euclidean space and 
T will be a differential operator. In this latter case the functions 
Wal, 4) have an interpretation as eigenfunctions of the differential 
operator 7 and important expansion theorems may be ohtained. 

In order to describe conasely and clearly the representation of 
an unbounded self adjoint operator, we collect here some of the 
notation and terminology which will be used throughout the section. 

The symbol E will be used for the resolution of the identity 
for the self adjoint operator T in the Hilbert space §. For a vector a 
in © the symbol ©, will be used to denote the subspace of $) consisting 
of all vectors of the form F(T ja where F varies over all Borel measurable 
functions for which a is in D{F(T)). The symbol p, will denote the 
regular measure which is defined on the family Z of Borel sets in the 
plane by the equation 


Pad) = (Elja, a), eZ. 


The symbol 5.9, will, as usual, be used for the direct sum of the 
Hilbert spaces $, (cf. [V.4.18 and IV.4.19). 


1 Lemma. The space Xy, is a Hilbert space which is equivalent, 
under the mapping F(T)a €» F, to the space L,(y,). 


Proor. Kt has been seen in Theorem 2.6(a), (c) that 
Sy FCD) = (al f VFUDPus (422) < oo}, 


and 


WT = (FOR 2. — ae (FC). 
from which the lemma is apparent. Q.E.D. 


2 Lemma. There is a set A in Ș for which  — Jaea Da- 
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Proor. It is clear from Zorn’s lemma that there is a maximal 
set A in § for which the spaces $,, a € A, are orthogonal. Thus to 
prove the lemma it suffices to observe that no æ # 0 is orthogonal to 
each of the spaces ,. Indeed, if z # 0 is orthogonal to the space $, 
then, for a bounded Borel function F and a point y in , we see, from 
Theorem 2.6(d), that (F(T)z, y) = (z, F(T)y) = 0 so that F(T)e is 
orthogonal to $,- From this it follows that if æ is orthogonal to each 
of the spaces §,, then $, is orthogonal to each of the spaces f, and 
this contradicts the maximality of the family A and proves that 
$= X$,. QED. 

If x is in $, then by x, we denote the component of x in the 
subspace H,- Thus z = Daca®a- 


8 Lemma. For every Borel function F we have S(F(T)) = 
(le, ED(F(T)), a € 4; SAF (Teal? < 0) and (F(T 2), = F(T Yn, 
Jor every x in S( F(T)) and a in A. 

Proor. We first assert that 
qa) (DF), = 9.0 $( F(T)). 

Clearly $, 0 D(F(T)) C (S(F(T))), C$, and so to establish (1) it 
suffices to show that (S(F(7))), C S(F(T)). We note that since 
JE = Y.1E(6)x, we have (E(6)z,, Za)  (E(5)z. 2) and thus 


S EPEa 2.) < [PAP EC}, 2). 


Hence it follows from Theorem 2.6{a) that (D(F(T)}). C S(F(T)) 
and (1) is established. 

Now let F, be the truncated function of Definition 2.5 so that 
the operator F,(T) is bounded and thus 


IF, (Te? = DIF (Te, sep 
@ 
If æ is in S( F(T)) then, by (1), a, is also in S( F(T)) and we have 
lim F(T) — F(Ti, — Em F (Tje, = F(T e, 
Thus, for any finite set xC A. we have Y, | F(T)o;]? & F(T HP, 


æ € (T), which shows that >| F(T)s,? < co. It will next be shown 
that æ is in D(F(T)) provided that z, is in D(F(T)) and 
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ZAFT < c. Let (mj C 4 be such that 2,=0 if ag (a) 
(cf. IV.4.10). Since z, is in , there is a Borel function g such that a 
is iu S(g(T)) and z, = g(T)e. Hence F(T)z, = F(T)g(T)a and thus 
F(T yz, is in $, which shows that the terms of the sequence (F(T)z, } 
are orthogonal. Since 
n 

1X FU, P S IF? < o, 

xx n 
the series 97 ,F(T )e,, converges. By Theorem 2.6 the operator F(T) 
is closed and thus z is in S( F(T)) and 


F(T ye = X F(T, = X FP), 
k=l a 


Since F(T)z, is in $, this shows that (F(7)z), = F(T)z, Q.E.D. 


4 DEFINITION. Let T be a self adjoint operator in a Hilbert 
space f and let (x,} be a family of finite positive measures defined on 
the Borel sets of the plane and vanishing on the complement of the 
spectrum of T. Let U be an isomorphism of § onto all of ¥,Z(u,) 
which preserves inner products and let V be the self adjoint operator 
UTU- m YqLolu_). The transformation U is a spectral representation 
of $ onto Y , L. (ui) relative to T if the following conditions are satisfied: 

(a) for every Borel function F defined on the spectrum of T 
we have 


UPV) = CELL.) Ff n FETA 42 < oj 
(b) (GF)U)— FADE), EEDU) 
for pi, -almost all A. 


Remakk. It is clear that if T is self adjoint, then so is V = UTU-. 
Indeed, for £ — Uz, s = Uy where z, y are in Q(T). we have 
(VE, 4) = (VUs, Uy) = (UTe, Uy) 
= (Ta, y) = (z, Ty) = (Ux. UTy) 
= (Ux. VUy) = ($, V7), 
which shows that V is symmetric and that D(V*) — D(V). 
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5 Tueorem. Every Hilbert space admits a spectral representation 
relative to an arbitrary self adjoint operator defined in it. 

Proor. The set A and the measures zi, may be defined as in 
Lemmas L and 2. The map U is defined in the natural way, e., the 
component (Us), of Uz is the function in L,(u,) corresponding to x, 
under the isomorphism U, of Lemma 1. 

Since U and U^! both have bounded everywhere defined in- 
verses, the operator AI— V = U(AI—T)U- has a bounded every- 
where defined inverse if and only if AJ—T does, and 


RA; V) = UR(As TU, — AeptT) = p(V). 
If C, E are the resolutions of the identity for V, T respectively, it 
follows from Theorem 2.10 that for an open interval 6 we have 


C(6) = UE(6)U—. Thus, this equation holds for all Borel sets 6 and 
therefore for any Borel function F and any vector £ = Uz we have 


fren ecany, £) = f reap etae, a). 


Tt follows from Theorem 2.6(a) that D(F(V)) = US(F(T)) and the 
stated form for D( F(V)) follows from Lemma 8. 
Also for a vector £ — Uz in $(F(V)) we have 


(FYE £) — f FONCIA, £) = | FOE. 2) = (FCD). 2) 


which shows that F(V)— UF(T)U-1. This equation together with 
the equation Ua, = (Ux), and the equation (F(T)z), = F(T)z,, 
proved in Lemma 3, shows that 


(FW)4), = (UFTU TE). = UF(T)s, 
= UF(T)E(T)4 = F(-)E(-)- QED. 
The next result shows that any spectral representation of { may 
be realized in the above fashion. Its statement uses the symbols fi, 
and $, as defined in the paragraph preceding Lemma 1. 


6 Lemma. Let U be a spectral representation of $) onto E, Ly(v,) 
relative to a self adjoint operator T. Then to each « corresponds an a in 
$ such that v, = Ha $ is a direct sum of subspaces §,, and U maps 
Ea onto Lys, ). 
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Proor. For each a let £* be the element of Z,L,(»,) which is 
defined by the equations 


E= Ba, 
=1, pow 


Let a = U-'é*. For every Borel set 6 we have 


740) = fon 1i) = Gad E) 
= (UtE(9)a). Ua) = (Et&)a. a). 


The remaining statements follow at once from Lemmas 1 and 2. 
Q.E.D. 

We now turn our attention to the problem of giving an analy ical 
representation of the map U. This problem will be discussed under 
the assumption that T is a self adjoint operator in a Lebesgue space 
LAS, E, v) which is restricted by the following condition, which is 
assumed to hold throughout the remainder of the present section. 


7 Hyporuesis. Let T be a self adjoint operator in the Hilbert 
space L,(S, X, v), where (S, X, ») is a positive measure space. Let E 
be the resolution of the identity for T. We assume that there exists an 
increasing sequence (S,) covering S, cach element of which has finite 
mensure, and that for bounded sets e the range of E(e) contains only 
functions which are »-essentially bounded on each of the sets S,,. 


5 Lemma. Let T be a self adjoint operator in the Hilbert space 
LAS, ZZ, v) where (S, E, v) is a positive measure space. Let every element 
in (1, (T^) be v-essentially bounded on each set in an increasing 
sequence of sets of finite measure which covers S. Then Hypothesis 7 
is satisfied. 

Pnoor. If eis a bounded Borel set it follows from Theorem 2.6(2) 
that 


eo 
Ele)L(S. E. v) C N XT"). QED. 

nl 
In the next chapter we shall study the case where T is a self 


adjoint extension of an ordinary differential operator. In this case S 
is a domain in Euclidean space and v is Lebesgue measure, We will 
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see that every function in $(T') is continuous and thus bounded on 
every compact subset of S and so Lemma 8 will show that Hypothesis 
7 is satisfied for such differential operators. 


9 Lemma, Under Hypothesis 7. there is, for each g in LS. E. v). 
a function W defined on the Cartesian product of S and the real number 
system R which is measurable with respect to the product of v and the 
measure p — (E(-)g. g} and which has the property that for every 
bounded Borel set e of reals and every F in L(y) we have 


(i) ess =f [W(s. Apa) < co, 
2S, Je 


(i) CGEe)F(T)g)(s) = J. Wis, AF (Alp (d). 


Proor. If F isin L(x), then, by Theorem 2.6(a), gis in $(F(T)). 
Let e, = [—2, +2]. Let F vanish outside e,. Then the restriction of 
F(T)g = E(e, F(T)g to S, i5 in L,(S,, v) by Hypothesis 7. Since F 
vanishes outside e, it follows from "Theorem 2.6(c) that the map 
An: F -> F(T)g is bounded as a map of L,(e,, i) into L,(S, Z, v). 
Thus it is closed as a map of E,(e,, i) into Lí(5,, v). Hence, by the 
closed graph theorem (11.2.4), A, is a continuous map of Le, , 4) 
into L.(S,. »). The B-space adjoint Af of 4, maps L*(S,,7) = 
LI*(S,, v) into L(e, p). Since E,(S,, v) is isometrically imbedded 
in L**(S,, v), we may consider the restriction B, of A* to Lj(S,, v), 
as a continuous linear mapping of Lj(S,,») into L,(e,. p}. Since 
Ly(e,, p) is separable and reflexive, it follows from Theorem VI.8.10 
and the remark immediately preceding it that there exists a »-essen- 
tially unique, »-measurable bounded function V, defined on S, with 
values in L,(e,, ui) such that 


Bt =f, Wu fe BS, n 


By Theorem IH.11.17 it follows that there exists a » x j-essentiully 
unique, » « g-measurable complex valued function W,, defined on 
S, v e, such that 


(BNA) = fe fW, elds, FET (Spr), Fees 
and such that 
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v-ess swf 1W,(s, A) u(dd) = »-ess sup |V,(s)* < co. 
ts e$, 


ses, 


Now suppose that f is in L,(S,,,1, ») and that f(s) = 0 for s ¢ Sp; and 
also that F is in L,(e,4,.) with F(A) = 0 for A e,. Then 


f, PNDR = fy He 4 a FNs Wd) 
= fs FAPTE elds) 
= fy AAPM eas) 
= f, (BAOF AAA 
Thus, (B,, PA) = (B, f(A) p-almost everywhere on e, . Consequently 
(BAA) =f, Were Ap(d — fes Lee. 
This fact, together with the uniqueness of the kernel W, , shows that 
W,(s, 4) = W,44(8, 4) for v x p-almost all [s 4] in S, x e,. Thus, if 
we put. W(s, 4) = W,(s, 4) for [s, 4] in S, x €, we obtain a well- 
defined » y p-measurable kernel defined on S x R= Upg S, X €, 
with property (i) If F is in Z,(u), and G = Fy, where y, is the 
characteristic function of a Borel subset of e,, we have for each f in 
L(S,.9) 
J, (Herre) eee = fy (Ce) evan 
= J, (s 6X» = f, CAB, nouam 
= f eon (f. fes 222) tan 
= J, 10) (f, Wie, roam] vids), 
by Fubini’s theorem and (i). Thus 
(El (Te)(s) = f, Wis, DEAA 


v-almost everywhere in S,, and since | JS, =S this equality must 
hold v-almost everywhere in S. Q.E.D. 


10 Dern rmon. Let W be a measurable function on the product 
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S x A of two measure spaces (S,Z,») and (4, B, p), and let 
hk be a »measurable function on S. We say that the integral 
[s h(W(s, Ay(ds) exists in the mean square sense in L, (A, B, p) if 
there is an increasing sequence (S,) of sets of finite y-measure which 
covers S and is such that for each n, h(-)W(-, A) is »-integrable on S, 
for -almost all À in A and the function F, defined by the equation 


FU) = Ís. h(s)W(s, 2)(de) 


is in L,(A, B, p) and converges in L(A. B, p) as n > œ. If F, >F 
in L,(A, B, u) we write 


FA) = Js h(s)W(s, A)o( ds). 


Remarx. In the applications to ordinary and partial differential 
equations to be made in Chapters XIII and XIV, S will be a domain 
in Euclidean n-space, X will be the field of Borel subsets of S, v will 
be Lebesgue measure, and W will, for almost all 4, be square in- 
tegrable over every compact subset of S, In this case the limit F of 
the preceding definition is independent of the sequence (S,) provided 
that the sets S, are compact. 


11 TuzonEM. Let (S, E, v) be a positive measure space and let 
(8,) be an increasing sequence of sets of finite measure covering S. Let U 
be a spectral representation of LS, EZ, v) onto Y, 4 Lj) relative to 
the self adjoint operator T in L,(S, E, v). Let E be the resolution of the 
identity for T and suppose that for each bounded Borel set e of veal 
numbers the range of the projection Ele) contains only functions which 
are s-essentially bounded on each of the sets S„. Then jor each element 
a in A there is a function W, defined on the Cartesian product oj S 
with the veal line and having the properties: 

(a) W, is measurable with respect to the product measure v X jig} 

(b) jor each bounded Borel set e on the real line we have 


»-ess spf IWs 2PBdA co, nzkh 
PM e 


(e) (U) = f is)}W,(s. Aphids) — fe LS, Zr) 
the integral existing în the mean square sense in L,{jtq). 
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Remark. The following proof shows that, for / m £,(S, X, v) 
the function (Uf), is the limit in E,(u,) of the sequence 
Us,f(8)Wals, -)(d5))- Hence this limit is independent of the choice 
of the sequence {S,,}. 

Pnoor. By Lemma 6 the space § — Lj(S, Z, v) is the direct 
sum Y, where A is a subset of $ and 

US, = Lolfa) wale) = (Ele)a,a), ae A, 
for every Borel set e of real numbers. 

For the kernels W, we take those associated with the elements a 
in 4 as in Lemma 9 so that the statements (a) and (b) are satisfied. 
From (b) it follows that 


f, [imas ze) BI, 
for each bounded Borel set e of the real axis, Thus, if the function / in 
vanishes outside S,, the quantity 
(HAMA) = [He Wale. 23) 
satisfies the inequalities z 
JENDRA s wr fL. Wale, DPE) us) < c, 


by Fubini’s theorem and the Schwarz inequality. It follows that the 
integral defining V,/ exists p-slmost everywhere and V, is in 
L,(¢, pi.) for each bounded Borel set e of the real axis. Now let U, 
be the isomorphism mapping ©, onto L(x.) as given in Lemma L 
Thus the ath components f, and (Uf), of / and Uj, in their expansions 
determined by the direct sum decompositions XH, and Y L,(u,) 
respectively, satisfy the equation (Uf), = U,f,. Now if the function 
F in L,(u,) vanishes outside the bounded Borel set e we have, by 
Fubinis theorem and Lemma 9, 


(V, f, F) = f, (DOO (42) 
= f. 10) (f, ws 0r a] teo 
= J, MFP oY eas) = (f, FP) 


= (f USF) = (fa, Us F) 
= QU... F) = (Uf F)- 
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This shows that (V,/)4) = (Uf),(A) for p,-almost all 2 in each 
bounded Borel set e so that. (V, (4) — (Uf),(A) for p-almiost all 4. 
If j is an arbitrary function in LS, Z.») and f, = fys, we have 
f, >f, so that, by continuity, 


J, WAS. 12) = (UL), > UPa- 


Thus fs/(s)W,(s, 4)(ds) exists n the mean square sense and equals 
(Uf), proving (c). Q.E.D. 

Using the notation of the preceding proof we let F = (Uf), so 
that, by Lemma 9, 


JE, Cn WC. Dydd) = En, FD 
> F(T j = UF =f. 


Thus the integral f. (Uf), 0)W.(s, Au(da) exists in the mean 
square sense and equals f, (s). Hence the expansion f == X, e4fa Acter- 
mined by the direct sum decomposition  — FẸ, takes the form 
stated in the following corollary. 


12 CoroLLaRy. With the notation and hypothesis of the preceding 
theorem we have 


HO = x [CNW Muda, fenus zin 


the integrals existing «n the mean square sense in L(S, E, v) and the 
series converging in the norm of LAS, E, v). 


18 ConorLany. The preceding theorem and corollary remain true 
if the hypothesis concerning the range of Ele) is replaced by the assump- 
tion that every function f in (172., DT") is v-essentially bounded on each 
of the sets Sp. 


Proor. This follows from Lemma 8. Q.E.D. 


14 Corottary. In addition to the hypothesis of Theorem 11 
suppose that L,(S.Z,v) is separable and that for n 21 the set 
DO = gif eT), f(s) = 0 = (Tf)(s), nalmost everywhere on Sp) 
is dense in LS, E, v). Let T9? be the restriction of T to D™ and let 
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Wes, 2) = WAS}  seS, 
=0, ses, 


Then, for pi almost all À, the vector WEN. 2) is in D((T™)}*) and 
(Tey WC, 2) = AWE(*. 2). 


Proor It follows from Lemma 9(i) and the Fubini theorem that 
for almost all 4 the function WI(-, 2) is in L,(S, X, v) for each n z 1. 
Since L,(S, Z, ») is separable, there is a countable set ([/,, /,]) dense 
in the graph of 7}, Thus, by Theorem 11, 


(Bp WPD) = f, (TLX We 223) 
= (UI AA) = MUI aA 
= à f. LW, 2945) = Alir WI, 2) 


for every 4 outside a p, null set N,. Hence for every 4 not in the 
pu ull set N = UZ, N; we have (Tfj, W2)(-, 4)) — A(f,. WPC, A). 
Since the vectors [/,, TJ] are dense in the graph I"! of T™ we have 


(TEY, WP(C.2) —2(9.WPC,2).— FE DT), AEN, 


The desired conclusion follows immediately since $( 7?) is dense in 
LS, Z.»). Q.E.D. 

We shall now describe the spectral multiplicity theory for 
unbounded self adjoint operators. Just as in the case of a bounded 
normal operator (cf. Theorem X.5.10) it will be seen that a separable 
Hilbert space has an ordered representation relative to a given un- 
bounded self adjoint operator in it and that this representation is 
uniquely determined up to an equivalence. Also, just as in the case 
of a bounded normal operator (ef. Theorem X.5.12), an ordered 
representation determines the unitary equivalence class of the 
operator. In fact this multiplicity theory for unbounded self adjoint 
operators may be readily derived from the corresponding theory for 
bounded operators. 


15 Deron. Let p be a positive measure defined on the 
family 4 of Borel sets of the complex plane and let {e,} bea decreasing 
sequence of Borel sets whose first element e, is the entire plane, Let 
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BAe) = HENE) EER, n=1,2 006 


A spectral representation of a Hilbert space § onto $7? Latyn) 
relative to a self adjoint operator T in is said to be an ordered 
representation of Q rdative to T. The measure y 1s called the measure 
of the ordered representation. The sets e, will be called the multiplicity 
sels of the ordered representation, If p(e,) > 0 and p(ey,,) = 0 then the 
ordered representation is said to have multiplicity k. If u(e,) > 0 for 
all k, the representation is said to have éfinite multiplicity, Two 
ordered representations U and Ü of § relative to T and 7 respectively, 
with measures p; and ji, and multiplicity sets (c, ) and (2,) will be called 
equivalent if p = fi and pfe Aën) — 0 = Pe AEn) for n = 1,2,.... 
16 TuronrM. A separable Hilbert space €) has an ordered 
representation U relative to a given selj adjoint operator T in 3 and 
every ordered representation of $ relative to T is equivalent to U. More- 
over two self adjoint operators in O are unitarily equivalent ij and only 
df the corresponding ordered representations of $ relative to the operators 
are equivalent. 
Proor, Let E, E, be the resolutions of the identity for T and 
its resolvent E(i; T) respectively. We recall (cf. proof of Theorem 2.8) 
that 
E) = E(Nà), ed, 
where £ is the family of Borel sets in the plane and where h(A) = 
(—2). It follows that 
sp (/(RGs T) e C(o(RE 70)) = sU ð E B} 
= p {Eð € P} = Sp(F(T)z]F € L,((EC)os 2)))- 
These equations show that a representation o° 7 relative to R(i; T) 
induces a representation relative to T and conversely. Lemma 6 
shows that £j is mapped onto spaces of the form Y L,(( E(-)a, , a,)) 
and YL((E(-)a, a,)) by representations of § relative to T and 
R(i T) respectively. Since the identities 
(E(e)a,, @,) = (Elen he), a), | ee, 
(Ee). a.) = (Exe ^ e,Ja,, a), eeg, 
are equivalent, a representation of § relative to T is ordered if and 
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only if the corresponding representation relative to R(i; T) is ordered. 
Furthermore, the corresponding multiplicity sets are (e, ) and e,. 
Finally we observe that two unbounded self adjoint operators T, and 
T, are unitarily equivalent if and only if E(i; T,) and E(i; T,) are 
unitarily equivalent. Thus the present theorem follows from Theorems 
X540 and X.5.12. Q.E.D. 

The section will be concluded by relating the multiplicity theory 
for unbounded self adjoint operators to the representation given in 
Theorem 11. The following lemma is, in the case of scalar functions, 
a well known theorem of Lusin. 


17 Lemma, Let p be a finite positive regular measure on the Borel 
sels of a topological space R. Then, for every B-space valued p-measur- 
able function f on R and every e > O there is a Borel set c in R with 
plo) < e and such that the restriction of j to the complement of c is 
continuous, 

Pnoor. If the restrictions f|o, gð are continuous then so is the 
restriction (af+fg)|o ^ 6 and thus the class of measurable functions 
having the required property is a linear manifold. Furthermore, the 
characteristic function z, of a Borel set e is in this manifold. This 
follows from the regularity of p, for there is an open set g containing 
e and a closed set 6 contained in e with p(c—6) < e. Clearly the 
restriction of y, to the complement of g—é is continuous, Thus 
every y-simple function has the desired property. Since g(R) < œ 
every pi-measurable function / is the limit in -measure of a sequence 
{f,) of p-simple functions, In view of Corollary IIT.6.3 it may be 
supposed that the sequence {f,) converges y-uniformly to f. This 
means that j, (4) converges to /(4) uniformly on the complement of a 
set 6, with measure p(ó,) < e[2. Now for n = 2 there are sets 6, 
with $2 ,5(8,) < «/2 and such that the restriction of f, to ò, is 
continuous. Thus, by Corollary L.7.7, the restriction of f to the set. 
& =f]rz18; is continuous and the complement ô= LJ, 4, of this 
set has measure p(6) < £. Q.E.D. 

18 Lemma. Let f, sfm be linearly independent functions 


defined on the union S of an increasing sequence {S,) of sets. Then, for 
all sufficiently large n, the set f1]S,,. . . «+ fnlSn of restrictions is linearly 


independent. 
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Pnoor. Suppose, on the contrary, that for a sequence n; > co 
there are constants a%1,..., a, With 


1. 


@ — xsGCafer +++ mule) = 0 pA 


By choosing a subsequence which, for simplicity of notation, we 
suppose has already been done, it may be assumed that the limits 


a; = limapi <j Sm, 
too 
exist. Thus from (i) we have 


aht- +enim=% lel = 


ñi 


a contradiction which proves the lemma. Q.E.D. 


19 THEOREM. In addition to the hypotheses of Theorem 11 
suppose that the Hilbert space L,(S, E, v) is separable. Let U be an 
ordered representation of LS, E, v) relative to the self adjoint operator 
T and let p be its measure and e,,1 S n S k, its multiplicity sets. Let 
Woon = 1, 2, . . ., be the corresponding kernels as given in Theorem 11. 
Then for every positive integer n which does not exceed the multiplicity of 
the ordered representation, the set {W,(-, A). . . .. W,(*, 4) in the space 
of v-measurable functions is linearly independent p-almost everywhere 
9n ens 

Proor. Let p,(e) = ple ^ e,) = (Elen e,)a,, a,). Since W, is 
measurable with respect to the product of v and y,,, it follows from 
Lemma 9 (i) and the Fubini theorem that for jz,-almost all 4 the 
function W,(-, 4) is »-measurable. Thus for y-almost all À in e, the 
function W, (-, 4) is »-measurable. It will be convenient to introduce 
the space G(S, X, ») of all »-measurable functions f on S which are 
square integrable on each of the sets S,. The set G(S, Z, v) is a linear 
metric space under the norm 


21 dis 


= 2 > THOS ie 


where 


IAS dha = (f; eP). 
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It is clear that G(S, Z ») is a linear manifold in the space M(S, Z v) 
of all »-measurable functions on S and that a set of functions in 
G(S, E, v) is linearly independent in M(S, Z, v) if and only if it is 
linearly independent in G(S, Z, v). 

The linear independence of W(-, 4), .. ., W,(*, 2) will be proved 
by induction on s. The case n= 1 is simply the assertion that 
W(-. A) # 0 p-almost everywhere, If this statement is false, there 
is a bounded Borel set e with u(e) = | E(e)a,|® 4 O and such that 
Wil» 4) = 0 for all 2 in e. Then, by Theorem 11(c), (Uf),,(A) = 0 
for all Aine and all f in Z,(S, Z v). Since U is a spectral representation 
relative to T it follows from Definition 4 that (E(e)f),, = 0 for all fin 
L,(8, E, v). In particular it is seen, by placing f = q, that E(e)a, = 
(E(e)a,),, = 0, which contradicts the fact that p(e) + 0 and proves 
the theorem in case n= L 

Now suppose that the theorem is proved for n < p where pis a 
positive integer at most equal to the multiplicity of the ordered 
representation. By the inductive hy pothesis, the functions W,(-,A)..+ 
W,, ,C. A) are linearly independent for p-almost all A in e, ,, and 
hence for p-almost all A in e,. We now require the following fact, 

(i) The subset a, of e, consisting of all A in e, for which the 
functions Wi(-, 4)... ., W,(-. 4) are linearly dependent is p-measur- 
able (cf. III.2.10). 

To prove statement (i) let c,, be the set of all Ain e, such that the 
restrictions W,(-, 2), ..., W,(-,A) of the functions W;{-, 4) to S,, 
are linearly dependent. If A is in e,—o 9, then by Lemma 18, A is in 
£,—9, for some m. On the other hand, og C o, for all m. Thus 
9 = ("15 .10,,» and it suffices to prove each of the sets o,, is p-measur- 
able. 

Let Z denote a countable dense subset of the linear manifold in 

Sms Z, v) spanned by the functions W,(-, 2), . ... W,(-, 2) with 
A in e,. There exist at most countably many linearly independent 
p-tuples [z,,...,2,] in Z, and for each such p-tuple we may choose 
continuous linear functionals yf,..., 7% on L,(S,,, Z») such that 
det (yf2,) = 1. It follows readily that there is a sequence (a7) of 
continuous linear functionals on E,(S,,,Z; v) such that if Aee,, and 
if the functions W,(-,)...., W,(-. A) are linearly independent, then 
det (z4 W,(-, 2) £0 for some ptuple [af ...., 2%] G (af). On the 
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other hand, if Ais in e, and the functions W,(-, 2), .... W,(-, A), are 
linearly dependent, there are non-zero numbers f,(4) such that 


XA, 2) 0, 
sl 


so it is clear that every determinant det (2% W,({-.4)) must vanish, 
In other words g,, is precisely the set of those 4 in e, such that det 
(22, W,{-.4)) = 0 for every p-tuple [22, .... 27 ] C (22). Thus om 
is the intersection of a sequence of measurable sets, and it follows that 
Om is f-measurable, completing the proof of statement (i). 

To complete the proof of the theorem, suppose that the functions 
W,(-.A),.... W,(-.4) are not linearly independent for y-almost all 
À in e. It follows from statement (i) that there is a -measurable 
subset dọ of e,, such that z(c) # 0, and such that for each A in ag 
the set (W4(-, 4), .... W,, 4(-, 4)) is linearly independent but the set 
{W,(-, 4), ... W,(-,4)) is linearly dependent, By neglecting a set of 
measure zero we may assume that ay is a Borel set. Thus there exist 
unique complex-valued functions o, on og such that 


eat 
(ii) WALA = D AWANA Aes. 


We will show that the coefficient functions a, are g-measurable, and 
this fact will lead us to a contradiction. 

Let £ > 0, and let 2, 65... . be a sequence of positive numbers 
such that $7? e, < e. Using Lemma 17, we find for each j a Borel set 
€, C ay such that (o,—¢;) < £;, and such that the restrictions of the 
functions Wi(-, 4), . . ., W,(+, 4) to S; are continuous as functions on 
€, to L(S,, Z, v). Let c — £ ¢;. Then p(ag—e) < £, and it is evident 
from the definition of the uorm in G(S, Z, ») that W,(-.2),.... 
W,{-, A) are continuous as functions on c to G(S, Z, v). Let Ay be fixed 
in c Then, by Lemma 18, there is an m such that the restrictions 
WiC oh oes Woals dg) of Wil. 2o), oes Wot, A) to Sm are 
linearly independent functions in L,(S,,,Z,). Since every finite 
dimensional subspace of a B-space is closed by Corollary IV.8.2, it 
follows from Corollary I1.8.18 of the Hahn-Banach theorem that there 
are continuous linear functionals yf,..., ys 4 in E4(S,,, Z, v) such 
that yf(W,C,4,)) = 65.4 = 1,...,p—1. Define the continuous 
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linear functional F, on G(S, X, ») by placing F,(/) = y*(/15,,) for 
į in G(S, Z, »}p i= 1... p—1. Then F((W,(-,2,)) = 64. 67 = 
1,..., p— 1. It follows by continuity that there exists a neighborhood 
N(A,) of A, such that the determinant det ( FW,(-, 2))) does not 
vanish for A in N(4,) © c. Thus, the functions «,, as solutions of the 
equations 

za 

2, YF (W02) = FAW, 2). 

a 
are continuous in À for A in N(4;) o c. Since LJ, 4 N(4,) 2 e the 
functions œ; are continuous on c. Since p(oy—c) < £, and £ is ar- 
bitrar]y small, the functions a, are -measurable on og- 

It is now easy to obtain a contradiction. Let c; be a bounded Borel 
subset of o, such that p(o,) 4 0 and such that functions a, are 
bounded on a. Since o; C e, it follows from the equation (ii), the 
formula (ii) of Lemma 9, and the fact that p(e) = p, (e) for e C e, 
and i=1,...,p, that 


Ete, = || Wt, 20,2) 


2H 
= | Seam. aya) 


oil 


2a 
=D] «OW, 2522. 


ise, 
2 
= 2 af{T)E(o,)a,. 


Since the manifolds $, are orthogonal, we have E(o,)a, = 0. 
However o, Ce,, so 

9 = (E(a,)a,, 2) = (Eloy). 4) = plo) #0, 
a contradiction. Q.E.D. 


4. The Extensions of a Symmetric Transformation 


In order to apply the spectral theorem we must in many cases 
first find a self adjoint extension of a given symmetric operator. To 
find such an extension is neither trivial, nor even always possible. 
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In the theory of bounded operators, we have only to verify symmetry 
(T* 2 T), for if T is everywhere defined and symmetric, then 7* = T. 
But if 7 is unbounded the situation is quite different. Consider, as an 
example, an operator which will be studied in greater detail in the 
next chapter: the differential operator iD — i(d/df) in the space 
L,(0, 1). How are we to choose its domain? A natural first guess is to 
choose as domain the collection $9, of all functions with one con- 
tinuous derivative. If / and g are any two such functions, we have 


(Dp, 8) = foires 
= f nee ace i(70)20) 1001800) 
= (f, 1Dg)+i(E0)—HOg))- 


The two additional “boundary” terms on the right ruin the symmetry. 
To restore it, it is natural to take for our second choice of domain for 
iD the collection D, of all functions f with one continuous derivative 
such that #(0} = /(1) = 0. This choice of domain will make the 
operator iD symmetric, but still not self adjoint. It is easy, for 
instance, to see that the set D, will be contained in the domain of the 
adjoint (iD)*, even if we take D to be the domain of iD. AJl these 
difficulties crop up even without taking into account any of the wide 
variety of possible “local pathologies” (non-differentiability, etc.) of 
the functions of L,. 

Faced with obstacles of this sort, it is not unreasonable to demand 
an abstract theory which can provide some unified guidance in the 
concrete cases to be discussed, Our general abstract problem wil] be 
to determine all symmetric, and thus all self adjoint, extensions of a 
given symmetric operator, In the present section, we discuss this 
problem by the method of Calkin, which is adapted to our later 
application to differentia] equations. 

The basic idea of the theory is to start with a symmetric operator 
T and to find a self adjoint operator by enlarging its domain. We 
begin by narrowing down the field of search in the next lemma, 


1 Lemma. Let T, be an operator with dense domain. 
(n) Ij the operator T, is an extension of the operator T, then TF 
is an extension of T2. 
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(b) If T, is symmetric then every symmetric extension T, of T,, 
end, in particular, every self adjoint extension o] T,, satisfies 
T, CT,C Tf CR. 

Proor. If 7, C 7, and y € $(72), then (2, Z2y) = (Taz, y) = 
(7,2; y) for any ze S(7;). Hence y €$(77) and (x, 77 y) = (2, 77 y). 
It follows that 77 2 77. This proves (a) and (b) is an immediate 
corollary, Q.E.D. 

It follows from Lemma 1(b) that to obtain the most general 
symmetric extension of a symmetric operator 7 with dense domain, 
we have only to restrict 7* to some suitably chosen subdomain of 
Q(T*). Keeping this basie principle firmly in mind, we embark upon 
a systematic study of the linear subspaces of D(7*). 

Throughout the rest of this section, T will denote an unbounded 
symmetric operator with dense domain. 

Into the linear space D(7*) we introduce two convenient bilinear 
forms. 


2 Derinriion. If z, y are in S(7*), we define 

(a) (a y* = (x, 9) + (T*o, T^y) 

(b) {x,y} = —i{(T*2, y) (2. T*9)}. 

The form (x,y)* is simply the inner product which $(T*) 
inherits from $ @ 9 if we identify S(7*) with I'(7*) by the map 
xe» (x, T*2]. The significance of the form {z, y} is indicated by the 
following Jemma; its special importance will emerge even more 
clearly in the next chapter. 


8 Lemma. A subspace D of Q(T*) containing Q(T) is the domain 
of a symmetric extension T, of T if and only if (z, y} = 0 for æ, yin D- 
I] this is the case, then T, is uniquely given by the formula T,x = T*a, 
wed. 

Proor. If 7, is a symmetric extension of 7 with domain ®, then 
by Lemma 1 7, C 7*. and hence {x, y] = —i{(T*2z. y}— (z, Tty)}} = 
~{ (yx. y}— (x, Tuy) = 0 for z. y e D= DT}. Clearly 7,2 = T* 2 
for xe D. Conversely, if we have (z, y} = 0 for x e D and define 7, 
by Tx = T*x for ze 9, then (7,2. y] — (2, Ty) = ife. y} = 0, so 
7, is symmetric. Q.E.D. 


4 Deriyition. A subspace D of D(7*) is called symmetric if 
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{r.y} = 0 for every 2. y in D. 
With this definition, Lemma 8 can be reformulated as follows. 


8' Lemma. The most general symmetric extension T, of T is the 
restriction of T* to a symmetric subspace D of D(T*) which contains 
DT). 

To penetrate further into the problem we must make use of the 
topology introduced into D(7*) by the bilinear form (z. y]*. 


5 Lemma. (a) With (x, y)* as inner product D(T*} becomes a 
complete Hilbert space. 

(b) The bilinear form (z,y) is continuous in the topology of 
D(T*) induced by the inner product (x, y)*. 

(c) A restriction T, of T* is closed ij and only if its domain 
D(T,) is a dosed subspace of S(T*) in the topology induced by the inner 
product (x, yy". 

Proor. We have remarked that (z,y)* 1s simply the inner 
product which D(7*} inherits from $ @ § if we identify D(7*) with 
T(T*} by the mapping ze> [z, 7*z]. Since F'(7*) is closed in $ @ $ 
by Lemma 1.6, (a) follows, Statement (c} follows in the same way. 

To prove (b), we have only to note that 


He, HS IPs y+ Me, 99] < E72 - ulel- Eyl 
= V(T*z, Tea) yl + lel V (Ty. T^y) 
Stl Vs at (P2. Te) + el Vly. oH (Py, TY) 
S 2l(y. y) (a, oP? Q.E.D. 


Throughout the rest of this section, D(7*} will be understood to 
have the topology defined by the norm [a]* = f(z, 2]*]U? induced by 
the inner product (x, y)*, unless the contrary is explicitly stated. 
When it is desired to emphasize this fact, a phrase like “the Hilbert 
space SD(Z*y* will be used. 


6 Lemma. (a) The closure of a symmetric subspace of the 
Hilbert space D(T*) is a symmetric subspace. 

(b) Any symmetric extension T, of T has a unique minimal 
closed extension, whose domain is simply the closure of S(T,) in the 
Hilbert: space D(T*). 
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Proor. Part (a) follows immediately from Lemma 5(b), and part 
(b) follows immediately from part (a) and Lemma 5(c). Q.E.D. 

It follows from: Lemma 6(b) that any symmetric operator with 
dense domain has a unique minimal closed symmetric extension. 
This fact leads us to make the following definition. 


7 Derinirion. The minimal closed symmetric extension of a 
symmetric operator 7 with dense domain is called its closure, and 
written T. 


8 Lemma. (a) The closure T of T is the restriction of T* to the 
closure of (T) in the Hilbert space ST). 

(b) The operator T and its closure have the same closed extensions. 

(c) The operator T and its closure have the same adjoint. 

(d) An operator is closed ij and only if T = T. 

(e) A self adjoint operator is closed. 

Proor. Part (d) is obvious from Definition 7. Part (e) follows 
immediately from Lemma. 1.6. 

To prove (c), we note that since 7 2 T, 7* C T* by Lemma 1. 
On the other hand, if ze $9(7*) then (72, y) = (z, Ty) for all 
fy, Ty] in T (7), and hence for all [y, Ty] in T(7). Since ' (T) =T(T) 
by Lemma 6(b) and the remark following Definition 2(b). 2 is in 
ST. 

Part (a) follows immediately from Lemma 6(b) and Lemma 8. 
Part (b) follows from this and from Lemma 5(c). Q.E.D 

The significance of Lemma 8 is this: since we are searching for 
self adjoint extensions of 7. it is enough, by 8(e), to search among 
the closed symmetrie extensions of 7. By Lemma 8(b), it is enough 
to search among the closed symmetric extensions of 7. That is, we 
can confine ourselves to the consideration of closed operators, using 
Lemma 8 to replace any non-closed operator 7, by its closure 7, 
without losing anything essential. 

Our next step is to make a further analysis of D(7*). 

9 Derinition. Let 

D, = WED TN = irk $ = fee D(T+)| Tx = —iz}- 


The spaces D, and D_ are called the positive and negative deficiency 
spaces of T respectively. Their dimensions, (finite or infinite cardinal 
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numbers) denoted by n, and n_, are called the positive and negative 
deficiency indices of T, respectively. 


10 Lemma. (a) S$(T) D,, and D_ are closed orthogonal sub- 
spaces of the Hilbert space S(T*). 
(b D(7*) = D7) OD, @D. 


Proor. By Lemma 8(a), $(T) is closed. Suppose {z,} is a se- 
quence of elements of D, converging to z eS(7*), then {[z,, 7*2,]) 
= ([2,, iz,]) CI(Z*) converges to [z, ir] = je, Z*z], since T* is 
closed. Hence 7*z = ix, or æ e D,- Hence D, is closed. Similarly, 
$9 is closed. Since D, and D_ are clearly linear subspaces of D(7*), 
it remains to show that the spaces D(7'), D,, and D_ are mutually 
orthogonal, and that their sum is D(7*). 

Suppose de $(TZ), d, €$,, and d eD. We will show that 
(d. d,)* = (d, d * = (d, d,)* = 0. First. since 7527 


(d, d. * = (d, d,)- (77d, 7*d,) = (d, d,)+ (Td, 7*0.) 
= (d, d,}+ (T4, id,) = (d, d, - (0, iT*d,) 
= (d, d, -(d, iT *d,) = (d, d,}+ (d, ®d,) = 0. 


Similarly, (d, d )* = 0. Next, 


(d, d,)* = (d d, H-(7*4 , T*d,) 
= (d , d, M- (—id , id) = 0. 


Hence the spaces $(7), D,, and D_ are mutually orthogonal, and 
DT) & D, © D_ is contained in $(7*). 

To show that D(7*) = N7) © D, @ D we will show that 
zero is the only vector orthogonal to the three subspaces involved. 
Suppose v is orthogonal to D(7'), $,, and D_. Then 0 = (d, v}* = 
(d, v)-- (T*d, T*v), for all d in Q(T). Hence (d, v) = —(T*d, T*v). 
Since (-,v) is a continuous linear functional on the dense subset 
S(T) of $, we see that Z*v is in 9(7*) end Z*(Z*v) = —v. 
Hence (I-7*7*)o = (I--i7*) —i7*)o = 0. Hence Z*(ü —7*y] 
= i(I—iT*yo, or (I -iT*)» eD, Also, if d, € $,, then 


0 = (v, d,)* = (v, d, )--(T*v, T*d,) = (v, d, H-(T*v, id.) 
= (v, d,) i(T*v, d,) = (iT *), d,). 
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Since (I—iT*)o is in D, this implies that (I—i7*)» = 0. Hence 
T*v = —iv, or ve) . But (D, v}* = 0. Hence v — 0. Therefore 
DT) = AT) 6 $, 6 D.. Q.E.D. 


11 Lemma. There is a one-to-one correspondence between closed 
symmetric subspaces © of the Hilbert space ST) which contain Q(T) 
and closed symmetric subspaces € of D, OD, given byS = D(T) e €. 


Proor. We have [z, y} = —i((fz,y) (z, T*y)} = 0 if2 eD(T) 
and yeD(T*); consequently (z,g] = 0 if ze S(T) = WF) and 
y € S(T*). Thus, if € is symmetric, so is € = D(7) & €. To see 
that € is closed if G is, we let z, = d,+s, € €, where d, e (T) and 
$,€€. If x, —z, then, since D, € $9. is orthogonal to QT), 
(enant — (10, dalt PH (lsn —5,1*)* > 0, so that both (d,) and 
{s,} are convergent sequences. If d, > d and s, «then d is in S(T) 
by Lemma 8(a), and se&! since € is closed. Thus z is in (T) € = 
©, and G is closed. 

Conversely, if © 1s a closed symmetric subspace of D(T*} in- 
cluding D(7'), put € = € c (D, © D_)- Clearly, €! is closed and 
symmetric, and € 2 (7) 6 €. If z eG, then, by Lemma 10, + can 
be written uniquely in the form z = d+y with d in D(7') and y in 
D € D. Since D7) CE, deG; hence y eG, from which we learn 
that y is in € ^ (D, € D) = €, so that € C AT) @ €. Q.E.D. 

Lemma II shows that $(7) plays a neutral role in the search 
for self adjoint extensions of 7, and that the analysis need consider 
only the space D, @ D_. The next theorem makes the decisive step. 
It should be observed that for elements d, , e, in 9, we have (d,,e,* 
= 9(d, , e,) and hence |d,]* = 4/2], ]. Similarly |d_|* = 4/]d. | for 
d_in®_. These observations show that the transformation of part (a) 
in the following theorem is isometric in either norm. 


12 THEOREM, Let €! be a closed subspace of D, @ D, and 
G=27T) eG. 

(a) The space © is symmetric ij and only if © is the graph of an 
isometric transformation mapping a subspace of D, onto a subspace of 
D- 

(b) The restriction of T* to © is selj adjoint if and only if © 
is the graph of an isometric transformation mapping D, onto all of D_- 
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Proor. By Lemma 11, € is symmetric if and only if Gt is sym- 
metric. Let two general elements s, t of € be written s = d, d, 
t=e,+e_, where e,, d, are in $,. and e_,d_ are in $ . Then 
€! is symmetric if and only if 


th= dQ(T*( Ea) (ire )—- (id, +d), Pe, re ))] 

= —i(((Gd, id), (e, +e_))—((4,+4_), Ge, —ie )) 
—i(2id,, e.) 2i(d. , e 

= 2((4,,e)0—(4., e} = 0, 

ie. if and only if (d,,e,) = (d., e ). This clearly implies that 
I.P = [d [? for all s = d,+d_eG'; ie., that Gt is the graph of an 
isometric mapping of a subspace of D, onto a subspace of D_. 

On the other hand, if |d, |? = |d [? for s = d,--d eG, we have 
ld, «e, P = |d +e? and |d, —e, I? = {d_—e_|%, so that 


ll 


I2. ld, — e, I2 
au, s) cre Hoe 


NETTES eh 
eee) 
d.e) 


Applying the same argument to if = ie,+ie_ we learn that 
Sid, e,) = (d. , e), so that (d,, e,) = (d, e ). It follows from 
the preceding paragraph that C is symmetric. This proves (a). 

To prove (b), we suppose first that Gt is the graph of an isometric 
transformation A of a subspace of D, onto a subspace of D_ and let 
T, be the restriction of 7* to &. If the domain D(A) is a proper subset 
of D, , then there is a non-zero vector yin D, such that (D(A), y)* = 0. 
Now if æ is in S(7,) then z = 2,4+d,+d_ where 2,¢D(T), d, ED, 
and d c5. Hence (z, y)* = 0, that is. 


0 = (a, y)H-(Z*2, Ty) = (2, y) (Ty y), ze DT). 
This proves that (7,2, y) = —i(z, y) for all z in $(7,) which shows 
that y is in S(TT). Since y is not in 9(7) ) it is seen that if D(A) CD, , 


then 7| is not self adjoint. Similarly, 1f the range 914) C D_ there 
exists a non-zero vector z in D_ such that (814), z)* = 0; as before 
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this implies that (z, z)* = 0 for all z in Q(7;) from which it follows 
that z is in D(Z,*) and 7, is not self adjoint. 

To complete the proof of (b), suppose that Æ is an isometric 
transformation of D, onto all of D_ and let T, be the restriction of T° 
to the subspace € = (7) @ I'(A). By part (a), € is symmetric and 
hence 7, C Tf. It remains to show that (Z1) C $(7,). Assuming 
that this is not the case, and applying Lemma 10(b) to the closed 
symmetric operator T}, it is seen that there is a non-zero vector z in 
DATË) such that either T*z = iz or Tz = —iz. By Lemma 10(a), 
(S(7,), z)* = 0. Since TF C 7* it follows that z is either in D, or 
in D_. If ze, then z4-4z is in $(7,) and hence 


0 = (e+ Az, z)* = (zz) Cz z)". 


Since Az is in D_ this shows that 0 = (z, z)* — 2(z, z), whence z = 0. 
Similarly, if z is in D_, then 44@)+2 is in $(7,) and hence 
0 = (4742) +z, z) = GE (2), z)*+(z, z)*. Since Ae) is in D, we 
again conclude that z = 0. Thus either case leads to a contradiction. 
QED. 


18 Coronary. (a) 4 symmetric operator T has self adjoint 
extensions if and only if its deficiency indices n, and n_ are equal. 

(b) If n, — n. — 0, the only self adjoint extension of T is its 
closure T = T*. 

Pnoor. This follows from Theorem IV.4.16 and Lemmas 8 and 10, 
Q.E.D. 

With Theorem 12 and Corollary 13 we achìeve our main aim 
and the rest of the section is devoted to reformulations and slight 
extensions of the results cbtamed up to this point. 


14 Dermo. The adjoint G* of a subspace € of the Hilbert 
space D(7*) is the set of all z in D{Z*) such that (z, €) = 0. A sub- 
space © of DT*) is self adjoint if © = G*. 

15 Lemma. If T C T, C T*, then TY. is the restriction of T* to 
the space DT,)*, te, DTZ) = STy)*. 

Pnoor. Suppose that y is in $(7,)*, then (z, yj = 0 for all 
zin $(7,) That is, —i((T*a, y) —(z, T*y)} — €. Since $(7,) is 
dense in Q, and Z*a = 72, this implies that yeD(7F). On the other 
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hand, if y is in YTF), then (Z,2, y) = (a, Try) for all z in SX7,). 
By Lemma Ia), 7f C 7*. Hence (Z*z, y) = (a, T*y), so (a. y) = 0. 
This shows that y e D(7,)*. Q.E.D. 


16 Lema. (a) A subspace © of SD(T*) is symmetric ij and 
only if C CS*. 

(b) The restriction of T* to a subspace € DDT) of S(T*) isa 
self adjoint extension of T if and only if € is self adjoint. 

(c) If GCDT) has the form C — SXT) OS, where 
€ C$, OD, then €* = (€)*. 

Proor. Statement (a) follows immediately from Definition 14 
and Definition 4. Statement (b) follows immediately from Definition 
14 and Lemma 15. By Lemma 8(c) {z, y} = 0 for z in D{7*) and 
y in S(T). It follows that (z, D(7) © €) —0 ifand only if {2, €) — 0, 
proving (c). Q.E.D. 

The next theorem describes a situation of common occurrence m 
which the symmetric operator J has equal deficiency indices, and 
thus has self adjoint extensions. 


17 Derrnition. A mapping U of § into itself which satisfies 
Uety) = Ua Uy, U(az) = We, (Uz, Uy) = (y, 2), a, y EH, and 
U? =I, is called a conjugation. 


18 "THEOREM. Let T be a symmetric operator with dense domain 
which commutes with a conjugation U. Then T has equal deficiency 
indices. 

Proor. Since UT = TU. UAT) CDT) Since U?— I. it 
follows that $j(7) C US(T), so that DT) = US(T). By Lemma 
16(d) D, = (ZHINT) and D_ = (T—iIfb(7)). If ceD,, 
then 
0 = ((T+iN)D(T),2) = (Ua, U( Til) D(Z)) = (Ua, (T-INUAR(T)) 

= (Ua, (T—iM)D(T)). 
Thus Uz is in D; so UD, CD_. In the same way, UD_CD,. 
Using U? = I, we find D, CUD_and D_CUD,. Thus, US. = Dy, 
UD, = D_. It follows from the properties of U that U maps any 
orthonormal] basis for D, onto an orthonormal basis for D_. Con- 
sequently, D, and D_ have the same dimension. Q.E.D. 
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As an example of the application of Theorem 18, let § be the 
space L,{0, oc), and let g be a real continuous function defined on the 
interval (0, oo). Let T be the operator defined by: 

(a) the domain $7) is the set of all functions which have at 
least two continuous derivatives and which vanish outside a compact 
subinterval of (0, oc). 

(b) For/ in $(7) let 7] = f" +gf. 

Clearly 7 is an unbounded symmetric linear operator in L,{0, 00). 
If for each f in L,(0, co) we let (Uf)(t) = K(t), the complex conjugate of 
Kt), then U is a conjugation and UT — TU. Thus T has equal deficiency 
indices and consequently possesses self adjoint extensions. 

The following result shows thet the quantity 


n, = dim {a|7* 2 = iz} 
really pertains not to the complex number i but tothe upper half plane, 


and provides at the same time a statement that will be useful in the 
theory of differential equations to be developed in the next chapter. 


19 THEOREM. Let T be a symmetric operator, and for each 
complex number A let IR, = ta|T*a = Ix}. If .5(2) > 0, the dimension 
of My equals n, , the positive deficiency index of T. Moreover, if n, is 
finite, there exists a family {p42}, i= 1,..., n,, of vector valued 
functions defined and analytic for (1) > 0, with the property that for 
each A, the vectors pA), i =1,...,n,, form a basis for My. Exactly 
similar resulis hold for 2 in the lower half plane. 

Pzoor. Let T, be the restriction of 7* to the manifold D(Z,) = 
D_@ D7). If A= pir, where y > 0, and z is in D{T,) we have 

Py ADE? = Geop 
—((Ti—#D)s, iva) — (ive, (T, n2) 

z yel IIo, 2)— Gs T12)] 

= yHz—»(e. a}. 
Writing 2 = d--d , de S(T), d_e D_, a straightforward calculation 
shows £r, 2} = {d_, d.) = —3/d. [*. Thus |(T, —ADeft = Ple, show- 
ing that (7, —AI)* is bounded and of bound at most y? = |F (4). 
By Lemma 5(c) T, is closed. If 2, +2 and (T,—ADz, >Y 
T2, > y+da, so that z € D(7,), and Zjz = y + dz, (T, —AD = y- 
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Thus (7, — AI) is closed, and hence by Lemma 1.2 (7, —AI 7 is closed, 
It follows from the boundedness of (7, — AI)! and Lemma 1.2 that 
SP((7, —A1)7) is closed. 

We wish to show that Sj((Z, AI)3) is all of Hilbert space. 
Suppose that this is true for some given 4). Then (7, —A4J)? = RE(A,) 
is an everywhere defined, bounded operator of norm not more than 
IF (2%). Consequently, the series 


t] Zoar Ra 
converges if |A—Ay| < [F {2% )]- Since 7, is closed, we have 
(T14) X AA EAS?" y 
i1 
= 0 -—0—A1 2 AAP EO y = y 


for all y. Thus (7, AIJ9(7,) = $ for 4—4] < | %(4)|. It follows 
by continuation that if S((Z, —41)3) = § for one value À,, then this 
is true for every A in the upper half plane. We shall show that 
D((7,—i1)“) = §, thus proving that S((Z, —AI)?) = § for every 
A in the upper half plane. 

Since S((Z, —1)3) is closed, it is sufficient to show that its 
orthocomplement consists only of the zero vector; or, using Lemma 
1.6(d), that (Zf--il): = 0 implies z = 0. But 7, 2 7, so Tf C T* 
by Lemma Ua), Thus if Zfz = —iz, then z is in D_ C $(7,). Con- 
sequently, 

9 — (a (1-12) = ((Z, iD a) 
= ((T*—il je, 2) = —2ill*, 
which shows that z — 0. 

For convenience let 4(4) denote the everywhere defined bounded 
Operator(T, —AIY? for .5(2)» 0. Then (7, —AD)4(1) = (T*—AI)4(2) 
=I, Writing K{o, p) = (Ty —1)4(B). (x), (8) > 0, we have 
K{a,a) =F and K(af)K(f,y) = K(a.y) "Thus K(o,f) is an 
everywhere defined bounded operator in § with bounded inverse. 
Also K(a, B) = (T, —BI)4(8)H-(8—)4(8) = 14+ (B—a) ACA), It fol- 
lows that 
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(T* AD KG, 2ye = (T*—AIyud-(4—i)((T* —AD)4Q)u 
—(T*—i)u 

for each u e S(7*), and thus (7*—iI)u = 0 implies (T* —AI)K(s, Aju 
= 0. Consequently K(i, A) defines 2 one-to-one map of M, into M,- 
By similar reasoning the inverse K (å, i) of K (4, 2) defines a one-to-one 
map of M, into M,- Thus K(i, 4) determines a continuous one-to-one 
map ofM, onto, with bounded inverse, and it is now clear that W, 
and M, have the same dimension. 

From the form of the series [+] it is clear that K(i, 2) = 
IH-(.—i)4(1) is analytic in 2. If R, is finite dimensional, and (gj 
jh... 9, ds a basis forM,, then gfa) = K(á, Ap; f = Lae My, 
defines a basis for Wy. Q.E.D. 

We turn finally to a detailed analysis of the case of frequent 
occurrence in which both deficiency indices n, and s. of the operator 
T are finite. 

We shall cast our abstract analysis in a form adapted to the 
theory of differential operators. Thus, abstract notions of boundary 
values, boundary conditions, ete., will be introduced. When in the 
next chapter the study of differential operators is taken up, concrete 
representations for the abstract notions will be obtained. 


20 DEFINITION. A boundary value for the operator T is a con- 
tinuous linear functional on the Hilbert space $S(7*) which vanishes 
on S(T). 

21 Lemma. Let T be a symmetric operator whose deficiency 
indices n, and n_ are both finite. The space of boundary values for T is a 
Hilbert space of dimension n,+-n_. A set A,,..., A, of boundary values 
is linearly independent if and only if there exist elements q,, .. ., Qr 
in D(T*) such that det (4,(9,)) #0; or, if and only if for any set of 
complex numbers az... 0 there is an x in D, @D_ such that 
Ae) = as, d =1,..., k; or, if and only if the matriz (A,(y;)) is of 
rank k, where y,,-.-.Y, is any basis for D, @D_. 

Proor. All these statements follow readily from Lemma 10, 
Lemma 8(a) and elementary facts concerning finite dimensional 
vector spaces. Q.E.D. 


32 Dermrrion. Let 7 be a symmetric operator whose deficiency 
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indices n, and n_ are both finite. A set of n,+7_ linearly independent 
bonndary values for 7' is called a complete set of boundary values for T. 


28 LEMMA. Let T be a symmetric operator whose deficiency 
indices n, and n_are both finite. Let A,,..., A, be any complete set of 
boundary values for T. Then the bilinear form (2, y} can be expressed 
uniquely in the form 


[s] len = S ADA zy EDT), 
45-1 


the coefficients satisfying the equation 2, = a, 

Proor. Using Lemma 21, let y, . . ., y, be elements of D, p D_ 
such that 4,(y,) = ĉip where à, = 1 if i = j and à, = 0 if i 4}. 
It follows that the y, are linearly independent and hence form a basis 
for D, © D_. Let «,; = {y;, Ya} then, since (z. y} = (y, 2}, it follows 
that a, = o; Clearly equation [s] is satisfied whenever both z and y 
are chosen from among the elements y,, . . -, Yp- Thus [*] holds for all 
æ and y in D, €) D_, since both sides of [2] are bilinear. But by 
Definition 20 and Definition 2(b) both sides of [+] vanish if either z 
or y is m DT). The desired representation now follows from Lemmas 
10 and 8{a) and its uniqueness is clear. Q.E.D. 


24 ConoLLaRv. Jf 4,..... 4, is a complete set of boundary 
values for T, and Qı, -. -, Gp is a set of elements of ST*) such that 
det (4(g,)) #0, then the a of the previous lemma are uniquely 
determined by the set of equations 


IA 


2 = 
Popi = PX uA dp LSkSISp. 
Des 


Proof. Let (b,) be the matrix inverse to (4,(g;)). Then an 
elementary calculation using formula [s] and the definition of the 
inverse matrix shows that 


[s] as = > {Pr gib b, QE.D. 
PA 


25 Derinition. If B is a boundary value for 7, then the 
equation B(z) = 0 is called a boundary condition, A set of boundary 
conditions B,(z) = 0, i = 1, ..., k, is said to be linearly independent 
if the boundary values B,, . . ., B, are linearly independent. A set of 
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boundary conditions C,(z) = 0, j = 1, , . „ m, is said to be stronger 
than the set B,(2) = 0, i =1,..., k, if the boundary values B, are 
all linear combinations of the C,. If each of two sets of boundary 
conditions is stronger than the other, then the sets are said to be 
equivalent. A set of boundary conditions Bjí(z) = 0, i = 1,..., k, is 
said to be symmetric if the equations B{z) = B{y) = 0,i = 1,..., k, 
imply the equation {2, y} = 0. 


26 Lemma, Let T be an operator with finite deficiency indices. 
Every closed symmetric extension of T is the restriction of T* to the 
subspace of ST*) determined by a symmetric family of boundary 
conditions, Bz) = 0, i = 1, .. ., k. Conversely, every such restriction 
T, of T* is a closed symmetric extension of T. 

Proor. We shall prove the second statement first. As each B, 
is a continuous linear functional on $9(7*) vanishing on D(T), it is 
clear from Lemma 5(c) that 7, is a closed extension of 7. Since the 
set of boundary conditions is symmetric, it follows from Definition 
2(b) that (Tz, y) = (z, Ty) for all z and y in $(7,), and hence 7, 
is symmetric. 

To prove the first assertion let 7, be a closed symmetric ex- 
tension of 7, and let $8 be the orthogonal complement of $(7) in the 
Hilbert space D(7*). Then D(7}) is a closed subspace of D(7*} and 
58 is finite dimensional (cf. Lemmas 5(c) and 10). If v, ..., v, is a 
basis for B, we define the functions B(x) = (2, v,)*, for x in S(T*). 
Since B,(x) = 0 for z in $(7,) 2 $(7), it is clear that the condition 
Bx) = 0 is a boundary condition. Moreover, since $5(7;) is the 
orthocomplement of its orthocomplement, it follows that the family 
B(x) = 0, i = 1,. . ., k, of boundary conditions determines the sub- 
space D(Z,) of $(7*). It follows from Lemma 3' that $(7,) is a 
symmetric subspace of $9(7*), and hence the set of boundary con- 
ditions B,(x) = 0 is symmetric. Q.E.D. 


27 Derrnition. Let T be a symmetric operator with finite 
deficiency indices. Let 4,,..., Æ, be a complete set of boundary 
values for T, and let (z, y) = >? | 40,4, () 4 (y) as in Lemma 23. Let 


lel B, = Eh jeld.gs 


XIL4.28 EXTENSIONS OF A SYMMETRIC TRANSFORMATION 1237 


be an arbitrary set of boundary values for 7, and let £/?, m — 1, 
be a basis for the set of solutions of the linear system XZ f; E, 
j =1,.-.,8. Then the set of boundary conditions 


s 
X apt Aly) = 0, mox 


i, j=l 


is called an adjoint set of boundary conditions to the conditions [s]. 


Remark. It is important to observe that there are as many 
adjoint sets of boundary conditions as there are bases for the solu- 
tions of the equations 9? ‚fyf: = 0, j = 1, ..., s. However, any 
pair of these various adjoint sets of boundary conditions is clearly 
equivalent. 


28 THEOREM. Let T be a symmetric operator with finite deficiency 
indices, and let T, be the restriction of T* to the subspace of D(T*) 
determined by a finite set o] boundary conditions B,(x) = 0,7 = Y,..., s. 
Then TT is the restriction of T* to the subspace of D{T*) determined by 
an adjoint set of boundary conditions. 


Proor. Let B, = Y fun 7 — 1,...,5, and let 7, be the 
restriction of 7* to the subspace of S(7*) determined by an adjoint 
set for the boundary conditions B,(z) = 0,7 = 1,...,8. If æ is in 
D(7,), then æ satisfies the equations B,(z) ?_B,A dz) = 0, 
j=1,...,8, and thus 4,{2) is a linear combination of £2, . .., £9 
fori = 1,..., p. Hence if z is in S(7,) and y is in $(7;), we conclude, 


from Lemma 23, that (y, z} = J? 42,4, (y) 4, (7) = 0. Consequently, 
(Tay, 2)— (y, 712) = ily, 2) = 0, 


and so (Za, y) = (z, 7,9) for all x in $(7,) and all y in $(7;), 
showing that 7, C Tr. 

Suppose there is an element y in $S(7Z*) C (Z1) but not in 
DT). Then by Definition 27 there exists a solution [£,, . . ., £,] ofthe 
equations X2 ,f,,5; — 0, j —- 1, .  ., s, such that X2, 40,6, 4.) #0. 
By Lemma 21 there exist elements y, in D(Z*) such that A,{y,) = 
5,5, i, j= L... p. Putting z = J? £g. we have sge DT*) and 
Aden) = Gy d = 1,- +2, pe Hence Bia) = 0, f= L..-, 5 and so 
a is in 9(7,). However, 
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iT”, Y, 2) — (5 7,29)] = (Y, Zo} P #0, 
which is impossible. Q.E.D. d 


29 Lemma. Let T be a symmetric operator with finite deficiency 
indices whose sum is p. Let Ay, ..., A, be a complete set of boundary 
values for T, and let Y? , 40, 4,4, be the bilinear form of Lemma 28. 
A set of boundary conditions Y? Py A) = 0, j = 1, ..., 5, is symmetric 
df and only if D2 sPab = 0, and Y? fiat = 0,7 = Y, - Ls, 8, together 
imply Y? jas Ouse = O 

Proor. It is clear under the hypotheses that if, whenever x and y 
satisfy the equations >? ,8,4,(7) — 0 and X? f, Ais) = 0, 
j=1,...,8, they also satisfy (z, y} = 0, then the set of boundary 
conditions is symmetric. Conversely, suppose there exists a pair 
ls, «es Ep] and ois- + - mp] such that 32 afek: = XL fun: = 0, 
j=1,...,8 while 32, fut: £0. By Lemma 21, there exist 
elements u, v in D{7*) such that 4,(u) = &,, Afv) = has È = 1... p. 
‘Thus both u and v satisfy the boundary conditions X? , fl, 4,(v) = 0, 
j=1,...,5 while {u,v} x 0. Consequently, the set of boundary 
conditions is not symmetric. Q.E.D. 

80 THEOREM. Let T be a symmetric operator with equal finite 
deficiency indices n= n, =n_. Then the restriction of T* to the 
subspace of D(T*) determined by any symmetric family of n linearly 
independent boundary conditions is a selj adjoint extension of T. 
Moreover, aty self adjoint extension of T is of this form. 

Proor. Let Bz) = 0, i = 1, .. ., n, be a symmetric family of 
linearly independent boundary conditions, and let 7, be the restric- 
tion of 7* to the subspace of D{7*) which they determine. Then by 
Lemma 10, $(7,) = D(7) @ V where BCD, D- Since the 
boundary values B, vanish on D{7), it follows that 88 is n-dimensional, 
By Lemma 26, the operator 7, is symmetric and thus Lemma 3’ shows 
that $(7,) is symmetric. Consequently, by Theorem 12(a), $ is the 
graph of an isometric map U of a subspace Jt of D, onto a subspace 
N of D_. Since n = dim (B) < dim (M) < n, it follows that M is 
n-dimensional, and hence W = D,- Since U is one-to-one, 9 is also 
n-dimensional, and hence 9t — D_. Thus 7) is self adjoint by Theorem 
12(b). 


XIL4.81 EXTENSIONS OF A SYMMETRIC TRANSFORMATION 1289 


Conversely, let T, be a self adjoint extension of Z. Then by 
Lemma 26, T, is the restriction of 7* to a subspace 98 of D(7*) 
determined by a symmetric family of linearly independent boundary 
conditions B,(z) = 0, i = 1,. . ., k, and we have only to show that 
k = n. By Lemma 11, $ = $9(7) @ $8, and by Theorem 12(b) $ is 
n-dimensional. Since D, €) D_ is 2n-dimensional, and & is the set of 
elements of D, @ D_ satisfying k independent linear conditions, ¥ is 
(2n —k)-dimensional. Thus 2n—k = n, so k = n. Q.E.D. 

Finally, we give an explicit form for the most general self adjoint 
extension of 7. 


81 THEOREM. Let T be a symmetric operator with equal finite 
deficiency indices n_ = n, = n. Legs, - -., Gq be an orthonormal basis 
Jor D,, and let y,, ..-, Yn be an orthonormal basis for D_. Let Bz) = 
(a, p,)* and C,(2) = (a, y)” fora in S(T*) and Y <i <n. Then any 
selj adjoint extension of T is the restriction of T* to the subspace of 
DT") determined by the boundary conditions 


Bia) — 3 OgCfe)=0, i=in 
#1 


where (0,;) is any matrix satisfying Y ,0,,0,,— 04. Moreover, every 
such restriction of T* is a self adjoint extension of T. 


Pnoor. It is clear that B, and C, are boundary values. We now 
Observe that the theorem may be stated equivalently as follows: An 
Operator is a self adjoint extension of 7' if and only if it is the restric- 
tion of 7* to the subspace 39 consisting of all z in $(7*) such that 
(2, 2)* = (x, Uz)*, ze D,, where U is an isometric mapping of D, 
onto 9) . To prove this, consider the restriction of 7* to such a sub- 
space $. Writing z = d--d, +4, de S(T), d, E Dy, d ED, we see 
that z is in $% if and only if (d, , z)* = (d. ., Uz)* for all zin 5, , i.e., 
if and only if d_ = Ud,. Thus 9$ is the direct sum of Q(T) and the 
graph of an isometric mapping of D, onto). and hence the restriction 
of T* to 33 is a self adjoint extension of 7. Conversely, if 398 is the 
domain of a self adjoint extension of 7, then. by Theorem 12(b), 
38 = DT) & FU), where U is an isometric map of D, onto D_. 
An elementary calculation shows that 998 consists of the set of æ in 
D(T*) with (x, z)* = (a. Uz)* for all z in $,. QED. 
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5. Semi-bounded Symmetric Operators 


In this section we study the self adjoint extensions of those 
operators in a class of symmetric operators which arise frequently 
from the boundary value problems of mathematical physics. 


1 DEFINITION. A symmetric operator T is bounded above 
{bounded below) if there is a real number c such that (7x, x) < c(z, x) 
((Za, 2) & ew. x)) for all z in DT). If 7 is bounded above or below 
we say that T is semi-bounded. The number c is called a bound for T 
and the smallest (largest) such c is called the upper (lower) bound for T. 
If (To, z) SO for all z in (7), then T is non-negative. 

This section is devoted to proving the following theorem of von 
Neumann and Friedrichs. 


2 "THEOREM. Every semi-bounded. symmetric operator with dense 
domain has a semi-bounded self adjoint extension with the same bound. 


Proor. If T is semi-bounded, then, for some constant «, either 
Trad or —T+cF is bounded below by one. It is clear from Lemma 1.6 
we may suppose without loss of generality that (Ta, z) > (a, x) for 
z in DT). 

For 2, y in $(7) define (2, y)* = (Ta, y). Then (a, a)* = (a, a) 20, 
and (T) is a linear space with a Hermitian bilinear scalar product 
(a, y)* satisfying properties (i), . . .. (v) of Definition IV.2.26 for an 
inner product in an abstract Hilbert space. Since the proof of the 
Schwarz inequality (Theorem IV.4.3) does not require the com- 
pleteness axiom IV.2.26 (vi). we see that |(z. )*] < lz|*lyI* for a, y 
in $(7). Thus DAT) with the norm |z|* = ((z, 2)*) is a normed 
linear space which, in general, is not complete. 

Now define Dp to be the subspace of elements z of $ with the 
property that there exists a sequence (z,) CD(T) such that z, > 2 
in $ and lim, nso |z,, —z,[* = ©. It will be shown that the Hermitian 
bilinear form {z. y)* may be extended from $7) to Dy, making Dy a 
Hilbert space (i.e., complete) under (a, )*. It will then be shown that 
the restriction 7, of T* to Dy n S(T*) is a self adjoint extension of T 
with the same bound. If limn noo %,—®al* = 0 and lim, , 2, = 25, 
then lim,,j|z,* exists. since |lz,I*—le,l*| S Emt If 
{ind GOT) and lim, ao Ho also, and Bm, n isle gut O 
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then, letting z, —2, —9,, we have lim, ,z, = 0 and lim, , .col%m—%al* 
== 0. Consequently there is a number M such that |z,,|/* < M, 
m = 1, 2,. . .. Moreover, given e > © there is an integer N such that 
if m,n >N, then |z,,—z,|* <£ Thus 


(eal? S [Gs mH ne zs ml E Mns m) *| + Mee 


Since (eps 2,)*| = ns 72,)] S enlm] lim, noo Fas Zm) = 0, 
m= 1,2,.... Consequently, lim, „sup {z,|+)® < Me, and thus 
im, oat = €. Since ||z,/*—lgnl*] S l@n—Yal* = Iz,[*- we see 
lim ly, |* = lim |a,,{*. It follows that there is a well-defined extension 
of the norm |y|t from DZ) to Dp obtained by defining |z|* = 
lim, ,,,lz,|* whenever lim, „oz, =z and lim, , ,..|#,,—a,|* = 0. 

Tt will next be shown that the conditions z, > æ, z, c S(7), and 
Manson Talt = 0 imply that lim, ,..|z,,—a|* = 0. We observe 
first thatit follows from the preceding paragraph that lim,, .ol@m—®al* 
= |@—a,* and lim, ,.l@,,+2,{* = |je+a,|* for each n. Also the 
identity 

(Je, 2 PA e, FE alt = 2, [4-1 [9T 

shows that lim, „solim F-a,I* = 2Iei*. Consequently, 


lim je-+a,* = lim lim |x, +2,[* = 2lal*. 


no 00 meo 


However, by letting m — œ in the identity above, it is seen that 
(le—a, 1 (eta? = 2[(lal* P+ Ce, FI 


It follows that lim,_,,.J@—2,|* = 0. From this fact a familiar limiting 
argument establishes the relations |z| € |z|*, |z-FyI* < lelt+ly*l, 
and laz[* = |a| |a[t for all 2, y € Dy and every scalar «. Thus $ is a 
normed linear space under the norm |z|* and D{7) is dense in Dy. 

Moreover, since |{z,¥)*| &lel*t|y|* on the dense subset 
DT) x DT) of Dy x Dy, the form {z, y)* may be extended by 
continuity (cf. 1.6.17) to yield a bilinear Hermitian form defined on 
Doe 

Tf it can be shown that Dy is complete, then D will be a Hilbert 
space under the inner product (z, y. However, if (2,) is a Cauchy 
sequence in Dy, we can find a sequence {y,} in the dense subset 
DT) CD, such that |e, —yl* < 1n- Then Tim, n rolyn Yalt = 0, 
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and hence lim,, , .<%m—Ynl = €. If z is an element of $$ such that 
ly,—2| > 0, then by definition, æ is an element of D,- However, we 
have shown under these conditions that lim, ly, —al* = €. Con- 
sequently lim,_,..lz,—2[* = 0. and D, is complete. 

Now define the extension 7, of 7 by letting S(74) = Dyn S(7*), 
Tye = T*a for æ in $(7,) Clearly T C 7, C 7* and 7| is a linear 
operator with dense domain. Since 

fy =@Ty),  syeSQn, 
it follows by continuity that this same equation holds for z in $(7,) 
and y in {7}. However, since (z, y)* = (7*2, y), for æ in $(7,) and 
y in XT), it follows by continuity that 
Eyr = (T*2,y) = (Tay) mye DT). 

From the equation (x. y)* = {y,z)}* for z, y E Do, it is seen that 7, 
is a symmetric operator. The relation (Zz, 2) = (2, 2)* 2 (a, x) 
shows T, has the same lower bound as 7. In order to show 7, is self 
adjoint, we shall need the fact that 7,D(Z) is the whole Hilbert 
space €. If æ s an arbitrary element of $, the function (-, æ) is con- 
tinuous on the Hilbert space Dp, since if |y,;* — © then |y,| > 0, and 
thus lim, (y, 2) = 0. It follows from Theorem IV.4.5 that there is a 
vector z in D such that (y, x) = (y, z)* for y ED). Since (y, z)* = 
(Ty, z) for y in D(7), it follows that z is in S(Z*) and that 7*z = a. 
Consequently, z ED) N D(F*) = $(7,) and Tz = a. Thus TDT) 
= §. It follows from Lemma 1.6(d) that 7f is one-to-one. On the 
other hand since 7} is symmetric we have 7, C Tf. Thus 7, Tf both 
have range $ and, since Z7 is one-to-one, we must have D(T,) = 
DTP). This shows that 7, = 7, ie., Z, is a self adjoint extension of 
T. Q.E.D. 

3 COROLLARY. Jj T is a semi-bounded symmetric operator, tet Dy 
be the set of vectors æ in © Jor which there is a sequence {a,} CD(T) with 
a, >a and (T(@_,—Fp_), (m,—2,)) +0. Then the restriction of T* to 
Dyn S(P*) is a self adjoint extension of T with the same bound. 


6. Unitary Semi-groups 
In the first section of Chapter VIII we have investigated the 
theory of strongly continuous semi-groups of bounded operators 
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(cf. Definition VIILI.1). The aim of this section is to determine the 
form of the infinitesimal generator (Definition VIIL1.6) when the 
elements of the semi-group are unitary operators on Hilbert space. 


1 THEOREM. (Stone) If (U(1), t 2:0) is a strongly continuous 
semi-group of unitary operators in Hilbert space, then there is a unique 
(possibly unbounded) self adjoint operator B such that 


U(t) =e, 120, 


Proor. Let A be the infinitesimal generator of the semi-group 
{U(@). According to VIIL1.8 and VIIL1.11, 4 is a closed operator 
with dense domain whose resolvent set includes the whole half plane 
AA) > 0, Moreover, we have 


[s] RQ; A = foo U(tyedt, E EN 


Put S(t) = U@)* = {UH for t 2: 0. It is clear that 5(4)5(,) = 
(t +1,). Fort, z t, it follows that |S(t)z —S(t,e| = le—U(£)S()rl 
= |a—U(t,—#,)al, and hence [S(t)a—$(t)z| = |2—U(|t,—t,))2| for 
allt), £j 2 0. Thus (5(£)) is also a strongly continuous semi-group. It 
is clear that 5()* = {S()}-! = U(t) for t 20. If re D(A), then 


ste ae Ax. 


im 


g -mgao (ett 


Thus, if A, is the infinitesimal generator of (S(z), we find that 
A, 2 —A. In the same way it is seen that —4 C 4; . Hence 4; = —4, 
and consequently 


[ss] RQ;—4— [evver adt, AO) > 0. 


We now define B = —i4. Using the equation RA; «B) = (41. By 
= «R(x; B) it is seen from [s] that 


R(-2; Bye =i fp Uad, RA) > 0, 
and, putting —i2 = p. that 


Ris Bye = i ^ eetUadt, (a) < 0. 
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In the same way, it follows from [++] that 
RGs Ble = —i IN F(t) > 0. 
Thus, if (a) >0, 
(Rs Bye, y) = — [e+ Uta, y)àt 
=i ihe AH, U(t)y)dt 
PEE fe (a, e P U(tyy)àt 


E (e 23 fo PU yas) 


Consequently. R(x; B)* = R(ji; B). By using Lemma 1.6(b) and 
1.0(c) it is seen that this implies that 4I —B* = pI—B, so that 
B* — B, and B is self adjoint. 

If E is the resolution of the identity for B and if V(t) = e''? 
then, by Theorem 2.6, 


(Vide, y) = [s eaae, v) 


Hence, for &(z) > 0, an application of Fubini’s theorem and 
Theorem 2.6(e) shows that 


Í ” e"(Vto yit = í 3) im POI E(dA) a. y at 


1 
-f:23 (E(dA)a, y) 
= (Rips iB), y). 


Since E(u; iB) = R(x; A), it follows from [x] that 
[rentves ya [^ entes ya, B > 0. 
By Lemma VIILI.15, e "(V(z)z, y) = e "(U(t)z, y) for £0 and 


arbitrary 2 > 0. Hence U() = V(t) for t 2:0, and the theorem is 
proved. Q.E.D. 
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7. The Canonical Factorization 


In this section we shall prove that each closed operator 7 with 
dense domain in Hilbert space has a unique factorization 7 = PA, 
where A is a positive (ie, (42,2) 20, re 9(A)) self adjoint 
transformation, and P is a partial isometry (cf. Definition 4 below). 
This result may be regarded as a far-reaching generalization of the 
fact that each complex number æ has a unique representation « — re*, 
where r = 0, and |e*| = 1. By analogy with the fact that r = (xd, 
we shall first seek to obtain the self adjoint operator 4 from the 
operator 7*7. 


L Lemma. Let T be a closed linear operator with dense domain. 
Then 

(a) D(L*) is dense and T** =T; 

(b) (47*7y" exists and is a bounded sely adjoint transforma- 
tion; 

(e) T*T is self adjoint and positive; 

(d) if T' is the restriction of T to S(T*T), then T(T^) = F(Z). 

Pzoor. By Lemma 1.5, J(7*) = [A4,I(T)}*, where A, is the 
isometric isomorphism [z, y]  [y, —a] of $ @ € onto itself. Thus if 
æ is in [S(7*)], then 


[2,0] e LZ)" = ATTN = AOT) = AD). 
Here we have used the fact that 7 is closed. Hence [0, —] is in I(T), 


and thus z — 0. This shows that $9(7*) is dense in H. To prove that 
T** — T we shall show that I(7**) = I(T). By Lemma 1.5 


T(r**) = ATT = ALATT] 
= AUD)? = [NTH = (D. 


This completes the proof of (a). 

Since 7 is closed, the manifold $(7) with the inner product 
(2, y), = (x. y)2-(T2, Ty) is a Hilbert space, which we shall denote 
by the symbol ,- Moreover, in $, the function (z, y) is a Hermitian 
bilinear form. The inequalities |{z, y)| < |a] y| < allyl show that it 
is continuous. It follows from Lemma X.2.2 that there is a bounded 
self adjoint operator A on $ such that (a, y) = (Az, y) æ, y c S(T)- 
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We may also regard A as a mapping from the dense subspace 
Q(T) of H into the space £. In this case A is still continuous, for 
Aai = (Aa, Ax), = (£a, ah = (Az, 2), — ze ST) 
and, by the inequalities above, 
Cz. 2) X Aa] |z| < Ldalikel, 


showing that |Az|,<|z|. By Theorem 1.6.17, 4 may be extended 
uniquely to a continuous mapping B of § into §,. A continuity argu- 
ment shows that (Bz, y), = (z, y) for «e$, ye S(T), and that 
|Bz| x |Bz|, x || for æ e $. Thus regarding B as a mapping of H 
into a dense subset of itself, we see B is an operator in § of norm at 
most one. Since for x and y in the dense set D(T), 


(Ba, y) = (Aa, y) = (a, y), = (Az, Ay), = (a, Ay) = (a, By), 
it follows that B is self adjoint. Now for ze, ye S(T), 
(a. y) = (Ba, yh = (Bz, y) (Ba, Ty) 
= (Ba, y) -(T* TBz, y) 
= (U--T* T)Bs, y). 
Thus, since $(7) is dense, (I--T*7)Bz = « for xe $. 
On the other hand, if z is in (7*7) and y is in $, then By isin 
Q(T) and 
(BU-ET*T Ys, y) = (I4-7*T)2, By) 
= (a, By) (Tx. T By) 
= (z, By) = (Bz, y); = (s, y)- 
Thus BU +4-2* T yc = z for cin S(7*7) = DI 4-T*T). This concludes 
the proof of (b). 

By Lemma 16, ([4-2*7)* = (B33)* = (B*) = BA — F4 T*T, 
soI47*T is self adjoint. But then 7*7 is self adjoint since (7*7)* = 
(4-7*7)*—I = T*T. The relation 

(7* Tz, a) = (Tz, Tx) = 0, zeQ(T*T) 


shows T*T is positive, proving (c). 
Now let 7" be the restriction of 7 to D(7*7) and let £ denote 
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the orthogonal complement of F(Z") in the closed manifold F(T) of 
$ €) 3. Then [z, Tz] € $ if and only if (z, y), = (2, Tz], [y, Ty]) = 0 
for all y e $(7") = $(7*7). To prove (d) we shall prove that if 
[x, Ta] e$. then x — 0. Since BY — $(--7*7) = S(7*7), the 
relation (z. y), = 0, ye S(7*7), imphes (z, Bz), = (Bz, z} = 0 for 
all ze). Since (Ba, z} = (z, 2), it follows that « = 0. Q.E.D. 

Next we shall require some mformation on positive self adjoint 
transformations and their sqliare roots. 


2 Lexma. A self adjoint transformation T is positive if and only if 
e(T) is a subset of the interval [0, cc). 


Pnoor. Let E be tlie resolution of the identity for 7' so that by 
"Theorem 2.8 we have 


T, = TE({—», nj) [72E = EG n. n]TE( —n. n]. 


Then, also by Theorem 2.8. T, —2 for every « in (7), By Theorem 
2.9(b) we have 


[4 AT) o 10) 2 U et) Dot 
= 


Thus, if o() C [0, cc), it follows from Theorem X.4.2 that T, 2 0. 
Hence (Tr, z) = lim, (7,2, x) 20 and 7 is positive. Conversely, if 
T Z0, then (7,2, 2) = (TE([—n, n])z, E([—n, 2])z) 20 whieh 
shows that 7, 20. Hence, by Theorem X.42., o(7,) C [0, 00). 
Thus [x] shows that o(7)C 10, ©). Q.E.D. 

The next lemma shows that a positive self adjoint transformation 
has a unique positive "square root". 


8 Lemma. If T is a positive self adjoint transformation. there is a 
unique positive self adjoint transformation A such that A? = T. 

Proor. By Lemma 2, c(7) C [0, co) and, by Theorem 2.6(d), 
the positive function /(4) = 4€ on c(7) defines the self adjoint 
operator A = f(T). By Corollary 27(c) ACT and D(42) = 
QT) D(A). However, it follows from Theorem 2.6(a) that 
DL) C D(A) and so D( 4) = DZ). Thus Æ = T. The positivity of 
4 follows from Theorem 2.9{b) and Lemma 2. To see that 4 is 
unique, suppose that B? = 7 where B is also self adjoint and positive. 
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Let ô be a Borel set in (0, co), let 6, = {AJA € [0. co), 25 € ô}, and let 
E(-; A), E(-; B), and E(-; 7) be the resolution of the identity for 
A, B, T, respectively. Then, by Theorem 2.9(c), E(6; 4) = E(6: T) 
= E(B*; 6,) = E(B: 6). Thus E(-; 4) = E(-; B) and so, by Theorem 
28, A = B. QED. 

Next we introduce the class of operators which will correspond 
in our analysis to the factors e in the scalar case. At first sight, one 
might suppose that the unitary operators were the appropriate class. 
However, a moment’s reflection shows that such a simple outcome is 
not to be expected. Consider, for instance, two-dimensional Hilbert 
space, and the operator whose matrix is 


G y: 


It is clear that the appropriate factorization should be 


C 6 [) C 0 
o o) | o o o 
where æ = ref is the corresponding factorization of «. However, the 


first matrix on the right is not an isometry, but only a partial isometry 
in the precise sense given in the following definition. 

4 DEFINITION. A bounded linear operator P in Hilbert space $ 
is called a partial isometry if there is a closed subspace 9t such that 
|Pal = |a] for z in Mand P(e) — {0}. The subspace W is called the 
initial domain of P and PY(= P$) is called the final domain of P. 

5 Lemma. A bounded linear operator P in Hilbert space is a 
partial isometry if and only if P*P is a projection. In this case PP* 
is also a projection and the ranges of P*P and PP* are the initial and 
final domains, respectively, of P. 

Proor. If P*P is a projection let jt = P*P. Then for « in W 
and y in W, we have 

la? = (2, 2) = (P*Pz, 2) = (Pz, Px) = | Palt, 
0 = (P*Py, y) = (Py, Py) = |PyP, 
and so P is a partial isometry whose initial domain is M. To see that 
PP* is a projection whose range is the final domain N = PW, let Q 
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be the operator which equals P- on 9? and zero on 90^. If z € N then 
Qzc9R and thus Qz = P*PQz — P*z and therefore z = PP*z. 
Also, ify | 9 — PM = PẸ then P*y = 0 and PP*y = 0. Thus PP* 
is a projection whose range is 9? — PM, the final domain of P. 

To complete the proof it will suffice to show that P*P is a 
projection if P is a partial isometry. Let 2, v EM, the initial domain 
of P. Then the identity |z +0]? = |P2+ Po? shows that (a, 0)--(v, a) 
= (Pa, Pv) +{Pv, Pz). Hence Aa, v) = (Px, Pv). Since (a, v) 
= Aa, iv), it follows that (a, v) = (Pz, Po) if a, v eM. If z Pt and 
weWe then Pw — 0 and hence 0 = (a, w) = (Pa; Pw). Thus for 
every vector y in Hilbert space we have (a, y) = (Px, Py) if z eM. 
This means that (zy) — (P*Pz, y) for each y and hence that 
P*Pz = z for z in SR. Since P vanishes on Yt" so does P*P. Thus 
P*P is the orthogonal projection onto MW. Q.E.D. 

6 ConoLLARx. P is a partial isometry if and only if P* sa 
partial isometry. 

7 THEOREM. If T is a closed transformation whose domain is 
dense, then T can be written in one and only one way as a product 
T = PA, where P is a partial isometry whose initial domain is SR(T*), 
and A is a positive self adjoint transformation such that R(A) = R{T*)- 

Poor. Let A be the positive square root of T*T whose existence 
follows from Lemma 8 and Lemma I{c). Then (4a, Az) = (42a, £) = 
(T*Ta, 2) = (Tz, Ta) for ze DTT). If we let PyAz — Ta for 
zc9(T*T) it follows that P, is a well-defined isometry whose 
domain is 9t(4*), where A’ is the restriction of 4 to S(T*7). 

Since 7*7 = 4*4, Lemma 1(d) shows that F(4’) is dense in 
F(A). Thus if [z, y] is in F(A), there is a sequence ([2,, ynl} C 4’) 
such that [z,,, ¥,] — [a, y]. Consequently y, — y, proving that R{ £ ) 
is dense in (A). Let P, be the isometric extension of P, to R(A) 
and let E be the perpendicular projection of § onto R{A). If we define 
P = P,E, then P is a partial isometry whose initial domain is 9R(A). 
Moreover, PAg = Tx for ze S(T*T). 

Let {y,} be a sequence of elements of D{4) such that y, > y and 
PAy,, >z. Since P is an isometne mapping of R{A), Ay, converges 
to a certain element v. Since £ is closed, y e D(A) and Ay = u. Thus 
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y € S(P.A) and PAy = z. Consequently PA is closed. 

We now verify the formula 7 = PA. Let 7" be the restriction of 
T to D(T*T). Then F(Z") is dense in F(Z) by Lemma 1(d). If æ is in 
(7), then there is a sequence ([2,, 72,1} C F(Z") which converges to 
Im, Tz]. Since PAs, — Tz, and PA is closed, PAz = lim PAz, = 
lim Zz, = Tx. Thus T C PA. On the other hand, l'(4') is dense in 
F(A). Thus if ze D(A), there is a sequence ([z,, Az,]) of elements 
of P'(A') which converges to [z, Az]. Since PAz,, = Tz,, and T is 
closed, PAz = lim P-Az,, = lim Tz, = Tz. Thus PAC T, and con- 
sequently PA = 7. 

The fact that RA) = R(T") is a consequence of Lemmas 
X.6(d) and X(a), since 4*2 = Az — 0 if and only if Z**z = Te = 
PAz — 0. 

Finally we show that the decomposition 7 = PA of the theorem 
as unique. By Lemma 1.6(c), AP* = 7*. Hence 7*T = AP*PA, 
Since, by Lemma 5, P*P 1s a projection onto R{A), it follows that 
T*T = Æ. The uniqueness of A now follows from Lemma 8. Since 4 
is unique, P is uniquely determined on R{4) by the equation of 
P( Az) = Tx. Further the extension of P by continnty from 8(A) 
to (A) is unique. Since P is zero on 9R(A)* it follows that P is 
uniquely determined by 7. Q.E.D. 


8. Moment Theorems 


The term moment m the title of this sechon was introduced into 
mathematical terminology by Stieltjes who, in his famous memoir 
Recherches sur les fractions continues published in 1894 stated and 
solved what he called the problem of moments. The terminology, 
borrowed from theoretical mechanics, refers to the following situation: 
if {ô} is the mass distribnted over a set ô on a line then the integrals 
ftdt), f p(dt) give the statical moment and the moment of inertia 
with respect to the origin on the line. In general, f t'(dt) is called the 
nth moment with respect to the origin and the problem proposed 
and solved by Stieltjes is to find a mass distribution p on [0, oc) 
which has prescribed moments. The Hamburger moment problem is 
similar to that of Stieltjes and differs from it by using the whole real 
axis (— c0, œ) instead of [0, co). The Hausdorff moment problem 
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as again similar but refers to a finite interval of reals. 

In this section we shall show how the spectral theorem for self 
adjoint operators may be applied to prove a number of results from 
the theory of moments and shall begin our discussion by giving a 
solntion to the Hamburger moment problem. 


X THEOREM. Let m,, n = 0. 1. 2,.... be a sequence of real 
numbers. A necessary and sufficient condition that there exist a non- 
negative measure p defined on the Borel sets of the real line such that 

So MI" (dt) < oo and 
m, = f. fp(dt), n=0, 1, 2,..., 
ds that 
È nga«a,z0 
14-0 
..«, of complex numbers. 
Proor. We observe first that the condition is necessary. For if 


{m,} has such a representation, and «g, . .., «, is any finite set of 
complex numbers 


for every finite set a. 


E omaes = Í (X fa) mdi) 
3j -œ M,i-0 


"reo 
ene 


To prove the sufficiency, let Y be the linear space of all sequences 
&,, n = 0,1, 2, ... of complex numbers whose elements are all zero 
for sufficiently large n. If £ = [a,] and 7 = [f,] are in Y define 


(3) — X mags. 
P-9 


Then (£, 7) 1s a Hermitian. bilinear form defined on Y and, by as- 


sumption, (£ £) Z0, £c9L. By defimng | = v (££), it follows 
from these facts (cf. the proof of Theorem IV.4.1) that the Schwarz 
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inequality |(£, m| < {él [p] is valid, and |E + 7| X |5]--|n] for all 
& ne. 

Now let Up denote the subspace of Y consisting of all sequences & 
for which || = 0. If n — £4 where £ € 9I, & € Ao, it follows from 
the Schwarz inequality that (£, %) = 0, and thus || = |£]. Thus, if 
88 denotes the factor space A/M of elements z = &+%,, E EA, we 
may define |z| = |é|. Clearly $ is a normed linear space under this 
norm. Let § be the closure in $8** of x(V), where « is the natural 
isometric imbedding of $8 in $8** (cf. 1.8.19). It is seen from Lemma 
L6.7 that $ is complete. We shall show § is a Hilbert space. Since 
(5,94) =0, EA, it follows that (5 z) = (6, mı) if £—& and 
71 are in W- Thus we may define a bilinear form on $8 by setting 
(2, y) = (6. 9) if £ = £9, y = 4+2- Clearly if (2, y) is extended 
by continuity from Bx® to $x (ef. 1.6.17), 9 is a Hilbert space. 

Now for £ = («,] in 9l, define TE — [2] where By = 0, Biya = a, 
izi. If y= [yd] is in A, then 


(TE, m= X maf, 
$0 


æ 
= E Mta 
iat 5-0 


= X masa, = (È Tn) 
£j-o 


‘Thus |TE[? = (7%, E) = 0 if £ EW, Le., TW CW» Defining S = TE 
if æ = E49. we obtain a linear mapping of $ into itself satisfying 
(Sz, y) = (a, Sy). z, y € 8. Since $ is dense m H, S is a symmetric 
operator in $. 

If V is the map of Y into itself defined by V[«,] = [à], then 
evidently VE) = VE+Vn, V(a£) = aVé, (VE, Vn) = Ea), and 
V? — I. Consequently VU, C %, and the map U :8>, defined by 
setting Ua = VE if z=&+Y,, may be extended by continuity toa map, 
which we shall also denote by U, of § into itself which is a conjugation 
(cf. Definition 4.17), Since SUz = USz for x in $, it follows from 
Theorem 4.18 that S has equal deficiency indices. Thus by Corollary 
4.18, S has a self adjoint extension S,. 

Let » be the sequence [1 0,0,...] in A and w=7+4+%,€8. 
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Since Y = D(S) and SB CY, it follows that u e DS") for each m, 
Hence, by Theorem 2.6. 


[rana u) < eo, nzo, 
where E(-) denotes the resolution of the identity for S,. Moreover, 
(Stu, u) = [rans u), n 20, 

However, (Su, u) = (7"v, r) = m,, n = 0,1,2,,,,, Thus 


Pr. n 20, 


where p{e) = (Efe)}u, u), Q.E.D. 
With a littie extra effort, the method of the preceding proof may 
be employed to solve the Stieltjes moment problem. 


2 THEOREM. Lei m,, n — 0,1, 2,..., be a sequence of real 
numbers. A necessary and sufficient condition that there exist a non- 
negative measure p defined on the Borel sets of the interval [0, œ) such 
that 


Mn n=0.1,2,..., 
is that 
^ 
tl X magna, ZO 
i-o 
and 
^ 
[s] X ongQ4"u5, BO 
cio 


[or every finite set ag,» .., a, of complex numbers. 


Pzoor. It follows as in Theorem 1 that [+] is necessary. To prove 
the necessity of [+], note that if m, — [t7 (dt), then 


X maa = | (3 MEA] nido 
jd v 9 
= f "deu, 
[LJ =o 


To prove the converse, note that under hypothesis [ss] the 


e 
pdt) 20. 
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operator T of the proof of Theorem 1 satisfies 
ES 
(75,5) = X ma 44052; 20 
sia 


for each Ẹ = [«,] in 9L. Thus (Sz, 2) Z 0 for ze%, so S is a non: 
negative symmetric operator in $. By Theorem 5.2 it has a non- 
negative self adjoint extension S, . If E(-) denotes the resolution of the 
identity of S,, it follows from the proof of Theorem 1 that 


m, — |” Ppl n2 0, 


where p(e) = (E(e}u, u), However, E(( —co, 0)) = 0 by Theorem 2.9 
and Lemma 7.2. Thus p((— co, 0)) — 0, and hence 


m,— [^ rub, nzo. QED. 


A modification of the same method may be used to prove the 
following moment theorem of Bochner. 


8 THEOREM. Let m be a complex valued function of the reat 
variable t. In order that there exist a finite non-negative measure p 
defined on the Borel sets of the real line such that 


mtt) = [^ eua) 


it is necessary and sufficient that 

(B) m is continuous; 

(b) for each set o4, .- ., a, of complex numbers, and each set 
t,,...,4, of real numbers, 


D 
X omit, 92,5, = 0. 
451 
Proor. If m has the representation m(t) = [%,e“*p(ds), the 
continuity of m follows from the dominated convergence theorem 
(IIL6.16), Moreover, 


Zaif eum | (Fae) (Fae) nas 
d, kml —eo —e6 Mel bel 


M 


H 
Lae! u(ds) = 0. 
i=l 
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Thus the necessity of conditions (a) and (b) is established. 

To prove the sufficiency, let 9f be the set of all complex valued 
functions f of the real variable t for which f(t) = 0 except for a finite 
number of values of t. If f, g are in 9I, let (/, g) = X, em(t—sW(t)e(s: 
since this sum has only finitely many non-zero terms it is well defined, 
Then (f, g) is a Hermitian bilinear form on Y which, by assumption, 
satisfies (f, /) 20. Let |l — (f,}} for fe, and 

Ye = (Af EA, M = 0}. 

It follows, just as in the proof of Theorem 1, that 9f, is a linear 
subspace of A and that (2), /) = (f, A) = 0 for f in 9L. Defining 
(, y) = (f, g) for elements z = f+% and y = g+% of B = A/h, 
we obtain a Hermitian bilinear form on $8, As in the case of Theorem 
1, B is a dense subspace of a Hilbert space Ñ, and the inner product 
in $ 1s the continuous extension of the function (a, y) in 88. 

For each t let V(t) be the mapping of Y into itself defined by 
(V/s) = f(s—£). Then V(s)V(t) = V(s-Ht) for all s and t and 

(Veer, Ve) = X mio — fes — 26510 


fate 


= X mis dt 0f als 
fat 


= (8), 
it follows from the Schwarz inequality that V(t), C9. Con- 
sequently, we can define a mapping U(t) : 8 > B by letting U(t)z = 
VHHA, if e = f+% is in $, Then clearly 
(#] U(stt) = U(siU(t, — (Ulé)x, Uttyy) = Gy) 
for —œ < t < co, a, y € P, Since, in particular, IU(t)z] = le], the 
mapping U(t) may be extended by continuity from $8 to the space § 
in such a way that equations [=] hold for all ? and z, y eG. (We shall 
also denote this extension by the symbol U(t).) Thus the family 
(U(t), — œ < t < co, is a group of unitary operators on $. 
It will be shown next that the group (U(-)} is strongly continuous, 
Let x = {+%, be in S8, where f is in A, Then 
IU(t,)e —U (taje = U(t —t/)z—2 
IU; tal Jal? + lal? —22(U(It tala, 2) 
= 22 (l— (U(5 5), 2)) 
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2A F mls, —5 Mes) — X; mte —89)/ (s — 1 tale) 
fy Eg 


dts 


2A) [rm{s,—82) ms — s Hh tel NS AE} 


2553 


Since we are assuming s(t) to be continuous, 
IU(tc—U(t5)2] > 0 


as |f, —£| — 0 for each 2 € $8. By Theorem IL1,18, this holds not only 
for z e $, but also forz € §, Thus U(t) is a strongly continuous group 
of unitary operators, 

It now follows from Theorem 6,1 that there exists an unbounded 
(or possibly bounded) self adjoint operator T such that U(t) = e?, 
Let E be the spectral resolution of 7, and let v be the function defined 
by v(t) = 0 for t Æ 0, v(0) = 1. If wis the element v+% of $8, then 
by Theorem 2,8, 


m(t) = (V(t)o, v) = (U(tu, v) 
m f * en (E(dyu, u). 
ERE 
"Thus, defining p(e) — (E(e)u, u), we have m(t) = [*Ze (02), and 
the sufficiency of conditions (a) and (b) is established. Q.E.D, 
The reader vill have little difficulty applying the method of the 


previous theorem to prove the following theorem of the same type 
for the interval [0, 2x), 


4 THEOREM. Let m,, n —0, +1, -2,..., be a sequence of 
complex numbers, In order that there exist a finite non-negative measure 
defined on the Borel sets of (0, 2x) such that 

mm, =f eyid), n0 £1, 42-4» 
it is necessary and sufficient that 
a 
X omma, ZO 
DE 


for every finite sequence &,, —n x: i < n, of complex numbers, 
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9, Exercises 


1 A symmetric transformation whose range is all of Hilbert 
space is self adjoint. 

2 If T end 7* are everywhere defined, T is bounded, 

8 Let T be self adjoint and B bounded. Then BT C TB if and 
only if B commutes with the resolution of the identity for 7. If 
BT C TB then for every Borel measurable function f, B/(T) has a 
closure and B/(T) = f(T)B. 

4 The point spectrum of a symmetrie operator in a separable 
space is a denumerable subset of the real axis. 

5 If T is a densely defined symmetric transformation, 


ua V = (T—IYT Ay 


is an isometric transformation (which is nct necessarily every where 
defined). Show the following: The operator T is closed if and only if 
V is closed. The operator F- V is one-to-one, has a dense range, and 


tr T =V Vy 


Conversely, if V is an isometric operator such that I—V is 
one-to-one and has a dense range, equation [ff] defines a symmetric 
operator T in terms of which [f] holds, Any isometric extension 
V, of V is such that I—V, is one-to-one, and T is maximal among 
symmetrie transformations if and only if V is maximal among 
isometric transformations, 

The operator T is self adjoint if and only if V is unitary, Show 
finally how this construction, due to von Neumann, can be used to 
prove Corollary 4.18, 

6 Let a maximal symmetric operator T in a Hilbert space H 
be given. Show that may be decomposed into an orthogonal direct 
sum 

$= % @ 2.8. 
of subspaces invariant under Z and 7*, such that: 

(2) The restriction 7, of T to Ho. defined by the equations 
DT) = DIT} 6 Ho, Tox = Tz, x ED{Tp), is self adjoint. 

(b) For each g, there exists an isometry U, of $, onto L,(0, oo) 
such that if 7, denotes the restriction of T to, (defined by $(7,) = 
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DT) ^ pa Taa = Tx for «€D(T,)), the operator U, T,U, is the 
operator +44, where A is defined by the equations 


D(A) = {f € L,{0, o»)|/ is absolutely continuous 
fe L40, co), f(0) = 0}, 
Aj—f, e$). 


We have i4 for all « if the positive deficiency index of T is zero, 
—i4 for all a if the negative deficiency index of 7 is zero. (Hint: See 
Theorem XIII.2.10 and Corollary XIII.2.12. Use the construction of 
Exercise 5 and decompose the maximal isometric operator V.) 

7 T (Z(t) is à strongly continuous semi-group of operators 
m Hilbert space with infinitesimal generator A, then (T*(1)),., is & 
strongly continuous semi-group with infinitesimal generator A*. 

8 (Cooper) The infinitesimal generator of a strongly continuous 
semi-group (V(i)} of partially isometric operators whose initial 
domains are § is of the form i7, where T is a maximal symmetric 
operator with positive deficiency index zero. Conversely, any such 
maximal symmetrie operator is the infinitesimal generator of a 
strongly continuous semi-group of partially isometric operators with 
initial domain $. 

Hilbert space $ may be decomposed mto an orthogonal direct 
sum $ = $ € X, $, in such a way that: 

(a) The restriction of V(t) to €, is unitary, t = 0. 

(b) For each « there exists an isometry U, of §, onto L, (0, œ) 
such that 


(UAVING IUD Mz) =0, OSa<t, 
= flz—t), szt 


Establish the corresponding result for a strongly continuous 
semi-group of partially isometric operators whose final domains are $j. 

9 Anunbounded transformation 7 in is normal if T is closed, 
densely defined, and 77* = 7*7. Show that 

(28) if T is normal, 7* is normal; 

(b) a transformation 7 is normal if and only if $(7) = $(7*) 
and |Zz| = |Z*a| for each z in D(T); 

(c) a normal transformation has no proper normal extensions. 


XIL9.10 EXERCISES 1259 


(cf. Sz.-Nagy, Spektraldarstellung linearer Transjormationen des 
Hilbertschen Raumes, pp. 33, 34.) 

10 If T — UH C HU where H is self adjoint and U unitary, 
then T is normal and UH = HU. Conversely, if T is normal, then 
T = UH — HU where U is unitary and H is self adjoint and positive. 

1X A dosed and densely defined operator T is normal if and 
only if X(T) = $(7*) and Z--7* and (T  7*) are self adjoint and 
have commuting resolutions of the identity. An operator T is normal 
if and only if T = 444B where A and B are self adjoint and have 
commuting resolutions of the identity. 

12 T is normal if and only if there exists a resolution of the 
identity E in the complex plane P such that 


DT) = fa hm Í. AE(dAi): exists} 


and 
Ta = hm AE(dàm, | xeSAT) 


nod Al Sn 
18 A normal transformation has no residual spectrum. 


14 A strongly continuous semi-group {N,} of bounded normal 
operators can bc written in the form 


fl N, = f e Eld) 


where E(-) is a spectral measure defined on the Borel sets of the 
complex plane P. If (N,} consists of self adjoint operators then E(-) 
may be chosen so that the integral in [+] need be carried out only 
over the real axis, and then (N,} is continuous in the uniform 
topology for t > 0. 

15 Let T be closed. The opcrators 7*7 and T7* are unitarily 
equivalent if and only if 


dim (2|Tx = 0} = dim (2|T*a — 0}. 
More generally, let 
D = (Tz = 0}, Oy) = (zl7*z = 0}. 


Then there exists an isometric mapping U of €, onto 3. such that 
UT*TU-s = TT*z, s € $s. 
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16 Show that the equation m Exercise 15 
dim (2|7z = 0) = dim (z|T*z = 0}, 


does not always hold. 

17 (Schmidt) The non-zero eigenvalues of 7*7 are the same 
as the non-zero eigenvalues of 77*, even as to multiplicity (the 
positive square roots of these eigenvalues are sometimes called the 
characteristic numbers of T). 

18 Let T be a bounded operator. Then 7 is compact if and only 
if 7*7 is compact and 7*7 is compact if and only 77* is compact. 
If T is compaet and (A,, 4p, . . -} is the sequence of non-zero charac- 
teristic mimbers of T, arranged in decreasing order and each repeated 
a mmber of times equal to the multiplicity of its square as an eigen- 
value of T7*, then 


4,= min max 
fetes Wo0 lvl 
iheni 
19 The positive real number A is a characteristic number of 7 
if and only if there exist non-zero vectors g and y such that 


Tp—y Ttg dg. 


20 Let T be compact and (4, the sequence of non-zero charac- 
teristic numbers of 7 arranged in decreasing order, each repeated a 
number of times equal to the multiplicity of its square as an eigen- 
value of TT*, Let (pj) be a corresponding sequence of orthonormal 
eigenvectors of 77*. Then there exists a corresponding sequence 
(y,} of orthonormal eigenvectors of 7*7 such that for each f, 


74 = EAU pvo 


TH = A vee 
i=l 


the series converging in the strong topology. 

21 (Naimark) There exists a closed, densely defined symmetric 
operator T such that D(7?) — (0). 

22 Let T — PA be the canonical factorization of T. Then T is 
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one-to-one if and only if A is positive definite, in which case P is an 
isometry. Fhe operator 7* is also one-to-one if and only if P is 
unitary. 

28 If an operator 7 has a closed linear extension there exists a 
unique closed linear extension 7 such that if 7, is any closed linear 
extension of T then 7 C T,- T is called the closure of T. 

{a) There exists a densely defined operator with no closed 
linear extension. 

(b) An operator 7 with dense domain has a closed linear 
extension if and only if its adjoint is densely defined, in which case 
(Ty = T+. 

24 Give examples of closed symmetne operators having a given 
pair (m, n) of cardinal numbers as deficiency indices. 

25 (Naslmark) Let T be a closed symmetric operator in a 
Hilbert space $. There exists a Hilbert space $, 2$, and a self 
adjoint operator 7, in £j, such that 


$U01-9()0£  T,—75 geD(T)- 


(Hint: Let ©, be the direct sum of $ and its "complex conjugate"!) 
26 (Nalmark) Let 7 be as in Exercise 25. Then there exists a 
set function F(-) defined for the Borel subsets of the real axis, having 
values which are positive bounded Hermitian operators, such that 

{a} F(-}x is countably additive for each ze$, 

(b) DT) = ZAPU (a, 2) < eo, 

(e) Te=J®AF@i}z, æeNT), 
the infinite integral converging as a proper value in the strong 
topology. 

27 (Nalmark) Let F(-) be a sct function defined on a o-field E 
of subsets of a set S, having values which are positive bounded 
Hermitian operators of norm less than or equal to one, in a Hilbert 
space $, such that F(-)z is countably additive for each æ € . Show 
that there exists a Hilbert space $, containing $, and a countably 
additive set function E(-) defined on E whose values are orthogonal 
projections in ©, such that 


F(e): = PE(e)z, eed, re$, 
P denoting the orthogonal projection of $, on ©. (Hint: First consider 
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the case in which $ is one-dimensional, and then generalize the 
solution given in this case.) 

28 Let a self adjoint operator A in a Hilbert space § with 
0 <A <I be given. Then there exists a Hilbert space 3$, 2, 
and an orthogonal projection Q in $, such that 


Az= PQr, zeģ, 
P denoting the orthogonal projection of H, on €. 
29 Let (7,) be a sequence of bounded operators in Hilbert 


space $. Then there exists a Hilbert space f, 2 €, and a sequence 
(N,) of commuting normal operators in $$, such that 


7,2 = PN,2, ref. 
P denoting the orthogonal projection of $, onto $. (Hint: Consider 
real and imaginary parts separately and use Exercise 27). 

80 Let (4,} be a sequence of bounded self adjoint trans- 
formations in Hilbert space $. Suppose that there exists a constant 
M, 0 « M « «o, such that 

al + a44,4+...4+4,4, 20 
whenever the real polyuomial 
ayta, À- ... a, A" 


is non-negative in the interval ( —M, M]. Then there exists a Hilbert 
space $ 2 $. and a Hermitian operator B in $ such that 


4,2= PB"z, ze, 


P denoting the orthogonal projection of $, on G. (Hint: Represent 
A, as ['5,2^F(dÀ) and use Exercise 27.) 

81 (Sz-Nagy) Let (4,], —oo « » « +00, be a uniformly 
bounded sequence of operators in Hilbert space $ such that 


E 
Friet A SO, OSOL?  OXr«l 


mæ 
Then there exists a Hilbert space $, 29, and a unitary operator 
U in $r, such that 


A,a = cPU*a, ze, -o «n « 4m, 
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where P denotes the orthogonal projection of $, ou $ and c is a 
positive constant. (Hint: Modify the argument of Exercise 80.) 

82 (Sz-Nagy) Let T be an operator in $ such that |7] x: 1. 
Then there exists a Hilbert space $, 2€, and a unitary operator 
U in Ñ, such that 

T= PU"2, aeg. OSn<m, 


P denotmg the orthogonal projection of $ on $. 

88 (von Neumann) Let u(z) be an analytic function defined for 
le] < 7, where 7 > 1, and such that |u(z)] < 1 if |z| X 1. Let Tbe an 
operator in Hilbert space such that |Z] X 1. Then |u(T)| <1. 
Similarly, if @u(z) = 0 for |z| <1, then u(T)-- (u(7))* = 0. (Hint: 
Use Exercise 82.) 

84 There exist self adjoint operators 4 and B such that 
D(A) o $(B) = (0). Thus, neither 4-4-B nor AB-+BA need to be 
self adjoint if 4 and B are. Even AB can happen to be defined only 
for (0). 

85 The set ((Zz, x)| lz] = 1, a € S(T)) is convex. 

86 (Sz.-Nagy) Let F be the graph of the closed operator T, 
and Ep the orthogonal projection of $ @ $$ on P. Then 


Erle, 0] = (G47) 2, TH4-T* Ta. 

87 (Sz-Nagy) If A, is self adjoint for all » 21, if 
Ap > A, for all x in D(A,,), and if the closure A of A,, is self 
adjoint, then 

TEN + p ay strongly, 
A+A) > AHA strongly. 
If we have 
lim P MA 
sceau) KHAI 


Er 5 4 a2) uniformly, 
A (+A + A+A?) uniformly. 


88 (Rellich) Let 4, be self adjoint for all & 21, and let 
4,2 > AoT for all x in D(A). Suppose that the closure A of 4, 
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is self adjoint and has resolution of the identity E(-). Then 
WA) + f(A) strongly for each bounded function f of a real variable 
which is continuous except on a closed set € such that E(C) = 0. If 
MaA o 


üm sup 
no ze DlA) PHAT 
&(A,) > g(A) uniformly for each bounded continuous function g of 
a real variable. 
89 "There do not exist two bounded Hermitian operators Æ and 
B such that AB BA = iI. But unbounded Hermitian operators 
such that ABr—BAz = iz for all z in a dense subset of Hilbert 
space do exist. 
40 (Uncertainty Principle, Heisenberg) Let A and B be self 
adjoint operators in Hilbert space such that D = D(4B) o D(BA) 
is dense. Let z be in Dy and write 


E(C)—(Cm2z) oC) = (CECHY? 
for each operator € for which Cz is defined. Then 
0% A)o%(B) = 4|(E(AB—BA))P. 


41 (Bodiou) With the hypothesis and notations of the preceding 
exercise, 


e* A)o"(B) = 4](#(AB— BA) 4-4 E(D)P, 
where 


D = (A—E(A))(B—E(B)I)4+(B E(BU)(4—E(A)). 


Generalizations of a Theorem of Paley and Wiener 


42 Let (x) and (y;) be sequences of elements in a £-space. If 
there exists a number 0 with 0 <@ < 1 and such that 


lE adz: yA SO] Soe 
= =i 


forall finite sequences of scalars q, . . ., «, , and if (x,} is fundamental, 
then (yj is fundamental. If (z;) is a basis, then (yj) is a basis, 

48 Let (a, and (y,} be sequences of elements in a B-space. If 
there exists a 0 such that 0 € 0 < $, and 
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LX eel S 0X on X als 
l $1 i=l 


for each sequence of scalars a4, . .., ap, then (z;) is fundamental if 
and only if (y,) is fundamental, and (z,) is a basis if and only if (yj 
is a basis. 

44 (Pollard-Sz.-Nagy) Let (z,) and {y,) be sequences of ele- 
ments in Hilbert space. If there exist 6,, 6.6, such that 0 <6,<1, 
056,< 1, 0 <6} < (1—6,)(1—6,), and such that 


l X airy? S 0, Xe 
5 2 
+ 2641 i EAT » "PT 
+ 64 X wyl? 
i=l 


for all finite sequences of scalars a,, . -.,a,, then (#,) 1s fundamental 
if and only if (yj) is fundamental, and (2,) is a basis if and only if (yj) 
is a basis. 

45 (Pollard) Let tz) and (y; be orthonormal sequences of 
elements in Hilbert space. Suppose that there exists a z > 0 such that 


È oues Y) Z p lo? 
tint ps] 
for all finite sequences o4, . . ., a, of scalars. Then {z,) is fundamental 
if and only if (yj) is fundamental (Hint: Use Exercise 44). 
46 (Duffin-Eachus) Let (z,) and (y,) be sequences of elements 
in Hilbert space, and suppose that (z,) is complete and orthonormal. 
Suppose that 


seit È len 
2 2 


for all sequences (o,) of scalars for which Y? ,|a,.? < co. Then (y,) is 
fundamental. 

47 (Duffin-Eachus) Let (z,) be a complete orthonormal set 
in Hilbert space. Let (7,) be a sequence of bounded operators, and 
let o, be a double sequence of scalars such that le, S Cp m, k Z1. 
Let XP .elT,] <1. Then 
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Yn = Ert Lan te, 
P= 


defines a fundamental sequence (y,). 
48 Let (y,) be a sequence of elements in Hilbert space and let 
6 be a number such that 0 X 0 < 1. Suppose that 


» » D 
(0—6* Xe? S| Lawl S 0--0* X le 
Ex pt E 
for each finite sequence q, .. ., a, of scalars. Then there exists an 
orthonormal set (z,) of vectors such that 


1X a, S 0CX in t 
á fo 


for each finite sequence o4,...,a, Of scalars. (Hint: Apply the 
canonical factorization theorem to a suitable map). 

49 Let (A,) be u sequence of complex numbers such that 
A,—al <2 log 2, —co « n < +o. Then (e) is fundamental 
in Z,(0, 2x). (Hint: Write e?» = e™t(e P m=), and expand the 
second factor as a Taylor serics). (It is not known to the present, 
authors if z^ log 2 is the best possible constant. Levinson [1], p. 48, 
Theorem 29, shows that the constant cannot be greater than or 
equal to 1). 

50 (Walsh-Boas) Let g,(z) be analytic in 2] < 1, and suppose 
that 


X lg.) 7 P x61 
s= 


for each z such that |z| < 1. Then each function f analytic for |z| < 1 
and continuous for |z| <1 has a unique expansion 


f@)= Saeb) 
n 


the series converging uniformly in each interior circle. 

51 Let (5,2, x) be a measure space, and T a self adjoint 
operator in (8,2, 4). Let e€ be a set of finite measure such that 
each function f in the range of 7 is essentially bounded on e. Show that 
for each Borel subset c of the rea! axis which is at a positive distance 
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from the point 4 = 0, there exists a yxj measurable function 
Elo; s, t) ofthe variable [s, t], defined in e xS, satisfying the condition 


[iss Deua oo see 
and such that 
[ Ble s Nydas) = (tes TINS) 


for almost all se e. 

(Hint: Use the methods of Theorem XIL8.11). 

The mapping f > f(T) where f is analytic on the spectrum of T 
has, in certain cases. been extended to give a definition of f(T}, f 
being a real harmonie function. Such an extension has been made by 
Ciprian Foias, (cf. C. Foias, La mesure harmonique-spectrale et la 
théorie spectrale des opérateurs généraux d’un espace de Hilbert. 
Bull. Soc. Math. France, 85, 263—282 (1957)). The following two 
exercises present a special case of the Foias extension. 

52 (Foias) Let 7 be an operator in the Hilbert space $ with 
[T] S1, let 2£, be the rea! algebra of real functions u defined and 
harmonic on a domain D(x) containing the closed unit disc (4| JÄ] 1), 
and let # be the real algebra of all real functions continuous on this 
dise and harmonic in its interior. Let both algebras J£, and # be 
ordered by defining u = v to mean that u{A) = (4) for JÄ] 1. Let 
«f ($5) be the real ordered algebra of all bounded self adjoint operators 
on $. For an operator S in $ let #(S) = (S--S*)/2. Show that for a 
function f, analytic on a domain including the unit disc, the operator 
4I(f(T)) depends only upon the function #f(2). Thus for u in Hg we 
may define u(7) = Z(f(7)). 

(a) Show that the map u > u{7’) is an order-preserving linear 
map of the real algebra X, into the real algebra.s/(6), and that 


Iu(Z)] € max lu(AY. 
lst 
(Hint: Use Exercise 32.) 

(b) Extend the homomorphism of part (a) to an order-preserv- 
ing linear map of the real algebra J£. into. ($3) which has the property 
that 

Iu(7)) S max (å), ue. 
alsa 
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(Hint: Use the fact that every u in 9 is the uniform limit on the unit 
disc of a sequence in o- Cf. M. Brélot, Sur l'approximation et la 
convergence dans la théorie des functions harmoniques ou holomor- 
phes, Bull. Soc. Math. France, 78, 71 —78 (1945)). 
58 (Foias) For the homomorphism Jf —.5£(6) of Exercise 52 
show that 
(8) infu(4) S inf (Ty a) s< cup (u(7) 2) x mp uA). 
Als ks 
(b) Let À be a complex number ame (2) a sequence in $ with 
l| = 1 and (4J—T)z, +0 Then 
(ulP)z,,.2,) > ufA). 
(c) If 2151n o, (7) and z) is a vector with [z,] = 1 and Tz, = day 
then 
(uP )z,, 2) = uf). 


10. Notes and Remarks 


The spectral theorem. The spectral theory of bounded self adjoint 
operators in Hilbert space was essentially created by Hilbert [1; IV], 
although, as we have noted in Section X.9, he expressed his results 
in terms of quadratic forms. Somewhat closer in spirit and ter- 
minology to the present work than that of Hilbert is the book of 
F. Riesz [6]. The first significant advance towards the analysis of 
unbounded symmetric operators was made, in 1928, by Carleman [1] 
in his study of singular integral equations. However, it was several 
years later that von Neumann [8], in 1927, evidently motivated by 
the development of quantum mechanics, turned his attention to the 
decomposition of unbounded self adjoint operators. His fundamental 
paper (von Neumann [7]) develops the theory of unbounded operators 
in a very complete and systematic fasbion — this paper is truly a 
classic. Von Neumann was soon joined in his work by Stone [8, 10]. 
F. Riesz [14], in 1930, gave an elegant elementary proof of the spectral 
theorem for unbounded self adjoint operators. Since that time a 
number of different proofs and discussions of the spectral theorem 
have been given. The reader should consult Section X. 9 for references 
to these papers. 
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It should be noted that the work of Carleman showed that sym- 
metry alone is not a sufficient condition to obtain a complete exten- 
sion of the spectral theorem to unbounded operators. According to 
von Neumann [7; p. 72], the notion of an unbounded self adjoint 
operator is due to Erhard Schmidt, who observed (von Neumann 
[7; p. 62]) that it is necessary to restrict one's attention to such 
operators in order to obtain a spectral resolution. The reader should 
be warned that von Neumann and other writers use the terms 
Hermitian and hypermaximal Hermitian for what we call symmetric 
and self adjoint, respectively. 

Consideration of the graph of an operator is due to von Neumann 
[16], although he had already obtained the results of Section 1 
directly. The notion of the graph of an operator from one Hilbert 
space to another was also used systematically by Murray [4]. The fact 
that an everywhere defined symmetrie operator is bounded and self 
adjoint is essentially due to Hellinger and Toeplitz [1]; see also Stone 
[8: p. 59], Stone and Tamarkin [1], and von Neumann [7; p. 107]. 

Lemmas 2.1 and 2.2 were given explicitly by Stone [8; p. 142, 
145—6]. For Theorem 2.8, see von Neumann [7; p. 92], F. Riesz 
(14; p. 51] and Stone (3; p. 180], and other references cited earlier. 
The operational calculus, described in Theorems 2.6 and 2.7 is due 
to Stone [8; Chap. VI, Sec. 2] and von Neumann [16]. Theorem 2.10 
goes back to the work of Stieltjes and was employed by Hellinger (1] 
for bounded operators and by Stone (8; p. 168, 188] for unbounded 
operators. 

Spectral representation. The problem of determining when two 
self adjoint operators are unitarily equivalent is closely related to the 
theories of spectral representation and spectral multiplicity. The first 
part of Section 8 has close contact with Stone (8; Chap. VII}, which 
extends to unbounded operators the theory of Hellinger [1] and 
Hahn [5] on bounded forms. For a related development, see Ahiezer 
and Glazman [1; Secs. 69—78]. Additional references are Halmos [6], 
Nakano [10, 11], Plessner and Roblin [1], Segal [5] and Wecken [2]. 

The analytical representation as given in Section 8 is due ta 
Bade and Schwartz [1]. It is a slight improvement on a result of 
Mautner [1] on abstract eigenfunction expansions. Mautner’s result 
has also been elucidated and applied by Gárding [1] and F. Browder 
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[1]. These theories will be discussed in the course of the followmg 
chapters on differential equations. 

Extensions of symmetric operators. The problem of determining 
whether a given symmetric operator has a self adjoint extension is 
of crucial importance in determining whether the spectral theorem 
may be employed. If the answer to this problem is affirmative, it is 
important to know what the self adjoint extensions look like and how 
they are related to the original operator. These rather intricate 
problems are treated in Section 4. The principal theorems of the first 
half of this section are essentially due ta von Neumann [7] and are 
also discussed itt Stone [8; Chap. IX]. The method used here, however, 
is much closer in spirit to that of Calkin [1]. This mcthod has the 
advantage that it provides an abstract setting for the selection of self 
adjoint extensions by suitable restrictions (i.e., imposing “‘boundary 
conditions”) on the domain of the adjoint operator. The reader will 
see. however, that the actual development presented here is sub- 
stantially different in detail from that in Calkin [1]. 

In Section 4 we considered a symmetric operator 7 with domain 
dense in $ and have been concerned with finding extensions of T 
which are self adjoint operators in $. There are at least two ways in 
which this problem ean be generalized. The first way is to drop the 
requirement that the domain of 7 is dense, and to suppose that T is 
symmetric in the sense that (Tz, y) = (az, Ty) for all z and y in S(7). 
This problem has been considered for bounded operators by Kreln [9] 
and for unbounded operators by Krasnosel’skii [1, 2, 4]. Another 
possible extension is to search for self adjoint extensions but to allow 
the extended operator to act in a Hilbert space containing the 
original one. In Section X.9 we discussed some related problems, 
considered by Nalmark [8]. Sz.-Nagy [11] and others. It can be 
shown that any symmetric operator with arbitrary deficiency indices 
has a self adjoint extension in some larger Hilbert space (see Nalmark 
(7. 8] or Sz-Nagy [11; Sec. 2]). This implies that a symmetric 
operator can be decomposed in a form resembling the spectral 
theorem, but the analogy, of course, is not complete. For an extended 
discussion of these matters the reader should consult the papers cited 
and Appendix I in Ahiezer and Glazman [1]. 

Extension by the Cayley transform. Since it is an important and 
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frequently-used device, it is appropnate that we give a brief sketch 
indicating how the Cayley transform can be used to determine when 
a symmetric operator has a self adjoint extension. Let 7 be a sym- 
metric operator with domain D{7) dense in $. Then if æ is in D(Z), 
we have 


ITDP = (Te, Te) Fa, Ta) + (Tu. 2)4 (2. 2) 
= [Te +P = poft. 


This shows that if (Z4-iI)r = 0, then z = 0 and so the operators 
T-kil have inverses. Let V be the operator with domain SV) 
= (T441)D(T) and satisfying 


Vy = (LAUT + ily ty, ye QV). 


The operator V is called the Cayley transform of T. If y is in (V), 
then let x be the element in DZ) such that y = (T-EiI)a; hence 
w= (+i) y. Since (Tyr Ê = (T—iL)af? for all z in $(7), we 
conclude that 

lyP = (THD = (D—Dag = vy 


for all y in SV). This shows that the Cayley transform of a sym- 
metric operator is isometric, but not generally everywhere defined or 
invertible. Conversely, if W is any isometric operator for which 
(I-W)2(W) is dense, and if S is defined by 


Sr-—d4I2WQIL-Wy!s re -WAW 


then S is a symmetric operator with domain (J —W)D(W), Further, 
if this last relation is applied when W = V, the Cayley transform of 
T, then S = T. Hence there is a one-to-one correspondence between 
symmetric operators 7 with dense domains and isometric operators 
V with (J—V)D(V) dense in $. The operator 7 is closed if and only 
if V is closed; also, if 7, C 7,, then their Cayley transforms are 
related by V, C V,, and conversely. Finally, 7 is self adjoint if and 
only if V is unitary. 

It is seen, therefore, that the problem of finding self adjoint 
extensions of a symmetric operator 7 may be treated by finding 
unitary extensions of the Cayley transform of 7. For convenience, 
suppose that 7 is closed, then D(V) and §R{V) are closed subspaces. 
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Let D, = § © DV) and D = $ © R(V), and denote the dimen- 
sions of these subspaces by d, and d , respectively. It may be proved 
that D, and D_ are the same manifolds introduced in Definition 4.9, 
and that an isometric operator V is unitary if and only if SV) = 
$ = SV), Le. ifd, = 0 = d_. Also it is clear that a closed isometric 
operator has a unitary extension if and only if there is an isometric 
mapping of D, onto D_, and that this can happen if and only if 
d, =d. 

This elegant extension procedure is due to von Neumann [7], 
and has also been used by Stone [8; Chap. IX], Riesz and Sz.-Nagy 
(1; Sec. 123] and Ahiezer and Glazman [1; Secs. 78—80]. 

Maximal symmetric operators. If T is a symmetric operator with 
dense domain, then it has proper symmetric extensions provided both 
of its deficiency indices are different from zero. A mazimal symmetric 
operator is one which has no proper symmetric extensions; hence, a 
closed symmetric operator is maximal if at least one of its deficiency 
indices is zero. If both are zero, then it is self adjoint, while if d, 7 0, 
d. = 0, or if d, = 0, d . # 0, then the operator is not self adjoint and 
has no self adjoint extensions (within the same Hilbert space). It is 
an interesting fact, due to von Neumann (7; p. 98], (see also Stone 
(8; p. 851] and Ahiezer and Glazman [(1; Sec. 82]) that the maximal 
symmetric operators may be put into a standard form, which we shall 
now indicate. 

Let $ be a separable Hilbert space, let {2,, 75, . ..) be a complete 
orthonormal system in $, and let V, be the shift operation defined in 
$ by V(X2a62,) = X102, It may be seen that V, is isometric 
and D —V,) is dense in $ so that V, is the Cayley transform of a 
symmetric operator 7, whose deficiency indices are d, =- 0, d. = 1. 
The operator 7, is called an elementary symmetric operator. It may be 
proved that if 7 is maximal symmetrie with indices d, = 0, d. =n 
(where » is any cardinal number), then $ may be broken into a direct 
sum of pairwise orthogonal subspaces Qo, $y» -- ., $, such that the 
operator T is self adjoint m $, and is an elementary symmetric 
operator in the spaces $,,---,,- The case that d, = s, d. = 0, 
may be handled by considering the operator —7' which has indices 0, 
7, or by considering the operator shifting in the opposite direction. 

Deficiency indices. Theorem 4.19 shows that the notion of the 


XIL10 NOTES AND REMARKS 1278 


deficiency indices is not dependent on the numbers 4-i used in their 
definition. Weyl [5] showed this to be the case for differential oper- 
ators. If 7 is a linear operator with dense domain, let y(7') be the set 
of all complex numbers å such that the inverse operator (7—41 y3 
exists and is bounded on its domain. The set y(7) is called the domain 
of regularity of T (or the set of points of regular type) and contains the 
resolvent set p(7) and perhaps some of the residual spectrum. It may 
be shown to be an open set, and by a continuation argument it is 
proved (see Ahiezer and Glazman [1; Sec. 78]) that the dimension 
of the deficiency spaces § © (7 —AD is constant on each connected 
component of y(T ). (This result is due to Krein and Krasnose]'skit [2]. 
It shows that if T is a symmetric operator with at least one real 
number in y(7), then the deficiency indices are equal. This latter 
resul was established by Calkin (8].) 

Semi-bounded operators. Von Neumann (7; p. 103] proved that 
a semi-bounded symmetrie operator can be extended to a self adjoint 
operator with arbitrarily smal] change in the bound. He conjectured 
that no increase in the bound was actually necessary and this con- 
Jecture was established by Stone (8; p. 888] and Friedrichs [8; I]. 
The simplification, given by Freudentha] [8], of Friedrichs’ proof is 
the one presented in the text. For another proof of the theorem, see 
Calkin [8] and Eberlein (2; p. 699], and for applications to partial 
differentia] equations, consult Friedriehs [8]. 

The Friedrichs extension determines a specific extension of a 
symmetrie semi-bounded operator. Krein [9] has made a systematic 
study of all the extensions of a semi-bounded operator, and also given 
applications to differential equations. Krein’s approach is similar to 
the Cayley transform method and is briefly discussed in Riesz and 
Sz.-Nagy [l; Sec. 125]. 

Unitary semi-groups (see also the remarks in Section VIII.10). 
Theorem 6.1 was announced, in 1930, by Stone [10; III] in the case 
of a group of unitary operators. Many proofs of this celebrated and 
important theorem have been given; for example, Stone [16], von 
Neumann [10], Bochner (7], F. Riesz (221, Sz.-Nagy [14], Nakano 
[17] and Cooper [8]. See also Riesz and Sz.-Nagy [1; Secs. 137—140] 
where two proofs are given, including that of Bochner (which is based 
On his wel-known moment theorem) and Ahiezer and Glazman 
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(1; Sec. 62]. For additional references, see Hille (1; Chap. IX]. For 
application of Stone's theorem to ergodic theory and quantum 
mechanics. consult von Neumann [20] and Maeda [Y]. Plessner [1] 
has obtained an analogue of Stone's theorem for a semi-group of 
operators satisfying U*U = I, but not necessarily UU* = I. 

Theorems giving representations for groups and semi-groups of 
self adjoint, normal, and isometric operators may be found in Hille 
[ls Chap. XIX], Riesz and Sz-Nagy [1; Sec. 141] and Sz.-Nagy 
(8: pp. 78—76] [14]. 

Stone’s theorem has been extended to unitary representations 
of locally compact Abelian groups by Naimark [1], Ambrose [4], 
Godement {5], Arnous [1]. and Phillips [5]. (See also Loomis [1; 
p. 147). 

The canonical factorization. The results and techniques of 
Section 7 are due to von Neumann [16]. The reader may also consult 
Riesz and Sz.-Nagy [l; Sec. 110] for the bounded and Stone (3; 
pp. 829—883] and Sz.-Nagy [8; pp. 52—53] for the unbounded case. 
We remark that Lemma 7.1 shows that if 7 is a closed operator with 
dense domain. then 7*7 has a dense domain. This is to be contrasted 
with an example of Naimark [6] of a closed symmetric operator T 
with dense domain but such that the domain of 7? is {0). 

Moment theorems. For a detailed study of various moment 
theorems, historical remarks, and many references, the reader should 
consult the excellent book of Shohat and Tamarkin [1]. A briefer 
discussion is given in Widder [1; Chap. III]. For relations between the 
Riesz representation theorem for C[0,1] and the moment theorem, 
see Hildebrandt [8] and Hildebrandt and Schoenberg [1]. 

Theorem 8.3 is due to Bochner [6; Sec. 20] and is of considerable 
importance in harmonic analysis. It is also proved in E. Hopf [1s 
Sec. 4] and Ahiezer and Glazman [1; Sec. 60]. Nakano [18] proved 
this result using Stone’s theorem. The closely related Theorem 8.4 
is due to Herglotz [1]; Riesz and Sz.-Nagy [1; Sec. 53] have given an 
elegant proof of this result using the lemma of Fejér and F. Riesz. 
Generalizations of Bochner’s theorem to locally compact groups have 
been given in Weil [1; Sec. 80], Raikov [3], Cartan and Godement [1], 
Godement [2], and Loomis [1; p. 142]. 
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Jacobi Matrices and the Moment Problem 


The investigations of the moment problem made in Section 8 
can be carried considerably farther by applying the theory of un- 
bounded symmetric operators in Hilbert space to Jacobi matrices. 
An infinite matrix {ap} j, k 2 0, is said to be a Jacobi matrix if 


all p,q, 
Gi) 4.—9, pg ot 


© ap = ys 


Such a matrix defines an unbounded operator 4 in the sequential 
Hilbert space 1, as follows. 


(a) D4) = fe = [e] ell 

œ 

Z lap satt atate ppal <0), 
(b) Ar = (Oy a, sty, pty Hap gsr %y a) 


In (a) and (b) we have put a, ., = 0. Then it may he shown that 4 
is closed, that its adjoint 4* is symmetric, and that the deficiency 
indices of 4* are either (1,1) or (0,0). The sequence of polynomials 
P,, defined inductively by the formulac 
P{AQ=9 P) — 1 
4 xa Piaf) = — 2a Pia GE PA) 
is called the sequence of polynomials associated with the matrix 


{e,,3- Then it may be shown that the deficiency indices of 4* are (1,1) 
if and only if 


X VP. G)P < o 


n= 


for each non-real z, and are (0,0) if and only if 


X IT 
n=0 


for each non-real z. 
Suppose now that a sequence of constants e, f = 0 is given, 


1276 XII. UNBOUNDED OPERATORS IN HILBERT SPACE XII.10 


and that this sequence can be represented in the form 
[s] a= [ena gzo 


where y is a positive Borel measure on the real axis such that all the 
integrals 


fi ua 220, 


converge. Is the measure yz: unique? This fundamental problem of 
the theory of moments may be answered as follows. Let {P,,()) be the 
sequence of polynomials determmned by orthonormalizing the se- 
quence 1, ¢, £,... of elementary polynomials with respect to p. 
That is, let P,, be the sequence of polynomials determined by the 
conditions 

(i) P, is a polynomial of order n with a positive leading 
coefficient; 


Gi) [5 POP, Opa - 1 n-m 
sep nem. 


Then it is clear that the matrix (a4) determined by the formula 


+00 = 

ap = [T PORD, $E =O, 
is a Jacobi matnx, and it is easy to see that (P,) 1s the sequence of 
polynomials associated with this Jacobi matrix. It may then be 
shown that the equations [e] determine the positive measure z: 
uniquely if and only if 4* has deficiency indices (0,0). If 4* has 
deficiency indices (1,1), the family of all the positive measures y 
satisfying [*] may be constructed from the set of all self adjoint 
extensions of A*. 

For & very concise and clear exposition of the theory sketched 
here, see Ahiezer [1]. A more comprehensive and extended treatment 
is found in Stone (8; p. 530—614]. Additional results, generalizations, 
connections with the theory of continued fractions, etc. are to be 
found in the monograph of Shohat and Tamarkin [1]. 
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Miscellaneous. Remarks 


A number of special results are available for Hermitian operators 
defined by kernels K(z, y) satisfying the inequality 


J, KG Deut) < 00 


for -almost all æ. For an account of this theory, due to Carleman, 
see Carleman [1], Stone [8] p. 897—424. Cf. also Exercise 9.51. 

An operator K in Hilbert space is called symmetrizable relative 
to a Hermitian operator H if HK is self adjoint. A number of the 
properties of symmetric transformations may be extended to sym- 
metrizable transformations. See, in particular, Zaanen [5], especially 
p. 370—391. 


CHAPTER XIII 
Ordinary Differential Operators 


1. Introduction: Elementary Properties 
of Formal Differential Operators 


From the point of view of applications, the most important 
single class of operators are the differential operators. The study of 
these operators is complicated by the fact that they are necessarily 
unbounded. Consequently, the problem of choosing a domain for a 
differential operator is by no means trivial; the study of symmetric 
unbounded operators in Section XIL4 indicates that for unbounded 
operators, the choice of domains can be quite crucial. 

In more detail, the situation is this. We are given, to begin with, 
a “formal differential operator." i.e., an expression of the form 


ay" ay 
v= a(t) G casa) G +--+ Halt). 
There 1s an obvious sense in which such an expression can be 
“applied” to a function f, if, say, f belongs to €". Thus, we can define 
an operator whose domain is C" (but whose range is not in €". only 
in C). We might, however, have "applied" the formal differential 
operator to a larger or a smaller class of functions to begin with, and 
defined operators with larger or smaller domains. How can we tell 
which definition is the most advantageous? 

A number of guiding principles suggest themselves. First, in 
order to be able to apply the abstract Hilbert-space theory of Chapter 
XII, it is necessary to relate all operators to a Hilbert-space of 
square-integrable functions. Once this is done, Chapter XII indicates 
that the question of adjoints can be expected to assume paramount 
importance. That is, having settled on any preliminary domain of 
functions to which the formal differential operator z can be applied, 
we must attempt to discover the adjoint of the resulting unbounded 
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operator in Hilbert space. It will be seen below that all these problems 
permit satisfactory solutions. 

One more word about another peculiarity of the theory of this 
chapter. In a number of cases the essence of a proof will not be its 
analytic but its formal side. For this reason we will occasionally give 
the formal details of the proof, and leave the details of the analysis 
to the reader. The details omitted should not be hard to supply. 

In this whole chapter, the letter J will denote an interval of the 
teal axis. The interval J can be open, half-open, or closed. The interval 
(a, 00) is considered to be half-open; the interval (— co, +00) to be 
open. Thus a closed interval is a compact set. An end point t of J that 
is not in J is called a free end point of F. In this definition we permit 
tto be + œ. Thus, the real axis has two free end points, the interval 
(0,1) has one free end point. An end point of Z which belongs to f 1s 
called a fired end point. 

The spaces C"(J), where J is a compact interval, have been 
defined in Chapter IV. If f is in C*(J), let us agree to write the norm 
of f as |f| whenever it is desired to emphasize the integer n. The 
space 


ces) = n cng) 
EE 


of functions differentiable to an arbitrarily high order will play a role 
in the considerations below. If we put 
co el 
fr = 2 Mr . 
Yep 
C^ (J) becomes an F-space. If F is an interval which is not compact, 
we shall define the space C"(Z), where n = co is permissible, as the 
collection of all functions f defined on J whose restriction f|J to any 
compact subinterval J of J belongs to C"(J). If (J,3 is an increasing 
subsequence of compact subintervals of J whose union is J. then we 
put 
E Aol 
iff" = x2 UU rU) : 
ze LHE) 
With this definition, C"(Z) is an F-space in general, and a B-space 
in ease n < œ and J is compact. The norm just introduced defines 
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a topology for C"(Z), which will normally be referred to as the topology 
for C"(J). It is nearly evident that the topology for C"(F) is independ- 
ent of the particular sequence {J,} of compact subintervals of J 
used in its definition. 


Y DEFINITION. A formal differential operator of order n on the 
interval J is an expression 


such that the complex-valued functions a; called the coefficient 
functions, belong to C™{I}, and such that the function a,,, called the 
leading coefficient, is not zero at any point of I. 

If the coefficients of x are in C~(Z), but the leading coefficient a, 
is allowed to vanish at some point in J, z will be called an irregular 
formal differential operator. If it is desired to emphasize the distinction 
between the case in which a, is allowed to vanish and the opposite 
case, a formal differential operator may sometimes be referred to as a 
regular formal differential operator. 

The reason that we require a,(f} #0 in the definition of a 
(regular) formal differential operator will be made clearer in the proof 
of Theorem 8 below. 


2 DEFINITION. By A*{Z} we denote the space of all functions f 
which have (2 —1) continuous derivatives in J, and for which f^! 
is not only continuous but also absolutely continuous over each 
compact subinterval of Z. Thus /‘*) exists almost everywhere, and is 
integrable over any compact subinterval of F. If a point c is a fixed 
end point of J, the statement that f has a continuous derivative in J, 
or (in case J is compact) belongs to C1{Z), means that f’ is continuous 
from the left (or right) at c. 

It should be remarked that if r is a formal differential operator 
of order 7 on the interval Z, and f € A"(I), then the expression qf has 
a definite meaning in a very natura] sense: we put 
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d 
6 = «0 (2) 10-4... astro. 


The function tf is defined almost everywhere, and integrable over 
every closed subinterval of F. 

When the operator c is written in terms of a classical notation 
such as d"/dt" we shall follow custom and write (d"[df")f(t) or 
(d[dty"f(t) rather than (d"f[dt")(t). Frequently the symbol {1t} will 
be used in place of (d"[di"M(t). 

Basie analytic information on the existence and uniqueness of 
solutions of differential equations is stated in the following theorem. 


8 THEOREM. Let x be a formal differential operator of order n on 
the interval I. Suppose that g is a measurable complex-valued function 
integrable over every compact subinterval of I. Let t, € I, and let ey, 
Cys - + + €, 4e an arbitrary set of n complex numbers. Then there exists a 
unique f € A"(I) such that 


(a) d-—B 
" 
e (iT i-es 


Proor. We shall give the formal part of the proof, leaving 
various analytic gaps which are to be filled in by the reader. First of 
all, consider the case in which J is closed. Introduce the space of 
functions F(t) = [A (D. h(i ---> fe ,(0] with values in n-dimen- 
sional complex Euclidean space E". Then replace equation (a) by 
the system of equations 


d 

g 750 -0 

d 

a, 710 -9 
{a}. 


HINC * a5 erf ee att) 


=F d -&t. 
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A moment's consideration will reveal that there is a one-to-one 
correspondence between solutions of the nth order equation (a) and 
solutions of the system of equations {a`}. Now, the system (a') can be 
written in more condensed form as 


d 
à F(t)-- 4(0F() = G(). 


where FQ) = [lt «+ fal], GO = [0 - --. O, (a,(0]-19(0)] and 
A(t) is the linear transformation in E^ defined by the matrix 4,({f), 
where 

Ad) = bias OSi<n, O0xXj£n- 

A, 4) = alal ozjza t 
In the same way, the boundary condition (b) is equivalent to the 
condition 

e» Fh) = C. 


where C is the vector C = [€p €, ---+ €, 4]. Now (a") and (b’) are 
together equivalent to the integral relation 


© PO~ fi APs = C + f Gul. 


If we put C+ fi, G(s)ds = H(t), and introduce the operator in the 

space (L, (J))^ of all vector-valued functions Y (t) = [s(t), - ... 9, 31(0] 

whose components g,(f) are integrable over J by the definition 

(OYN) = [i 4G)Y (ds, then (e) can be written in the form 
(e) G-0)F =H. 


We have, inductively, 


xy = | f ET ves 
ivf 

KYI (i 

=a, 

K*|Y 

k! 


A(s)| [sty ds 


Es 


ltt)" 
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where we have taken [v| to denote the norm of a vector v in Euclidean 
n-space, and |4] to denote the norm of an operator A in Euclidean 
n-space, and where K = max,.;|4(}|. Thus, if we use the norm 


YI = f, YO 


in the Bspace (L,U)", we have |@| <Ktykt, where K, = 
K-max,í|t—fy. Thus, equation {e"} has the unique solution (cf. 
Lemma VIL3.4) 


P=(40PH = Y (Ayez. 
En 


Since all the terms in equation (e) but the first are absolutely contin- 
uous, it follows that F is absolutely continuous. Thus Theorem 1 
is proved for the special case in which I is a closed interval. 

Now suppose that J is not known to be closed. It still follows 
from the proof given above that if J is any closed subinterval of J 
containing the point f,, there exists a unique function fz e 4"(J) such 
that 


(2) {z(t} = g(t) almost everywhere in J, 
dí 

(b) (3) iy) = ¢;, $—0,...n—1l. 

From the uniqueness of fy it is obvious that fy (t) = fz (4) for 
1€J,n J,. Thus, by putting 

10 = 10. ted. 

for J an arbitrary closed subinterval of Z, we define a single valued 
function f e 4"(Z) satisfying (2) and (b). That f is unique follows 


immediately from the corresponding result for closed subintervals 
J of I. Q.E.D. 


4 ConorLaRy. If g has k continuous derivatives in I, then f has 
n+k continuous derivatives in I. 


Proor. We may clearly suppose without loss of generality that J 
is bounded and closed. Then 


(1 = e 4032 040 (5) ean. 
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Since f e A"(I), all the terms on the right belong to C(I), and it 
follows that f e C"(I). Hence all the terms on the right belong to 
CUD), so that fe C (I). It is clear that we can continue this in- 
ductive argument so as to obtain the final conclusion f e C***(I). 
Q.E.D. 


5 ConoLLany. Suppose that the coefficient functions a, of the 
formal differential operator q, the function g, and the initial values c, 
all depend continuously (or analytically) on one or more additional 
parameters: 

a= a(t, â), g=E8hd) c = (A). 


Then the solution f = j(t, A) and its first n—1 derivatives will depend 
continuously (or analytically) on the parameters } uniformly for tin any 
compact subintercal of I. 


Proor. We will consider only the case in which I is closed, 
leaving the other case to the reader. We use the notations of Theorem 
8. It follows readily from our hypothesis that both the element 
H = H(A) of (L,0)) and the operator © = (A) depend con- 
tinuously (analytically) on the parameters 4. Hence the vector 
F(A) e (L,U))" which is defined by the equation 


FQ) = (L--00))380) 
= Y (you) 
de 
is also a continuous (analytic) function of 4. Since 
F(t,a) = — Í At AF (s, a)ds + HU, a), 


it follows that F(t,4) depends continuously {analytically) on A, 
uniformly for tel. Let F(t,4) = [f(52),.... fn-1(t, 4)]- Since 
I(t, 2) = (d'/dt' ft, 2), i = 0, ...,n—1, it follows that both f(t, 2) 
and its first n —1 derivatives are continuous (analytic) functions of A, 
uniformly for teZ. Q.E.D. 

If we study the homogeneous equation zf = 0, then it is clear that 
the one-to-one correspondence between the n-tuple jc5, .. ., €, 1] of 
complex numbers and the solution of tf = © such that f(t) = t; 
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i = 0, ..., n—1, is linear. Thus we see: the set of solutions of an nth 
order homogeneous linear differential equation form an n-dimensional 
linear vector space. 


2. Adjoints and Boundary Values of Differential Operators 


Throughout this section z will be a formal differential operator 
of order 1 on an interval I. Unless the contrary is explicitly stated, we 
presume rz to be regular. Our objective will be to define linear oper- 
ators in the space L,(I) which correspoud to v and to study their 
adjoints and extensions. However, before this can be done, it will be 
necessary to formulate the notion of the adjoint z* of the (regular 
or irregular) formal differential operator z and to prove a fundamental 
formula, known as Green's formula, which relates t and t*. 

For the sake of simplicity let us suppose first that I is a finite 
closed interval [a, b] and that f and g are functions in C"(I). Consider 
the integral 


f enia = Y. fo [(5) 10] eina. 


Integrating the kth term on the right by parts k-times we see that 


ip [a] a,(t)e(t)at 
3 x (a de] É tati] at 


+ alta PE HOR = 
— fj () excea 


+3 [({) €es»](2) o 


aA 


Thus 
b a 
ta fi enoma 


"HOS c ($ ) toga 
FR. -F 0) 
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where 


raa- $ > [ (2) eewm() m. 


Kb 1 


However, by using Leibniz’ rule 


(m= £ OT e] 9] 


it is seen that the integral on the right in [+] may be written in the 
form J? f{t)<*g(é)dt where z* is the operator 


un) x ee JG ) «e 


kaj 


and 


Observe that if r is a (regular) formal differential operator, then 
b,{t) = (—1)'a,(t) £0, so z* is a (regular) formal differential 
operator. 

Applying Leibniz rule to the boundary term we obtain the 
formula 


FG, £) 


^X.) rep) sed) e] 


= X caa (7) [MEO fene) 


OSi<isn 
Osismi 


-EXXCEOv(Q[G) eto] eee. 


D 09 d 


If the n x n square matrix (Fl/(z)) is defined for 0 < Lj x n—1by 
the equations 


nod i faye 
reo -Yce()() eae xe 
Fix) = 0, jH >n, 
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then the boundary term may be written as 


"a Jt 
FA 8) = X FEC (OO. 


E] 
Having made these preliminary remarks, we are in a position to make 
certain basic definitions. 


1 DzrrixrrroN. Let r be a (regular or irregular) formal differen- 
tial operator on an interval I (whicb is not necessarily closed). The 
matrix F(t) is called the boundary matrix for z at the point tel. 
The bilinear expression 

"d ERES 
FÁL2) = Y F yO) 
10 
is called the boundary form for t at the point t. The (regular or ir- 
regular) formal differential operator 


ded 


wa-icw(Q)) «s. 


p 


wbere 


is called the formal adjoint of t. If t = t* then v is said to be formally 
self adjoint or formally symmetric. If all the coefficients a, of v are real, 
t is said to be real. 

2 Lemma. If v is a (regular) formal differential operator, the 
boundary matrix for t is non-singular. 

Proor. This follows from tbe fact that 

FPG) — 0, jH >n—l 

FG) = (yat), PH a, 
showing that the determinant. of (F?/(z)) is (-E1)(a, (t))", and bence 
tbat it never vanisbes. Q.E.D. 

8 DEFINITION. Let q be a regular or irregular formal differential 
operator of order n on the interval 7. Let H7(I) denote tbe set of all 
functions f in A"(I) such that f and zf belong to L,(I), and let H"(I) 
denote those functions f in A") sucb that f and {™ are in LI). 
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If I is a closed interval and ae C*(I), f € L,(I) then af € L,. 
Hence if fe H^(I) then tf = X? ,0,/'? € L,, that is, HL) C HI). 
If cis regular and f is in H*(I) then f? = acf. X1 3a; f?) isinL,, 
and therefore H7{Z) and H"(I) coincide. 


4 Turorem. (Green's formula) Let t be a regular or irregular 
formal differential operator of order m on the finite closed interval 
I = [a,b]. If f, ge H3), then 


fe etes = PP noe aa Fu. )—F.. g) 


Pnoor. In the discussion above, tbis formula was establisbed 
for the case f, g e C"(I). However, the arguments are equally valid 
for f, ge Hz (I). Q.E.D. 

It will be convenient for wbat follows to record otber situations 
in whicb Green's formula is valid but where F is not assumed to be 
closed, 

5 COROLLARY. If I is an arbitrary interval, Green's formula is 
valid for each paw of functions f, g e H3(I) (or even fe H*(I), g e A^), 
provided that either f or g vanishes outside a compact subinterval of I. 

Proor. As in the case of Theorem 4, the proof depends merely 
on the possibility of integrating by parts, wbich is assured under the 
stated bypotheses. Q.E.D. 

We next observe an umportant property of the formal adjoint of 
a (regular or irregular) formal differential operator t. 


6 Lemma. Let x be a (regular or irregular) formal differential 
operator on the interval I. Then t = (z*)*. 


Pnoor. If z is of order n, the coefficient of (djdt)! in (r*)* is 
k 


oi Cal (Srl Go) 
jones 


- iO Oct" 


1 
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By expanding 25 = (1 — (1 —2)) with two applications of the binomial 
theorem it is seen that 

Pon 26-? Hi 

p »( ij (aa fae 
Thus c(t) = a,(!) whicb shows that (z*)* = z. Q.E.D. 

A number of other principles belonging to the formal algebra of 
formal differential operators are wortb mentioning although we shall 
not make mucb use of them; for this reason they will not be numbered 
as theorems and lemmas. They will be valid for both regular and 
irregular formal differential operators. 

If a = Yo (t)(didtY and ta = Y? ,b.(t)(d/diy are two formal 
differential operators, we can define tbeir sum as the formal dif- 
ferential operator z,-F1, = D ; o (a. (t)--b,(r) (d/diY. Since we wish 
to define the product of q, and z, in such a way that 1, (z,f) = (1,2;)j. 
we are led by Leibniz? rule to put 


non d [i xn (2) 
us-X X > (eoo (F) 
4-0 0 k=O i 
It may readily be verified that this multiplication 1s associative and 
distributive, but not commutative. In addition, we have {as may 


readily be verified) the two laws 

tar — ek |e) = dr. 
Thus, since (d/di)* = —(djdt), we have ((djdty)* = (—1yd]dt 
Since the adjoint of the zero order formal differential operator 
To = aft) of order zero is t3 = a(t), we have consequently 


te ( ie(y-àEkew ;) «m 


di) 
The formula given in Definition 1 for zf is evidently the expanded 
form of the rigbt hand term of this equation obtained by Leibniz’ 
rule. 
Making use of the concept of product and sum for forma! differen- 
tial operators, we may write formal differential operators in such 
forms as (djdi)p(t)(djdi)--q(1), Y. ,( —1)(djdty p(r)(djdty. etc. Note 


—À 
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that since tft REM the operator 
$ car (2) s (5) 


is formally self adjoint provided only that the coefficients p, 
are real In the same way, the formal differential operator 
G2) didiy (p(t)(d]dt)-- (djdi)o(t)) (didi) is formally self adjoint 
provided that p(t) is a real function. If we use these observations 
inductively, we can give a closed form for the most general formally 
symmetric formal differential operator of order n. Indeed, let t be 
such an operator, and let its leading coefficient be a,. Then the 
leading coefficient in z* is ( —1)"a,; thus, if z is even, a, is real, while 
if n is odd, a, is pure imaginary. If n is even, then q) = (d/diy"/*o, (t) 
(didi)? is a formally self adjoint differential operator with the same 
leading coefficient as z. If n is odd, then t, = (i/2)(didiy^- n 
((didi)a, (£)-- a, (£)(d12)) (ddt "3? is a formally self adjoint differen- 
tial operator with the same leading coefficient as r. Thus, either 
T—4 Or 7—1; is a formally self adjoint differential operator of order 
7—1. Continuing this reduction process inductively, we find the 
following result: 

Any formally self adjoint formal differential operator x of order 
n can be written in the form 


ds ML 
eF Oeo 


where the coefficients a, and b, are real. 

It may be shown that this representation is unique. Conversely, 
every such formal operator is formally self adjoint. 

It is easily seen that if the formal differential operator v is real, 
then the complex second term of the above operator vanishes. Thus 
a real self adjoint formal differential operator is of even order n = 2m, 
and the general form of such an operator is 


r=- (G o] 
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the coefficients a, being real. If » = 2, we have the so-called Sturm- 


Liouville operator 
TE QJ] 5) EDO 


where the coefficients p and g are real. 

Our next objective will be to define lmear operators in L,(I) 
corresponding to the formal differential operator r and investigate 
their adjoints and extensions. Later sections will deal with the spectral 
properties of these operators. 


7 Dertnrrion. Let Hj(I) denote the set of all functions in 
H"(I) each of which vanishes outside some compact subset of the 
interior of FZ. (The compact subset may vary with the function). 


8 Derintiton. If v is a (regular or irregular) differential 
operator of order n, we defme the operators T(r) and 7;{z) in L,(I) 
by the formulas 

(a) Dc) = Hi Tole = ef,  fes(T40). 

(b) DZ) =A). ne =h fe D(7,(e)). 
Observe that 7,(r) and 7,(r) are both unbounded densely defined 
operators in L,(I) and that T,(v) C T,(z). Our next task is to prove 
that if v is regular Z(t) = 7,(:*)*. In case v is formally self adjoint 
it will follow that T(z) C Z(t) = Tolt)*, showing that TQ(r) is 
symmetric, and (cf. Lemma XIIL4.8') that every self adjoint ex- 
tension of T,(z) is a restriction of 7i(z). 


9 Lemma. Let f be a function whose square is integrable over 
every compact subintercal of I. Suppose that 


J, tee e@at — o 
for all g in H(I). Then (after modification on a set of measure 0) 
[€ C?) and xf = o. 


Proor. In terms of the operators 7, and 7, defined in the 
preceding paragraph, the lemma states that every function which is 
orthogonal to the range of 7,(r*) is m C™ and belongs to the null 
space of 7i(z). 
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The proof is divided into the following five steps: 

(A) Tt suffices to prove the lemma under the assumption that I 
is a closed interval. 

For, if the restriction of f to every compact subinterval of I is a 
C™ solution of the equation zc = 0, then f is such a solution in the 
whole interval Z. We shall henceforth assume that J is a compact 
interval [a,b], and f is orthogonal to the range of 7,{z*). 

(B) Let X denote the n-dimensional space of solutions of the 
equation ra = 0. By Corollary 1.4, Z C C^. It therefore suffices to 
show that f € X. Notice that by IV.3.2 the finite dimensional space 
F is a dosed subspace of L(I), a fact which will be used in (E) 
below. The proof tbat f e X will consist in showing that any functional 
vanishing on EC L,(I) necessarily vanishes on f. For this purpose 
we require the supplementary information contained in steps (C) and 
(D). 

(€) Suppose that a function w in H2(J) is orthogonal to X, 
regarded as a subspace of LI): 


[s] [, 7t = 0, ocd. 


Then there exists a function g in HO{Z) such that z*g = w. 
Indeed, by Corollary 1.8 there is a unique function g in C*{Z) 
satisfying the equation z*g = w and the boundary conditions: 


[e] ga) = g(a) =... = gh Ma) = 0. 
By Green’s formula and by [+] we bave 


o = f eia 


= [i epod Fig e) — Fe.) = Flee) 


for every c € X. Since there exist solutions with any preassigned 
values c(b), 0°(b),-..,0%-26), it follows from the non-singularity 
of the form F,(g. c) (cf. Lemma 2) that 

[een] eB) = g0) =... = geb) = 0 


Thus g vanishes at both end points of F, while w vanisbes on some 
pair of intervals [a.a-Fe], ‘b—e,6]. Now on each of these two 
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intervals g is the unique solution of z*f = w = 0 with the boundary 
conditions [++] and [###] respectively. Consequently, g must vanish 
on [a,a+e] and on [b—e, b], that is. (Definition 8) g e Ho(I). 

(D) It follows that any function w in H,(I) which is orthogonal 
to & is also orthogonal to f, i.e., 


f, freee = o. 


For, by (C). there exists a function g in HO(Z) such that z*g = w, 
and the assertion reduces to 


[Penta — o 


which is the hypothesis of the theorem. 
(E) Suppose now that some linear functional g on L,(I), 
represented by a function A(-) in LJ) (cf. Theorem IV.8.1). vanishes 

on Z, that is, 
Í o()h(t)dt = 0, coed. 


We show that g also vanishes on f. This will complete the proof of the 
lemma, because if f did not belong to Z, then, using the Hahn-Banach 
theorem, we could find a linear functional g on L,(I) vanishing on 
E but not on f. 

To show f /(£)&(£)dt — 0. let o}, . . .. c, be an orthonormal basis 
for X, and approximate each g; in the topology of L,(I) by a function 
9, € Hi) so closely that the matrix (a4) = {{rp,t)a,(#)d (which 
approximates (0;j) is non-singular. Let (h,) be a sequence of fune- 
tions in HZ(I), uniformly bounded in L,(I), which converge almost 
everywhere to k. If {b} is the matrix inverse to fa,,}. the sequence 


ie] En = ħa — XY taf Relta lfd 
ijl 1 

satisfies 

fiona - [noma — È tuan [7.6 


k — 1, 


= [ eaa [ entat — e. 
ur I 
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Thus frg,,(#)o(#)dt = 0 for o € X. Since g, € Hg{Z), it follows from (D) 
that [e (D/()dt — 0. As m> co, fh, (to Q)dt > frad — 0. 
Thus it follows from [+] that {gm} is a uniformly bounded sequence of 
functions converging almost everywhere to k as m — œ, so that 


Í RE — lim | e, coa — o. Q.ED. 
R asadi 

10 Tuzonzw, Let c be a formal differential operator of order n 
defined on an intercal I. Then T (1) = T). 


Remakx. Using XI.1.5 it follows immediately from this 
theorem that 7,(r) is a closed operator. Thus 7,(z) C 7,(r) has at 
least one closed extension, and thus has a minimal closed extension 


Ter). 
Proof or Tueorem, If fe H? and ge Hj, then by Green's 
formula (Corollary 5), 


[rex = f, «escas 
which shows that f € SS(Z,(z*)*) and that Z,(2)/ = 7,(z*)*j, that is. 
Ti) € 7«G*y- 
To complete the proof of the theorem it suffices to show that 
B(T) CDT). 


Suppose that f is in Q{(Z(z*)*)- This means that there exists a fune- 
tion g in L,{Z) such that for all k in H2). 


J, aret = f eria: 


We wish to prove that f is in the domain of 7,(z). By Theorem 1.8 
there exists an fọ e 4"(Z) such that zf, = g. From Green's formula 
(cf. Corollary 5) it is seen that 


J, WTO = | euhe k e HD) 
and consequently that 


f, (o 10) haya = o. 
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It follows from Lemma 9 that f—f, € C*(I), and hence that f = 
(f-fo)-Hfy is in A”, so that vf is defined almost everywhere. By 
Lemma 9, z(/—f,) = 0 so that tf — rf, is in L,(I) proving that f is in 
H2) = $(71(G)). Q.E.D. 


11 Lemma. If the (regular or irregular) formal differential 
operator x is formally selj adjoint then the operator Toft) is symmetric. 

Proor. Clearly 7Q(z)C 7,(r) Corollary 5 shows that 
7,6) C Tie". Q.E.D. 

We recall (cf. Definition XII.4.9) that if z is formally self adjoint, 
the positive and negative deficiency spaces of 7,(r) are the manifolds 


D, = (eS. GO) 30 = 9) 
and 

€ = (f e {TEE = o 
respectively. 


12 CoRoLLARY. If rv is formally selj adjoint, the positive and 
negutive deficiency spaces D,. D_ of To{t) consist precisely of those 
solutions of the differential equations (1 —i)j — 0, {t+i)f = 0, res- 
pectively, which belong to L,(I). 


18 COROLLARY. If t is a formally self adjoint formal differential 
operator of order n, both deficiency indices of T(t) are less than or 
equal to n. 

We have seen in Corollary XIL4.18 that 7o{r) has self adjoint 
extensions if and only if D, and D_ have the same dimension. The 
numbers n, = dim D, andz , = dim D_ were called the positive and 
negative deficiency indices of 7,(z). The information on z, and 2. 
which ean be obtained depends in general on whether the interval 
I is closed, half open or open. There is, however, an important ob- 
servation which can be made irrespective ofthe nature of the interval. 


14 ComorLARv. If, in the formally self adjoint differential 
operator 


2) 


the coefficient functions a, are real, then the corresponding symmetric 
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operator Toft) in Lj) has equal deficiency indices, and every maximal 
symmetric extension of T (x) is self adjoint. 

Proor. Under these hypotheses the solutions of (r —i)o = 0 are 
precisely the complex conjugates of the solutions of (r--i)o = 0. 
Q.E.D. 

If I is a finite closed interval, every solution of {t+-i)o = 0 is in 
C^(I), and hence in L,(I). Thus, from Corollary 12, we have: 

15 ConoLLARY. Hf I és a finite closed interval and x is a formally 
selj adjoint differential operator of order n, then n, — n, =n. 

16 Lemma. Let r be a formal differential operator of order n 
defined on the interval I, and let J be a compact subintercal of I. 

(a) The space H"(J) is complete in the norm 

LE t 
y= D max poty (f imena] - 
D 4 

(b) Jf (4) is a sequence in DÒT (x) such that (f,} and (afa) 
converge (converge weakly) in LI), then the sequence (f,) converges 
{converges weakly) in the topology of H"(J) defined by the above norm. 

Proor. (a) If {f,,) is a Cauchy sequence in H"(J), there are 
functions f, and g, such that 

lim 720 = fo (0. $—9,...,2-1 
uniformly on J and f? > g in LJ). Thus for c in J. 


fe (0-8 (o) = lim [eee = fes. 


which shows that ff? = g, and that f, is in H"(J). Thus H"(J) is 
complete. 
(b) Consider the two norms 


wh Cf oni] Cf erora]? 
= HAG 


id 
m al i 
Ile =e +S max If) + (f armor] 
i-9 icJ J 


for D{7,(z)). From Definition 8(b) it is seen that both norms are 
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defined and finite on D{7,{r)}. The first norm is the norm of the pair 
[f, TJ] as an element of the graph of 7,(z). Now 7,(z) is an adjoint 
(Theorem 10); therefore (cf. XIL1.6) D{7,(z)) is complete in the 
norm [ff,. Since the two additional terms in ffl; are the norm of f as 
an element of H"(J) it follows easily that D{7;(z}) is also complete 
under the norm lfl. As Iff, X {lz it follows from Theorem IL2.5 that 
the two norms are equivalent. The lemma follows immediately from 
this observation. Q.E.D. 

We now turn to a diseussion of the specific form assumed in the 
present case by the abstract "boundary values" introduced in the 
last chapter. We shall see that the discussion leads us to a number of 
results about deficiency indices. Our discussion will be less restrictive 
than that of Section XIL4 since we shall be able, for the most part, 
to handle differential operators which are not formally self adjoint. 
We shall also be able to locate boundary values at one or another 
of the end points of the interval, and to represent boundary values 
in a concrete analytical form. The fundamental definitions are as 
follows: 


17 DEFINITION. Let r be a formal differential operator on an 
interval J with end points a, b. Because 7, is closed, D{7,(r}) be- 
comes a Hilbert space upon the introduction of the following inner 
product: 

(6 8* = H DHT 7102). 


A boundary value for t is a continuous linear functional A on D(7,(t)) 
which vanishes on D{7{z)). If A(f/) = 9 for each function in the 
domain of 7,(z) which vanishes in a neighborhood of a, A will be 
called a boundary value at a. The concept of a boundary value at 6 is 
defined similarly. By analogy with Definition XII.4.25 an equation 
B(f) = 0, where B is a boundary value for r, is called a boundary 
condition for v. A set of boundary conditions B,(f) = 0, à = 1, .... k, 
is called stronger than a set CAF) = 0, 7 = 1,..-, m. if each C, is a 
linear combination of the B,. Two sets of boundary conditions are 
called equivalent if each is stronger than the other. A complete set of 
boundary values is a maximal linearly independent set of boundary 
values, Similarly, a complete set of boundary values at a is a maximal 
linearly independent set of boundary values at a. 
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18 Lemma. If x is formally self adjoint, then Definition 17 of a 
boundary value for t coincides with Definition X11.4.20 of a boundary 
value for Te(z). 


Proor. Recall from Theorem 10 that 7,(z) is the adjoint of 
T(t). Q.E.D. 

The next theorem gives a basic property of boundary values of 
differential operators. For the sake of simplicity we shall sometimes 
write T, and 7, in place of 7,() and Ty() respectively. 


19 THEOREM. The space of boundary values jor x is the direct 
sum of the space of boundary values for x at a and the space of boundary 
values for x at b. 


Proor. First of all, it is clear from the preceding definition that 
the set M, {the set M,) of boundary values at a (at b) is a subspace of 
the space M of all boundary values. Let f, and f, be two functions in 
C^(I) such that f (t)+fa(t} = 1. te F, while f, vanishes in a neigh- 
borhood of b and f, vanishes in a neighborhood of a. It is clear that 
if g is in D(7;), then /,g and f,g are also in D(7,). Since the map 
g > fg of D(7,) into itself is clearly closed, it is, by the closed graph 
theorem {IL2.4), continuous. Let B be a boundary value for x and 
define 

B,(2) = Bi, 2), Ble) = Bije) ge Sur). 


If g is in $(75), then fg and fag are in (74), so that B,(g) — By(g) — 
0. Moreover, by the continuity of the map g — f, g, B, is a continuous 
linear functional on $(7,). A similar argument holds for B,. Thus 
B, and B, are boundary values for v. If g(t) = 0 in a neighborhood of 
a, then f,g€ S(Z,) by Definition 8, and so B(f,g) = B,(g) — 0, 
showing that B, is a boundary value at a. Moreover, B = B,+ By. 
Thus M — M_+M,, and to prove the theorem it will suffice to show 
that M, AM, = (0). If B is a boundary value both at a and at b, 
and if g is in S(7,), then f, g vanishes in a neighborhood of b so 
B(f,g) = 9. and similarly, B(f,g) = 0. Thus, B(g) = B(f.g)-- B(f.e) 
= 0 for each ge €£(7,). Q.E.D. 

If v = Y sat) (djdiY is a formal differential operator of order n 
defined on an interval F, and J is a subinterval of J, we may consider 
the restriction z' of t to J. This is simply the formal differential 
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operator $7 9b,{t}(d/dt)*, where b, is the restriction of a, from I to J. 
The next few results deal with this concept. 


20 THEOREM. Let t be a formal differential operator on the 
interval I with end points a, b. Leta < c < b and let T be the restriction 
of x to = In [a. c]. Then there exists a one-to-one linear mapping of 
the space of boundary values for v' ata onto the space of boundary values 
for x at a. 

Proor. Choose a function h in C*(I) which is identically equal 
to one in a neighborhood of the point a and vanishes in a neigh- 
borhood of the interval [e, b]. Let S, be the linear operator defined 
by the equation 

(SAO = ^(f). 
In the formula 


Gon = 3 [X Q o neo] reo 


the term a,(£)&(£)/ (f) is in LU"), and the remaming terms are 
continuous; thus S, maps S(,(z)) into D{7,(z’)}. It is obvious that 
S, is dosed and everywhere defined on the Hilbert space S(7i(z)) 
(cf. Definition 17) and therefore (cf. 1.2.4) S, is continuous. Let M 
and 9’ denote the spaces of boundary values at a for r and t’ res- 
pectively. For A’ in YY let &, CA") — A'S,. Then ©, is a linear map 
from Y? toM. It will be shown that € is one-to-one and that ®, (M) 
=n. 

Let S, be the map 

(S,gYt) = Rt) 

defined on Sb(7,(r')), and clearly taking values in (7,(z)). By an 
argument similar to that which has been used above, it can be shown 
that S, is a bounded linear operator. For A in Q let $,(4) = AS, so 
that @, is a linear map of M into DY. 

If fis in D(Z;(x)), then f and (5,5; f agree in a neighborhood of a. 
Therefore for every A in M, and every f in D(7,(z)), 

1 0, Ay = A(5,5,) = Af. 

‘Thus, ®,, is the identity mapping, which shows that B (W) = M- 
In the same way ©,@, may be seen to be the identity mapping of W 
into itself, which shows that Ø, is one-to-one, Q.E.D. 
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21 ConoLLARv. Under the hypotheses of the preceding lemma, 
v and v' have the same number of linearly independent boundary con- 
ditions at a. 


22 COROLLARY. Let z be a formal differential operator of order n 
defined on an interval I with end points a, b. Then v has at most n linearly 
independent boundary values at a. 

Proor. Suppose that the assertion were false. Using the nota- 
tions and results of the preceding theorem and corollary, it would 
follow that z' had at least 2--1 linearly independent boundary values 
at a, Thus, without loss of generality, we may assume that b is a fixed 
end point of F. 

Let (73) be the set of all f in S(7,) which vanish on a neigh- 
borhood of a, and let 7, be the restriction of 7, to D(F). By hypoth- 
esis there are at least 241 linearly independent continuous linear 
functionals on D(7,) which vanish on $(7,), that is, the orthocom- 
plement 38 of $(7,) in $(7,) is at least (2-|-1)-dimensional. 

If ve B and weS(7,), then 


[s] 0 = (v, w)* = (v, w) (7,2, Taw). 
Consequently (720, Z,7) = (w, —v), which implies that 7,v is in the 
domain of 7f. From 7, C 7, it follows that Tf C T* = T, (*) 
(cf. Theorem 10). Consequently [x] is equivalent to the equation 
roiv=0. 

Thus v is a solution of a 2nth order differential equation, and by 
Corollary 1.4, v is in C*(I). 

From [+] we have (w, 7$7,v) = —(w.v) and by Green's 
formula, 


* (no Ytyeo (tdt 
— Ji ANE = (Ty, 7,9). v) = 0. 


Fy(w, ro) — Fw, to) = 


Since w vanishes in a neighborhood of a, F,{w, to) = 0, and thus 
F,(w, to) = 0. As S(7,) contains every function in C(I) vanishing 
in & neighborhood of a, it follows from the non-singularity of the 
matrix (F7 (cf. Lemma 2) that tv and its first 2 —1 derivatives 
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vanish at b. Since $ is at least 241 dimensional, there is a non-zero 
veL satisfying the z linear equations wb) = (b) =... = 
f(b) = 0. Since by the above (x )(b) = 0, we have (rv)(b) 
= Yh ap()oh'(b) = 0, a.(b) #0, and it follows that of(b)= 0. 
Since (rv))'(b) = 0 it follows similarly that vf (b) = 0. Proceeding 
inductively we see that c (b) = 0, 0  k x: 2n—1. However, as v, 
satisfies an equation of order 2n, vy must be identically zero. This 
contradiction completes the proof. Q.E.D. 


93 COROLLARY. Let x be a formal differential operator of order n 
on an interval I with end points a, b, and suppose that the end point a is 
fixed. Then the functionals Aff) = f(a), i = 0,.... n—1, form a 
complete set of boundary values for t at a. 


Pnoor. It follows from Lemma 16 that these functionals are 
boundary values for t at a. They are clearly linearly independent. 
If the assertion of the corollary were false, it would follow that r has 
a boundary value at a which is independent of the set Ag» . .., 4, ,, 
and hence has at least 241 independent boundary values at a. 
But this is impossible by Corollary 22. Q.E.D. 


94 CoRoLLARY. (Weyl-Kodaira) Let v be a formally self adjoint 
formal differential operator of order n defined on an interval I. Assume 
that at least one end point of I is fixed. Then the sum of the positive and 
the negative deficiency indices of x is at least n, 


Proor. By Lemma XII.4.21, this sum is the number of linearly 
independent boundary conditions, and thus the result follows im- 
mediately from the preceding corollary. Q.E.D. 


25 COROLLARY. Let x be a formally self adjoint formal differential 
operator of order n defined on an interval I with end points a and b. Let 
& « c « b, and lei t and t” be respectively the restrictions of x to the 
intervals I* = I N [a, c], I7 = I N [e, b). If d, d, and d" are the sums 
of the positive and negative deficiency indices of x, v', and v" respectively, 
then d = d? d" —2n. 

Proor. By Theorem 19, d equals the sum of the number of 
independent boundary values at a and the number of independent 
boundary values at b. Since c is a fixed end point, it follows from 
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Corollary 23 and from Theorems 19 and 20 that d and d" exceed by 
n the number of independent boundary values at a and at b res- 
pectively. The statement of the present corollary is then evident. 
Q.E.D. 

26 COROLLARY. (Kodaira) Under the hypotheses of the preceding 
corollary, let d,, d,, and dy be the positive, and d , d' , and d? the 
negative deficiency indices of v. v'. and v" respectively. Then 

d, =d pdy—m d = 4d"—m. 

Proor. Let D, be the space of solutions of zf = if which he in 
L,(I), and let $ and Dy’ be the spaces of solutions of v'f = if and 
Tf = if which lie in L,(7) and in L,(I7) respectively. Thus d, = 
dim $,, d, = dim 9, d; = dim DY, and D, = D, n Dy. 

If € is an arbitrary finite dimensional space, A and B are sub- 
spaces of C, and A+B = C, then it is well known and readily seen 
that 

dim € + dm (4 ^ B) = dim A + dim B. 
Applying this rule in the present case we find that 
d. + dim (D, 1597) = d; 4+ d7, 


and thus d, +n > d, d7. Similarly, d. -En 2 d’ +47. Since by the 
previous corollary 

d,4d_42n = di 4d’ kd, d^, 
we must have equality in both of the above inequalities, Q.E.D. 


We now give a result which reveals the concrete form of abstract 
boundary values for the most general formal differential operator. 


97 THEOREM. Let x be a formal differential operator defined on 
an interval I with end points a and b. Let w,, i = 0,1,..-,n—1, bea 
set of functions such that 


Bf) = lm y ws) 
i>a i=) 


exists for all f in D(T,(r)). Then B is a boundary value for x at a. 
Conversely, every boundary value for t at a is of this form. 


Pnoor. It is clear from Lemma 16 that for each t interior to I, 
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Bg) = Yi) wAt)f"(t) 1s a continuous linear functional on the 
Hilbert space D(7,(z)}. If lim, ,,B,(f) = B(f) exists for each f in 
D(T,(1)}, then, by Theorem IL1.17, B is a continuous linear func- 
tional on S(7,(r)). Clearly B(f) = 0 for those f which vanish in a 
neighborhood of a. Thus B is a boundary value for z at a. 

To prove the converse, let B be a boundary value at a. Choose a 
function h in C(I) which is identically equal to one in a neigh- 
borhood of a and vanishes identically in a neighborhood of b. Clearly 
jhiies in D7, (z)) for every f in D(7,(z)}. Furthermore, fh and f take 
on the same values in a neighborhood of a, and consequently B(f&h) = 
B(J) for all f in $S(7,(:)). Now B is a linear functional in the Hilbert 
space S(7,(z)) (cf. Definition 17). Thus (cf. Theorem IV.4.5) there 
exists an element g in the orthocomplement of D(7(z)} such that for 
all f in S(7,(0)), 


Bf) = (f, g*- 
In particular, for f in D(7p{z)} we have 
[s] 0— (f, g* = (f e)H- (f Ty Xe). 


It follows, as in Corollary 22, that g is a solution of the equation 
1* TEE = 0, and is therefore infinitely differentiable. Let v = —7g; 
then 
BU) = (f, 1*v) G1. v) 
= (hie) (rh). v) = BG). 
Using Green's formula and the fact that # vanishes in a neighborhood 
of b, it follows that 
B(f) = lim — f? [cff 990) HOF) Oa 
D 
rae 


= lim F,(fh, v) = lim F{f, v). QED. 
tro n» 


28 ComorraRy. If B is a boundary value for 1 ata, there exists an 
infinitdy differentiable function g in the orthogonal complement of 
D(Tolt)} n the Hilbert space S(Ty(c)) such that v = —rg is in the 
orthocomplement of D(To(1*)) in the Hilbert space D{T,(c*)) and 


B(f) = hm F,ff, v). f e D{7,(r)}. 
me 
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Proor. All the assertions of this corollary were proved in the 
course of the preceding proof, except the statement that 


un Ge PHT yg. T,(x*)f) = 0 


for all f in $9(7,(7*)). Since g is in C°(Z), it follows from Green's 
formula that [f] is equivalent to the equation 


(rg+rr*7g, f) = 0, 


and since t*rg+g = 0, this is evident. Q.E.D. 

Theorem 27 concludes our discussion of boundary values for a 
differential operator. We have shown in Theorem 19 that every 
boundary value is the sum of a boundary value at a and a boundary 
value at b. We have given a concrete representation for boundary 
values and obtained basic information on deficiency indices. Of 
principal interest is the case in which x is formally self adjoint, and 
hence the operator Telr) = To(r*) is symmetric, Lemma XIL4.26 
and Theorems XII.4.28, 30 and 31 of the preceding chapter then give 
us in explicit form all symmetric extensions of 7,(z) and their 
adjoints and all self adjoint extensions of T(z). 


Remakk. It will be convenient for later sections to extend the 
domain of a boundary value A to a larger class of functions than 
SY(T,()). We have seen in Theorem 27 that if A is a boundary value 
at a. the number A(g). ge $(7,(:)) is uniquely determined by the 
values of g in any arbitrarily small neighborhood of a. Thus if f is in 
Ly(I) and there exists a gin S(7,(r)) such that f(t) = g(t) in a neigh- 
borhood of a, we may define A(f) = A(g). It is dear that this defini- 
tion is unambiguous. Similar remarks apply when 4 is a boundary 
value at b. If A is a mixed boundary value. and if f is in L,(I) and 
there exists a function g in S(7,(r)) which coincides with / in neigh- 
borhoods of both a and b, we define A(f) = A(g). 

If z is an arbitrary formal differential operator, the restriction 
of the operator 7,(r) to a domain determined by a set of boundary 
conditions will be called the operator derived from v by the imposition 
of the given set of boundary conditions. 


29 Derrmitiox. A boundary condition for t of the form B(f) = 0 
is said to be a boundary condition at a (at b) if Bis a boundary value 
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for t at a (at b). If B(j) = 0 is not a boundary condition either at a 
or at b (so that, by Theorem 19, the equation B(/) = 0 may be written 
as B,(f) = B,(f), where B, and B, are non-zero boundary values at 
a and b respectively), then B(/) = 0 is said to be a mixed boundary 
condition, A set of boundary conditions is said to be separated if it 
(or, more generally, some set of boundary conditions equivalent to 
it) contains no mixed boundary conditions. In all other cases the set 
is said to be a mired set of boundary conditions. If t is a real formal 
differential operator then $(7,(r)) is closed under complex con- 
jugation. A boundary value A for a real operator v is said to be real 
if A(J) = A(f) for every f in D(7,(z)}. 

‘We conclude this section by considering some simple examples 
of differential operators. The simplest example of a formally self 
adjoint differential operator is the operator t = i(d/dt). We shall 
consider three choices for the interval F. 

Case 1: I = [0, 1]. Here clearly d, = d_ = 1. and a complete 
set of boundary values 1s f(0) and f(1). It is clear that the most 
general complete symmetric set of boundary conditions (consisting 
in this case of a single condition) is /(0) = e f(1), where 0 < 0 £ 2. 

Case 2: I = [0, œ). Then the solution of zf = if (of zf = —if) 
is e'(e*). Since et is not square-integrable in [0, œ), d. = 1 and no 
self adjoint operators can be derived from z. 

Case 8: I — (— co, œ). It follows from Corollary 27 by com- 
parison with Case 2 that there are no boundary values at + co for z. 
Thus z leads to the unique self adjoint operator 7,(z), no boundary 
conditions being imposed. 

Now let us consider a formally self adjoint operator r of the form 
(didty(p(t)didt)] J-o(£) on an interval J with end points a, b, where 
the functions p and q are real. Let a < c < b. Then by Corollary 14, 
the positive and the negative deficiency indices d, and d' of the 
restriction z' of z to IN [e, b] are equal, and by Corollary 24, their 
sum is at least 2. Thus d; = d^. = 1. We recall (ef. Lemma XIL4.21) 
that d,+d’_ is the number of linearly independent boundary values 
for v'. Since d, +d" <4, it follows that either d, — 1, or d, = 2. If 
d, = 1, then z', and hence z, has no boundary values at b. since 7 
has two boundary values at c. If d; = 2, then z', and hence z, has two 
boundary values at b. The end point a can be discussed similarly. 
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The following table gives the number of linearly independent solutions 
of (r—A) o = 0 square integrable at a or b when (A) # 0. There are 
four possibilities as shown by the discussion above. 


Number of linearly independent solutions square-integrable: 


Ata At b 
i) 2 2 
(ii) 1 2 
(iii) 2 1 
(iv) 1 I 


The next table gives the the number of boundary values for x 
in each of the cases (i)-(iv) above. 


Number of linearly independent boundary values for 7: 


Ata At b 
(A) 2 2 
(ii) o 2 
Gi) 2 a 
(iv) o o 


In H. Weyl’s terminology we say that an end point a is of limit 
point type with respect to the real second order operator z if t has no 
boundary values at a, and of limit circle type if x has two boundary 
values at a. 

The next theorem gives an important normal form for the 
boundary values of & second order real formally self adjoint dif- 
ferential operator. 


30 THEOREM. Let the second order formal differential operator t 
be defined on an interval I with end points a, b and have form tf = 
(pf Y +4f, where p and q are real. Then in case (iv) above we have 
(f, g) = (f, te) for f, ge D{T,(z)}. In cases (ii) and (ii) above there 
exists a complete set of boundary values for t consisting of two linearly 
independent real boundary values A, and A, such that 


(i, €). 2) = AAAA E — ee (iG) 


In case (1) above there exists a complete linearly independent set of 
boundary values for v consisting of four linearly independent real 
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boundary values C,, C,, Dy, Dg where C,. C, are boundary values at a 
and D,, D, are boundary values at b, such that 


(ch, 8) U4 t8) = €10)€«(6) — Cs) (6) 
MDQGDGG0)—D)(). f ge DTi) 

Proor. Let A be any boundary value for t. Since r is real, 
D(7,(z)) is dosed under the formation of complex conjugates, so the 
functional A defined by the formula A(f) = A(/) is also a boundary 
value for z. We may call it the complex conjugate of the boundary value 
A. The boundary value A may be written as a linear combination 
of real boundary values, as follows: 


aoa tte: 


2 
Thus + has a complete set A,, . .., A, of independent real boundary 
values. By Lemma X11.4.23, the bilinear form (zf, g)—(f, tg) may be 
written uniquely in the form 


2 — 
D]. (8-0. 72) = EeMDAR hee S(T,Q). 
= 
where c, = —é,,. Since the boundary values A, are real and the 
constants ¢,, are unique, it follows readily that the c,, are real. Thus 
Cg, = —€,4, 80 that c; = 0. 

In the case (1v) discussed above there are no boundary values 
for z, so that it is evident from [+] that (rf, g) — (f, tg), f, ge D(7y(z)). 

In ease (ii) discussed above there are two boundary values at b. 
and it follows (after suitable rearrangement and normalization of the 
real boundary values A,, 4,) that we may write 


(xf. 8) —U, 72) - A) Ate) — Inn 4 G- 


In the ease (i), it follows similarly that we may choose a complete 
set {4,, Ag, Ag, Ag} = {C,, C, D,, Do} of real independent boundary 
values, C, and C; being boundary values at a and D, and D, being 
boundary values at b. If we rewrite formula [+] in terms of C; and D,, 
there will be terms on the nght side of the form d,(C4(7)Dj(g)— 
C,()DA T). We will show that the coefficient d,, of such a term must 
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vanish. Suppose for example that dj 4 0. We can find a function 
fin D(7,(x)) such that C,() = 1, C,(f) = 0, and such that f vanishes 
in a neighborhood of 5. Similarly there exists a function gin D{7,(r)} 
such that D,(g) = 1, D,(g) = 0, nnd g vanishes in a neighborhood of 
a. Then by Green's formula we have (zf, g)—(f, tg) = 0. On the other 
hand by [+], (f. g) —(. tg) = dy, 0. This contradiction proves our 
assertion. It is clear that a similar argument will work for any values 
of i and j, 1 Si j <2 

It then follows readily that (after suitable normalization of C,, 
Cy, D,, and D,) we may write 


(Gf, )—0. vg) = CCE) — CU) 
TOD0DG) - DÁDD,G)- Q.E.D. 
81 ConoLLARv. Let the hypotheses of the preceding theorem be 


satisfied and let T be a self adjoint extension of T(t). 
In cases (ii) and (iii) above, the set may be written in the form 


aA (f)+BA(f)=0, a +f? £0, 


where A, and A, are real boundary values which are both at b in case (ii) 
and both at a in case (ñi). 

In case (i), if the set of boundary conditions is separated. it may be 
written in the form 

a C)+ n Cf) = 0, aito #0, 

PPHP DA — 0, Pi +P; £0, 
where C, and D,, i= 1, 2, are real boundary values at a and b res- 
pectively. 

Proor. In cases (it) and (fii) above, it follows from Theorem 
XIL4.30 that the operator 7 is determined by one boundary con- 
dition, and it is easily seen from Theorem 80 and Definition XII.4.25 
that it must have the form 

eA (/)+PAlf)=0, a, B real, a +f? 40. 


In case (ii), 4, and A, are boundary values at b while in case (iii) 
they are boundary values at a. In either case it is clear that the single 
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boundary condition determining 7 is real. 

In the same way, in case (i) above the operator 7, if it is 
determined by a separated set of boundary conditions, is determined 
by two boundary conditions, one at a and one at b. Using the preced- 
ing theorem and Definition XIL4.25 it is easily seen that they must 
have the form 

«4 C P+ aC) = 0, 
BED) BS Delf) = 0, 


with a, and f real and of-Lo$ + 0, ft-- f; # ©. These formulas show 
that in case (i) the symmetric separated set of boundary conditions 
is also necessarily real. Q.E.D. 

If a is a fixed end point of F and q has no boundary values at b, 
a complete set of boundary values for t is By(f) = f(a), B(f) = f'(a). 
Now for f, g € S(T,(x)) we have (cf. Definition XIL4.2 and Green's 
formula), 


(= 4f tof Ys fep YO 
= iF. g) — lim Falf, 9). 
sb 


Since r has no boundary values at 8, it follows from Theorem 27 that 
lim, ,,F (f, g) = 0. Thus 
a= ipta)y(us(o)—fag (a). 

By Theorem XIL4.80, the most general self adjoint extension of 
T(z) is the restriction of 7,(c) to the subdomain of (7, (r)) deter- 
mined by a single symmetric boundary condition, which is necessarily 
a boundary condition at a. It is easily seen from the preceding 
equation and Definition XIL4.25 that the most general symmetrie 
boundary condition is af'(a)--ff(a) = 0 with a and f real. Thus, in 
case one end point is free and there are no boundary values at the 
other, we have a simple explicit form for the most genera! self adjoint. 
extension of 7,(z). 

The next theorem gives an important property of the second 
order operator which will be of use 1n the next section. 


82 THEOREM. Let x have the form tf = (pf'Y +9}, where p and q 
are real, and let T be a self adjoint operator obtained from x by the 
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imposition of a separated symmetric set of boundary conditions. Let 
Ih + 0. Then the boundary conditions are real, and there is exactly one 
solution g(t, A) of (z —)p = 0 square-integrable at a and satisfying the 
boundary conditions at a, and exactly one solution y(t, A) of (€ A = 0 
square-integrable at b and satisfying the boundary conditions at b. 

Proor. We shall show the theorem is true in each of the four 
cases discussed above. In case (iv), since there are no boundary 
values, no boundary conditions are imposed; thus the theorem is true 
in this case. In case (iii), one boundary condition is to be imposed, 
since, according to Theorem XIL4.80 and Lemma XIL4.21. the 
number of boundary conditions in a symmetric set determining a self 
adjoint operator 1s half the total number of boundary values, As there 
are no boundary values at b, this condition must be a boundary 
condition at a. Hence it is clear from the above table that there is 
exactly one solution y of (r—A)y = 0 square-integrable at b and 
satisfying all boundary conditions at b, and at least one solution o 
of (r—4) p = 0 square-integrable at a and satisfying all the boundary 
conditions at a, Suppose there were a second solution which was 
linearly independent of 9 and which was square-integrable at a and 
satisfied all the boundary conditions at a. Smee the space of all 
solutions of (c—4) 9 =0 is two-dimensioual, all of these solutions 
would be square-integrable at & and satisfy all the boundary con- 
ditions at a. Thus y would be square-integrable over the whole interval 
I and satisfy all the boundary conditions defining 7. Then 4 would be 
an eigenvalue of 7. But since 7 is self adjoint and ./4 Æ 0, this is 
impossible. Case (11) is obviously equivalent to case (iii) by symmetry. 

In case (i), Theorem XII.4.30 shows that a symmetric separated 
set of boundary conditions determining 7 contains two elements. 
It is clear that the argument given for case (iii) will cover case (i) also, 
once it is observed that it cannot happen that both conditions of 
this pair are conditions at the same end point. This follows imme- 
diately from Corollary 31. Q.E.D. 


3. Resolvents of Differential Operators 


Throughout this section the symbol z will be used for a formal 
differential operator of order n which is defined on the interval I 
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with end pomts a, b. The operator T = 7(z) will be an operator 
obtained from z by the imposition of a set, which may be vacuous, of 
k linearly independent boundary conditions B,(f) = 0, = 1,..., k; 
i.e., Tis the restriction of 7,(z) (cf. Definition 2.8) to the submanifold 
of D(7,(r)) determined by the conditions B,(f) = 0, à = 1, ... k. 
Our main purpose in this section will be to obtain a concrete re- 
presentation of the resolvent R(A; T) for 4 in p(T) as an integral 
operator 


RO; TY, D = |, Kt, 55 fis. 


We are seekmg not only information of theoretical mterest, but 
algebraic algorithms for application to specific cases. It will be 
convenient in stating many of the results to suppose that the number 
A = 0 is in p(7), that is, that 7 has a bounded everywhere defined 
inverse. This convenient assumption is equivalent to the supposition 
that the operator r has been replaced by r—4. 

Our first result is concerned with the number & of linearly in- 
dependent boundary conditions which define T. Notice that k may 
actually be zero. 


1 Lemma. Let T hare a bounded inverse. Then the number of 
linearly independent boundary conditions defining T is equal to the 
number of linearly independent solutions of the equation vf = 0 which 
belong to L,(I). 

Proor. Let v be the number of linearly independent solutions of 
tf ==0 belonging to LJ). If » >k 20, then Tf — 0 for some 
non-null function f, and henec 7 has no inverse. Thus k = v. Assume 
k >v. Since there are at least v+1 linearly independent linear 
functionals on (7,(z)) which vanish on SX7), there are at least 
7--1 linearly independent linear functionals on the factor space 
D(7,(c))/D(7). Hence, this factor space is at least y41 dimensional. 
Thus there are at least +41 linearly independent functions fy, 
hy -+ fv in D(Z4(z)} no non-zero linear combination of which lies in 
SD(T). Smee T has a bounded everywhere defined inverse, it maps 
SX) onto L,Q). Therefore, there are functions go, £j, . ... £, in 
SX) such that 

Tg =T Of, i=O,1,....% 


1312 XII ORDINARY DIFFERENTIAL OPERATORS — XIIL8.2 


Then z(g,—fj) = Tg, —T,(X)f, = 9, and the functions g,—f,, à = 
0,1,...,% are »+1 linearly independent solutions of the equation 
zo = 0. This contradiction completes the proof. Q.E.D. 

The next result is a generalization of Corollary 2.26. 


2 Lemma. Let T have a bounded inverse and let T and v" be the 
restrictions of t to the intervals P =I x [a,c] and I" — I [e], 
where a < c <b. If s(v', s?) are respectively the number of linearly 
independent solutions of tf = 0 which belong to LI) (L^), LI’), 
then v 49” = yn. 

PnRoor. Let B(W, W”) be the linear set of functions consisting of 
all solutions of the equation tf=0 which belong to L,(I) (La), 
L,íI")). Since B = BV 0B", 


dim B + dim (8 4-38") = dim B + dim $^, 


by an elementary property of finite dimensional spaces. By Theorem 
1.8, dim (@’+%”) X n, from which it follows that vn > r+”, 

Let 98 be the subspace of L,() consisting of all functions whose 
restrictions to each of the intervals Z’ and I” are in W and 38" res- 
pectively. It is clear that dim 39 = +++". We shall prove v +” = 
y--n by showing that dim 29 > v+n. Since 38 is a subspace of W, 
this ean be done by constructing z linearly independent functions in 
W no linear combination of which lies in 33. By Theorem 2.10 and 
Lemma 2.6, 7'* is a restriction of the operator 7',(z*) (ef. Definition 
2.8). Thus, the linear functionals 


Is] AQ) =f ce),  $—9,1...,n—1 


are continuous on D(7*). Since there are functions f in SS(Tq(«*)) 
for which the values f*'(c) are arbitrarily assigned, it follows that the 
functionals in [+] are linearly independent on $(74(:*)). By Theorem 
240 7* 2 Z,()* = To(x*)** 2 To(e*), and therefore D(To(c*)) isa 
subspace of D(7*). Thus the functionals A, are linearly independent 
on S(T7*). 

In O(7*) we introduce the inner product 


(fg = Gg (7 f, 79g) 
By Theorem XILL6 (a), 7* is closed, and by Theorem XII.1.6 (b), 
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it has a bounded everywhere defined inverse (7*). 

It is evident that (7*)* is a bounded linear operator from 
Lj) to ST*). Therefore the functionals 4,((7*)"4) on LE) are 
continuous, and by the representation theorem for the adjoint of 
Hilbert space (cf. Theorem IV.4.5) there are z functions Ay, . . ., hy 


in L,G) such that 
ATIE) —(h. 0SiSn-L geL). 


The linear independence of Ag, .. ., 4, , implies that the functions 
hy, + - -» Aa are linearly independent. For all f lying in D{To(2’)) 
or in D(7p(r")) we have 


9 — Af = (Th) = f... rt OR DE 


By Lemma 2.9 we conclude that k; lies in C(I’) and in C^(I") and 
that (ch;)(t) = 0. t 4 e. Thus the n linearly independent functions 
ho» - - -» ha belong to 8. To complete the proof it suffices to verify that 
no non-zero linear combination k = 775 «,h, of the functions h, lies 
in 9. Suppose that h is in B. Then, by Green's formula, we have 


a1 


9— (f th) = (T*f, h) = Y AM) 
0 
a1 


= afe) 
i= 
for each f in D(Zo(t*))- Then clearly a; = 0 for j —0,...,n—1, 
so that  — 0. This contradiction completes the proof of the present 
lemma, Q.E.D. 


8 Lemma. The adjoint T* of T is the restriction of T,(*) 
determined by a sel of boundary conditions BS(f) = 0, i = 1,.. ~ k*, 
imposed on z*. 

Proor. In the proof of the preceding lemma it was observed that 
To(z*) C T* € 7,(*). Now S(7,(*)) is a Hilbert space under the 
inner product (j, g)* = (f, g)--(*f, 1*g), and an elementary cal- 
culation shows that the orthocomplement Bof D(Zo(z*)) in (7, (*)) 
is the set of f satisfying the equation {+7,(r*)*7,(t*) = 
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IT (GYT G9Y = 0 (cf. Theorem 2.10); thus every f in $8 satisfies the 
differential equation f4-zr*f =0, which shows that % is at most 
2n-dimensional. Since D(T*) is a closed subspace of D(7,(c*)) 
containing D(Zo{z*)), the orthocomplement of Q(7*) in S(7,(:*)) 
has a finite basis Aj, ..., hp. Putting BY(/) = (f, hj*, it is clear that 
BY is a boundary value for z*, and it follows that the equations 
B*(f) — 0, i = 1, . . „ p. determine the subspace D(7*) of D{7,(r*)). 
Q.E.D. 


Remark. If 7 is a self adjoint operator derived from a formally 
symmetric operator or, more generally, an operator of the form 
T, —, where T, is such a self adjoint operator, then the boundary 
conditions B? (f) = 0, i = 1, .. ., k*, are equivalent to the boundary 
conditions Bf) —0, 7 —1,..., ke 


4 Lemma. If R denotes the bounded inverse of T, then there is a 
function K defined on I x1 such that K (t, -) is in LI) for each tin L, and 


quo = f KE Meds, — fen. 
Moreover 
(a) For each c in I, the function K (c, -) belongs to C^ (E 0 ‘a, €]) 
and C^( 6 fe, b]), and (Ke, 8)) =0 for s £e. 
(b) If we letK (c, s) = K(¢, s) fors > c, andK (c, s) = K(e, 8) 
for s « e, then 


lim Kẹ? (e, s) = lim Kc, s), i—0,...,n 2, 
alio nen 

lim KU? (c, s) — lim K*7?(c, s) = (—1)"la,(c)]3. 
nen m" 


(c) The equations (b) are equivalent to the relation 
K)-FGEKE)-FALK,) cel,  feg(70). 


Proor. It is dear that R is a continuous one-to-one map of 
L,(I) onto the Hilbert space $S(7) (whose inner product is (f, g)* = 
U, £)H-(Tf, Tg). Since T is a restriction of 7,(z), it follows from 
Lemma 2.16 that the functional (Rf)(t) is continuous on F(Z) for 
each £ in I. Consequently, Theorem IV.4.5 shows that, for each t in I, 
there is a function K(f,-) in L,(I) such that 
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(RAM) = [KG sus — fena 
Let a « c <b. Suppose that g lies in S(7,(z,)), where t, is the 
restriction of z to IA [a, c]. Then 
9 = ge) = f, Ke, eee) toyds. 


It follows from Lemmas 2.6 and 2.9 that K(¢, -) is in C"( [a, c]) 
and z*K(c, 5) —0, a < s « c. By a similar argument we find that 
K(c.-) is in C(I 0 [e b]) and that z*K(c, s) = 0,0 <8 <b. 

Now let K(t,s) = K (5s) s <t, K(t,s) =K,(t, 5), s t. If 
& « € « b, then, by Green's formula (2.5), we have 


He) = f, Ele, sefsyas 


i] = fi Rte, HN |’ Ele, Ads 
= Ft, K_)—F.,K,) = Faf K_-K,) 


for each f in D{To(c)}, where the derivatives at c of K, and K_, 
appearing in F,(f, K.) and F,{/, K ) are taken on the left and right 
respectively. 

Now, by Lemma 2.2, F,(/, g) is a non-singular form in the 
vectors [/(ch...,f"3e)] and [g(c)....g"-9(c). Thus the 
equation 


Ke) = FAb a) 


if assumed to be valid for all f m S(7q(z)), determines 7 and its first 
n—l derivatives uniquely. It is equivalent to the set of equations 


[es] Srey) =6, t=0,...,n—-1, 
$—0 


where 0j = 1 if à — j and 6; = 0 if i + j. From the form given for 
the matrix F? in the second displayed formula preceding Definition 
2.1, we see that 

Fee) = (144,00), 

Fie Yq) =0 if 740. 


Thus the solution of the system [++] of equations is 
ae) =... = gl He) = 0, fe) = ( —1)71a,(cy. 
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Therefore the jump of K(c,s) st s — c is described by the n 
equations 
K®(e,c—)—KP (e c+) =0, i=0,....n 2, 
KEM, c+)—KEM, c—) = (~1)" fanle). 
Q.E.D. 
Further information on the kernel K is given in the next lemma. 
5 Lemma. The function K(c, -) obtained from the kernel defined 
in the preceding lemma by fixing c in I, satisfies the boundary conditions 
BY(f\ = 0, i=1,..., k*, defining T*. 


Pnoor. The notation of the proof of the preceding lemma will 
be used. Let a < c < b and let g be a function in C*(I) which coin- 
cides with K(e, -) in neighborhoods of both a and b and such that isin 
SET. (2*)) (we recall from Lemma 4 that K (e, s) is infinitely differen- 
tiable except at s = c). An application of Green's formula yields 

J, et) Kte. yas = f GIXeYat)— Ke, yas 

+ fè EPONE Ele, ds 

= [ ANE DEFA. K+ FAf, K,) feD(T,@)). 

Recalling that 

Ke) = FALE )— FALE) = f, GDG(G sis 
for f in BL), we obtain the equation 

J, Needs = f, tS — fe DN). 


Thus g lies in S(7*), so that g satisfies the boundary conditions 
BM(/) = 0, i = 1, ..., k* of Lemma 8, Now g coincides with K(e, -) 
in neighborhoods of both a and b, and in view of the remark following 
Corollary 2.28 we see that K(c. -) satisfies the same boundary con- 
ditions. Q.E.D. 


6 Lxwwa. (a) The kernel K(s, t) is infinitely differentiable in 
both variables if s + t. 
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(b) The functions K,(-, -) and K_(-, -) occurring in the statement 
of Lemma 4 are continuous in their domains of definition. 

Proor, (a) Let gf,---,g% and yf,...,y% be bases for 
the solutions of z*c = 0 which are square-integrable in neighborhoods 
of a and b respectively. For c in J it follows from Lemma 4 that K 
can be represented in the form 


Kes- Ya sc 
mm PRN 
=Splewe. ime 


j=l 
The p*-+g* constants (c) and fc) will now be computed. Consider 


the z linear equations 
n K(e, e4+0)—K@(c,c—0) =0, 0 <i <n—2, 
i KOU(c, c0) -K 7D (e, e—0) = (—1)fa,(e)]1. 


In view of [f], the equations [1] may be rewritten in the form 


Sach Sacs". i—90,...,n—2, 
n] j 


s a 
2 «ey ^ ()— Aper» (o) = C-D"Ia)r?. 


By Lemma 5, the function K(e, +) satisfies the equations 
[2] BYK)=0, i=1,...,k*. 


By Theorem 2.19 we may write B? = C3-+D¥ where C7 and Df are 
boundary values at a and b respectively, and using [f], equations 
[2] may be rewritten in the form 
Ut ur rk 
iz] È aler?) TBMDIGYT)=0, i=l. kt. 
1 pi 
By Lemma 1 and Lemma 2, p*-+g* = k*-}n. Hence the system 
composed of the equations in [1’] and [2'] has a unique solution 
«,(c), B,{c) if the corresponding homogeneous system of equations 
has only the trivial solution. 
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Suppose that the homogeneous system obtained from equations 
{1’] and [2”] has a non-trivial solution o$(c), fic), and let Kq(-) be 
the function (of the variable s) obtained by substituting a? and ff 
for a, and f, in [f]. The function K, is differentiable n times for 
s + c. The equations [1"] satisfied by o£ and f$ imply that K, is also 
differentiable n—1 times at c. Thus, K,eS(7T,G)). "This being the 
case, equations [2] show that K, lies in the domain of 7*, and 
equations [f] show that 7*K, = 0. Since 7 has a bounded inverse, 
T* has a bounded inverse. Hence K, must vanish identically. Thus 
equations [1"] and [2’] have unique solutions «,(c) and f,(c). 

Observe that all coefficients in [1’] and [2'] are infinitely dif- 
ferentiable functions of c. The homogeneous system of p*-+q* 
equations for p*-+g* unknowns obtained from [1"] and [2"] has just 
been seen to have no non-zero solutions. Hence, the determinant of 
the system [1’]+ [2^] is non-zero, and the solutions of the system may 
be expressed (e.g., by Cramer's rule) in terms of certain determinants 
of its coefficients. It follows that a, and fi, are infinitely differentiable 
functions of c. The remaining statement of the lemma is now an 
immediate consequence of formula [f]. Q.E.D. 


Remark. Equations [1'] will often be referred to as the “jump 
equations." 

To obtain a more explicit formula for K we next investigate the 
form of the adjoint of R. 


7 Lemma. Let K be the kernel related to R as in Lemma 4. 
Then 

(a) for fixed c in I the function K(-, c) lies in L(I). The adjoint 
R* of R can be represented in the form 

(R*g\(s) = |, KG. setas 

(b) for fized c in I and for t 4c, we have tK(t. c) = 0; 

(c) K(-, c) satisfies the boundary conditions defining T. 

Proor. Let J be a compact subinterval of F. Let K, be the 
kernel related to #* as in Lemma 4. The kernels K and K, are bounded 


on J, by Lemma 6. If f, g e D{7o(z)) = S(Tu(:*)) and if f and g 
vanish outside J it follows from Fubini’s theorem that 
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J, f, E6 dds = (Rp, o 
= Wel = f, f, EE NO dst. 


The set of functions of the form f(t)g{s). where f and g are functions 
in S(Z,(z)) which vanish outside J is fundamental in L,(JxJ). 
Hence it follows that K(s, t) = Kt, s) for almost all (s.2)e J xJ. 
Since both these kernels are continuous for £ + s by Lemma 6, it 
follows that K(s, t) = K,(£, s) for all points (s. £) in J aJ such that 
s +t. The present lemma follows from this and Lemmas 4 and 5. 
Q.E.D 


8 Tueorem. Lett be a formal differential operator defined on the 
interval I and let T be an operator obtained from x by the imposition of 
k linearly independent boundary conditions BAf) =0, i= L.. n k- 

Let fp), i= 1,..., P, Up): E= 1, ..., p*) be a basis for those 
solutions of to = 0 (r*o = 0) which are square-integrable in a neigh- 
borhood of a, and let y), i = L . ... q, (y d = 1... g*) be a basis 
for those solutions of to = O0(z*o = 0) which are square-integrable in a 
neighborhood of b. Then there exist unique scalar matrices I = (y,)- 
i=L...Q7=L--. pt andl = Gui Lh... pj—h...9* 
such that Green's function K defined in Lemma 4 is representable in the 
form 


e s* 
Ki) => Y yov 1G), s«t 

iml jl 

[=] pis 
=} Xy. st 

i=l j=l 


Proor. In the proof of Lemma 6 the kernel K has been re- 
presented in the form 


Kt, s) = $ gro. s<t 

ES 

"m i 
= EB, s 

il 


where the functions «,(f), 6,(é) are infinitely differentiable. Using 
Lemma 7, and applying v to both sides of these equations, we obtain 
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S apie) <0, m 
jml 
a 
X (ftyr (8) = 0, 8d 
à 


From the linear independence of the functions gf and yf it follows 
that vx, = tf, = 0. 

It remains to show that the functions «, and fj, are square- 
integrable in neighborhoods of b and a respectively. If OF is any other 
basis for the set of solutions of the equations t*o — 0 which are 
square-integrable in the neighborhood of a, then the coefficients &, 
defined by the relation 


ae T ee) et ce 
Kt. s) = Y à (1)05(5) = Y ety? (0. 8 «1, 
EE] à 
will be related to the coefficients «, by a non-singular linear trans- 
formation, each «, being a linear combination with constant coeffi- 
cients of the &,, and conversely. Thus the a, will be square-integrable 
in a neighborhood of b if and only if this is true of the 2;. Thus, if 
J = fe, d] is a compact interval interior to Z, we may assume without 
loss of generality that the g¥ are orthonormal over J. It follows then 
from [f] that 


a(t) = fire s)gt(syds, Pls. 
Now for each s in I, (R*f)(s) is continuous linear functional on L,, 
and for each f, (E*f)(s) is continuous in s. Thus sup, |(E*f)(s)| < oo 
for f in L,G), and from the uniform boundedness theorem it follows 


that the functionals f + (R*f)(s) are uniformly bounded in norm for 
seJ. Since 


(RNs) = |, E6 synods, fe LI), 
it follows from Theorem IV.8.1 that sup,.y J7lK(E, s)l’dé < co. Hence 
GI, IK(, s) dids < oco, 


and by Schwarz' inequality and Fubini's theorem 
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le G)y*dt s K(t, sz (s)ds| dt 
B LILLA E 

s f, f, Ke nasi 

= Í, f „E(t, s)Pdids < co. 


Thus the functions «, are square-integrable in a neighborhood of b. 
In the same way it may be shown that the functions fj, are square- 
integrable in a neighborhood of a, Q.E.D. 

The following corollary enables us to use Theorem 8 as a com- 
putational algorithm in connection with specific examples. 


9 ComoLLanv. The matrices I = (yy) and I’ = (yy) in the 
preceding theorem are uniquely determined by the jump equations and 
by the boundary conditions defining T. 

Proor. We have seen in the derivation of Theorem 8 that the 
functions a(t) and £,{£) are uniquely determined by the jump equa- 
tions and by the boundary conditions Bf(K) —0. i= L ..., k*. 
satisfied by K(c,-) It has also been observed in Lemma 7 that 
K(s, t) is the kernel for R*. By symmetry K is also unmquely determined 
by the jump equations and the boundary conditions defining 7. 
Hence, since the functions y; form a linearly independent set, and 
the functions g;. yf, gf do also, the matrices F and 7" are uniquely 
determined by the jump equations and the boundary conditions 
defining 7. Q.E.D. 

The calculation of K by means of Corollary 9 can be simplified 
if the set of boundary conditions for 7 or 7* is separated, or, more 
generally, if this set contains a certain number of boundary conditions 
ataor at b. In describing this simplification, it is convenient to intro- 
duce some notations, which will be used in the next few theorems. As 
before, let p}, . . ., Pp be a basis for the space B, of those solutions of 
tO = 0 which are square-integrable in a neighborhood of a; similarly, 
let yy, ....y, be a basis for B,, the space of solutions which are 
square-integrable near b. Let the set of boundary conditions for 7 (or 
some equivalent set) be written in the form [B,,..., B,] = 
(Cy, -.-,€,] O [Dy,.--,D,] U [E,..... Ey] where C,. D, and E, 
are respectively boundary conditions at a, at b, and mixed boundary 
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conditions. Suppose that p; and y; are so chosen that 9, ...,9,, 
u S p, forms a basis for the subspace W, of B, consisting of those 
members of B, satisfying Cf) = 0. à = 1..... p, and y... Yoe 
v <q. is a basis for the subspace $, o£ B, consisting of those members 
of B, satisfying Dj) = 0, i = 1... ., v. The symbols C7. $87, g7. 
E*, u®, etc., will denote corresponding integers, spaces of solutions, 
etc.. associated with the equation z*c = 0 and with the boundary 
values BY. B. for T*. 


10 TueorEem. Let T have the bounded inverse E. Then in the 
notations of the preceding paragraph. 


uc p—p. v =q, u* = p*—p*, and v* = q*—v*. 


Moreover, the kernel K for R has the representation 


e u 
K(.5) — 3 D yapdi lo). s<t 
tml jal 
u e Nerv 
= Xv. tas 
Sa 


where the constants y;; and yy; are uniquely determined by the jump 
equations and the remaining set of mized boundary equations 
E{K)=0, i=l... oO @=k-(u4)- 

Proor. Since W, is a subspace of the p-dimensional hnear 
manifold B, determined by y linear conditions, it is clear that 
u = dim 88, > p—p. Similarly v — dim W, = g—». On the other 
hand, if dim %8,+ dim, > p-Fg—(u-Ev) — n-Ek—(u-E») (cef. 
Lemma 2 as applied to z*). then, since dim (8, -38,) < n. the 
equation 


dim (93,238, -- dim (9, n W) = dim 28, dim W, 


shows that dim (98, ^ 28,) > k—{u+1) = c. It follows that B, ^ W, 
contains a non-zero vector f satisfying the remaming mixed boundary 
conditions E,(/) = 0. i = 1, ....«: thus f is in &(7) and Tf = 0, 
contradicting the fact that 7 has an inverse. Therefore u — p—p and 
v = Qg—2. The equations u* — p*—p* and v* = g* —»* are proved 
similarly. 
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Because K(t.-) satisfies the boundary conditions C7{f) — 0 and 
D?(f) = 0. it has the representation 


K(t,s) = $ e (t)g (5). 8 «1, 
iml 
Lad 
—XEBGIG. s 
i=l 


similar to the representation given by equation [f] in the proof of 
Lemma 6. To determine the u*+o* = (p*+9*)—(u*+2*) = 
(n--k*)—(u*-F»*) numbers «,(f) and f(f) we have the n jump 
conditions and the remaining boundary conditions E*(K) — 0. 
i—L...0*, of = k*—(u*-Ev*). An argument analogous to that 
used in the proof of Lemma 6 establishes that these two sets of 
conditions determine «,(f) and f(t) uniquely. Then, just as in the 
proof of Lemma 7, we show that «, € 28,, f, € Ba- Thus (yy) and 
(yu) are uniquely determined by the jump conditions and by the 
boundary conditions EZ(K) = 0, i = 1,...,0*. By symmetry (y,;) 
and (yy) are also determined uniquely by the jump conditions and 
the boundary conditions E(K) = 0, i = 1,...,a, (cf. Corollary 9). 
Q.E.D. 

A particularly important case arises if both 7 and 7* are 
determuned by separated sets of boundary conditions. Then p-F» = k, 
p*-Ev* = k*, and the coefficients y,, and yy are uniquely determined 
by the jump equations. By Lemmas 1 and 2. p*--g* = n-Fk*. 
so u*-bo* = p*--g* —(u*-Fs*) =n. Similarly uv —m. If a 
function g were at the same time a linear combination of g}, . ...9,, 
and of y,,..., Ye then g would be in LI), and we would have 
to = 0, and Bo) = 0, i = 1, . . ., k. Thus c would be in the domain 
of T and To = 0, which shows that c = 0. The sets (9. ---, Ou} 
and {y,,....y,} must therefore be linearly independent. Since 
u-+v =n, they constitute a basis for all solutions of zo = 0 on F. 
Similarly {g}; .. .. gS} O (yf... yo} is a basis for all solutions of 
To = 0. 

Writing ue a 
KG 5) = X adt)? ls), s«t, 

ic 


Lad Qd 
= BIG. s>t, 
tal 
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it is seen from Lemma 4(c) that the jump equations are equivalent 
to the relation 


ut £e 
fü) = X«40FA. 91) X B/OFAL v7), fe Cru). 
i-i 1 


pee U, Q =f ye, t=—ut+L....n and 
: u®, nf = yae i= uL... n. Then this 
relation takes the simpler form 


B] m= PECA ut fe CA). 


Since F, is a form involving only f and its first n —1 derivatives, 
equation [3] holds for all f in C"(I) if it holds for any subspace of 
functions for which the values of the first n —1 derivatives may be 
arbitrarily prescribed at any point; in particular for the subspace of 
solutions of zc = 0. We have seen (cf. Theorem 10) that za, = 0, 
i=1,...,n. Thus choosing a basis (£j), i= 1,...,n, for the 
solutions of rc = 0, and defining the matrix {7} by the equations 


E 
a= Pg, dP—Lk...mn 
a 


the jump equations are seen to be equivalent to the following set of 
equations: 


n 

EH D oF Ep ue = 6. I—1i...n. 
ial 

Now by Green’s formula, 


Fist) Fu. nt) = [Meee vent a eoe v 
=0. 
Thus F,(é,, nf} is independent of t, and [4] is equivalent to the set of 
equations 


à 
"MEL =ne amibmm 


In other words, the matrix (/,j is the inverse of the matrix 
(FG, n T))- In terms of the matrix (/4) we have 
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won 
K(,s) — X rst. s«t 
(=E 

"n 
= OE DTA eleh s 

deut f=) 
Hf, moreover, we take £j— gj, j— L...u, and & = y, 
j =wtl,...,%, then, since the constants I, which express the 


kernel K are evidently unique, it follows from the form for K given in 
Theorem 10, that we have Ty = 0 if both i S w* and j Sw, or if 
both i > «* and j >u. 

These remarks are summarized in the following theorem, in 
which the notations introduced above will be employed. 


11 Tueorem. Assume that T and T* are defined by sets of 
separated boundary conditions; let; = q,,$ = 1... -. U, and E; = yyw 
i—abh..om =p i nut and = —yh i= 
u*+1,.- -n Then: 

(a) the sets (£,) and (27) are bases for the spaces of all solutions of 
16 = 0 and i*c = 0 respectively; 

{b} the matriz (F (,. 27) is independent of t and non-singular; 

(c) if (yh denotes the inverse of the matrix (F Aé,, ng Y then 
T, = 0 if both à X u* and j Su or if both i> u* and j > uz 

(d) the kernel K for the inverse R of T is given by the formula 


Kit, s} = x X Tigi 6, (t). s<t 
del ent 

= E DTW eeh st 
d-utE Pel 


For future reference. we will now write out the form which 
Theorems 10 and 11 take when stated for the resolvent of a differen- 
tial operator. 


12 Coronary. Let v be a formal differential operator. and let T 
be a densely defined operator obtained from x by the imposition of a set 
(B, of boundary conditions. Let the sets of boundary conditions defining 
T and T* each be divided into three subsets as described in the paragraph 
preceding Theorem 10. For each Ain (T let. 2). 1 iu, Git. 
1 SiSu*} andlety(. Ah 1 E xw Yt. A. 1i v*) be bases 
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for all solutions of (r—À]o = 0 ((x*—4)o = 0) which are square- 
integrable in a neighborhood of a and b respectively. and which satisfy 
the boundary conditions at a and at b respectively. Then the resolvent 
RQ; T) = (I —T)y3 is given by the expression 


(RO: Ty) = | KOKE, s3Ms fe LAD, 


where the kernel K has the representation 


v w* 
K(,53) — X Eyll oF 
11 


* s: 
=} È vise dts Aryy 
tl jl 


The functions y,,(-) and y;o-) are uniquely determined by the mired 
boundary conditions defining T, and by the following set of jump 
equations: 
Kc c+0)—K (e, c—0} = 0, 0 < i S 2—2, 
K73X(c, c+ 0}-K" Ae, e—0) = (—1)" [a fe. 

18 ConarraRy. Let x be a formal differential operator, and let T 
be the operator in Hilbert space obtained from x by the imposition of a 
separated set of boundary conditions. Suppose that T* is alse defined 
by a separated set of boundary conditions. In the notation of the preceding 
corollary. let £ = gp 1 Si Su, & = y, UHL Sin; 5» gt, 
LSi cut, and y? = Y , +1 Si n, for Ae p(T). Then 
under the hypotheses of the preceding corollary we have: 

(a) for each Ain p(T) the sets {E}} and {47} are bases for the spaces 
of solutions of to = ło and z*c = Jo respectively; 

(b) the matrix {F (&,, 07 )} is independent of t and nonsingular 
for each À in p(T); 

(c). af (7,0) denotes the inverse of the matrix (FE, xf), then 
D; = 0 if both i<u* and j S u or if both i> u* and j >w; 

(d) the kernel K defining the resolvent RỌ: T) is given by the 
formula 


$«t, 


Kt = -X X rD eA 


£l juil 


e X rgo. AwESGA. st 


dud 1 
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Let t be a real formally symmetric formal differential operator. 
A boundary value A for z is said to be real if A( f) = A(j) for each 
f in D{74(z)). A boundary condition A(f) = 0 is said to be real if 
the boundary value A is real: a set of boundary conditions is said to 
be real if all its members are real. If 7 is a self adjoint operator 
obtained from t by imposing a real symmetric set of boundary con- 
ditions, a further simplification can be obtained by noticing that the 
solutions of the equation (z* —A)e = 0 are complex conjugates of the 
solutions of the equations (z —4)c = 0, so that for each Ain p( T) we 
may take g,(. A) = gf, 2) and y, 2) = yf C, 2). Then the operator 
T—ÀI has a bounded inverse for each non-real A, since 7 is self 
adjoint (X11.2.2). 


14 ConorLanv. In the notation of Corollary 12, and under the 
further assumption that x is a real formally self adjoint formal differen- 
tial operator and that T is a self adjoint operator obtained from t by the 
imposition of a real symmetric set of boundary conditions. the resolvent 
RO; T) of T is given by the formula 


(REDNO = [HOKE s Adds, fe L), 


where the kernel K has the representation: 


KG, 9:3) = — Y Èra Doe 2 pru 
ae i Xr. AAs, 2), s 


The functions yy and y; are uniquely determined by the mixed boundary 
conditions for T and the following set of jump equations: 
K9(cocF0)—K9(,0 50 =0,  0Xxizn—2 
Ke, 4.0) Ke, c0) (1) I" = fa] 
15 CokorLAnv. Under the hypotheses and with the notation of the 


preceding corollary and under the further assumption that the boundary 
conditions imposed on v are separated. the kernel K has the form 
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Ks2-—X X LODS. rut 


del unb 


-Y Y nO >t 


feud l 


The matriz (Fu). is the inverse of the matrix (F,) where 
Fy = Fi, Ẹ) fori Su, Fy= FGE)fori >u, and &; = 9, 
i= L... i= Yiu È= UHL onne R 

An interesting and important case of Corollary 13 is provided 
when n = 2. when the operator z has the form tf = (pf')’+¢f, 
and when 7 and 7* are determined by separated boundary conditions, 
Suppose also there is only one solution o (g*) of va = O(t*o = 0) 
which is square-integrable at a and which satisfies the boundary 
conditions at a for 7 (7*), and similarly that there are single solutions 
y and y* corresponding to the end point b. For this operator 


Ff. e) — POF OOOO) = POWA E) 
where W,(/, g) = f (g(t) —f(t)e'() is the Wronskian of the functions 
f and g. The matrix (/) is a two-by-two matrix with vanishing 
diagonal elements, and it follows immediately that its inverse 
FG. 07).  — pE = e = gus = yt) also has vanishing 
diagonal elements. An elementary calculation shows that 


- Lo Ta- 1 
POW, ¢*) POW Ag. —*) 


Thus 


K(t,s:2) — . vb AA) — AD) nd 
PGA). yA) 
__ WED 
POWA) v* 00) 
If we assume in addition that z is formally symmetric (and hence 
real) and that the set of boundary conditions is symmetric and real, 
these formulas specialize as in Corollary 15 to 


XIIL8.16  kESOLVENTS OF DIFFERENTIAL OPERATORS 1829 


vt, 2)o(s, A) 
K(s2)— —————— 2 
5) = awena ^ 
t) 
LLL 9 2, 2) 
“pO (ea "7 


The next theorem shows that the resolvent 1s given by the 
formula [+] for a large and important class of second order differential 
operators. 


16 Tirorem. Lel T be a self adjoint operator derived from a real 
formal differential operator x = (djdt){p(t\djat)|-+g() by the im- 
position of a separated symmetric set of boundary conditions. Let $4 £0. 
Then the boundary conditions are real, and there is exactly one solution 
gt, A) of (c—A)o = 0 square-integrable at a and satisfying the boundary 
conditions at a, and exactly one solution y(t, 4) of (¢—A)o = 0 square- 
integrable at b satisfying the boundary conditions at b. The resolvent 
RQ; T) is an integral operator whose kernel K(t, 8:4) is given by 
formula [s]. 


Proor. The result follows immediately from Theorem 2.32 and 
the preceding discussion. QE.D. 

Finally, it should be noted that Corollary 14 does not cover all 
self adjoint cases, and that if complex coefficients occur in a formally 
symmetrie 7. as they may, we must fall back on Corollary 12 or 
Corollary 18 in calculating the resolvent. Consider, for instance. the 
formal operator r = i(d/dt) on (— co, + oo) introduced as an example 
in the last section. Here. as indicated in the last section, there are no 
boundary values. Thus Corollary 12 can be applied to calculate the 
inverse of A 7 as follows. If fA > 0, then zc = Ao has the single 
solution ce?! square-integrable in the neighborhood of ~o, and no 
solution square-integrable in the neighborhood of -+ 00. The equation 
(7*—3) =0 has the solution c'e? square-integrable in the neigh- 
borhood of + oo and none square-integrable in the neighborhood of 
— c0. Thus our desired kernel will be of the form 


Kalt, 5:2) = eg(tyy* (s) = ce, s>t, 
EU 7 8-«t, 
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where c is to be determined by the jump conditions of Corollary 12. 
ie., c = —i. That is: for f} > 0, we have the formula 


(Q1—7y3f)) = — 7 eds 


It is easy to see that for f (2) < 0 this must be replaced by the 
formula 
(UTAH =i [s e Un s)es, 
4. Spectral Theory: Compact Resolvents 

We saw in Section 2 that with each formally self adjoint formal 
differential operator r there may be associated a symmetric operator 
Ty (x) in the Hilbert space L,(I). and saw how to obtain self adjoint 
extensions 7 of 7,(r) by the imposition of boundary conditions on 
DF). The present section will be devoted to the spectral theory of 
such extensions 7 in the important special case in which the resolvent 
R(A: T) is compact for À non-real. We shall make a detailed examina- 
tion of the specific analytical form which the spectral theorem assumes 
in the case of such a self adjoint extension T. 

Drawing on the results of the preceding section, we hegin by 
identifying two important casesin which the resolvent of 7 is compact. 


1 THEOREM. Let v be a formally symmetric formal differential 
operator defined on an interval I. Let T be a self adjoint extension of the 
symmetric operator T(z). The resolvent RW; T) is compact for every 
non-real À if either 

(0) the interval I is compact 
or 

(2) the deficieney indices of Toft) are equal to the order of the 
differential operator t. 


Proor. Since, in case (1), every solution of an equation to = Ac 
helongs to C(I), and since. in this case, C(I) C L,(I), case (1) is 
included in ease (2). 

It follows from Corollary 3.12 that for £4 4 0, R(4: T) may be 
expressed by a kernel 


(RO: Ty) = |, Ke, s Ads. 
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Since, in case (2), we assume that for fA Æ 0 every solution of 
46 = Ag belongs to L,U), the expression for K(f, s;2) given hy 
Corollary 8.12 shows immediately that 


Í J, EG, s: Di? asit < o. 


To complete the proof it is therefore sufficient to show that every 
integral operator in E,(7) defined hy a kernel K with 


Kip = f, f, KE P det < co 


is compact. This is a specia] case of Exercise VI.9.52, but, for the 
sake of completeness. a proof will he given here. 
Note first, that hy Schwarz’ inequality, 


fif, Xe tma ae s |f, f, Ke, sd? deat Cf, oras. 


Hence, the norm of the operator in £,(Z) defined hy the kernel K 
is less than or equal to ||K||. Since the set of compact operators is 
closed (cf. VL5.8), to prove that E(4; T) is compact it will suffice to 
observe that the integrable simple functions in L,(ZxI) define 
compact operators (since such operators have finite dimensional 
ranges) and that such functions are dense in L,( xJ). Q.E.D. 

The next theorem gives the spectral theory of an unbounded self 
adjoint differential operator with a compact resolvent. 


2 THEOREM. (Spectral Theorem) Let t be a formally symmetric 
formal differential operator of order n. Let T be a self adjoint extension of 
T(t) such that RA; T) is compact for non-real 4. Then 

(a) the spectrum of T is a sequence of points on the real axis with 
no finite limit point; 

(b) each A in the spectrum of T belongs to the point spectrum of T. 
Moreover, dim E(()L I) S n; 

(c) there is a complete orthonormal set {p}, m = 0,1, .. ., of 
eigenfunctions for T. If q is an eigenfunction correspanding to the eigen- 
value A, then g € C*() and q is a solution of the equation ty—Ap = 0. 

Pnoor. If R(A; T) is compact, then (cf. VIL4.5) its spectrum 
consists of a sequence of points converging to zero. By the spectral 
mapping theorem (XII.2.9(b)). c(7Z) C f(c(R(4; 7))). where f(u) = 
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A—po for p # 0. Since 7 is self adjoint, o{7) is real. Statement (a) 
follows from these remarks. 

If À is in c(7), then, since À is an isolated point of c(7), it follows 
immediately from XIE2.9(b) and X.8.8(i) that E(À) 4 0. 

H Ae e(T), then (T —A2I)E(AM = 0; hence, the spectrum of 7 
1s identical with its point spectrum. Since 7 = 7* C 7«(:)* = Ti(z) 
by Theorem 2.10, it follows from Theorem 1.8 that every function in 
the range of E(A) is a C^ solution of zu = Ac. Hence, by the remark 
following Corollary 1.5, the range of E(4) is at most n-dimensional. 
This proves (b). 

To prove (c), we have only to show that the set of eigenfunctions 
of T is complete. Since for each element f of our Hilbert space we have 
f= Y EOM. 

Aect) 
and since we have observed above that E({A)f is an eigenfunction of 7, 
this is obvious. Q.E.D. 

Before passing to the next section, which deals with spectral 
representation theory of 7 in the cases where 7 does not have a 
compact resolvent, it is worth pausing for a moment to give an 
elementary but useful result on the pointwise convergence of eigen- 
function expansions 

8 Tueorem. Let x be a formally symmetric formal differenhal 
operator defined on an interval I. Let T be a self adjoint extension of 
T(t). Suppose that T has a complete orthonormal set (p) of eigen- 
functions. Then for f in D(T), the eigenfunction expansion 


f= X U PaPa 
o 


converges uniformly and absolutely on each finite closed subinterval of I. 
The series may be differentiated term by term (n—1) times, each dif- 
ferentiated series retaining the properties of absolute and uniform con- 
vergence. 


Pnoor. Let fe SS(T) and Ae p(T). Then 


1- 34.905, — Bas TY. 
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whereg, = (4I —Df — Y; 4((41—Df. g;)g,- Since g,, »02nd TE(4;T) 
is a bounded operator, it follows that (4; Z)g, and TE(A; T)g, 
converge to zero in L,(I). Thus by Lemma 2.16 the series 37^, (fpo); 
converges to f in the topology of C"?(J) for each compact interval 
J of I. Since the series converges unconditionally in E,(1), it follows 
that it converges unconditionally in C"(J). Consequently each of 
the differentiated series converges absolutely. Q.E.D. 


5. Spectral Theory: General Case 


In the preceding section the spectral theory of self adjoint 
operators 7 derived from formal differential operators in the case 
where the resolvent of 7 is compact was discussed. We turn in this 
section to the study of the general case in which 7 is allowed to have 
a continuous spectrum. The methods to be used are largely those of 
the spectral representation and spectral multiplicity theory developed 
in Section XI.8, It will appear, in fact, that most of what is necessary 
to prove the fundamental eigenfunction expansion theorem formulat- 
ed as Theorem 1 below has already been established in Theorems 
XH.8.11 and XII.8.19. 


1 THEOREM. Let q be a formally self adjoint formal differential 
operator on an interval I, and let T be a self adjoint extension of T(x). 
Let U be an ordered representation of L,(1) relative to T, with measure p, 
multiplicity sets e,, and multiplicity m. Then m is not greater than the 
order n of t. There exist kernels Wt, 4), i = 1,..., m, measurable 
with respect to the product of Lebesgue measure v and p. which vanish for 
A in the complement of e;, belong to C" (I) for each fixed 4, and satisfy 
the differential equation (t—A)W,{-, A) = 0 for each fixed 4. Moreover 
the kernels W, have the property that 


7-ess sup f IW. AYP (dà) < oo 
iel * 


for each compact subintervcal J of I and bounded Borel set e, and are 
such that 


© (f) = [ HOWE, Dat, fe LD, 
the integral existing in the mean square sense in Lip, ej); 
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(ü) for each Borel function F, 
vs qe) = [13 È [^ romaan < «] 
ido 


and 
(UF(7)g) A) = FAURA). — geS(F(T). || —o <A< tom. 


Proor, By Corollaries XIL8.18, and XIE.8.14 we find that there 
exists a p-null set N and kernels W,, à = 1,..., m, satisfying for- 
mulae (i) and (ii), such that for A€e,—N, (T,(x) —4)*W., A) = 0. 
Thus, by Theorem 2.10, if we put W.(.. 4) = 0 for A ¢.N, and modify 
Wt.) on a suitable Lebesgue null set M(4) for each Ae N, we 
obtain a function W, such that 


aWt.dy=4Wd, tel, 


for alt A. If W, is measurable with respect to the product of p and 
Lebesgue measure, it will follow from Fubini’s theorem that we can 
take W,= W,. To see that W, is measurable note that, by the 
fundamental theorem of calculus, 


W.A) = tim + Wye, 2)ds 
ncc 2n Sejm, tain] 


1 
= lim — 


Ws, ds 
ne eos x 


for every f interior to I and A € N. This establishes all parts of the 
theorem except the assertion that m < a. However, since by XH L 8,19 
the functions W,(,2),..., W,(. å) are linearly independent for 
pealmost all À in e, and since zu = Ag has at most n linearly in- 
dependent solutions for any 4, this too is evident. Q.E.D. 


2 COROLLARY. (Inversion Formula) Let I, W,, etc., be as in the 
preceding theorem. Then, for each f e LI), we have 


A m 
ft) = lim E X (UDAR)WA. 2942). 
Ano d-a G 


the limit existing in the mean square sense in LI). 
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Proor. The corollary follows from the preceding theorem and 
from Corollary XH.8.12. Q.E.D. 


8 Corotiary. Let the operator T and kernels W,,..., W,, be 
defined as in Theorem 1 and let F be a bounded Borel measurable 
function vanishing outside a bounded Borel set e of the real axis. Then 
the bounded operator F(T) has the representation 

(EYO = |, KOEF; t sidis, fel. 


wohere 
KF.) = Y. | FOWA, DW, Dud, 
s-—k4e 
and 


sup f |K(F; t. s)|? ds < co, 
tej JI 
where J is any compact subinterval of I. 

Proor. From the boundedness of F(T) and Lemma 2.16, it 
follows that the map f > F(T)f is à continuous map of L,(Z) into 
C(J). Thus there is a constant M(J) such that 


sup (FO)! s MQDIFL feli). 


It follows from Theorem 1(ii) and Corollary 2 that 
(FOO) -[ = FOWA af, Ney Wis, Ads (d). 


where the integral [,f(s)W,(s, A4)ds exists in the mean square sense 
in L(a). Let $ denote the dense set of those f in LI) each of which 
vanishes outside a compact subinterval of I. If f € $, we may inter- 
change the order of the integrations in the formula above, obtaining 
the equation 


I (rane = [ ed t, s)ds, feo 


and the inequality 
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sup | fewer: s saj x MO f$» 
te] [Jr 
where 
K(F:t,s) = X. | FOW xiv yaad. 
ÀJ. 
It follows from Theorem IV.8.1 that 
[[j&a« sias]? < nion. teJ, 


and that equation [s] holds for all f in L,(Z). Q.E.D 

As in Definition XIL8.15, the integer m of Theorem 1 is called 
the spectral multiplicity of the operator 7. The next theorem is useful 
for determining the spectral multiplicity in certain cases. 


4 "TuronEM. Let the operator T, the kernels W,,.-., Wp, and 
the measure p be defined as in Theorem 1. Let a be a fized end point of I, 
and let B(j) = 0 be a boundary condilion at a for x satisfied by all f in 
Q(T). Then B( WG, 2)) = 0, p-abnost everywhere for each of the kernels 
W, 


Proor. By Corollary 2.28 there 1s an f in SS(T,(z)) such that 
Big) = lim, ,, F fg, f) = F Ag, f) for all ge D{7,(x)). It 1s clear we 
can assume without loss of generality that f vanishes in a neigh- 
borhood of b. By Green's formula (2.5), we have 
[Li Big) = (f. 8)—(. ve) 


for g in S(7,(x)). Hence (vf, g) = (f. Tg) for all g in D(T). Since T 
is self adjoint, it follows that f is in S7). By Theorem 1, 


[EEAO Da = o 


for u-almost all 4, the integral existing in the mean square sense m 
L,(u, e;). However, since f vanishes near b and W(t, 4) is square- 
integrable near a, the integral exists in the ordinary sense. Con- 
sequently, since (r—4)W;{-, 4) = 0, formula [+] gives 


BWI) = [7 AO -HO AE Fat = 0 
for p-almost. all 4. Q.E.D. 
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5  ConoLLaRY. Let x be a real second order operator defined on an 
interval I and let a be a fixed end point of I. If T is a self adjoint operator 
obtained by restricting t by a set of boundary conditions including at 
least one boundary condition at a. then the spectral multiplicity of T is 
one, 


Proor. It is clear that the multiplicity m must be at least one. 
On the other hand, if B(f) — 0 is any non-trivial boundary condition 
at a, it is clear that the common set of solutions of (z—4)e = 0 and 
B(c) = 0 is one-dimensional. Since by the preceding theorem the 
functions W, of Theorem 1 satisfy both these equations, it follows 
from their linear independence (cf. Theorem X1.8.19) that m < 1. 
Q.E.D. 


We have seen in Theorem 1 and Corollary 2 that an arbitrary 
vector f in L,(I) has an expansion of "Fourier integra!" type in terms 
of eigenfunctions W,(£, A) of the differential operator t- Unfortunately, 
the interest of Theorem 1 is more theoretical than practical, since it is 
difficult to construet the functions W,{f, A) explicitly. In practice it is 
more convenient to choose some suitable basis o,(f, 4), à = 1, .. +, 
for the set of solutions of (¢—-A)o = 0, and to express the expansion 
of an arbitrary function f in terms of the functions o,(f, 4). While the 
behavior of the W, as functions of the variable 4 may be quite 
complicated, the basis o,(f, 4) can be chosen to be continuous in the 
pair (f, A) and even analytic in A (ef. Corollary 1.5). However. when 
the expansion theorem is reformulated in terms of an arbitrary basis 
94, - + +, On for the set of solutions of (z —4)s = 0, the details of the 
discussion of the convergence of the resulting series or integral 
expansions become more complicated, the Hilbert space »L,(gu,) 
being replaced by an appropriate L, space with respect to a positive 
semi-definite matrix of set functions. We shall now examine these 
measure-theoretie questions. 


6 Drrmimow. Let {u,,}, 1 <i, j x n, be a family of complex 
valued set functions defined on the bounded Borel subsets of the real 
line. The family (ji) will be called an z by n positive matriz measure it 

(i) the matrix {u,{e)} is Hermitian and positive semi-definite 
for each bounded Bord set e; 
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(ii) we have 
E æ 
Hil U Em) = X nates) 
mal m1 


for each sequence of disjoint Borel sets with bounded union. 


7 LEMMA. Let {uy} be a positive matriz measure whose elements 
Hy are continuous with respect to a positive a-finite measure p. If the 
matrix of densities {m,,} is defined by the equations 


pale) = f map), 


where e is any bounded Borel set. then the matriz (m,í(4)) is positive 
semi-definite for p-almost all à. 


Pnoor. We observe first that the set ej of all A for which the 
matrix {m,,(A)} is positive semi-definite is measurable, for it is the 
set of A such that 


E 
PDOTEI 
£i 
for every vector [5,,...,£,] m E" whose elements are rational. If 
the lemma ts false, it follows easily that there exists a vector 
[h.....£,] with rational elements and a set eC ej of positive 
pemeasure such that 


a 


X maa «o 


DERI 


for A in e. But then 


es X. weed, = [ [X matj <o, 
i jml e, jl 

contradicting the hypothesls that {y,,(e)} is positive semi-definite. 
Q.E.D. 


8 Deriirion, Let (1, be a positive n by 2 matrix measure 
on the real line and let z be a o-fiuite positive regular measure with 
respect to which all the set functions g, are absolutely continuous. 
If {m,,} denotes the matrix of densities of (j/,;) with respect to z, the 
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family of s-tuples F = [/,,..., fa] of Borel measurable functions 
defined on the real axis for which 


we c (7| X manas < co 


"Sl 


will be denoted by E&({x,,}). 

An element F of E3({u,,}) will be said to be a {y,,}-null function 
if |F] = 0. The set of all equivalence classes of elements of E8((,,}) 
modulo {j,,}-null functions will be denoted by L,({4,3}). 

We ohserve that by Lemma 7, the integrand in the integral above 
1s non-negative for -almost all J. Also, if F, G are in E2({2,}), we 
may regard their values [f,(A), . . -, ,(4)] and ig,(4},...,8,(A)] for a 
particular value of 4 as elements of n-dimensional unitary space E". 
Applying the Schwarz inequality for the positive semi-definite inner 
product $7, 4, ma4(4)5£, in E" (cf. the remark following Theorem 
IV.4.1), we obtain the inequahty 


z —| 
à mA AeA}: 


s| Èm malt) Evene] 


is 38 


for -almost all 4. From these remarks follows the existence of the 
integral 


[e] và |T| È monos, 


and the inequality 
IF, G} x iF] IGI. 


Since clearly F46}? = |F[4-(F. G)H-(G, F)+G2, it follows from 
this inequality that the sum of two (y, )-null elements is a (j4,)-null 
element. Since a scalar multiple of a {y,;)-null element is evidently a 
(uz) null element, the family N({p;}) of {e }null elements is a 
linear subspace of LY({u,}}. We shall follow the usual practice of 
denoting elements of L2({u,;}) and L,(fj)) by the same symbol 
Dis she. 

Xf F= [f,.... fa] and G = [g,,....g,] belong to E14). 
and e is a bounded Borel set, we shall often write 
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f LX mes. 


El 


instead of 


To prove that the integral [+] is independent of the measure 
p we may argue as follows. Let £ be another o-finite positive regular 
measure with respect to which the set functions p; are continuous. 
Let (95, be the corresponding matrix of densities, and let {n,,} be 
the matrix of densities of the g;; with respect to the measure (ufi). 
If m is the density of p with respect to (u+), then 


pite = f mAAR = | AmA HENA 


for every bounded Borel set e. Hence, m,m = n,, for (u+ji)-almost 
all 4. Given measurable functions f, and g,, ¢ = 1,..., n, it follows 
from Corollary IIL10.6 that 


FX nme jun = [^ [ X nantes]. 


By an exactly similar argument we obtain an analogous formula in 
which # and my are replaced by j£ and #,; on the left hand side, Thus 


FE X nennen = ("^ ($ roroa. 


d, $= d jb 
9 Lemma. The space Ly((j)) is a normed linear space with a 
positive definite Hermitian inner product defined by the formula 
«ey - [^ [ Y, malay reefer 


for every pair F = [f,,... fp] and G= [gp o 8] n Lou 


Pnoor. It was shown in the discussion above that L,((u,)) is a 
linear space and that 


I, GY siFIG, —F.GeL(Gsu3- 


XIILS5.10 SPECTRAL THEORY: GENERAL CASE 1841 


From this it follows that | F--G| x |¥F|+|GI (cf. the remark following 
Theorem IV.4.1). Q.E.D. 

In order to show that E,({z;,}) is a Hilbert space, it remains to 
prove that it is complete. 


10 THEOREM. If {u,} is ann x n positive matriz measure defined 
on the real line, then Ly(fu,)) is a Hilbert space. 
‘The proof of this theorem will be based on the following lemma. 


11 Lemma, Let {u} be a positive matrix measure whose elements 
are continuous with respect to a positive o-finite measure p. If {m} is 
the matrix of densities of p,, with respect to p, then there exist non- 
negative p-measurable functions g,,i = 1, ..., n, p-integrable over each 
bounded interval, and p-measurable functions ay, 1 S i,j Sn, such 
that for p-almost all 4, 


a 


(a) D antag) = bn, 


ia 


b) Š Oasan) = ma 


Before giving the proof of Lemma 11 we shall use it to complete 
the proof of Theorem 10. 


Proor or THEOREM 10. Let the functions g; and a,, have the 


properties of Lemma 11. For each i let y, be the positive measure 
defined by the formula 


rdo = f ena). 
Let $ be the direct sum of the Hilbert spaces E,(v,}, i= 1,...,n. 
Then $ is the Hilbert space of all n-tuples F = [fis .. .,f,] of 
-measurable functions for which 
Ap s + 
in X [^ vearrecrman)’ < o. 
A Sco 


Now let A be the mapping that assigns to each G = [gs .. ++ £,] in 
Lj(u,)) the z-tuple of functions 
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fi = D aag 
#1 
Since 


[T (È roam] 


= [7 LE pee omes] aay 


- [^ Snara 
m 


it is evident that 4 defines an isometric isomorphism of L,((u,)) 
into $. On the other hand, let B be the mapping which assigns to 
each [A ...f/,] in © the element [g,,...,g,] defined by 


al} = aTh. 
mi 


Since by Lemma 11(a} the matrix {a,„(4)} is the inverse of the matrix 
{a,,(A)} for p-almost all A, we see that B= 44-1. Consequently, 
A is an isometric mapping of L,({#,,}} onto all of $, showing that 
L,({u,}} is complete. Q.E.D. 

It remains to prove Lemma 11. 


Proor or Lemma 11. We shall first make an observation which 
will be used repeatedly in the proof. Suppose that for each set e, 
in a sequence of sets we can find p-measurable matrices (aj) and 
functions (gf?) such that 


k 
Lala @ = ba 
EE! 
and 
k 
È oP Ap BaP A) = mala) 
mi 
for p-almost all Aee,. Then, if we define 
a) = a0) 
and 
9.) = eP A 
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for Ae e,— UȘI €p» it is clear that functions a,, and g; satisfy the 
requirements (a) and (b) of the lemma for all 4 in the sct US, en. 

Since g is o-finite the real axis is the union of a sequence of sets 
of finite p-measure, By Lusin’s lemma (XIL8.17) each set of finite 
measure differs by a null set from the union of a sequence of measur- 
able sets on each of which the functions m,, are continuous. Thus it 
suffices to prove that one can construct the functions a,; and g; on 
any measurable set og of finite measure on which the functions m, 
are continuous, 

A further reduction of the problem may be obtained as follows. 
Let the functions m,; be continuous on ag, (69) < œ, and let M(A), 
E, be the Hermitian operator in n-dimensional unitary space 
whose matrix is (m,,(4)). Let 4 be a point of ag, let 2, be an eigenvalue 
of M(A,), and U be a neighborhood of £, whose closure contains no 
other eigenvalues of M(A,). By Corollary X.7.8, 

Jim. EMG); U) = (MQ) to), 


Reeg 
where E(M(4); *) is the spectral resolution of M(J}. Thus E(M (4); U} 
is non-zero for A near 4g, A € 6o, and it follows that for A sufficiently 
close to Aj, o(M(4}} ^ U is non-void. Thus if n(4) denotes the number 
of distinct points in the spectrum of M(A), the sets {4 eo,|n(A) = s} 
are relatively open in og, and hence the sets b, = {1 €o,/n(A) = s}, 
s= 1,...,7, are Borel sets, Thus, to prove the lemma, it suffices to 
show that we may construct the functions a,, and g; on each of the 
sets b,. On the other hand, by the regularity of p, such a set differs 
by a null set from the union of a sequence of compact sets. Thus it 
suffices to show that if e, is any compact subset of b,, and A, is any 
point of ej, then there is a neighborhood of 24 in e in which there 
exist functions a,, and g; having the properties of the lemma. 
Let £ be so small that no two distinct eigenvalues of M(A,) differ 
by a quantity of modulus less than e. We saw above that for A € e; 
sufficiently close to 24, the e/2-neighborhood of each point in c(M(4,)) 
contains at least one point of c(M(A)). Since c(M(A,)) and o( Mf(A)} 
have the same nuniber of points (since 2, A, € £o}, it follows that if 
Qo)... -» Gx(Ag) are the distinct eigenvalues of M(A) then, for 
each A&e, sufficiently close to 4), there exists a unique point 
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$40) e e(M(A)) such that 
100—949 «ef, — i—Lusu ke 

Moreover, (£4). . . ., 94(2)) = o(M(A)}. Thus the functions g,(4) = 
$A) are defined on a neighborhood N, of 2, in e. It is readily seen, 
by a similar argument, that 9,(4) depends continuously on 4. It then 
follows easily from Corollary X.7.8 that E,(4) = E(M(A); g,(4)) 
depends continuously on 4, i= 1,. . a k. Let z,,. . ., t, be an ortho- 
normal basis for E" such that E;Ajo— vj, nya <] SRy 
O=n «n «ng «Lu < =R. Put (0) EA), n, , <] Sy. 
Then $,(4) depends continuously on 4 for Ae N,, and M(A)é,(A) = 
930) for s, <j Sn It follows readily (by an argument 
depending on the non-vanishing of the determinant det (8,(4}, v,) 
for A near 4j) that 2,4) form a basis for E" for each A in a neigh- 
borhood N, C N, of Ayin ep. Since E(A)2(4) = GA) torn, <j Sif. 
it follows that 6,(4) and £; (4) are orthogonal if there exists an i $ k 
such that j X n, < j'. Let v,(4), . . .. v, (4) be the orthonormal basis 
for E" obtained by applying the Gram-Schmidt orthonormalization 
process to f (Å), . .., 9, (4); that is, we define v, inductively by the 
formulae 


_ 44) 
nO 7 ay 
i 
$,40)— X (fA), p AoA) 
vd = — F — — —À 
I&40)— X (bA), vA 


jot 
It is readily seen by induction that E,(A)o,(4) = vf) forn, 4 <} 4-5, 
so that M(A)o(A) = pale) for n4, <j Sn. In this way, we 
have constructed a continuously varying orthonormal basis for E”, 


defined for 4€ N,, and a set 9,,...,9,, of continuous functions 
defined for Ae N,, such that 


MY) = paeh i=l, on 


If (uj is the basis in E" whose element e is the n-tuple [D], 
j=1,...,%, define the functions a;; by the formulae 
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dy È asaw. 


They are clearly continuous in N(2,). Since (v), v,(4)) = 65. we 
have 


i as Qaa) = (us t) Bes 1E NG). 
Similarly, 
ma(4) = (MU, ta) 
Y. asas DUM Qo), v4) 
= Sp daa aa, 1eN(A)- 
Q.E.D. 


With the proof of Theorem 10, the theory of the spaces L,((,)) 
is placed on an equal footing with the theory of Hilbert spaces of 
the form L(y). In what follows, we shall make free use of the Hilbert 
space properties of L,((7,,)) established in Lemma 9 and Theorem 10, 
and also of a numher of other elementary measure theoretic pro- 
perties which these spaces have in common with the spaces L(x). 
However, a few words of caution are in order. If [/,,.. ., f] is in 
Ly({uu}), it does not follow that any of the n-tuples [/,,0,..., 0], 
+++ [O + «+4 O, fn] belong to £,({1,,}). For example, let p be a finite 
positive regular measure, let n = 2, and let {y,,{e)} be the matrix 


(ac oor 


Then the density matrix of {u,,} with respect to p is 
41 -—1 
-1 af 


SE oe, - 
IMP 


ese 


so that 
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Thus, if [/,, fa] is any pair of functions whose difference belongs to 
Lafu), Ue fal € Lolfa), even though neither ffy, 0) nor [0, fp! need 
belong to £,({1,})- This consideration should also make it plain that 
none of the individual terms in the symbolic integral 


È 
[| X, itn) 
need exist individually if the functions f, are not bounded, so that the 
integral cannot in general be regarded as a sum of simple integrals, 


Of course, if the individual terms [,f,(A)f,A)¢(dd) do exist, then 


Li B =s 
[LX nD) E (iem. 
no arate 

Having built up a sufficient basis in the measure theory of 
positive matrix measures, we now return to the eigenfunction ex- 
pansion theory of differential equations. 

What we wish to do is to express the expansion formula given by 
Theorem 1 in a form more suitable for specific calculations. This 
process involves a number of unavoidable technical complications, 
In order to explain the nature of these complications, we shall make 
a preliminary heuristic survey of the body of theory which comprises 
the remainder of the present section. 

The kernels W(t) of Theorem 1 are €? solutions of 
(c—A)W,(-, å} for each fixed 4, but, as functions of 4, they are merely 
known to be measurable, so that they may be quite "wild". 
We can overcome some of this “wildness” as follows. Rather than 
dealing directly with the vector-valued functions W,(-, 4) of 4, we 
choose a basis 0,(+,4),-.-50,(*,4) for the space of solutions of 
to = Ag, taking our basis to be continuous in 2 7 4, or even, if we like, 
Cin tand analytic in 4. (Such a basis may, forinstance, be determined 
by a specification of initial values such as ofh (c. 4) = 6, 0 Si, 
j € n—1 (cf. Corollary 1.5)). Then W,C, 4) can be written uniquely 
in the form 


Wi A) = Yay Ao, a. 
2 


The variation of W; with À can now be comprehended more readily 
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tban before, since it is now expressed in terms of the variation of the 
finite set of coefficients a,, with 4. 

However, this simplification introduces new complications. For 
instance, the formula of Corollary 3. if written in terms of the func- 
tions a, (-, 4), becomes 


Kt) =>] X Faaa olt Vole, Pelda) 


std ej, k=l 


which may be written as 


K(F: t, 8) =[{3 X Fület Ao,(s, joie. Dosen) 


PES d 


in terms of the matrix measure py defined by 


pale) = X. [ auttm. 


In this way matrix measures are unavoidably introduced into our 
expansion theory. 

The very process of choosing a basis a,(*, 4), . . ., 0, (* A) for the 
space of solutions of ta = do introduces difficulties We can, of 
course, always follow the course indicated above; i.e., choose some 
point c in the interval J on which z is defined, and define the basis 
ey À), «+2 Onl’, 4) by the eco that 


of, (6 2) = & 


This procedure has the evident advantage that it makes ¢,(+, 4) an 
entire function of the complex variable 4; but it has drawbacks which, 
though less evident, are nevertheless decisive. 

Suppose, for example, that we study the self adjoint operator 
T obtained from the formal differential operator —(d/d#)? on the 
interval [0, oo) by imposition of the boundary condition {(0)+-f’(0) = 0. 
How shall the point c in [0, oo) be chosen to best effect? It is clear 
that any choice of c other than c = 0 will introduce an unnecessary 
asymmetry into all computations. Thus e = 0 appears as a natural 
choice. In this case an elementary calculation shows that the solutions 
€, and o, of to = Ac defined by the boundary conditions o,, (0) = 
&, i,j = 0. 1. are cos 4H and 4+ sin #4, respectively. These functions 
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are in fact entire in 4. In the range 4 7 0 they form a perfectly 
suitable basis for the solutions of ta = Ac. However, in the range 
À < 0. JF is imaginary, and an analytic expression like cos 4H is hard 
to work with beeause of the apparent ambiguity in the definition of 
35. An analysis of the spectrum of 7' shows that the only eigenvalue 
of T is A= —1, and that the corresponding orthonormal eigen- 
function g (written in terms of c, and o,) is 


y(t) = V2G sin it4- cos it). 
Since 
diet epe 


sin i = —_—_. cost 
2i 2 


this is simply V/22-*. This fact makes evident what could readily 
be suspected before: that from the point of view of the negative 
real axis, a more favorable choice of basis for the solutions of ta = Ao 
is 

Ot, A) e lt, 2) = ev 


Of course, as long as we are dealing with the formal operator 
To = —(d/dt, so that the solutions of zs = Ao are the familiar 
trigonometric (or exponential) functions, the problems arising out 
of any particular choice of basis are not particularly significant. 
But if, for instance, we consider the formal differential operator 
7, = —(d/dx}?+ (aja?) on the interval (0, co), so that the solutions 
of to = Ag are Bessel (Hankel, Neumann, cylinder) functions, these 
problems may become quite annoying. In the first place, if we intend 
to hold to the above method for choosing a basis o,. c, for the solutions 
of ta = Ag, we must first choose some arbitrary point c in (0, co); 
and this choice introduces an unnecessary asymmetry into all our sub- 
sequent calculations. The effect of such a choice may be inferred from 
the fact that a corresponding choice made m connection with the 
formal differential operator z = —(d/dz)? would lead to the basis 


&(t) = A3 (sin Ht cos e— cos Att sin Ae}, 
8,(t) = cos Att cos Ate+ sin Att sin Ate. 
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Moreover. the analogue for Bessel functions of the relation 

cos it+é sin it = et 
is a relation which expresses the Hankel function in terms of Bessel 
and Neumann functions. These remarks illustrate the following 
general principles. 

(a) In order to avoid introducing messential and confusing 
complications into the computation of resolvents, spectral resolutions, 
etc., of differential operators, care must be exercised in choosing a 
suitable basis for the solutions of the equation to = Ac. 

(b) The analytical continuation of a basis convenient for the 
study of a certain range of À is not necessarily the basis convenient 
for the study of another range of 4. 

For the above reasons, we wish to reserve the right to investigate 
different ranges of 4 separately. The detailed definitions, results, etc., 
to which this desire leads us will be given below. At this point, we shall 
only remark that it is necessary to make a number of slight generaliza- 
tions of the theory of positive matrix measures presented above. 
Definition 6 must be generalized as follows. 


12 Derintriox. Let A be an open interval of the real line, and 
let (i, 1 & 6j x n, be a family of complex valued set functions 
defined on the family of Borel subsets of A whose closures are compact 
and contained m A. The family {,;} will be called an n y n positive 
matrix measure on A if 

(i) the matrix y,,(e) is Hermitian and positive semi-definite 
for each Borel subset e of A whose closure is compact and contained 
in A: 

(ü) we have 


Ha Us = X aslen) 


for each sequence of disjoint Borel subsets of A whose union has 
compaet closure contained in A. 

Lemma 7, Defimtion 8, Lemma 9, Theorem 10, Lemma 11, then 
all have corresponding generalizations. For example, Definition 8 is 
to be generalized as follows: Let A be a subinterval of the real line. 
Let {uy} be a positive nxn matrix measure on A, and let gu be a 
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positive o-finite regular Borel measure on A with respect to which all 
the set functions {,,} are continuous. Let (m, denote the matrix 
of densities of (gj with respect to u. The family of 7-tuples 
F = [fy -- fp] of Borel-measurable functions defined on A for 
which 

iri — [ (X moyen) an < ec 


501 
will be denoted by LYA, (1,9). An element F of L2(A. {u,}) will be 
said to be a {u,,}-null function if |F| = 0. The set of all equivalence 
classes of elements of LYA, (4,1) modulo {x,,}-null functions will be 
denoted by L(A, {,}). 

Proceeding as in Lemma 9 and Theorem 10 it may be shown that 
(A, {4}) is a complete Hilbert space. 

It should be noted that if {p,,} is an n x 2 positive matrix measure 
on the real line, and if (jj) is the n x” positive matrix measure on A 
defined by p, (e) = p,,(e) fore C A, then L(A. {1,,}) may be regarded 
as being isometrically imbedded in L,({p,,}). as the set of n-tuples 
DAC... fal] Of L(pu)) whose components vanish outside A. 
(Compare Section II.8. in particular the paragraphs of discussion 
between Lemma IIL8.2, and Lemma IIL8.8.) In what follows, this 
and similar elementary measure-theoretic ideas will be used, some- 
times implicitly. In particular, a sequence of elements of L(A. (2,5,)) 
converging in the metric of L,(A. (4,)) will sometimes be said to 
converge in the mean square sense in L(A, {u;}}. Let E be an interval 
of the real axis, v a Borel measure on F, o,.....0, a set of Borel 
measurable functions defined on J x A, and h a »-measurable function 
defined on I. Suppose that for each compact subinterval J of I the 
integrals 


HIG) = f o t Meat), i=l. 
exist for all 4 € and define an element H7 of L(A. {ug}). and that 
if J, is any increasing sequence of compact subintervals of I with 
union I, lim, ...H7» exists in the topology of L(A, (,)). Then we 
will sometimes say that the family of integrals 
[ot neman 


exists in the mean square sense in LA, (uj) 
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18 THEOREM. (Weyl-Kodaira). Let v be a formally self adjoint 
jormal differential operator of order n defined on an interval I with 
end-points a, b. Let T be a self adjoint extension of T(r). Let A be an 
open interval of the real axis. and suppose that there is given a set 
0, . . +, O, Of functions, defined and continuous on I x A, such that for 
each fixed À in A, o,(* À), - +. 0, (7. A} forms a basis for the space of 
solutions of ta = Ac. Then there exists a positive nxn matrix measure 
{pi} defined on A. such that 

G) the limit 


IONAN = tim [fs 2] 


exists in the topology of LyA. {py}) for each f in LI) and defines an 
isometric isomorphism V of E(A)L,(I) onto L,(A, (p,)): 

(ii) for each Borel function G defined on the real line and 
vanishing outside A, 


V2(G(T)) = {ile £4. (0436/2 € LA, (9:3) 


and 
(VG(TY) (A) - CAVALA | «—1....,2,4e4, f eS(G(T)). 


Proor. Let W,,..., Wms # and ej,2:— 1,..., m be as in 
Theorem 1. Then we can find functions a,, such that 


El Wt 4) = Sapol 2). teLAcAi=l,...,m. 
E! 


We begin by showing that the functions a, are z-measurable. Let 
J be a bounded closed subinterval of F. If the restrictions of the 
functions 0,(-. 4}, . . ., c, (*, 4} to J were linearly dependent for any A, 
so that there existed a non-vanishing set of constants ¢,...,¢, 
such that Y? ,e;o;(t, 4) = 0 for t in J. then it would follow by the 
uniqueness assertion of Theorem 1.8 that ¥?_,¢,0,(t, 4) — 0 for all t in 
I. Thus, o,(-. 4)... ., 0,7, 4) would be linearly dependent, contrary 
to assumption. This shows that the restrictions o,(4) of a,(-. 4) to 
J are linearly independent, and hence that equation [+] determines 
the coefficients a,,(4) uniquely, even if we only demand that [«] hold 
for all tin J. Since they are continuous and hence bounded, the restric- 
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tions W,(4) and o,(4) of W,(-. 4) and a,(. 4} to J belong to L,(J). 
Let À, be a fixed point in A, and, using the Hahn-Banach Theorem 
118.18, select vectors hj € L(J) such that 


(oilo) A) = A hj =l, n 
Then for any fixed integer k, 1 Sk Sm, we have 


(Wah) =E AA h) j=l 
- 


When A= dy. the matrix (544) = (044), hj)) is the identity 
matrix. The matrix (b,,(4)) is evidently continuous in 4. Hence, there 
exists a neighborhood N of 4, such that the determinant det (5,(4)) 
is non-zero in An^ N. Consequently, for 4 in ANN the matrix 
(b,(4)) has an inverse {c,,(4)}. which is continuous in 4 for 4 in N. Thus 


[tf] a0) = X(W,U.Ah)e4AM — k—L....m. 
jmi 
, $43... ÀeAn N. 


This shows that the restriction of a,, to A ^ N is g-measurable. By 
Theorem 1, (hy, W,(A)) = (Uh,),) is in E,(u) for k —1,...,m, 
j=1....,”. Taken together with [!], this shows that 
PM k=l. 


le(A*p(dà)« c, i=l m, 


Toss 
provided that M is a compact subset of A. Since A may be covered 
by a sequence of sets of the form A N, a; is z-measurable on A, 
Since any Borel set e whose closure is compact and contained in A 
can be covered by a finite sequence of sets of the form An N, it 
follows that 


[eem Reem FHT. 


for each Borel set e with compact closure contained in A. 

Let pj be the complex valued set functions defined for each 
Borel set e whose closure is compact and contained in A by the 
formulas 
pale) — Y [asia RA. RET een 
mise 
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Let [E,....£,] be an n-tuple of complex numbers. Then 

È pue. = Y | IY as (X Pu(là)2s 0. 

f$ k-l tl! e 7-1 


Thus {p,,(+)} satisfies condition (i) of Definition 12. It is clear that 
{pal} also satisfies condition (ii) of Definition 12 provided that 
the closure of the union | Je; is compact and contained in A. Thus 
(p, is an nxn positive matrix measure defined on the interval A. 
Clearly, all the set functions pp are p-continuous, and the density of 
pm with respect to p is the function 


Th, = Y Ops» 
ES 
For any 7-tuple F = [f,, . ... f,] of Borel-measurable functions 


defined on A let AF be the m-tuple [g,...., Em] defined by the 
equations 


2A) = Daya). i=l , hel 


Then, since a,(A} vanishes for A¢e;. and since 


f [X rmn =f eX e mann. 
Ala 4 Fn 
the mapping A is evidently an isometric isomorphism of L(A, (p,]) 
into the subspace L(y, Ae;) of Y7- Lu. e,). This same equation 
establishes the following remark, 

OH If Fis ann-tuple of Borel measurable functions, then AF € X7. Lg 
(Ae: p) if and only if Fe L(A, (p4))- 

Let U be the isometric isomorphism of L(I) onto Xr Liu) 
given in Theorem 1, and let {J,} be an increasmg sequence of compact 
intervals whose union is J. It follows from Theorem 1 that for each 
integer q and each f in L,(I) the functions f f(t} W£ "dt belong to 
Lue). k —1...., m, and 


(UG) — im f OWE Tie, k=, oam, 


the limit existing in the topology of L,{u, e,). Moreover. the mapping 
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f [aO j OWE], fe EMED, 
is an isometric isomorphism of E(A)E,(Z} onto all of X% Lal, Ae). 
For each f in L,(I) define 
VAW — f, MOA, 3ieA Ei. un 


The equations 
[ [E ravaa 
AVH 


=[ [5,3 meom 


£471 kel 


=( $S «duran 


A EA «i 


= X [ AVADA 
kels A 
AVD = LED EDA 
A J. 


=| "aene, łe. 
Je 


(AVAY() = 0. "S 
and 
(AV Pa) = 40) f, Witt KOE, 
show that the n-tuple [(V,f},] belongs to £,(A, {p.}), that the n-tuple 
of integrals 
A = [fro]. i=, 


exists in the mean square sense in the Hilbert space £,(A, {p,}), and 
(using Theorem 1(ii}}, that 


UE(A) = AV}, fe Lt). 


From this equation it follows immediately (since UE(A) = AV is 
a mapping of E(A)L;() onto all of the subspace $% fu, /le;) of 
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XRaL4use)) that V is an isometrie isomorphism of E(A)L,(I) 
onto L(A, {p,;}} and that A is an isometrie isomorphism of 
L,{A,{p,}) onto the subspace $7 Lis Ae,) of Y7 Lgs e). 

To prove (ii), note that since G vanishes outside of A, it follows 
from XIL2.6(a) that f is in $(G(7)) if and only i£ E(A)f is in 
S(G(T). By Theorem 1(ii), this is the case if and only if 
[GOUE 4C] is in XT4L4(e; p). From the definition of A it 
follows immediately that [GOXAF}C)] = [(4£)4-)]. for each 
ntuple F = [f,C),. -+> f,(¢)] of Borel-measurable functions defined 
on A, where F = [G(-)f40), - .-. GC, ()]. Since UE(A)f = AV}, we 
have {G¢)(UE(A})<-)] = [(AH)C), where H is the n-tuple 
[GC\VP,C)]. Thus, by remark [tt], fe S(G(T)) if and only if 
[GCXV]),0)] is in £,(A, (9,3). which proves the first part of (ii). 

IE f is in S(G(T)), then, by XIL2.7(d). ELA)G(Ty = G(T = 
G(T)E(Ay. Since AV =. UE(A), and since, by Theorem 1(ii), 
UG(TY = [GC KUE(AY),()], it follows by the above remarks that 
UG(T)f is the ntuple AH, where H is the n-tuple [GCXV/)C)]. 
Since UG(T)f = UE(A)G(T)f = AVG(TY, it follows that AVG(TY 
= AH. Since A is an isomorphic mapping of L,(A, {pa}), VG(Ty 
= H. Q.E.D. 


14 Theorem. (Weyl-Kodaira). Let T, A, (p), etc, be as in 
Theorem 18, Let 4, and A, be the end points of A. Then 

(i) the mverse of the isometric isomorphism V of E(A)L,(I) onto 
L(A, (pa}) is given by the formula 


ms 
(VF) = lim f { » Fej. o. dh) 
Po 


PES = 
where F = [F,,...,F,JeL{A, (py}), the limit existing in the 
topology of L.{I); 


(ii) if G ts a bounded Borel function vanishing outside a Borel 
set e whose closure is compact and contained in A, then G(T) has the 
representation 

(cer = f, ve. £ s)ds, 
where 
K(G 1,5) Y | Cdjols, Aost, 20,(42). 


anise 
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Moreover, given any compact interval J C I. 


ew JK(G. t, &)ds < co. 
teJ JE 

Proor. Let f in LI) be such that (Uf),(+) is bounded for 
P—1,..5 n, and letg in L(I) vanish outside a compact subinterval 
J of I. Let Ay = (44, t4) be an open subinterval of A with compact 
closure. Then, by Theorem 13(i) and (ii), 


(Eo, 8) = (Eo, BAe) = (VEU VELA) 
=[ [ 3, OOT) 


£jer 


-Í {3 wnal f, ost. Hatten). 


Aa Mil 
Since all the measures py, i f= 1,..., s, have finite restrictions 
to Ay, and since g; is continuous and hence bounded on the compact 
set A,xJ, we may interchange the orders of integration and summa- 
tion in this formula, and find 


Bl (Ee) -ff È Vna Apu dayiae) 


Let f be in LI), and, using the fact that the family of bounded 
n-tuples is dense in LA, {p;}} let f, be a sequence of functions in 
Ly(I) such that f, + f in the topology of LI) and such that Vf, is a 
bounded n-tuple for k = 1. Then. from the boundedness of o,(t, 2} 
in JxApg, it is dear that 
f LS mene oun] +f X whose on] 
A ein A ier 
as k -> co, the limit relation holding for each £ in J and boundedly 


for t in J. Applying [=] to each function fe, and letting k > oc. it is 
seen that 


[ss] (AM. e) = f, 4, eee 


where for each n-tuple F = [FiC), ..., F,C)] in L(A, (0,3). we 
have put 
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emm -[ Ix roe neuen) rer 
Ao lF 


It follows from Theorem IV.8.1 that f;|(S,, Vf)(t)Pdt < co, and that 
[xs] holds for all g in Z,(Z}. Thus 


(EMO = (S4, VPE. 


If we let the end points i and pi of A, approach the end polnts 
4, and À, of A, it follows that 


oA 1 


mj a 
(t4) — im (^| È VAt msan). 

+i ESSI 

na 
proving part (i} of the theorem. 

To prove (1i), we argue as follows (compare the proof of Corollary 

8). Front the boundedness of G(T} and Lemma 2.16, it follows that 
the map f > G(T)f is a continuous map of L,G) into C(J). Thus 
there is a constant M(J) such that 


Gy) s MU. f ELD). 
It follows from Theorem 13(ii) and part (i) of the present theorem 
that 


(eno - f $ coff reds] non. 
ote 
where the integrals [,f(s)o,(s, 4)ds exist in the mean square sense 
in L(A, (p). Let Gq denote the dense set of those f € LI) each of 
which vanishes outside a compact subinterval of I. If f is in $y the 
individual integrals in the formula displayed above alll exist, and we 
interchange the orders of integration and summation in that formula 
to obtain 


m (Gre) = f, ok t sd Peg 
and the inequality 


[ [AOE tsis] sae. febo 
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where 


E(G:52) — Y. [ CONA Dot Dpt). 


side 


It follows from Theorem IV_8.1 that 
[f, «en spa] SMU} ted, 


and that equation [7] holds for all f in L,(I). Q.E.D. 


15 ConorLaRx. Let T, A, and {py} be defined as in Theorem 14. 
The complement of ofT) in A is the largest open subset ey of A such that 
{pule} = O for ecery open subset of e, whose closure is compact and 
contained in A. 


Proor. We observe first that if e is a Borel set whose closure is 
compact and contained in A and (p;/(e)) = 0, then {p,,(e,)} = 0 for 
every Borel subset e, C e. To prove this, let £,. . . ., & be any n-tuple 
of complex numbers, and let F= [fis -~ -s fal where f; = £x, 
i1... n. Then VE(e, VF = (zeus - - -» Ze ful. Since (pue) = 0, 


O= Y p4()5£ = FP 2 VEe V1 FI? 


fe 
F> >> pie ed, Z 0. 
ia 
Consequently, D$ ipu(e e, — 0 for every vector [&,.... &] 
in EX TE G,... G] e E", the Schwarz inequality for the inner 
product J$ purple) in E" shows 


PEE (à, seb Y ote) 


for arbitrary vectors [é,], [¢.] in E" (ef. the remark following 
Theorem IV.4.1). It follows that Y? y ple) — 0, f= LL... 
[le E". Hence pj) = 0, 1 & ij E mn. 

Now let e, be the union of all open subsets e whose closures are 
compact and contained in A and for which {p,,(e)} = 0. Since e, is 
the union of a sequence of such sets, it follows from Theorem 15 (ii) 
and the preceding paragraph that E(e) = 0, e C e. Thus E(ej) = 0. 
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Hence by Theorem XIL2.9(b), o(7) ^ ey = ¢. On the other hand, if 
eon a(T) = $ so that E(ej) = 0 by Theorem XII_2.9(b), then by 
Theorem 18(i} and (ii} 


co [ 
FX mee] e ta tea eats na 
-oli far 
provided f, and g; vanish outside ep. If e is a Borel set whose closure 
is compact and contained in ej, then taking F = [&y,,..-+ & Xe] 
and G = [ġe -> aXe} we see by the argument above that 
(o,(e)) = 0, and hence (p,(e9)) = 0. Q.E.D. 

The next theorem gives useful information on the convergence 
of the inversion integrals appearing in Theorem 14. It is the analogue 
for the continuous case of Theorem 4.8. 


16 THEOREM. Let the operator T, the isomorphism V and the 
matriz measure (p,j) be defined as in Theorems 18 and 14. Let p be a 
positive a-finite measure with respect to which all the set functions p;; are 
continuous and letm,, be the Radon-Nikodim derivative of p,, with respect 
to pi. If f is in S(T) CLAD, then the integral 


[ [E re nomeu 
ANHI 


converges absolutely and uniformly on each finite closed subinterval 
of I, and may be differentiated under the sign of integration (n—1) 
times, each differentiated integral retaining the praperties of absolute 
and uniform convergence. 


Proor. The proof is similar to that of Theorem 4.8. If {A,} is an 
increasing sequence of compact subintervals of A whose union is A 
and Jy belongs to p(T), then 


Í { X mast. DOPAJ = Ras TY. 
where 


& = EA— ASI —TYyf. 
Since g, converges to zero and 7RE(4,; T) is a bounded operator, it 
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follows that E(4,; T)g, and T R(4,; T)g, converge to zero in LI). 
Thus by Lemma 2.16, the integrals 
a 

tl J [X mte awaa 

Pao oe 
converge to E(/)g in the topology of C"7(J') for each compact 
interval J of I. Since the integrals converge unconditionally in L {I}, 
they converge unconditionally in €"-!(J) The functions o; are 
continuous on I x A and belong to C™(Z} for each 4 in A. It is easily 
seen that for any k > 0 we have the limit 


an TO (HA A)—o™ (t, 2) 
im = 
pen At 


o*m (t, 2), 


uniformly for t in any compact subinterval of J and for À in any 
compact subinterval of A. Thus if 


of (£4 At, 4) e^ (t, A) 


; —g* 9 (t, A), 


alt. 4, At) = 
it follows readily that 


lim l Yt h ADe 4, At)p,(aa)} 


At50 J AU, $1 


= Hm X nt. 4, tyi. 4, Apud) 0, — k 21. 


40 5471 J Ay 
Thus, by the Schwarz inequality, 


tin | (X mutat anna) kan 


404 A, U 501 
Le, for each k = 1, the integral in [«] may be differentiated ar- 
bitrarily often under the integral sign 

Consequently, each of the differentiated integrals converges 
absolutely. Q.E.D. 

Observe that a point 4 in A is an elgenvalue of 7' if and only if 
the matrix {p,,({4)})} is different from zero. For by Theorem 14(ii), 
E((A,)) is the integral operator whose kernel is 


EQ. t5) = x P e«t, Apos Api (Ug) 
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Since the functions (2, Ap), - - - da(s Ay) are Hinearly independent, 
E((A,) = 0 if and only if {p.({4g})} = 0. However, as in the proof 
of Lemma X.8.8(ii), it is seen that E((49)) 7^ 0 if and only if Aj is an 
eigenvalue of T. 

We shall now show that when the matrix S(4,) = {p,;(f4o})} 
is not zero, one may construct a complete set of orthogonal eigen. 
functions corresponding to A by diagonalizing this positive semi- 
definite Hermitian matrix. This observation will be useful later. It 
follows from the spectral theorem that there exist matrices U and 4 
such that S(4,) = UAU-!, where U = {u,,} is a unitary matrix and 
A is the matrix {a,;} = (4,5,]. where 4,, . . ., A, are the eigenvalues 
of S(4,) each repeated according to its multiplicity. Thus there exist 
quantities v, 1 ij X n, such that 


Š usan pal =D Antal 
kel k= 


Since the eigenvalues of S(4,) are non-negative, we can suppose that 
A, 24, =... ZA, SO. Suppose that 4, > 0 while 4, , = 0. Define 


vit) = VÀ Sunol Ah k=l.. p 


Then the functions y, are linearly independent solutions of 
(z—À)o = 0 and 


» a= 
[=] EQ. 15) = Y, viltlyls). 
= 
If J is any compact subinterval of F, then yi, .. ., v, are linearly 
independent in £4(J ). Thus we can find functions g,, .. ., £ in LI) 
vanishing outside of J such that 
faces = | glid =bn 0shpse. 
By Theorem 14(ii) and formula [«] 
(E4960 = f LEk tds yt, teL 


which shows that y, is in L,(Z) and, since E(Aj)g, = y. that v, is in 
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DL). Hence Ty, = Apo t = 1, . . ~ p.50 E(Agpy; = ype t= 1-9. 
Consequently, formula [+] implies that 


» YT 
vit) = Svs] vere edo. 
E 
which, by linear independence, implies that we have (yj, y;) = 5. 
1 S4,7 S p. Hence the vectors y, .. ., Y, form an orthouormal set 
of eigenvectors of T belonging to the eigenvalue 4. If y Is any other 
such eigenvector, we have E((A)y = y. so that 


v= lw, 
f 


by [x]. Thus y is linearly dependent on the vectors y,, showing that 
{vi> - - -» Ya} is a complete orthonormal set of eigenfunctions of 7 
belonging to the eigenvalue Jy. 

In Theorem 13 we proved the existence of a positive matrix 
measure {p;,} assoclated with any self adjoint extension of Zo(r) and 
basis a4. . - +» 0, of Solutions of (t—A)}o = 0 continuous on I x A. We 
now consider the problem of how to calculate this matrix explicitly, 
the functions a,(", 4) being a basis depending analytically on A for 
each À in a neighborhood U of the complex plane containing A. It was 
shown in Section 3 that the resolvent R(4; T) of T' is an integral 
operator whose kernel K(t, 8:4} could be expressed in terms of 
products of solutions of (r—A}o = 0 and (r—A)o = 0. Thus, it is a 
consequence of Corollary 8.12 that there exist functions 05; such that 
for A in Un p(T} then 

K(t5;4) = Y 05(0o.( jos: A. ts 
Des: 


2 


X Gale kt Ajos A), sct 
a 


i] 


We shall show that the functions 64 are analytic and prove that 
8 


[5*1 pal. a) =! Tim lim E (GU —ie) O50 pie). 
Art 


0 £40, Z: 


where (A. 4,) is any bounded open interval contained in A. The 
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basis for this formula is found in Theorem XIL2.10 which asserts 
that the projection in the resolution of the identity for 7 correspond- 
ing to (A,, 4.) may be calculated from the resolvent by the formula 


m 
E( (2, 42))f = ES hm : [- [R(4—ie: T) — R(A--ie: THA, 


0 £0 2zti 


The problem we face is that of passing from this latter formula in- 
volving the resolvent to a formula involving the individual terms 
6{,(4) and 6;,(A) as in formula [s+]. Many of the technical difficulties 
in the proof to follow are due to the fact that the functions g,(-, A) 
are not necessarily square-integrable on Z. The next lemma will be an 
important tool in establishing formula [++]. 


17 Lemma. Let X be a complex B-space and G be an open set 
in the complex plane. Let V and Q,, ..., Qy be analytic functions 
defined in G having values in B(X) and let g,, . . -, gy be scalar functions 
defined in G such that V(A} = Y? g (ARA) for A in G. Suppose that 
Qi(A). . ... Qu(4) are linearly independent for each À in G. If & denotes 
the linear space of continuous linear functionals g on B(X) of the form 
OT) = XL Tw.afeX*. a; e X, then given any point A, in G, 
there exist linearly independent functionals g, in &, a neighborhood 
G(A) GG of Ag, and analytic functions P,, defined in G(A,) such that 


X PADRA) —&, 2 GU.) 


and 
N 
£0) =z PU), 0), AeG(A). 


The functions g, are analytic for A in G. 


PRoor. We observe first that if 4 € B(X) and g(4) = 0 for all 
g in Ñ, then clearly 4 = 0. It will now be shown that there exists a 
Set gi, ..., gw EÑ such that g,Q,(4;) = 6,,. There is certainly an 
element g, such that g;Q,(4,) = 1. Suppose now that 1 < p < N 
and that functionals g,,...,g, such that 9,Q,(4}=6,, 1 d 
j & p have been constructed. Then there must exist an element y e ft 


such that y(Q,.,(,)) —*59(9,0,)9,(Q,(4,))) # ©, for if not, then, 
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by the remark above, we would have Q,, ((4,) = 37 19,(3)9,(Q,(49)). 
contradicting the linear independence of the operators Q,(Àj)..... 

Q,.(A). Choosing such a y, define y, — y—X? v (Q,))e, and 
$a = wl (Q9). Then put 

PPARA) a 1 SI Sp. 

It is easily seen that the set Q4... -, Gp. satisfies QA) — &, 
1 £4, f S p+. It follows by induction that we can construct the 
required functionals g}, ..., qu in 8. 

We now select a neighborhood G(4;) of 4, such that the analytic 
matrix (g,Q,(4)) has a non-vanishing determinant for 4 € G(A). It 
follows easily that (g,Q,(4)) has an inverse {P,,(A)} analytic for 
AeG(4). Thus 


N 
> Pulley QA) = Sn, — AeG(A), 
A 

and 


N N N 
X PAAVO = X Y PAAR) 
gat ikl 


x 
= Y gAn = al). 1 € Gy). 

pi 
It is clear from the last formula that g, is analytic in G. Q.E.D. 


18 TuroRrM, (Titchmarsh-Kodaira). Let A be on open interval 
of the real axis ond U be an open set in the complex plane containing A. 
Let oy, .. ., 0, be a set of functions which form a basis for the solutions 
of the equation (x—A)o = 0. 2 €U, and which are continuous on Ix U 
and analytically dependent on À for À in U. Suppose that the kernel 
K(t, s; A) for the resolvent R(A; T) has the representation 


K(t, s; 1) 


> X 6,4)o,. A)o,(s, 4), t<s 
a 


= X 6500, aile, D $3 
tial 


Jor all À in p(T) ^ U, and that (pj is a positive matrix measure on A 
associated with T as in Theorem 18, Then the functions 03 are analytic in 
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Un p(T), and given any bounded open interval (24, 25) CA, we have 
for 1 Stjsn 


pua, Aa) = lim lim a Sl, " [80 —ie) 0510-4 key a 


ae 
lim lim Ss [654 —i5) 05 (A4 ie))dÀ. 


$50 £0 2. 


Proor. For A in U define 


vill. s: 2) = oft, Ajo. 3. £z 
=0 t>s 
wilt, s; 4) = 0, t<s, 
= ont, Ajos, 2), t5 


Let J be any fixed compact subinterval of F. Since the restrictions 
{a;,(-, AJIJ) are linearly independent in E,(J) for each A € U, it follows 
easily that the restrictions (3C, ^, AJIJ x JJ, 1 à, f S n. form a 
linearly independent family of functions in L,(J YJ). Consequently, 
the continuous operators Q?(4) and Q;,(4) on L,(J) defined by the 
equations 


(EONA = f watt. s: Dds 
JeL,QJ) ted, dev, 


are linearly independent for each A in U. Since the functions 
{o,(-, AJIJ} are analytic in L,(J) for 4 €U, it follows easily that the 
operators Q are analytic functions of 4, AU. 

For convenience let 4, be the map of Lj(I) into L,(J) which 
assigns to any function f in L,(Z) the restriction /|J, and let B, denote 
the map of L,UJ) into L,(I) which assigns to any g in L,(J) the 
function gy; in LI). Then from the kernel representation for the 
resolvent we have the formula 


ARG TBA = X aza X osos AY. 
TEL), Aepl(T} Av. 
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In Lemma 17 let G = p(T) ^ U- V(4) = A44R( T)By. Moreover let 
Qi...., Qu be an enumeration of the functions Q5, 1 < 4, f £n, 
and g,...,gw be the corresponding enumeration of the functions 
0$. Then it follows that the functions 67; are analytic in U ^ p(T). 
We shall next establish certain properties of the operator 
A5 R(À; T)B;. 
First observe that 


(e) 14Z0)4,RQ; TBI & 1, Aep(T). 


This follows from the inequality [E(4; T S 1. ()| (cf. Lemma 
XIL2.1) and the fact that [4| = [B;| = 1. 
Next we have 


(b) lim z4,E(A die: T)B4f = 0, łeL (U), 
£20 


for almost all 4 in [4,, 22]. 
To prove (b) observe that 


eRULie TM = (auf > FEEN 


€ 
om Auti 
for every f in L,(I) by Theorem XIL2.9(v). Since DIE((A}Y2 X M? 
where the summation is over all A for which E({J})f + 0, it follows 
that lim, _,¢R(A+-ée; Tf — 0 except possibly for A in a countable set. 
Statement (b) follows immediately from these observations. 

(c) If F is any continuous function defined on [4,, 4g], then 


ACE 


lim lim È FQy4,(RQ—ie: T) —RQ- Lie; TI Bof 
850 c-0r STs 
= X[  roae;gnremegen fe LAW). 


14712 Qu Ag 
By Theorem XIL2.341 we have 
- 


1 
lim lim —| — F(a){R(A—te; T)—R(A+ ies TAA 
PP PTEI i 49 


= F(GE(dAy, Jer) 


DNE 
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By Theorem 14(i) 


faa F'OEGaIO = f, EG» t sods, 


where 


K(F,ts)— Y F(A)o;(t, 4)o,(s, A)p,,(d2). 


LFLS Ap AS 


Recalling the definition of Q we see that for f in L,(J) 


l| FORBI = Y [ FOIRON 
{An Ag) i jeld (Ay, Add 


This establishes statement (c). 

Having proved statements (a), (b), and (c). the conclusion of 
the theorem will follow if we can establish the following lemma. In 
applying the lemma we take X = £,(J). W = U, V(4) = A, R(ST)B,, 
put pj; = pj; = pu» and let Q,,..., Qu. i... o Ey- and fy, o © o, y 
be corresponding enumerations of {Q3}. {65} and {p$} as in the proof 
of Theorem 18, 


19 Lemma, Let X be a complex B-space and W be a neighborhood 
in the complex plane of the bounded interval [A,, 2,] of the real axis. 
Let gy, . - ., £y and Q,.--,Qy be analytic functions defined on W with 
g; scalar valued and Q, having values in B(X). Let V be the operator 
valued function defined by the formula 


x 
V(A) = X 0X0). AeW. 
il 


Suppose that 
(a) there is a constant M such that 


IAQVEN M, Sew; 
(b) lim eV(Aie) = 0, EX, 


£0 
Jor almost all A in (Ay, Aj]: and 

(c) for each i — Y,.. ., N there exists a bounded Borel measure 
B, such that 
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lim lim al... {VG@—ie}e -VQ- ie) F(A)dd 


20 cmo Zril, 
a 5 FAQ) (4A), vež, 
=L (A, Ag) 


for each continuous function F defined on [A,.4,]. Then 


5 


1 
lim lim — [g (4. —ie) —&, (4-4 -e)])d2 = pif (Aq, Ag), 0— 1, -...N- 
4-0 £6 PIÈS a 43 


Proor, Let À, be a point of the open interval (4,, 24) and let & 
denote the linear space of all functionals on B(X) of the form 


D 
AT) = Y a? Ta, 
ji 


where af e X*, 2, € £. Let q,, .. . gy be chosen in & by Lemma 17 
in such a way that there exists a neighborhood U(A,) of 4, such that 
the scalar matrix {9,Q,(4)} has an analytic inverse {P,,(A}} for À in 
U(A,)- Tt follows from hypothesis (c) that 
1 pe? 
lim lim —| ^ 9,(V(4—te)—V(A+ée)) F()42 
4-0 6304 ZTS Ata 


N 
=> FU) QU) (aA), 
140,9 


for every j =1,..., N, and every continuous F defined on [2;, 4j]. 
If we replace F(A) in this formula by F(4)P,,(4) and sum over j we 
obtain the formula 


N Ass 


lim lim Y — F()g,(V(A—£e) —V(--ic)) Pye 
id 


8-00 E04 joi ZEN a 


-5 xf. PO GRAF Ae; (dA) 
e» 


22 
: 

-X[., PADRAO 
Ea, ap si 


= fa, ap FOr), 
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if F vanishes outside U(A,) since JE Ppp RAA) = &, for 
1eU(A,). However. we may write 


N pay 8 
> F(A)p,(V A—ie)—V (A+ ie) Pp (A)dà 
dA a8 
N payd 
=> |, TOPA dos; Oe) PuU- He) VO EA 
A). 


N pàg 
x FG P (4 —te)—P, (AN, V A —ie)d2 
adage 


N pay 

+5 | | POPA Py Ae Vt d 

Jai JA 

As € approaches zero, the function «[P,,(At+ie) P,,(A)] 
remains bounded by the analyticity of P,,. By hypothesis (b), 
ey; V(A-ie) > 0 for almost all 4. Thus, by hypothesis (a) and the 
Lebesgue dominated convergence theorem, the last two terms on 

the right above tend to zero as e — 0. Consequently, 


N pat 
lim > F(A)p,(V(A—ie)—V(A+ te) P,,0) 
Eao jb JAE 
N pay 3 
=lim > F(A)[Pys(A—te}g,V (4—ic) — P,,(A+te) pV (A+te)] da 
60+ im Jas 
AXE 
— lim F(A)[g.(4—ée)—e,(A+ée) jd, 
Erti SAGE 
since g(4) = Yi PrsA)p¥ A) for 4 in U(%). Thus 
1 c» 
lim lim — FUIS 0—i)— 6 0-Hieyldà = FÓ)yas (2). 
$50 eor 275 JA ua 0A 
Now using the compactness of [4,, 4,] we may find a finite number of 
continuous functions F}, . .., F, of the real variable 4, each vanishing 
Outside a compact set interior to W, with the property that 
FiF (4) — 1, Ae [A Ag], and 
1 pe 
lim lim — F(A) ge(A—te)—2, (A+ de) 
859 E04 27i m 
= Fed, i 
AnA 
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Then 


(Ay. Ag) = lim =f" i T Paad) 


220 (i 


850 £20 i1 


= lim bm Y = Fa — ie) glied 
Atë 


72 
=lim lim zl. [g(A—ée)—ee(4+-2)] dA. 
a0 eao 228, 
QED. 
In case T is a real operator, Theorem 18 may be stated in a 
somewhat more convenient way. 


20 COROLLARY. With the hypotheses of Theorem 18, suppose that 
T is a formal operator with real coefficients, that each of the functions a; 
is real for t and À real, and that the operator x is defined by a set of real 
boundary conditions. Then we may write 


Ag 
Pol (Ay 33)) = lim hm act 06: —i:)dx 


Bo eso: Harts 


B40 £04 


Proor. This will follow from Theorem 18 as soon as we establish 
that 


[+] 6,(2) = G4) and 65) — 6501. 


Since o,(t, A) is real for real A and depends analytically on 4, we have 
o,(t, 4) = o,(t, X). Hence "»] will follow if only we can estabhsh that 
K(t, s; A) = K(t. 5; 4). Let I be the mapping of L,(I) into itself which 
sends every function into its complex conjugate. Then I" is additive 
and isometric, but I'(xz) = af (x). Since 7 is defined by the real 
formal operator v and by a set of real boundary conditions, we have 
TT = TT. Hence it follows that IR(2; TI = RU; T) for each A 
in the resolvent set of 7. Consequently, if K (t, s; A) is the kernel such 
that 


[Ks yis = (us TINO, 
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we have 
[£e 5; Ay(s)ds = (FRU; T)73/)(0) = (RG: T)(0. 


Since the kernel for R(A: T) is unique. this shows that K(t. s; 4) = 
K(t, s: 4) and the present corollary is established. Q.E.D. 


21 COROLLARY. Let T, A, o;, ett», be as in Theorem 18. Then the 
positive matriz measure {p;;} on A is unique. 


Proor. If o,(-, A)... .. 5, C, 4) were known to be analytic in 4 
for J in a neighborhood U of A in the complex plane, the result would 
follow immediately from Theorem 18. However, since this is not 
assumed, we are forced to take a more circuitous path 

Let c be any arbitrarily chosen point in I. For each complex A, 
let à4(4 4), ..-, 0,(, 4) be that basis for the space of solutions of 
to = Ao defined by the conditions 

aH eA) =o, — EE 9,...,n—1. 
Then. by Corollary 1.5, ô;{t, 2) depends analytically on 2, uniformly 
for tin any compact subinterval J of I. Let the coefficients a,, and b;; 
be defined for 4&4 by the equations 
^ 


95,2) = Y aso; 2) 


Dri 
a+, 4) = X b40)6,C. 2). 
Es 


Then it is clear that Dp ,0,(2)5,,(4) = Y5 45,1)a,4) = Oye 
Moreover, from the second equation displayed above, it follows on 
differentiating that 5,(4) = of (c, 2), i f — 1,...,». Thus, by 
Lemma 2.16, b;; depends continuously on 4 for 4e A. Since (64(4)) 
is the inverse of (5,(1)), it follows (cf. VIL6.1) that a;; depends 
continuously on 4 for 4e 4. 

Suppose that the present theorem is false. Then we may let 
{p,;} and {u} be two distinct positive matrix measures defined on 
A, having the properties stated in Theorem 13. For each Borel set e 
with compact closure contained in A,, put 


Bale) = X | abso 


kae 
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and 


Ade) = X [bday 


kimi Je 


If [ġ ...,£,] is an n-tuple of complex numbers, we have 
X dense, = | CX iios =o, 
1 e krel 


where £44) = >7,&8,,(2). Thus, {f,} is a positive matrix measure 
defined on A. In the same way we show that {f,,} is a positive matrix 
measure defined on A. By Corollary IIL10.6, 


X | aatal 


‘tise 


= 5 [anam p 


f.5.pP.G-1J e 
= | pta = pater 


In the same way, we show that 


kd uet 
2, | 2200.2) = pae 
£a Je 
Thus, since {p,,} and {up} are distinct, (9, and {fy} are distinct. 
Let p be a positive c-finite Borel measure on A with respect to 
which all the measures p}, are continuous, and let {9,,} be the cor- 
responding matrix of densities. Then it is clear that all the measures 
f; are p-continuous, and that the corresponding matrix of densities is 


640 = [ X tuni eun. 


Consequently, if we put (B/)(A) = X1.,55(A)(A) for each s-tuple 
F = [f,.---:f,| of Borel functions, B is an isometric isomorphism 
of L(A, (5,3) into L(A, (9,3). In the same way, B is an isometric 
isomorphism of LA, {Ay}) into L(A, {1,})- 

Similarly, if we put [4F]{2) = Y1.,04(0:() for each n-tuple 
F = [f,,--., fa] of Borel functions. 4 is an isometric isomorphism 
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of L(A, {p,}) into L,(4, (4,)) and an isometric isomorphism of 
LA, {ug}} into L(A, {fu}. Since {a,{4)} and {b,4A)} are inverse 
matrices, it follows readily that 4B = BA — I. Thus, 4 and B are 
isometric isomorphisms onto ell of £,(A, (6,3) and LA, {guh 
respectively. 


Since 
Al f reis ua] - [[ imma 


it follows from (i) of Theorem 18 that the limit 


KP 5,0] = tim (fn. har) 


db 


exists in the topology of L,(A, {f,,}} for each f in L,(I), and defines 
an isometric isomorphism P of E(A)L,) onto L,{A, (5, J. It follows 
similarly that this same limit exists in the topology of L,(A, (f) 
for each fe LU), and defines an isometric isomorphism P of 
E(AVA) onto L(A, (4,3). Clearly, if V is as in Theorem 1&(i), 
f = AV. 

It is clear from the definition of A that for each n-tuple 
F = [f,--+sf,] of Borel functions defined on A, AF € L,(A, (4,4) 
if and only if F € L,(A, {p,,}). Moreover, if G is the Borel function of 
Theorem 18{ii), and H is the »-tuple [G(-}/,(-}], then it is clear from 
the definition of A that AH = [G(-),4 F),(-)]. Thus, it follows from 
(iij of Theorem 18 that for each Borel function G defined on the real 
line and vanishing outside A, 


PRET) — (0416 LAA. (AS MECHCH e L(A, (5H 
and 


(PET) (A) — GAXVP,@, 4-1... eA, fe DET). 


It follows in the same way that all these statements hold if 
LA, (5,3) is replaced by L,CA. (4,3)- 

Since the basis ô {s 4},-.-,G_(+, 4) satisfies the hypotheses of 
Theorem 15, it follows that {fu} — (fij. But, we saw above that 
{Ag} and (f) were distinct. Q.E.D. 

On the basis of this corollary, we are able to make a number 
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of simphifications ın Theorems 13 and 14 which are of practical 
importance. 

The difficulty of making calculations with an sx» positive 
matrix measure is a rapidly increasing function of n. For this reason, 
we always strive to keep 7 as small as possible. In proving Theorem 
18, i.e., in recasting Theorem 1 in terms of a set c (s, A), ..., 0,(4 A} 
of linearly independent solutions of zo = Ao, it is not necessary that k 
be the same as the order 2 of z; ie., that a, ..., 0, constitute a 
complete basis for the set of all solutions of zo = Ao. As the reader 
will readily see on reviewing the proof of Theorem 18, it is only 
necessary that each of the functions W,(-, 2), ..., Wnts 4) of 
Theorem 1 be in the linear span of o (°, 4), .. ., &,(*; 4). In certain 
cases (cf. Theorem 4. Corollary 5) k can be significantly smaller 
than n. 


For this reason, we make the following definition. 


22 DrrmrnoN. Let r be a formally self adjoint formal dif- 
ferential operator defined on an interval J, and let 7 be a self adjoint 
extension of Toft). Let A be an open subinterval of the real axis. 
For each 4 in A, let 6,{-, 2), . . -, o4, 4) be a linearly independent set 
of solutions of ze = 4c. Suppose that c, is continuous on Fx A for 
£d... k. Letu and W,, ..., W,, be the measure and the kernels, 
respectively, of Theorem 1. If, for #-almost all 4 in A, the functions 
Wils 4) - - -s Waal’, 4) are in the linear span of (42), ...,6,0. 4), 
then &,, . . ., &, will be called a determining set for T on the interval A. 

A number of remarks concerning this definition are in order. 
Note that a determining set for 7 on the whole infinite interval 
1— oo, +œ} always exists. For example, if z is the order of z, we 
may take c in J and require that cf? (e, 2) = 6], i = 0,....2—1. 
Note also that Theorem 4 describes an important situation in which 
a determining set for 7 may consist of fewer than n functions. Of 
course, Theorem 4 is by no means the last word in this connection. 

Finally, we assert that the concept of a determining set depends 
only on the operator 7, and not on the specific choice of a measure u 
and kernels W, in Theorem 1. 

To prove this, let fi and W,, à = 1, ...,m, be a second measure 
and a second set of kernels having the properties described in Theorem 
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1. Suppose that o,,...,0, are as in Definition 22, and that the 
functions W,(-, 2) are in the linear span of &(-. 2), - --, o,(+, A), for 
pealmost all 2. We will show that each point 4, in A has a neighborhood 
N such that the functions W’,(-, A) are in the linear span of os, 2), . . ., 
€, (*. A) for f-almost all A € N. Since A can be covered by a countable 
family of such neighborhoods N, this will establish the desired con- 
clusion. 
Let À, be in A and choose some point c in Z. Let 


vA) = [ode 2), ule, 2). . . 208 Me. 2)]. 


and find vectors v, = [7/9,..., of], i= E-E1,.... 5, in Euclidean 
n-space which are independent of the vectors v,(4,), = 1, ..., k. Let 
Sia. A), «+s 0, (4) be the unique solution of to = Ac determined by 
the initial conditions of? (c. 2) — 0, j —0,....n—1, E= EL... 
By Corollary 15, v,(4) depends continuously on 2, i — 1, ..., n. Since 
the vectors v(4), ..., (A). 9,4. ....v, are linearly independent for 
A=% {so that the nxn determinant of their components is non- 
vanishing), there exists a small subinterval N of A containing A, such 
that v,(4), . - -s (A), Veps - - -3 Un are linearly independent for Ae N. 
Consequently, et^, A), - - ., &,{*, 2) are linearly independent for Ain N, 
so that, for A in N, they form a basis for the space of solutions of 
ta = Ag. Consequently, we may write 


i=l,...,k 


n. 


E 


We) -f aus 2 


WD = FiA Fale m 
La 


By assumption, 2,(4) = 0 for ;-almost all Ae N if j >k. We wish 
to show that We, 4) is in the linear span of e, A), . . ., a{°, A) for 
fi-almost all 4 in N; ie., we wish to show that á, (4) = 0 for p-almost 
all Ain N if j > k. If this is false, there exists an à, and a jy > k such 
that 4, , (4) fails to vanish for p-almost all 4. As demonstrated in the 
course of the proof of Theorem 18, the matrix measure (p, of 
"Theorem 18, which is unique by Corollary 20, is given by the formula 


se = È [s titan 
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for each Borel set e with compact closure contained in N. For the 
same reason, 


pate) = Y. | a niin. 


This first equation shows that 


uS Í X e P aa) =0 


for every Borel set e with compact closure contained in N. On the 
other hand, since D> |], (A)? fails to vanish for f-almost all 4e N, 
there exists a Borel set e with compact closure contained in N such 
that 


side = | X qnam #0. 


This contradiction proves our assertion. Q.E.D. 
In terms of the notion of a determining set for 7, Theorems 
18 and 14 may be restated as follows: 


28 THEOREM. Let q be a formally self adjoint formal differential 
operator of order n defined on an intercal I with end points a, b. Let T 
be a self adjoint extension of To(z). Let A be an open interval of the real 
axis, and suppose that o, , . . ., ay is a determining set for T on A. Then 
there exists a positive k xk matriz measure (8,,) defined on A, such that 

d) the Limit 


[PAA] = tim | | fede ft, 24t 
ew 


exists in the topology of LAA, (9,3) for each f € LAT) and defines an 
isometric isomorphism V of ELAYLAJ) onto all of LA (4,35 
{ii) fer each Borel function G defined on the real line and 
vanishing outside A, 
VS(GUP)) = {Ll e LAA, fA.) NIGH € LAA, (0:3) 


and 


(VATA = GAVRA) £— 5... AEA, feD(GT)). 
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The proof is neatly identical with the proof of Theorem 18, 
and if the reader reviews the proof of that theorem he wilI easily 
be able to make the few modifications required. In the same way, 
by making a few obvious modifications in the proof of Theorem 14, 
we obtain the following result. 


24 THEOREM. Let T, A, {Py} etc, be as in Theorem 23. Let Ay 
and a, be the end points of A. Then 

{i) the inverse of the isometric isomorphism V of E(A)LAT) 
onto LA. (5,3) i given by the formula 


(V3 FX!) = lim "S FÁAAojt, nuez). 


AUI 


where F = [Fy - -- Fe id (Qu the limit existing im the 
topology of LAT); 

(i) if Gis a bounded Borel function vanishing outside a Borel 
set e whose closure is compact and contained in A, then G(T) has the 
representation 

(EDM = f, etes 4, sys, 
where 


K(G; 4, s) = X Gest, 3o, (s, 39, (2). 


spate 


Moreover, given any compact interval J CI, 


sup | |K(G; t. s)?ds < œ. 
ted JI 
We devote the remainder of the present section to stating and 
proving a number of results which make it easier to apply the main 
results proved up to now. 


25 "THEOREM. Let T, T, o,, -.., 0, be as in Theorem 18. Then a 
subset 0, . . -> Ox Of Op, - - -> 0, ds a determining set for T if and only if 
Pyle) = 9 for j > k and for each Borel set e with compact closure 
contained in A. If the subset o,,..., 0, isa. determining set for T, and if 
(og) $$ =1,...,m da the matriz measure of Theorem 18, then the 
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-sk of Theorem 23 is unique, and 
0, fi>korj>k. 


matrix measure (9,, 5 9 = 
Bu = Pin bd = S Ep 

Proor. Suppose that c}, . .., c, is a determining set for 7. Then 
it is evident from Theorem 23 that if we define {py} 7,7 = 1,..., n, 
by 


Pule) = bole j= h.k, 


[x] e z 
pule) — 0 if i >k orj >k, 


we get a matrix measure {p,,} which by Corollary 21 must be the 
same as the matrix measure of Theorem 18. In particular, f,, is 
unique. Thus, all that remains for us to prove is that if p,(e) = 0 
for j >k, then o,,..., 0, is a determining set for T. Suppose that 
this is not the case, and let and W,, i = 1,. . ., m, be as in Theorem 
1. We have 


WAA = Xa4Qeygsih ded, i=l... 
E 


in terms of certain coefficients a; Since we are assuming that 
Cis- 1-0 is not a determining set, some coeffinent a,,, with 
jo > k, fails to vanish 4-almost everywhere. Since, by the proof of 
Theorem 18, (and by the uniqueness of {p,;}) 


s = | [S mr) aa. 


it follows that Ph% 8 not zero for every Bore) set with compact 
closure contained in A, contrary to assumption. Q.E.D. 


26 COROLLARY. Let t, T, ete., be as in Definition 22. Then the 
matrix measure {f} of Theorem 28 is unique. 

Pzoor. If the determining set c}, - - -, c, of Theorem 23 were 
known to be part of a basis c4, . - ., c, with the properties of Theorem 
18, then the uniqueness of {f,,} would follow immediately from the 
preceding theorem. Moreover, in the course of the proof preceding 
the statement of Theorem 28, it was shown that if 4) 1s any point in 
A, there exists a small open subinterval N of A, containing Àj, such 
that the set of restrictions @,, . - +, 6,01 q, ..., a, tO EXN is a subset 
of just such a basis. Thus, it follows from the preceding theorem that if 
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(5,3 is the matrix measure of Theorem 23, the values fj(e) are 
uniquely determined for each e C N. Since A is the unlon of a sequence 
of neighborhoods of the same type as N, the uniqueness of {fp} 
follows immediately. Q.E.D. 


2v THEOREM. Let v, T, A, ©, ..., On, etc., be as in Theorem 18. 
Then ij, for j > k, the functions 0142) of Theorem 18 tor, the functions 
05) of Theorem 18) may be extended to analytic functions defined on 
the whole neighborhood U of A, o,,.-., a, is a determining set for T. 


Proor. If 63{-) is analytic for j > E, it follows from Theorem 18 
that pe) = 0 for j >k and each Borel set e with compact closure 
contained in A. Thus, by Theorem 25, c}, . . ., c, is a determining set 
for T. Q.E.D. 


28 COROLLARY. Let T, A, o,, ete., be as in Theorem 18. Suppose 
that for each 2 in a neighborhood of A such that $2 #0, 6,,..., 0, 
span the space of all solutions of va = Ao which are square-integrable at 
an end point a of I and satisfy all the boundary conditions at a of the 
Jamily of boundary conditions determining T. Then o,,..., m, is ^ 
determining set for T- 


Proor. Suppose for the sake of definiteness that a is the left end 
point of Z. By Corollary 8.12. the resolvent kernel K(f,5;4) of 
Theorem 18 has the form 


k n 
El 839) - Y Y daol Nols, 3. st 
aia 
in terms of certain coefficients 6,,. But this means that for j > k, 
the coefficients 67; of Theorem 18 are all zero. Our present assertion 
now follows immediately from the preceding theorem, Q.E.D. 


29 COROLLARY. Lett, T, A, 0,, - - ., Op, etc., be as in Theorem 18. 
Then a point 2 in A is in the resolvent set for T if the functions 07, (or 
equivalently, the functions 03) of Theorem 18 can be extended to be 
analytic functions defined on a neighborhood of A. 


Proor. It is clear from Theorem 18 that if 6% can be extended 
to be analytic on a neighborhood N of 2, then p,{e) vanishes for each 
j~=1,..., and each Borel subset e of N. It then follows from 
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Theorem 25 that p,,(e) = 0 for all i, j = 1, ..., 2, and by Corollary 15 
that A is in the resolvent set of T. 

Conversely, let A be in the resolvent set of 7. Then, by Theorem 
18, 07 is analytic in the neighborhood of 2. 

The proof for 6, is exactly similar. Q.E.D. 


80 COROLLARY. Let t, T, A, 6,, O}, ete., be as in Theorem 18. 
Then an isolated point À, € Ac(T) és an isolated singularity of O} (or, 
equivalently, of 0;,). Moreover, p;,( (Ap}) is the residue at Ay of 07, (of 6). 

Puoor, The first assertion follows immediately from the preced- 
ing theorem. It follows from Corollary 15 and Theorem 18 that if 
a and b are two points such that (a, b) n e(T) = (A), then 


B] Pu) = lim Lr (65(2.—5)—650-H8))42. 
-0 2320 


If C, e denotes the rectangle with corners a+-e+ 46, a-+e—#, b—e —i5, 
b—e+46, then since 67 is continuous in the neighborhood of b—e and 
a+e, it is clear that 


lim E (O50 15) -03(2448))d4 = lim OO). 


tos are 8-05 C4 e 


On the other hand, if € denotes any sufficiently small circle about Ap, 
it is evident from Cauchy’s theorem that 


Jetta: = fu, esa. 
Thus it follows immediately from [s] that 
1 
PAON = a | exa 
c 


An exactly similar proof shows that 


1 
pud) = 2 | esty 
Q.E.D. 


"The spectra! theory developed in Sections one through four, 
&nd in the present section, enables us to establish the specific form 
of the spectral resolution of a great variety of differential operators. 
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To begin with the simplest possible case, consider the first order 
operator t = (1/é)(d/dt} on the interval [0,1]. By the remark 
following Definition 2.29, the two linear functionals f > f(0) and 
$ > fA) form a complete set of boundary values for z, and the most 
general self adjoint extension 7, of T(z) is defined by a boundary 
condition /(0) = &'?f(1). Since [0,1] is a closed interval, it follows 
from Theorems 4.1 and 4.2 that the spectrum of 7', consists entirely 
of isolated points, every such point being an eigenvalue of Tg, and 
that 7, has a complete set of orthonormal eigenfunctions. The 
(unique) solution of c5 = dc is clearly e**; this function clearly 
satisfies the boundary condition /(0) = ef{1) if and only if 4 is 
congruent to —Ó modulo 2z. Thus, the eigenvalues of 7, are the 
numbers 2zn —6, n being an arbitrary positive or negative integer. The 
corresponding eigenfunctions are e27/^-59, and are already normal- 
ized. From Theorem 4-2(c) we learn that this set of functions is 
complete. 

By the remarks following Definition 2.29, the formal differential 
operator (1/i)(d/dt), if considered to be defined on the interval 
[0, c0), cannot lead to any self adjoint operator in Hilhert space. 
Consequently, the next ease to engage our attention is the formal 
differential operator qt = (1/i){d/dt), defined on the interval 
(— «0, +00). By the remarks under “Case 8" following Definition 
2.29, v, has no boundary values, so that 7y(z,) has the unique self 
adjoint extension 7,(z5). A basis for the space of solutions of tga = Ac 
is furnished by the single function e*. In the remarks following 3.16, 
we have expressed the resolvent of 7Z(r) in terms of this "basis", 
and found that the constants 67, of the Titchmarsh-Kodaira theorem 
(18) are 

OA —6,0)— — SAO, 
Ga) = 65) = 0, IF 9. 


Thus, by the Titchmarsh-Kodaira theorem, 
old m pim 2 m a 
22i X 2z 
so that p is simply 1/2 times the Lebesgue measure on the J-axis. 


We are consequently ahleto derive the following theorem immediately 
from Theorems 18 and 14. 
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81 THEOREM. For each f in Sy 4r oo), the limit 
(FAQ) = dm E =|" He? at 


exists in the topology of L,(— co, co), and defines an isometric 
isomorphism of L{—©, --co) into itself, whose inverse is given by 
the formula 


A 
(FAY) = lim f Heal, 
Asoo Vx J.A 
the limit existing in the topology of L,(—o0, +00). Moreover, 
[= veian@pa < eo 


if and only if f is absolutely continuous and f is in L(— c0, +), 
and in this case 
GTY2) = FDA), =o «A« o. 


"The first part of this theorem is identical with the Plancherel 
theorem (X1.3.21); the second part gives a useful connection between 
the Fourier transform and the operation of differentiation. Of course, 
in stating the second part of the above theorem, we have by no means 
exhausted the content of Theorem 13(ii), which would immediately 
yield connections between the Fourier integral and higher derivatives, 
ete. 

After first order formal differential operators, the next most 
complex class of formal differential operators are second order 
formal differential operators. Let us begin our acquaintance with this 
important class of operators by consldering the forma] differential 
operator Tą = —(d/dt)}*, defined on the interval [0, 1]. Of the wide 
variety of possible sets of self adjoint boundary conditions which may 
be imposed on 7g, let us confine our attention to four: 


Set A; f(0)—0, (1) =0, 
Set B; f(0)— 0. fa)=0, 
Set C: f(0)=0, fü)-9 
Set D: #0)= Al), #(0)=FA)} 
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All but set D are separated. (It is worth noting in passing that the 
most general self adjoint set of separated boundary conditions for 
Ta is described by Corollary 2.31). Again we are in the situation of 
Section 4, the interval being finite, the spectrum being discrete, 
and the set of eigenfunctions being complete. With boundary condi- 
tions 4 and C, the unique solution of t6 = Jc satisfying the boundary 
condition t46 = Ac is sin „At. With boundary conditions A, the eigen- 
values are consequently to be determined from theequation sin 4/4 = 0. 
Consequently, in Case 4, the eigenvalues 2 are the numbers of the 
form (nz, n Z1; in Case C, the numbers (n 125, 73 z 0. In 
Case A, the (normalized) eigenfunctions are (27? sin nat}; in Case C, 
they are (23? sin (14-1). Thus, using Theorem 4.2(c), we are able 
to establish the completeness of various collections of sine-functions. 

In Case B, the unique solution of t3¢= Àc satisfying the 
boundary condition e'(0) — 0 is eos4/Zx. The eigenvalues are 
consequently to be determined from the equation (cos Yæ} lp- = 0; 
ie., from the equation sin 4/4 = 0. Consequently, in Case B, the 
eigenvalues are the numbers of the form (zx)*, and the normalized 
eigenfunctions are 


1, ee emm Ja essan +n. 
Finally, we turn to Case D. The functions sin 4/Z« and cos yJæ 
together form a basis for the set of solutions of tga = Ac. In order 
that there exist a non-zero linear combination f(z) = a sin /4z4-b 
cos «fix of these functions satisfying /(0) = /(1), f'(0) = f(1), ie, 
in order that there exist a non-zero pair a, b such that 


b—a sin 4/À—b cos 4/4 = 0, 
a—a cos 4/4--b sin 4/2 = 0, 


it is necessary and sufficient that the determinant 


—sin of I 2 " 
my 008 VÀ |... S eos 4-2 
1—tos fA smy 

vanish, Consequently, the eigenvalues in Case D are the numbers of 
the form (27n)*, n > 0. Associated with the eigenvalue zero is the 
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unique normalized eigenfunction gy(f) — 1. When 4- (2xn)’, 
n zd, both solutions cos 2ant and sin2ant of tac = do satisfy 
K0)— 0), f(0)-—7() Thus in Cas D, a two-dimensional 
space of eigenfunctions is associated with each eigenvalue 2 = (2xn}*, 
= 1. An orthonormal basis for this space is given by the functions 


1 L 
— sin 2znz, —- cos 2nnz. 
v2 v2 


"Thus, we see that in Case D we are led to conslder expansions in the 
complete orthonormal set of Fourier functions 


1. T sin 2xz, bs COS 222, a sin 4zz, = cos 4x, etc. 

Let us now consider a number of singular examples. Suppose, 
for instance, that we study the formal differential operator 
Ta = —(d/dt?® on the interval [0, co). A basis for the space of the 
solutions of 140 = Ac is furnished by eV?" and e-*V?*, If A = i, the 
first of these solutions is square-integrable, but the second is not. 
Consequently, (since z, is real, so that its deficiency indices are 
equal) the deficiency indices of c, are (1,1). By the remarks following 
Definition 2.21, t has no boundary values at infinity. Moreover, 
the most general self adjoint extension T, of 7,(r,) is determined by 
the single boundary condition 


Koy-M(0)—0, ~o <k S o. 
We divide our study of these various possibilities into four cases: 
Case (i) : k=0. Boundary condition /(0) = 0. 
Case (ii): k= co. Boundary condition /'(0) = 0. 
Case (ili): —o<k<0. 
Case (iv): O« k« œ. 


Let us first find the point spectrum of 7,. Since no linear com- 
bination of e*V^* and e-*V^ is square-integrable if 2 > 0, no point of 
the posltive real axis can belong to the point spectrum of Tp. Since a 
basis for the space of the solutions of z,6 = 0 is provided by 1 and æ, 
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= O can never be in the point spectrum of 7, either. If 2 is negative, 
we may write our two solutions eVa and eV as eV and 
eV 9, The first of these is not in £,(0, co), but the second is, The 
function e-V —* satisfies the boundary condition /(0)--kf'(0) if and 
only if 1—ky/—/ = 0; ie.. if and only if kis positive and 4 = —1/K?. 
Thus, only in case (iv) does 7, have a non-void point spectrum, which 
consists of the single point A = —1/k*, with the associated normalized 
eigenfunction 2U2k-WV2_-2*, 

Next we turn to an analysis of the continuous spectrum. First 
consider the interval —co < 4 < 0. For 4 in the left half plane, we 
can conveniently use the basis eV =t, eV for the set of all solutions 
of to = do. = M 

In case (i), the function eY——e- Y satisfies the boundary 
condition /(0)-- 0. The function e-Y—* is square-integrable at 
t= œ. Consequently, by Theorem 3.16, if f3 #0, the resolvent 
RQ; To) is an integral operator with kernel 


MX eV sy -V 
T At. eee 
2V —1 
(e a Ve Ta 
— ————————— , is 
2V—24 
The matrix 0,(4) of Theorem 18 is consequently 
1 1 
WA 24/—4 
o 0 


Since all its elements are analytic on -% < 4 < 0, it follows from 
Corollary 29 that the entire interval —co < A < 0 belongs to the 
resolvent set of To- 

"The reader will have no difficulty in carrying out an exactly 
similar computation and deriving an exactly similar result in case 
(ii). In cases (ii) and (iv) the function 


(kV ZAL) Y 9 eV 44 3e 7 
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satisfies {(0)--Af'(0} — 0. Consequently, by Theorem 3.16, the 
resolvent E(A; Tọ} is an integral operator with the kernel 


(GV ADV pU AH je- Ye Vt 
2ki42V —1 


A $«t 


(V ZAL eV FEV At MeV e V 9 


— y i«s 
2kÀ42V —2 


The matrix 6;,(2) is consequently 


kV —441 E 
2(--V —2) — 2(kA+ 
o o 


In case (iii) k is negative, so all the elements of this matrix are 
analytic for negative 2. Thus, in case (iii), the entire negative real 
axis belongs to the resolvent set of T,- In case (iv), the first element 
of the above matrix has a pole at 2= —lk*. (Note that 
[kV — dV [2(54-- VAY ts analytic at this pomt also.) The residue 
of [kV —4-4-1]/2(k2-- V —2) at this pomt is 2k-1. Thus, by Corollary 80 
and the remarks following Theorem 16, the orthonormal eigenfunction 
associated with the eigenvalue A = —1/K? is 2? k-V?e*/*, This fact 
has already been noted; but the present derivation is of particular 
interest since it serves to emphasize the fact that the normalization 
factors for the orthonormal eigenfunctions of a differential operator 
can be obtained directly from the Titehmarsh-Kodaira theorem. 
In the present case, e ** is easy enough to normalize directly, but 
in those cases to be studied below, in which the eigenfunctions are, 
say, Laguerre polynomials, we will find considerable use for the 
general method of normalization based on the Titchmarsh-Kodaira 
theorem. 

Since we have seen that A = 0 is never in the point spectrum of 
our operator, it only remains for us to investigate that part of the 
spectrum lying in the region O < A « co. First consider case (i). 
Tf Ais in the right half plane, a convenient basis for the set of solutions 
of tø = de is furnished by the pair of functions sin 4/4t and eos /At. 


XIIL5.31 SPECTRAL THEORY: GENERAL CASE 1887 


The first of these satisfies the boundary condition /(0) = 0. If 
4% > 0, the linear combination 


ei VM — cos Vati sin Vit 
belongs to L,(0, co); if £2 < 0. the linear combination 
ev^ = cos Vit—i sin Vit 


belongs to L,(0. oo). Consequently, by Theorem 8.16. the resolvent 
R(A; T) is an integral operator with the kernel 


sin Vás(cos Vit sin VA). E à» 6, 
vA 
in VAt(cos VÀs--i sin Vi. 
sin V At(cos Ari sin 4s) He à 0, 
vi 
sin V/As(cos Vä—i sin Van eg Iho, 
vi 
sin V/At(cos Visi sin vin "pe; 
v2 
Consequently, the niatrix 63,(2) of Theorem 18 is 
" 1 
va vil, 4-9 
[] o 
and 
L 
vij, «o 
0 o 


Thus, only the measure py of Theorem 18 is non-zero, and using 
Theorem 18, we see that this measure is given by the formula 
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Consequently. we learn from Theorems 13 and 14 that 
lim — E Vana 


pe 


defines an isometric S Moins of L,(0, co) onto the space of all 
funetions g such that 


dà 
NT "s 
a s 


and that the inverse of this isomorphism is given by the formula 


lim — Vinga) =. 
lim. af 0) 7. 


Aao V. 


If we make the change of variable 4/2 =", this result takes on the 
following more symmetric form. 


82 Tuxonrm. (Fourier Sine Theorem) Let [€ L,(0, co). The limit 


" 2 " 
(Aa) = im. y [i (sin urat 


exists in the norm of L4(0, 00), and defines an isometric isomorphism 
of L,{0, co) onto itself which is self inverse: 

Pal S= 
We have 

Jo ttt notas < o 
if and only if f has an absolutely continuous first derivative, 

fo wewra< os. 

and f(0) = 0; in this case, 

PSP = CY. 


The reader will have no difficulty in verifying that the cor- 
responding calculations in ease (ii) lead to the following result. 


83 Turoaem. (Fourier Cosine Theorem) Let f € L,(0, co). The 


limit 
" 2 
(Du) = lim. EL (cos pt)j(t)dt 
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exists in the norm of L,(0, co), and defines an isometric isomorphism 
of L0, co) onto itself which is self inverse: 


C= F=. 
We have 


J ENAP < o 
if and only if { has an absolutely continuous first derivative, 
Jo wre < o, 
and (0) = 0; in this case, 
PEN = EF He. 
Next, consider cases (ii) and (iv). The function sin 4/2:— 
k4/4. cos 4/At satisfies the boundary condition f(0)-- kf (0) — 0. This 


function and the function cos 4/A£ together furnish a basis for the 
set of solutions of to = Ac. If SÀ > 0, the function 


AVE — cos VitLisin Vit = d(sin VAt—-KVÀ cos VAI) 
LEV) cos Vit 
belongs to L,(0, oo); if SÀ <0, the function 
eV — cos Vit—i sin Vit 
= —i(sin VAt-kVÀ cos V4) H-(1—ik V) cos Vit 


belongs to Z,(0, oo). Consequently, hy Theorem 8.16, the resolvent 
RA; 7,) is an integral operator with the kernel 
KU;s,1) 
{sin VAs—kVÀ cos V/As)(i(sin VAL- k cos V At) (LEVA) cos V Af) 
VAU-HEVA) 


sci FA > 0. 
_ (sin Vis—kV eos V As) —i(sin V At keos Vit) 4-0 —KV2) cos V M) 
Vu - v2) 


s<t FAK. 
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The matrix 64(A) of Theorem 18 is consequently 


i 1 
Vrae) Vil, 9 
o 0 
—i 1 
VR) Vil, «e 
0 0 


Tt follows that the only non-zero measure p,, of Theorem 18 is py, 
which is given by the formula 


1 dA 
Pula 5) = face ; 


Thus, putting p? = A, we obtain the following two theorems, which 
correspond to cases (ii) and (iv) above respectively. 


b>a>o, 


84 THEOREM. Let O< k< oo. Let 
etu) = y (12-2) (sin pit Kp cos pt). 
Then, if f€ L4(0. co), the limit 
(go) — lim Í ^ Mdi në 


exists in the topology of L(0, œ}, and defines an isometric isomorphism 
of L,(0, oo) onto itself, whose inverse is given by the formula 


A 
UNO — lim (7 gapt i 
ak 


We kave 
JE ue Dads < co 


if and only if f has an absolutely continuous first derivative, 


fr iria oo, 
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and f(0) = Kf'(0); in this case 


HU, Pe) = — ULP" Ku. 
85 THEOREM. Let 0 <k < oo, and 


ig: : 
yli p) = y2 (142 5) 37 (sin pt —kp cos pt). 
Let E! denote one-dimensional unitary space. If f € La(0, co), the limit 


a 
(PEP) = lm Í HOylt, pdt 
A20 


exists in the topology of L,(0, co). If we put 


v®j= yz T Hoedt, 
o 


Vf = Vif, VEP] 


then the formula 


defines an isometric isomorphism of L,(0, oo) onto the direct sum 
L,(0, co) © Et, The inverse of this isometric isomorphism is given by 
the formula 


TO A 
WDO = a |/ T ee tim f glipt de 

k Ao Jo 

the limit on the right existing in the topology of L,(0, co). We have 
Jo APE DWP ap < o 
if and only if f has an absolutely continuous first derivative, 
IN Pod < 0, 
and {(0)-4kf'(0) = 0; in. this case, 
PPP) = —A VPM, 


1 
OPP) = BUN. 
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It is clear that by considering other formal differential operators 
with constant coefficients, we can construct other series and integral 
expansions involving trigonometric and exponential functions. A more 
interesting possibility, however, is to study eigenfunction expansions 
arising from formal differential operators with non-constant co- 
efficients, In this case, however, the problem of choosing a basis for 
the solutions of zc = dc is by no means trivial. If, for instance, 
wetaker = —(d/dt?+£, then the solutions of rc = Ac are particular 
confluent hypergeometric functions. Because of the difficulty of 
dealing with the various functions which may arise as solutions of 
the equation to = Aa, we prefer to postpone any further examination. 
of special eigenfunction expansions to Section 8 below. In that section 
we shall first develop a part of the theory of “special functions,” 
and on the basis of this theory, will discuss a number of famous 
complete orthonormal sets, unitary integral transformations, etc. 


6. Qualitative Theory of the Deficiency Index 


The methods developed in Section 5, especially the Titchmarsh- 
Kodaira theorem (5.18), enable us to calculate the spectral resolution 
of a self adjoint operator T which is derived from a formal differential 
operator v by the imposition of a specific set of boundary conditions. 
From the spectral resolution of 7, the spectrum of e(T) can be 
determined immediately. However. it is sometimes not very easy to 
make the calculations called for by the methods of Section 5. For 
instance, for the operator r, = —(d/dt)*+#* one finds that the 
solutions of (t,—A)o = 0 are expressed in terms of confluent hyper- 
geometric functions, and hence that the spectral analysis of t, 
necessarily involves a knowledge of the properties of confluent 
hypergeometric functions. If one attempted to study v, = —(d/dt? 
+28, in which case the solutions of (r,—A}o = 0 would bave to be 
expressed in terms of even more unfamiliar transcendental functions, 
the calculations involved by Theorem 5.18 would be rather complex. 
Nevertheless, it wili be seen in the present section and the section to 
follow that in these cases and in others, substantial amounts of 
information about c(7), the deficiency indices of 7, etc., can be 
obtained by an almost direct inspection of the coefficients of t. We 
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shall, for example, develop results that enable us to state that no 
self adjoint operator derived from eitber t, or v, has a continuous 
spectrum, and that, in fact. the spectrum of each such operator 
consists of an infinite sequence of points approaching +0. 

We begin by defining a certain type of “spectrum” for tbe 
formal differential operator t. 


1 DEFINITION. Let 7 be a closed operator in Hilbert space, 
Then the set of complex numbers å such that the range of AI —7T is 
not closed is called the essential spectrum of T and is denoted by 
e, CT). 

It is clear that o,(T) C o(T). If x is a formal differential operator 
defined on the interval Z, then the essential spectrum of the closed 
operator 7,(z) in L,(Z) is called the essential spectrum c,(r) of v. 

2 Lemma. Let € bea Banach space, and suppose that X = 94, 
where 9t is a finite dimensional space and 9) is a closed subspace. Let T 
be a bounded linear operator from X to a second. Banach space X,, Then 
TY is closed in X, if and only if TX is closed. 

Proor. To prove that TX is closed if T3) is closed, we shall 
prove more generally that the sum of a closed subspace fj of a B-space, 
and of a finite dimensional space $}, is closed. It is clear that proceed- 
ing inductively we may assume without loss of generality that $t 
is one-dimensional. Thus $ is identical with the set {xz} of all multiples 
of a non-zero vector a. If z € 3, we have nothing to prove; hence, 
suppose that € 8. Then every y € 34} can be written uniquely as 
y=stoax, where zef. Let y,e 849, and let y, >y,. Then 
Yn = %,+0,2- If (n) is bounded, we may suppose, on passing to a 
subsequence, that a, >a. In this case, z,>¥,.—az, so that yo are B, 
and thus y,,€84. On the other hand, {c,} must be bounded. 
Indeed, if it were unbounded, we could suppose on passing to a sub- 
sequence that |a,| > oo. Then, putting Z, —a;!z,, we would have 
£, > —a, so that a €f), contrary to assumption. This shows that 
BAR is closed, and proves the first half of the present lemma. 

To prove the second half of the present lemma suppose that 
T(Q+M) is closed. Let n be the dimension of N, and W, ..., 9t, = N 
an increasing sequence of subspaces of N, such that dim N, = i, 
We shall prove by induction on m that 7(9+4M,,,,) is closed. Since 
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by what has been shown above 9)--9?, , is closed, it is sufficient for 
this purpose to establish the converse part of the present lemma under 
the additional hypothesis that Nis one-dimensional, i.e., that 9? — {az}. 
If Tz e T), then TY4N) = TB), so TY is closed. Hence we may 
assume that Tx é T3). Suppose that TY is not closed. and let z ¢ TY. 
z € T), so that there exists a sequence of elements y, € 9) such that 
Ty, > x. Since 7(9)H-91) is closed, there exists an element y-+or, 
ye, such that z = T(y+oz). We must have o #0, since z ¢ TY. 
Now T((y—y.)H-o2) > 0, Since 7(Q+4N) is closed. it follows from 
Lemma VL6.1 that there exists a sequence {f +a, t} such that 
(atanz) > 0, while 


T((y—y, tar) = T, ns) 
that is, 
(o—2,)F 2 = Ti tint) 
Since Tz 1s not in TY, a = a, and hence y, > —az contradicting 
the assumption that 9) is closed. Q.E.D. 


8 ConoLLaRY. Let t be a formally symmetric formal differential 
operator, and let T be any closed symmetric extension of Ty(t). Then the 
essential spectrum of t coincides with the essential spectrum of T. 

Proor, By XIL4S(c) and 2.10, 7; 2 T 2 7,. Introduce into 
S(T.(x)) = D(To(z)*) the inner product (f, g)* = (f, + (Tif, T8). 
Then, by XIL4.10 the Hilbert space S(,) = D(TF) is a direct sum 
of the form DZ) © D, € D, where D, and D_ are finite-dimen- 
sional (cf. 1.8). Thus, since 2(7$} DD(T) 2 $S(T,), it follows that 
DATI) = D(T)+N, where 9t is a subspace of D, @ D, and is 
consequently finite dimensional. Since 7 is closed, D(7) is a closed 
subspace of D(7,) (cf. XIL4.5). If 7, is regarded as an operator 
mapping the Hilbert space (7) into €, It is clearly bounded. Thus, 
the result follows immediately from the preceding lemma and from 
the definition of the essential spectrum. Q.E.D. 


4 ComorraRx. Let T be a self adjoint extension of To(t). Then 
e (7) = o{z) 

Proor. This is an immediate consequence of Lemma XIL4.8(e) 
and the preceding corollary. Q.E.D. 
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5 THEOREM. The essential spectrum of a self adjoint operator T 
ts the set of non-isolated points of c(T). 


Pnoor. Suppose À is an isolated point in the spectrum of T. 
For simplicity, we shall write U for the closed operator AI—T. 
Notice that S(U) = $(7). Let E be the resolution of the identity for 
T (cl. XIL2); then, by XIL27(c), we have 

E(Q))Uz = 0, eeS(T) 
Let o, = o(T)—()- Then 
(Elo U }e = (I — E(P —7Y))e = (MT) 
which shows that the range of the projection E(c,) contains the range 
of T. 

Choose a neighborhood V of å which is disjoint from c, and let 
fe) = (.—guY! if i € V and f(u) = 0 if u € V. Suppose that y is in 
the range of E(c,); then by Theorem XIL2.6 f(7)y 1s in (T), and 
[Uf(T)]y = E(o,)y = y. By this remark and the preceding paragraph, 
it follows that the range of E(c,) (which is obviously closed) coincides 
with the range of U, which shows that Ais not inthe essential spectrum 
of 7. 

To complete the proof it will be shown that any point å in the 
spectrum of 7 such that the range of AI -F is closed is an isolated 
point of the spectrum. 

Let À be such a point, and let 3? be the null space of U, that is, 
the set of all z €D(U) such that Uz = 0. Then the restriction U, of U 
to D(U) ^ N has the same range as U. Moreover, the graph of U, 
is evidently the orthocomplement of the set ([z, 0, ze Ny} in the 
graph of U. and is therefore closed. Thus U, is a closed one-to-one 
map with a closed range. By the closed graph theorem and by 
Theorem IL.2.2, U, has a bounded inverse, that is, there is a constant 
k such that If JU,z| < 1, then [z|  K/2. Now, by XIL2.6(c), 9t is the 
range of the projection E((4)). Hence 9t* is the range of E(o,). 
Therefore if æ is in (7) = D(U}, lf E(e,)z = z, and lf (A41 —T')z] x 1, 
then |x| 5 #/2. 

Let A= {ule #4, 1p —2| < UEj. It suffices to show that 
E(A) = 0, for, by XIL2.9, this implies that the set 4 is disjoint 
from o(7). that is, that J is isolated. Suppose there exists a vector & 
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in $ such that E(.4)z = z. We can assume that |æ] = k. Then, since 
AC a, Efor = E(o)9E(4)e = E(4)a = a. By Theorem XIL2.6 (c) 
we have 


MAI Ti = Í, lp — HI Eldy.)e, 2) 


1 1 
sf (E052) = zinc 


that is, |(AL.—T)e; € 1 while |z| = k, which is a contradiction. 
QED. 


6 THEOREM. Let x be a formally self adjoint formal differential 
operator defined on an interval I. Let there exist a point À on the real 
axis not belonging to the essential spectrum of v. Then both deficiency 
indices of x are equal. Moreover, all the self adjoint extensions of To(t) 
have the same set of non-isolated points, and this set is equal to o,(t). 


Proor. The second assertion follows immediately from Theorem 
§ and Corollary 4. In proving the first assertion, It may be assumed 
without loss of generality (cf. XIL2.2 and XIL4.19) that 4 = 0. 
Let 2 = (fT, (c) = 0}. We shall construct a self adjoint extension 
T of the closure T, of 7,(r). By Corollary XIL418 and Lemma 
XILA.8(b), this will show that the deficiency indices of t are equal. 
It is evident (since 7, is symmetric by Lemma XIL4.6) that the 
restriction 7, of T,(r) to D(7o}+M is symmetric. Indeed, if 
2, €D(T 4M, i= L2, we can write z, = y-Ez,, {= 1,2, where 
3 € SI), 2, €9t i= 1,2. Then by Theorem 2.10, 


(Ty) 2.) = (Tots 22) = (u; T. G0) = Gn Tod) 


By symmetry (T,(c)z,, 21) = (2> Tota), so, since T, is symmetric, 
it follows that (7y(c)z,, 2,) = (z, Ti(z)z;). We assert, moreover, 
that 7, is self adjoint. Indeed, the assumption that A c,(T«) (= o.(z) 
by Corollary 3) implies that the range R(7,) of 7, is closed. Since by 
Theorem 2.10 and XII.1.6(d), N= [S(T)] we have L(I) = 
RIT) © N. Let æ be in D(TF)- Then for all y eN, 


(T32 y) = (2, Tay) = 0, 
which shows that 724 e R(7,)- Hence there is an element a, 1n D(72) 
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such that Ty, = Tfa, = T3 2. Hencez —a, € 91, and z = (s—2,)--a, 
is in D(7,), proving that 7, is self adjoint. Q.E.D. 

It follows from Theorem 5 and Corollary 4 that the set of non- 
isolated points of the spectrum of a self adjoint extension T of T(r) 
is independent of the particular extension chosen, 1.e., is independent 
of the particular set of boundary conditions defining this extension. 
We shall now show that the isolated points of c(7) depend quite 
strongly on the set of boundary conditions defining 7, at least in 
the casein which z is defined on an interval with at least one fixed end 
point. 

7 Lemma. Let T be a symmetric operator in Hilbert space $, 
the minimum of whose deficiency indices is k. If À does not belong to the 
essential spectrum of T, then the equation T*z = jx has at least k 
linearly independent solutions. 

Proor. In the case f} # 0 the statement has been proved in 
Theorem XIL4.19. If Ais real, then we can replace F by the operator 
T—ÀI, which is still symmetric and has the same deficiency indices as 
T (cf. XIL4.19); we can therefore assume that 4 = 0. The assertion 
then is that the null space 9t of 7* is at least k-dimensional. 

The method of proof is the following: it will be shown that If the 
theorem is false, then a proper symmetric extension T, of T can be 
constructed whose domain properly contains both ST) and the 
null-space of T'*. This readily yields a contradiction as follows: the 
assumption that 0 ¢ c,(T) implies that the range (7) of T is closed. 
Let T, be the extension — which is easily seen to be symmetric — 
obtained by restricting 7* to D(T)+N. Then the range 9T,) of T, 
coincides with the range of T and is therefore closed. Moreover, the 
orthocomplement of R(T} is N; (cf. KIL1.6) hence 


[=] Ý = RT) ON = RT) EN 


Suppose now that T, is a proper symmetric extension of T,. By 
XIL41, T, C T*. If the range of T, properly contains the range of 
T,» then, since R(7,) is a linear space, 9t(7,) contains an element 
orthogonal to 9(7,). Thus $(7,) contains an element y such that 
0 x T,yc9L. But this is impossible, since if T,y c9, then since 
7, 2T, and TN = 0, it follows that (Tay, Ty) = (TyTsy, y) = 9, 
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and therefore that Ty = 0. Thus R(T) = 97); but this is equally 
impossihle, for it implies that there is an element y in D(7,) but not 
in $(T,) and an element z in $(T,) such that T,y = Tx = Tyr. 
From this it follows that y—a is in N C $(7,), so that y is in S(T,), 
a contradiction. 

Tt remains to show that if the conclusion of the present lemma 
fails, then T', has a proper symmetric extension. By Lemma XII4-11 
and Theorem XIL.4.12 it suffices to verify that neither of the deficien- 
cy spaces DË and $99? of T, is (0). Let D, = ((T-LiI)(7))* he the 
positive deficiency space of T. Then (cf. XIL1.6(d)) 


DY = (Ur T) Un)" = ATNA QD, 6 (79-9 
=D, n R". 


Since we are assuming that dim 9? < k and dim $9, = k, it follows 
that dim DP = 1. Similarly dim D” > L Therefore T, has a proper 
symmetric extension T, and the proof is complete. Q.E.D. 


8 ConorLanv. Let v be a formally self adjoint formal differential 
operator defined on an interval I. If the minimum of the deficiency 
indices of T(t) is k, then for À € a(t) the equation ta = Ac has at least 
k linearly independent solutions in L,(I). 

Proor. By Theoren: 2.10 and XII47(c), the adjoint of Ta) is 
T (1). The desired result thus follows immediately from the preceding 
lemma, Theorem 5, and Corollary 4. Q.E.D. 

Remarx. The assumption that 4 does not belong to the essential 
spectrum in Corollary 8 is necessary. For example, if v = —(d/dt? 
on the interval [0, 00), both deficiency indices of t may readily be 
seen to be 1. On the other hand, if A > 0, the most general solution of 
TG = Àa is easily seen to be a cos4/A 4b sm t4/À, and this function 
is never in £4(0. co) unless a = b= 0. 


9 Lemma, Let v be a formally symmetric formal differential 
operator on &n interval I, and suppose that I has at least one fixed end 
point. Let the minimum of the deficiency indices of To(t) be v. Then, 
for each real A, the number of linearly independent solutions of za = Ao 
in LJ) is at most v. 


Proor. Since t and z—A have the same deficiency indices by 
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Theorem XII.4.19, we can take A = 0. We then wish to show that 
TO = 0 has at most » linearly independent solutions in LI). Let T, 
be the closure of T(z). Then by Lemma XIL47(c) and Theorem 
2.10, T(t) = (7,)*. Recall from Section XIL4 that the linear space 
(Z,(z)) becomes a Hilbert space upon the introduction of the inner 
product (x, y)* defined i Definition XIL42(a). In the following 
discussion we will deal with this inner product wherever the contrary 
is not explicitly indicated. By Lemma XIL410, $(T(r)) = 
S.) ED OD, all three spaces on the right being closed. 
Suppose that the conclusion of the present lemma fails. Then 
9t = fælT,(T)}r — 0} is more than »-dimensional. Assume for the sake 
of definiteness that dim D, < dim D_ so that dim D, = ». Then the 
projection y >y, of D(7,(z)) on D, cannot map 9t in a one-to-one 
way. Hence there exists an element y in 9? such that g, = 0, that is, 
Y =Yoty_ where yoe &(T,), y eD It is readily seen that the 
restriction T, of T(z) = To(r)* to S(7,) 4-91 is symmetric. Moreover, 
y. € S(1,). This means, however, that 


ty Y) = (Tyg) = (sy) = Ga Tay) = Ws TH) 
= (ys iy) = (sy) 
Thus y_ = 0 and hence yis m $(7,). Since every boundary value for v 
vanishes on (%p(z)), it follows from Corollary 2.23 that the first 
71—1 derivatives of y vanish at the fixed end point of F. Since T,(z)y = 
0, it follows from Theorem 1.3 that y vanishes identically. This 
contradiction completes the proof. Q.E.D. 


Remark. The hypothesis that Z has a fixed end point is necessary 
in Lemma 9. Consider, for instance, the formal differential operator 
t= —(d/dt?+ on the interval (—o. +o). If Alt)=e", 
hlt) = e P, we have tf, = —h, te = fa- The deficiency indices of v 
are equal by Corollary 2.14. They cannot be (2,2), since by Theorem 
44. Theorem 5 and Corollary 4 this would imply that the essential 
spectrum of r is vacuous, and by Corollary 8, all solutions of to +0 = 0 
would lie in E,(- œ. +00), which is not the case. Hence by Theorem 
2.19, v either has no boundary values at co or none at — co. Since the 
change of variable t + —tsends into itself, if one of these possibilities 
holds, the other holds also. Thus z has no boundary values, so that by 
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Lemma XIL4.21 the deficiency indices of 7 are (0, 0). Nevertheless, 
the equation ra = g has the non-zero square-integrable solution f,. 

Taking together Lemmas 7, 9, and Corollary 8, we obtain the 
following theorem, which shows the extent to which the spectrum 
of a self adjoint operator derived from a formal differential operator 
depends on the boundary conditions involved. 


10 THEOREM. Let t be a formally self adjoint formal differentiul 
operator defined on an interval I with at least one fired end point. Let À 
be an arbitrary real point not belonging to the essential spectrum of v. 
Then the deficiency indices of t are both equal to an integer k and 

(a) for every self adjoint extension T of To(1), the dimension of 
the null-space {JIT} = Af} is at most k; 

(b) there exist self adjoint extensions T of T(t) such that A € oT); 

(c) there exist self adjoint extensions T of T (€) such that (J[T] = 
Af} has any preassigned dimension between 1 and k. 


Proor. The equality of the deficiency indices is given by 
Theorem 6. By Corollary 8 and Lemma 9, the equation T,(r)/ = 4/ 
has exactly k linearly independent solutions for every A not in g,(z). If 
T is a self adjoint extension of T(z), then T = T* C Ty(z)* = T(r) 
by Theorem 2.10. Thus (a) is evident. 

In proving (b) and (c), we may assume without loss of generality 
(cf. XIL.1.6(c) and XIL419) that A = 0. Let N = (/I/T,(z)/ = 0}. 
Let 7, be the closure of T(t). It was shown in the course of the proof 
of Theorem 6 that the restriction T, of T(z) to D(7y)+M is self 
adjoint. Thus by Theorem XIL4.12(b), $(7,)H-9t may be written in 
the form (7) € T, where T is the graph of an isometric mapping U 
of the positive deficiency space D, onto the negative deficiency space 
D of T, and hence is exactly k-dimensional. 

If T is a self adjoint extension of %(z), then by hypothesis, 
0 is not in the essential spectrum of z, and hence by Corollary 4 and 
Theorem 5, the number 0 is either not in the spectrum of 7, or is an 
isolated point of c(T). In this last case it follows from Theorem 
XIL2.9(b) that NT) = (z|Tz = 0} is non-vacuous. 

We shall complete the proof of the theorem by constructing self 
adjoint extensions T' of T(t) such that the dimension j of 9t(7') takes 
on every value between zero and k. For j between zero and k, choose a 
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j-dimensional subspace €, of D,, and let D; be its orthocomplement 
in D,- Define an isometric mapping U, of D, onto D_ as follows: 


U,z = Uz, zeG,, 
U,z = —Uz, zeg,. 


Let T; be the graph of U,: By Theorem XIL412(b), $(7,) © T, 
is the domain of a self adjoint extension 7, of To(r). We shall prove 
that the dimension of 


NT) = NO SU) 

is exactly j. 

Since D(T)+N = WZ) 6 FOBT) 69, OD, each x 
m Q(7,) can be wntten uniquely in either of the forms zy--2, or 
agta, +2, where z € S75), 2,6 P, 2, 68, 2 ED. Ito e ST.) 
then z, = 0; therefore the mapping z >z, of 9? into F maps 9? onto 
all of F. By the two preceding lemmas, 9? is exactly k-dimensional; 
because T'is also k-dimensional, the mapping 2 — 2, is one-to-one. 
Furthermore, T is the graph of an isometry between D, and D_. 
It follows that for z in 9? the mapping z >æ, is one-to-one and onto 
all of $,. 

We have seD(7,) if and only if z — a;-Fz,-Fz , where 
a. = Ue, and ce® only if z e $(T;), that is, only if z_ = Uz,- 
Consequently z € $1) ^ 91 if and only if ze N and Uc, = Uz,, 
that is, if and only if ze 9t and z, c €. Because the mapping z > 2, 
is one-to-one, the set of all ze N such that z e &; is exactly j-dimen- 
sional. That is, D(T,) ^ 9t is exactly j-dimensional. Q.E.D. 


11 THEOREM. Let v be a formally self adjoint differential operator 
of order n defined on an interval I. The following three conditions are 
equivalent: 

(a) jor some real Ag, all the solutions of to = Aga lie m LI); 

(b) the deficiency indices of x are (n,n); 

(c) for every real A, all the solutions of ta = 2o lie in LU). 

Pzoor. Let a and b be the end points of Z. Choose c in the interior 
of I; let P = (a, c] n E and I” = [e, b) n E. Then all the solutions of 
ta = dc lie in L4() if and only if all the solutions of v'a = Ac lie in 
L,I’) and all the solutions of z"g = Ac lie in Lj"). Since by 
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Corollary 2.26 the deficiency indices of 7 are (7, 7) if and only if the 
deficiency indices both of 7’ and r” are (n, n), it is clear that without 
loss of generality, we may confine ourselves to the case when I has a 
fixed end point. In this case (a) implies (b) by Lemma 9; if (b)holds, 
then by Theorem 4.1, the resolvent E(4; T) of every self adjoint 
extension of Te(r) is compact. Then, by Theorem 4.2, the spectrum of 
T consists of a sequence of isolated points on the real axis, that is, 
the essential spectrum of T and hence (cf. Corollary 4 and Theorem 5) 
also that of v, is vacuous. It follows from Lemma 7 that (b) implies (c). 
It is clear that (c) implies (a). Thus the proof is complete. Q.E.D. 
The following corollary is contained in the preceding proof: 


12 Coronary. If the deficiency indices of x are (n. n), then the 
essential spectrum of t is vacuous. 
The next theorem gives a useful extension of Theorem 5.4. 


18 THEOREM. Let t be a formally self adjoint formal differential 
operator on an interoal I with end points a, b, and let T be a self adjoint 
extension of Telt). Let U be an ordered representation of L,(I) relative to 
T. and let 1;,€,,m. W,. etc., be defined as in Theorem 5.1. Leta «c «b, 
and let t, and x, denote the restrictions of 1 to IN [a, cj and I [e, b] 
respectively. Suppose that A is an interval of the real axis such that 
Ao,(t,) = $. Then for pralmost all à in A, 


W(sA2eL[oc  i—1 
Moreover, if Bf) = 0 is a boundary condition at a satisfied by all f en 
DX), then, for pralmost all hin A, B(W,o,2)) = 0, £—1,.... m. 


If Aa,(t2) = $, similar remarks may be made about the behavior of the 
kernels W, at the end point b. 


Remark. If both /c,(z,) and /o,(z,) are void, then Ag,(z) is 
void, and it follows from Theorem 6.18 that W,(-, 4) e L,(a, b) py almost 
everywhere in A. The proof of Theorem 5.4 will then apply with 
evident slight modifications to show that if B(f) = 0 is a boundary 
condition satisfied by all fe (T), we have B(W,(-, 4)) = 0 #,-almost 
everywhere in A. Consequently, in this case we have W,(, 2) EDIT) 
#-almost everywhere in À. Of course, in case A¢,(z) is void it follows 
from Theorem 5 and Corollary 4 that Ao(7’) is a set of isolated points, 
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so that we are dealing with an isolated subset of the point spectrum 
of T. 

Proor. Once it is established that W,(-, A) € L,(a, c) for u-almost 
all A €A, the proof of Theorem 5.4 will apply word for word, and will 
yield the second assertion of our theorem. Since g,(1,) is closed hy 
"Theorem 5 and Corollary 4, we may suppose without loss of generality 
that A is open. It is then sufficient to show that each Ae A has a 
neighborhood A, such that W;(,Ale Lla, c) for ppalmost all 
Ae Ay, since A may then be written as a countable union of such 
neighborhoods A,. We shall show below that for each Ae A there 
exists a neighborhood A, of 4, an integer k. and a basis a(t, A), 
...,G,(z, À) for the set of solutions of to = Ac, such that 

(a) there exists in the complex 4-plane a neighborhood U of 
Ag such that 0,(-, 2), , >, 0,(, 2) are analytic for Ae U; 

(b) for each Ae U, e,(, 4)... eC, 2) all lie in Lp(a, e); 

(c) fornoA&U does there exist a non-trivial linear combination 
of 2,40, A), -,,,0,(, A) which is in Lla, c). 

Using this information, the theorem follows from Corollary 5.28, 
Hence it is sufficient to verify the existence of a basis &,,, .., On 
satisfying (a), (b), and (c). This may be done as follows. By Theorem 
9, the deficiency indices of z, are both equal to an integer k. and for 
all A, € the equation z,0 = A0 has exactly k linearly independent 
square-integrable solutions. For each 4 €.A, Theorem 10 guarantees 
the existence of a self adjoint extension Î of T(t) such that 4, € o(T). 
Then since the resolvent set pi?) is open, a neighborhood U, of 
À is included in p(). We shall also suppose that the intersection of 
U, with the real axis is included in A. For z € U, let A4(u) denote the 
everywhere defined bounded operator (?}—pI)-'. Writing K(a, f) = 
(P—aI)A(B), we have K(a.«) — I and K(«,B)K(f, y) = Klo y) 
Moreover, Kio, f) = (f — PIAP) 9 —) A(B) = I + (Ba) ACB). 
Thus K(«. B) is bounded and depends analytically on a and f for 
a, B & U,. Let 9t, = UITo(0))*f = af} for ae U. Then if fe 9l, we 
have 


(Te) BD Ke, BY = (Tiles) —-BD + (Bala) BABY 
= (Tilt) IH E-a 
= (Tilt,)—all)f = 0. 
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Thus K («, fj) defines a one-to-one map of 91, into Ny. In the same way, 
the inverse K (f), «) of K («, B) defines a one-to-one map of 90, onto Ny- 
Thus, K(«,f) defines a one-to-one map of Ne onto N,- Let 
ôt, Žo) «+s 6, C, 4g) be a basis for the space Æ of solutions of 
to = A50, and suppose this to be chosen in such a way that 6,, .. ., 6, 
is a basis for the k-dimensional subspace Ma, = Lp(a, c) n X of Z. Put 


9,0. A) = KA AMA) ACU tSk, 
and determine o,(-,4) for Ae U, and è >k by the equations 


na; = 4o, P(c. 1) = 686 A) i>k AeU, j-9... n. 


Then, by Corollary 1.5, ¢,(t, 4) and its first n —1 derivatives depend 
continuously on f and analytically on A for te (a, c] and Ae U,. Of 
9,(°, A) for i S k we know to begin with only that z;o,(*, 4) = Ao’, A) 
and that o,(-, 4) varies analytically with A when regarded as a vector 
in L(a, c). But, by Lemma 2.16 it follows immediately that o,(-, 4), 
ix k and the first 5 —1 derivatives of these functions also depend 
continuously on £ and analytically on 4 for A€ U,. Therefore the 
Wronskian determinant 


alea) — eA) 9,77 P(e, A) 
way =aer | HO” oie A) aae, A) 
ia 4a) o,(e A) a," (ce, A) 


is analytic for Ac U,. Since the z vectors [o,(c, 4), . >», o, (e, A)], 
i= 1,..,,m, are linearly independent for A = 4 by Theorem 1,3, it 
follows that W(4,) #0, and hence there exists a neighborhood 
U C U, of 4 such that H(A) #0 for Ac U, But then the n vectors 
lose, A), -> 0, 073(e, 2)], è= 1, ...,, are linearly independent for 
A €U, and consequently o,(’, A), . . .. o, (*. A) are linearly independent 
for 1e U, Since for each A € U, oy(*. 4). » - ox{’, 4) form a basis for the 
set of solutions of ra = Ac lying in L,(¢, c), it follows that if we put 
Aa =A n U, we have constructed a basis o,(°, A), . » -+ 0,(°, A) satisfy- 
ing (a), (b), and (c), and the theorem is proved, Q,E,D, 

From the theorems given above, several interesting results on 
the deficiency indices of second order real operators follow, 
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14 THEOREM, Let x — —(d/dt)p(t)(d/dt)+q() be a real formally 
self adjoint second order formal differential operator defined on the 
interval I = [a, 00). Let p(t) > 0 forte I, and let q(t) be bounded below, 
Then x has no boundary values at infinity; ie, the deficiency indices of v 
are (1,1), 

Proor, The equivalence of the two formulations given for the 
above theorem follows from the discussion m Section 2; in particular 
it follows from Corollaries 2.14 and 2,28 that the deficiency indices of 
qT are either (1,1) or (2,2); we wish to exclude the latter case, Let a real 
Abe chosen so large that g(é)-4+4 = 1. By Theorem 11 we have only to 
show that not every solution of (r--A)s = 0 is square-integrable. 
Let f be a non-trivial real solution of this equation such that f(a) = 0. 
By partial integration we find 


" d s 
KD — (PEFD) | dt — GORE — | pay orat 
a dt a 


= tne) E orf poroa 
and hence 
o= f^ ((e+ay ened 
e d 
= f Perey + (aye) reae) = Ue). 


If f is square-integrable, then f? cannot be monotone increasing, and 
hence the derivative of (/(s))? must take non-positive values for large 
s. That is, there exists a sequence s, > co for which 


0 x ps UG] = | POOPHA. 
Thus 
Jota s o. 


But both terms in the integral are non-negative; therefore it follows 
that 


JP wre s toca ous x o 


and therefore f vanishes identically. This contradiction completes the 
proof. Q.E.D. 
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15 Coromary. Let r= —(d/dt}p(t)(d/dt)t+9(t) be any real 
formally self adjoint second order formal difjerentiul operator defined on 
the interval (—00, Ho). Let p(t) > 0 for t€ I, and let q(t) be bounded 
below. Then v has no boundary values either at + or — co; i.e., the 
deficiency indices of x are (0,0). 

Poor. This follows from Theorem 14 and Corollary 2.21. Q.E.D. 

An improvement of the argument used in the proof of Theorem. 
14 yields an extension of this result. 


16 THEOREM. Let x = — (d/dt)p(t)(didt)4-q(t) be a real formally 
self adjoint formal differential operator defined on the interval I= ja, co). 
Let p(t) > 0 for t€ IJ. Suppose that there exists a positive continuously 
dijferentiuble function M defined in I such that 

(a) p 2M (MG)? is bounded above; 

(by ["(ptarq)? o 

a 

(c) q(DM(t)?. is bounded below. 

Then x has no boundary values at infinity; èe., the deficiency indices of v 
are (1, 1). 


Proor. As in the proof of Theorem 14, it suffices to show that 
not every real solution of za = O can lie in £,(Z). We shall proceed 
by contradiction. 

Let f, be a real solution of re = 0 which satisfies the boundary 
condition f,(a) = 0, jila} = 1, and let f, be a real solution of rs = 0 
which satisfies the boundary condition fj(a) = Lp(a), f(a) = 0. 

‘Then, integrating by parts, we have 


Ate) 


o -f HO e 


at = plal yie +f seipsa 
+f DARDHA EN Ad 
- [ ronan waters 


Let —k, be a lower bound for q(f)M(4)-, where k, > 0, and let 
k, > 0 be an upper bound for p(t)¥2’()M()°?. Then we have 
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0 z —pteMMtey HRe) — ka |" Ha 
ha fi OMA rco 
+ [oar ga. 


Now since f, is in L,(Z) the derivative (f(s))’ cannot be positive for all 
sufficiently large s and so there is a sequence (s,) approaching co such 
that (/4(s,))" S 0 for all n. Thus, applying Schwarz's inequality to the 
third term of the formula displayed above we find 


ly [ aopa |” omogena” f gaya)” 


zf" POMEO (gf. ) di 
Letting > co, it follows that 
JP ponto qat o. 
In the same way it may be shown that 
i pu)M (ty (;)dt < co, 
We have 


POE OMAR) = 1. 


since this is evident for £ = a, while the derivative of the left hand 
side is clearly zero. Thus 


(POMONA) — (UP IMG) P5740) 
= (pM E) y. 
Since each of the four factors on the left is in E,(Z), it follows that 
(p(1)M()) 1? € LU). But this contradicts hypothesis (b). Q.E.D. 


17 Conoutany, Let r= —(djdty--q(t) be a real formally self 
adjoint formal differential operator defined on the interval I = ‘a, ©), 
Let t^q() be bounded below in the neighborhood of co. Then t has no 
boundary values at infinity. 
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Proor. To prove the corollary it suffices to take M(t) = t? in 
Theorem 16. Q.E.D. 

Remark. The factor t7? in the preceding theorem can be replaced 
by (tlog ty ?, or (t log t log log ty ?, ete. Theorem 16 and Corollary 17 
have “two-sided” consequences analogous to Corollary 15; we leave 
the formulation of these consequences to the reader. 

The theorems stated above cover the cases in which g(t) is 
bounded below at infinity, and also certain cases in which g(t) 
approaches — oo as £ > œ, but not “too rapidly." We now give a 
theorem which shows what happens when g(t) approaches œ 
rapidly. 

18 LEMMA. Suppose q is integrable in an interval of the form 
(a,b) (—co <b x oo). Then the equation 


FDHD +E = o 
has two solutions which in the neighborhood of b have the forms 
e* + o(1) and e~** + o(1). 
Proor. Let z be chosen so large that 
fete <1. 
Consider the B-space CBI, b) of all bounded continuous functions 
defined on fær, b), with norm |f} = lub, <,<,1/(é)]- In this space consider 
the following linear transformation: 
(alt) = fisin (s—t)q(s)f(s)ds. 
Since (MIÐI x If J? la(s)lds, we have [M] < 1. Moreover, (Mf)(E) 
= o(1) as t >b for each f € CB(z, b). By Lemma VIL8.4, the map 
J+M has an inverse, so that, in particular, the equation 
et — f(t) + (MIME) = f) + J? sin (~tt )flapde 
has a unique solution f in CBfz, b). Since (Mf)(t) = o(1), it is clear 
that f(£) = e“+0(1) ast > oo. Differentiating the above equation we 
find 
titt — f(n) — J? cos (s—thaleyfterds, 


—e* — PHD [7 sin (6— Datsifsds 
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whence 
f'(07-e(/(0))- (0) = 0. 
Q.E.D. 
19 ConoLLaRy. Suppose that the function b(-) is such that 
[mete (yia c oo (700 a <b £ @). 
Then the equation 
POOP +H) = 0 
has two solutions in the neighborhood of b, of the forms 
He) = e [exe (— 3 fi bisis) | 0+0), 
ity =e*[exp (ft as) ] (1 o0 
respectively. 


Pnoor. Let f be a solution of the above equation. Write f in the 
form 


He) = ett) exp (— $ f; as). 
Then 
ro = [exp (— 4 J rs) reo tee) 
rt = [exp (— 3 fi btoas) (ern) 
Wh Wg) + 39e). 
Thus g satisfies the differential equation 
E (GU (OF DUP MOTE) = 0, 


so that the conclusion follows immediately from the preceding lemma. 
QED. 


20 THEOREM. Lett = —({didt)p(t}(d/dt)—¢{t) be a second order 
formal differential operator defined on the interval [a, b) (a < b < oo). 
Assume that 
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(2) p(t) > 9 and g(t) > 0 for t sufficiently near to b; 
"Ir (ep) yo (eee 

(b) i| +4 

n 


(yp! (ptt) (t)? 
(2). if f? POO = co for all a. 
then x has no boundary values at b; 
(b) if for sufficiently large z, 


dt « oo. 


The 


» 
f; POMP < o. 
then v has two boundary values at b. 


Proor. Using Corollary 2.21, we may pass with no essential 
change in the situation from the interval [a, b) to any interval 
fz, b), where z > a. Thus, we may assume without loss of generality 
that p(t) > 0 and g(t) > € for t € [a, co). This being the case, put 

sit = [^ Prpa dt. 

so that s'(t) = q(£)*p(t) *. Write a solution f of the equation 
vf = 0 as f(t) = g(stt)). Then 

f) = e (st) pity rs, 

POFO = g (D)e 

(pF OY = g (2() a6) + OPY g (s0))- 
Thus, g satisfies the equation 
E] £'(sy- Bisye't)g(s) = 0, 
where 

B(s()) = bH) = (g() "t(p(t)e() ^T 

= Hr) Pp 

The interval [a, b) is transformed by the map £ > s(t) into the interval 
[0, c), where 


e= f (ae) (pena. 
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Because 


Bis) = (S) WO = Haley py PT 


(peo) iF 
TRCN 


it follows that 
fi 2B + (069865 = f? eeano 
+P (POO) Fis Wat 
= J 1200+ later per Epler AAA (pta Prat 
= ftre + tp) sy SP" (ptr)et) Plat < eo. 


Thus, by hypothesis, equation [+] satisfies the hypothesis of the 
previous corollary. Tt follows that the equation ta = © has two 
solutions of the forms 


Alt) = (pladgtay)-MePexp(—Z f° Bleidsi(1 +00) 
= (pladglay)eexp( 4 | BOP per a(o) 


= (playe(ay)*#e#exp(—2 [^ (pttiat) 
(pet)! yt o0) 


= (pepe) Montes ( Hog tpi 7 7 0+0) 


= e"(pttygtt)) 2^ (14-001) 
and 
Alt) = e" (p(t)gtty)) (14-001) 
in the neighborhood of t = b. If 


J (ong) ra = oo, 


then neither of these solutions lies in L,[a, 6). By Corollary 2.14, the 
deficiency indices of + are equal, and by Corollary 2.28 and Theorem 
11, they cannot be (0, 0) or (2, 2). They are therefore (1, 1). Since 
there are two boundary values at a, Lemma X11.4.21 shows that 
there cannot be any boundary values at b. 
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If f^ (pitat) 7? < o», then both f, and f, are m Lyla, b). 
Furthermore, they are linearly independent, for if f, = cf, then 
e, and hence s(-), would be constant in a neighborhood of b, and 
consequently 

s'(£) = gi) put 1? = 0, 
contrary to assumption. By Theorem 11 and 2.19 and by Lemma 
XII.4.22 it follows that the operator has two boundary values at b. 
Q.E.D. 

21 ConortLARY. Under the hypotheses of the theorem we have: 

(2) Jf Jipii dt < co for some sufficiently large x, the 
spectrum of every self adjoint extension T of v consists entirely of isolated 
points. 

(b) Jf [:(p(t)e(£)) dt = co for every x > a. and q is monotone 
increasing, the spectrum of every self adjoint extension T of Telr) is 
entirely continuous, and covers the whole real axis. 

Proor. (a) The notation of the preceding theorem and of its 
proof will be used. Again we can assume without loss of generality 
that p and g are positive; in case (a) the deficiency indices are (2, 2) 
by Theorem 11. The assertion then follows from Corollary 12. 

(b) In the course of the proof of the preceding theorem it was 
shown that in a neighborhood of b the equation zf = 0 has solutions 
of the forms 

AW = e"(pttigtt)y ?*(12-01)) 
and 
Ald) = e" (ptg)! (1 +001), 


where 
ate) = [ot peP 


Thus zf = 0 has solutions of the forms 


E (/46)—5,)) = Gin st) (ptt)e(£) 1 -0(1)). 


and 
(cos s(£))(p(£)e(2))/^(1 +0(1))- 
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Consequently, any non-zero real solution of zf = 0 is of the form 
fx] ka sin (s(£)2-E)(p(t)g() ™4(1 +001 )), k #9. 
Suppose now that 

J? (ota) 3i = o. 


We shall prove that no function of the form in fs] can lie tn L;[a, b). 
Suppose the contrary is true. Then for some constant k 


Í j sin®(s(¢)-+4) (PEE) "dt < co. 


Making the same change of variables as in the proof of the preceding 
theorem, 


J sine(se-+4) (plete ette) Felts? pls) ds 
= IN sin*(s--k)(g(s)) Ms < co, 


where the function £(s) is defined by t(s(1)) = t. Because t(-) and q(-) 
are monotone increasing we have 


f costts --Eyg(ts)) ds = sine( e tms 
"I sa 2, 


sf ot JC) 
E [sette totam as < o. 
Therefore 
f penan a= (^ iatea 
= J" ehde + J, [ints +k) + eoi EL (GG) ds < eo. 


contrary to assumption. 

It follows that zf = 0 has no solutions which lie in L;'a, b). Thus, 
© cannot be in the point spectrum of-a symmetric extension T of 
Telt). Now, by Corollary 8, 0 &c,(r). Hence, by Corollary 3 and 
Theorem 5, 0 e o(7). It follows easily from Theorem XIL2.6 and 
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Corollary X1L2.7 that E((0); 7) = 0, and hence that TD(T) is dense. 
"Thus 4 is in the continuous spectrum of T. Since, for each real 4, 
q(t)-rA satisfies the same hypotheses as q(f), every real 4 is in the 
continuous spectrum of 7. Q.E.D. 

The special case p — 1 of Theorem 20 yields the following 
corollary. 


22 CoRoLLARv. Let there be given the second order differential 


operator 
d 
rT—- G) —qu) 


on an. interval of the form |a, b), where a <b < oo. Assume that 
(a) q(t) is positive for t sufficiently near b, and 
(b) for æ sufficiently near b, 


f PSAL anr 


tyre (er? 
We conclude that 


(2) df for all 2, 


LEE 


fiera = o. 


then t has no boundary values at b; 
(b) if for x sufficiently near b, 


ftetit < o. 


then v has two boundary values at b. 


The theorems developed so far give information as to the 
existence of boundary values of a differential operator z in an interval 
of the form fa, b), where h is finite or infinite. The following set of 
theorems will consider the cases in which the interval is of the form 
(a, b], where a is known to be finite. Without loss of generality it can 
be assumed that a — 0. 


28 THEOREM. Let 


- -(Z) tw 
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be a real self adjoint second order formal differential operator defined on 
an interval I = (0, b]. Then 

(a) if lim inf, Palt) > 8/4, t has no boundary values at zero; 

(b) if lim sup, ,olf*a(£)] < 8/4, t has two boundary values at zero. 

Pnoor. (a) Using Corollary 2.21, we can pass without any 
essential change in the situation to the consideration of any interval 
(0, 5,], 0 < b, < b. Thus, we may and shall assume without loss of 
generality that g(t) = (8/4)? for te F. Let f be the unique solution 
of zo = 0 satisfying the boundary conditions f(b) = 0, f(b) = —2, 
and let f, be the unique solution of the equation 
e] c" —(8/4)t a = 0 
satisfying the boundary conditions f(b) = 0, fj(b) — —1. The 
general solution of [2] is of the form 

c(t) = atit 582, 
‘Therefore 
A) = FBP piii), 

and hence f is not square-integrable in (0, b1. We shall prove that f, 
is positive and f(t) > f,(£) for all t in the interval (0, b) so that f is not 
square-integrable in (0,6). The statement will then follow from 
Theorem 11 and the fact that, since by Corollary 2.14 the deficiency 
indices of z are equal, there are by Lemma XII.4.21 an even number 
of boundary values at zero. The function f, is positive in (0, b}; indeed, 
suppose it had a second zero at c. By a partial integration, we find 


" 
9 -Í [A 0)4- (9/4 ADA 


= — [nen «c'e ete tumma > 0, 
a contradiction, 
The boundary conditions imposed on f and on } imply that 
ffl AO >F fO>AO. 


in an interval of the form (cy, b), where 0 < c, <b. The proof 
will be completed by showing that c, — 0. Let c, be the largest 
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number for which [f] fails in feg, b). If c, #0, then either f,(e) 
= Keg) or fie) = f'(,) Now, 


fit) = -1— f; fiis = —1— f Gestis 
> 1 fi etesds= 1 (^ ates 


—1— J? reis = reta) > Fea) 
and hence f;{£o) > f’(¢))- We therefore necessarily have f{e,) = fi(¢g)- 
But this is impossible, because 

Keg) = — f; reat > — f° eat = fe). 


We conclude that c, = 0 and that f(1) > f, (t) throughout the interval 
(0. b). Because f, is positive, and not square-integrable, f cannot be 
square-integrable. 

(b) By Theorem 11, it will suffice to show that every solution 
of the equation rc = 0 is square-mtegrable. Let f be a real solution 
of this equation. Let f, be a solution of the equation 
Pe] o'—ko=0 (0<k <3). 

Let f, be subjected to the boundary conditions 
hb) = HOH AO) = YA. 
Every solution of equation [*«] is of the form ai*:-J bi, where 
a zr >AS 
and 
e = gt Gt ky? > 0. 
Therefore f, is square-integrable. It is evident that f, is positive, 
and convex upwards. 


It can again be assumed without loss of generality that for some 
constant k such that 0 < k < 8/4, 


0 x |g(t)] < Ae, O<t<sb. 


From the boundary conditions it follows that /,(t) > |f(é)| and 
falt) < —If (t) for t in a neighborhood of b. Let c be the smallest real 
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number in (0, 6) such that these two inequalities hold throughout the 
interval (c, b]. Then, 


fie) = ~oi- f^ feat = roni f? kei 

fi — f^ geyol 

rena f^ rna = eOe 
< rtl. 

Hence /,(c) = Ic). But this is impossible, because 


A 


44e) = FOI- f^ fni > upon eve [rene 
zy Prey 
AKI - HA) 
> Hel 
QED. 
The preceding theorem covers most cases in which g is positive 
and also certain cases in which g(f) > —œ as t > 0, but not “too 


rapidly". The next result covers most cases in which g(t) > —co 
rather rapidly. 


24 Turorem. Let —(dj/dt)?+9(t) be a real self adjoint formal 
differential operator of second order defined on an interval I = (0, b]. 
Then, if q(t) is monotone increasing, t has two boundary values at sero. 

The proof will be preceded by three lemmas. 


25 Lemma. In the closed interval (a, b}, let the functions f, and fy 
satisfy the equations f} = —qf, and f, = —Qofg. Assume that 

(29) ht) 20 fora <tsb, 

(b) a) 2a¢)20est<b, 

(e) hla) = fla), 

@) fie) = hla) 
Then ht) S hlt) fora St Sb. 


Proor. Suppose first that q(t) > g) ZO for a xt zb. 
{a) We have f (t) 5 f,(t) for t sufficiently near (but not equal 
to) a. Indeed, 
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fi (a) = —nlaihla) < —axalMs(a) = fa (0); 


that is, for ¢ sufficiently near a, 


ffe). ffe) 
: i 


—a t—a 


and hence fj(f) X f2(£). Since fila) = hla), it clearly follows that 
Al) x fh 

(b) Let c be the point farthest from a such that for a St Se 
we have f(t) S h(t) Thus for £ — and ¢ sufficiently near to c, 
Alt) = f(t); that is, the graph of f, intersects the graph of f, at c. 
Hence f(c) = f,(c). By a partial integration we find 


o= f^ ROHOM 


= JË O OHANA 
FAO -ADDIE 

= [ERORO -aNd 
hls) fien « o. 


because f(£)/,(£) > © and qQ(£)—4,(£) « 9 in the first term, and 
fc) — (c) S 0 and f, (c) = 0 in the second term. This contradiction 
establishes the theorem in the special case when g,(f) > g(t} 2 0 
for a <t X: b. The general case when q(t) = g(t) = 0 fora St <b 
now follows from this by an evident limiting argument the details of 
which we leave to the reader. Q.E.D. 


26 COROLLARY. Let g be continuous, negative and monotone 
decreasing in a finite intercal [a, b). Then every real solution f of the 
equation f" = gf is uniformly bounded. 


Proor. We need only consider solutions not identically zero. 
‘Two cases arise: that in which f has a finite number of zeros in [a, b), 
and that in which / has an infinite number of zeros in [a, b). In the 
first case, we may assume without loss of generality that f has no 
zeros in [a, b), and hence may assume without loss of generality that f 
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is positive in [@, b). Since g is negative, f is convex downward in [a, b) 
Thus, if g, is the linear function defined by g(t} = f(a)+-/'(a}(t—a) it 
follows that g = f, from which the boundedness of f is evident. 

Suppose now that f has an infinite number of zeros in [a, 5). 
If c is an accumulation point of the zeros and a Xe « b then 
J(c) = f'(c) — 0 which implies that f(f) — 0 for all t, Thus, only the 
case in which f has an infinite increasing sequence &, 8z, . . . of zeros 
in [a, b) need be considered. If f(z) > 0 between s, and 5,4, then f is 
convex downwards between s, and 5;,,, 50 that f has a single maximum 
at £ = m, between s, and ,,,. Moreover. since f is not identically zero, 
J' (5.4) # 0. Since f(t} > 0 for s, < t — Sur, f (8,4) 18 negative. Thus 
jis negative between s,,, and s,,,, positive between s, , and s,,,, etc. 
Clearly, f has a single minimum f(m,,,) between s,,, and s;,;, a single 
maximum j(m;,,) between s, and s,,4, etc. We will show that 
Vn) = eras)! 2 Hn) 2 - - -, which will clearly establish the 
desired result. On the interval [s,,,, 7,4], consider the two functions 
—f(t) and f (t) = Hls) We have (—f)" = gi} fr — af. 
where g(t} = q(2s,,, —t) = g(t), since g is monotone decreasing. By 
the preceding lemma, —/(t) X f} (E) in [Surs 72,4]. In. particular 
Ha) = a S fina). Sinceo € —f(t) x 4) = 54710) 
for tE [Seu 71,4], none of the points 2s,,, —£ can lie in the interval 
[8:42 5] (where f(£) is negative). Thus. 25,,, —7,,4 € [5;, 5,4]. so that 
Ales) = f254 m4) S fim). QED. 

27 COROLLARY. Let q be continuous, negative, and monotone 
increasing on a finite interval (a, b]. Then every real solution f of the 
equation f" — gf is uniformly bounded. 

Proor. To prove the corollary it suffices to make the change of 
variable £ — -t in the preceding corollary. Q.E.D. 


Proor or TuroneM 24. If the function g of Theorem 24 is not 
negative for £ sufficiently close to zero, then it is bounded, and 
Theorem 23 applies to give the desired result. If g is negative for £ 
sufficiently close to zero, then the preceding corollary applies to give 
the desired result. Q.E.D. 

We now wish to prove a result, similar to the theorems given 
above but not nearly so far-reaching, on the deficiency indices of & 
differential operator of order n. 
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28 Turonem. Let there be given two formally self adjoint formal 
differential operators v and v’, the latter being of no greater order than 
the former. Assume thai 

(a) MTC) 2H(T(e))- 

(b) Let A be any bounded subset in D(T,(t))- Hf A is considered 
as a subset of ©, then the restriction of T (T ) to A is a continuous mapp- 
ing of A into ©. 

Then, assuming that v-pv' has a non-zero leading coefficient. 

(A) the Hilbert spaces D(7,(z-+1')) and S(T,()) have the same 
elements and equivalent topologies, 

(B) the differential operators x and v' have the same deficiency 
indices. 

Proor. First we shall prove (A). Let f be in the domain of T,(v). 
Then by assumption (a), f is in the domain of 7,(7’), that is, both zf 
and t'f are square-integrable. Hence, so is (r-Lr')f, and thus 
DT) CD(T +r). 

The remainder of the proof is broken up into a succession of steps. 

{a’) The topology of the Hilbert space 9(7;,(z)) is the same as 
its relative topology as a subspace of the Hilbert space 9(7(t-11')). 

Indeed, let {/,} be a sequence in D(T,(t})- Suppose that (/,) 
converges to zero in the topology of D(7,(c)). Then, by assumption 
(b), {/,} converges to zero in the topology of D(7;(z-+7’)). Conversely, 
let (f,) converge to zero in the topology of D(7(z+-7’)), that is. let 


[x] Vel E ITyG- En Yu] > 0- 
If (f,) is not bounded m D(7;(z)), there is a subsequence {fn} such 
that kn, = f, /|T,(xY,| converges to zero in € and is bounded in 
D(T.(c))- By hypothesis (b) it follows that T,(v')h, converges to 
zero in §. But [+] implies that |Z,(z3-^ )&,] > 90, and consequently 

1 = GI S Tite M4 1T CVn! > 0. 
a contradiction. Hence {j,} is bounded in (7) and, by [s]. it con- 
verges to zero in . It follows from hypothesis (b) that Z,(r f, + 0. 
Therefore by [+]. 

VG, S IT Gg Wel +1 Te Yul > 0. 

which ts what was to be shown. 
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(b') D(Zole)) = D( Tole +7’). 

Let z e 3(To(1)), and (cf. Lemma XIL4.5(c)) let z, €D(7Zo{z)), 
2, >z in the topology of $(7,(r)) By Definition 2.8 D(7,(t)) = 
SD(Tofr--7)). Thus, by (2), z, >z in the topology of 9(Zi(r--1)) 2 
Sb(T,(x)). so that ze S(Zo(r--)). Conversely, let zeSo(Te(r-r-)), 
and let z, e D(To(t-+T'}), and z, >z in the topology of 9( 7 (r--7")). 
Then lim, , ,.(z,, —2,) = 0 in the topology of $S(T,(z-i-7')), so that 
by (a), {œ} is a Cauchy sequence in the (complete) Hilbert space 
D(7,(x)). Hence it converges to some element z, in S(T,(z)), and it 
15 clear that 2,, € D(To(t))- On the other hand. it follows from (a) that 
=z. Thus, (b^) is proved. 

(c) Let D, and D_ be the deficiency spaces of Tj(z), and 

$5, DL be the deficiency spaces of Zy(z--v'). Then 


dim$, 2dim®,;  dim$ 2dim$', 


oo 


dim X denoting the dimension of the (finite dimensional) subspace 
X of Hilbert space. 

Suppose for the sake of definiteness that the first of these 
inequalities is false. For simplicity in notation. put Dj = Sj(Zy(z)) = 
D(T 4 r})- Then, by Theorem XIL4.19 and by our supposition, 
dim (Tie) A), 19.) 2 dim ((Tur- c7) AD) 

— dim {(7,(¢+7')4N)D,} = dim D, — dim D, > 0, 
for any À such that £4 < 0. Consequently it follows that for no 4 
such that £2 < 0 is (Ty(r-+2'}—A)(Dp+D,) dense in Ly. We shall 
obtain a contradiction by showing that (Z (rr j} nil DAD) 
is dense m L, for sufficiently large n. Note to begin with that 


(T (r)i (dod, YP = pda d, I (T 4s], ). pil td.) 
(pil +-4,), T Ys 4-4.) 
= pd 44,74 (id, > pildo 4-4) 
+ uid, T do 41-4) 
= pd td, I pd, dtd, )—p(d,.. dy) 
-Hid,l* 
[PHP dhed d ED 
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for p. positive. Thus 
CH) (Titile mg — EDAD, p> o 


Let S be the restriction of 7Z,(z) to D)+D,. By Lemma XIL4.11, 
S is a closed operator. It is clear from [f] that 


trt KS-rgil)| = ple, = we 9(S) — n9. 


Moreover, for each p > 0, the range of S-+pil is closed. Indeed, if 
z — lim,,,.(S+pél)z,, then lim, ,,.l(S+#iI}(2,,—@,)| = 0, so that 
by [tf]. {,} is a Cauchy sequence. If z is its limit, it is clear since S 
is closed that ze (S). and (S. p giI)z = z- 

Let ye ((S442)2(S))*. Then ye ((Zolr}+21)D,)+; hence, by 
Definition XIL4.9, y e D,- However. since (S+S) 2 (Si), 
=D, we have yeDt. Consequently. y — 0. This shows that 
(ST (S) is dense, and since it is closed, it must be all of Hilbert 
space. Thus, from [11] is follows that — is in the resolvent set of S. 
Let uy be the largest real number such that the whole interval 
[—i, —pp@} of the negative imaginary axis is in the resolvent set of S. 
Since, by Lemma XILI.8, the resolvent set is open, 44 is not in the 
resolvent set. Suppose gu, < co, and let ji, be a sequence of real 
numbers approaching p from below. By [tt], |R(—fégi: S) S ph 
It follows from Lemma XIL1.8 that (R(—j,4 S)) ts a Cauchy 
sequence in the uniform operator topology. Let R be the limit of this 
Cauchy sequence. Then since 

lim (S -- pii T)E( —p is Sx = lim (2+ (Hp peg) RC at; Syn) = 2, 

neco mco 
and since S is closed, it follows that RreD(S), and (S Ep, ilz = a. 
This shows that (S+,i1)®(S) is all of Hilbert space, so that ji is 
in the resolvent set of S, contrary to assumption. Hence we conclude 
that for each n Z1, (S-pmil) has an inverse E, which by [tt] 
has norm at most 2. Since —mniep(S) E, maps L, onto 
$5--9, CMT x) CD(T) by assumption (a). 

We shall now prove that the everywhere defined operator 
7,(z,)R,, is bounded, and that for x sufficiently large. !7,(v’)R,| <1. 
Indeed, if this is not the case, then there exists an £ >0 and a 
sequence f, of elements such that |/,|—= 1 and |7,(t‘}R,| >£. Put 
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En = Rf Then since |nE,| <1, |g,| — €. Moreover, Tifen, = 
j.-nE, and since |nE,| <1, |Z,(v)g,| is bounded. It follows 
from hypothesis (b) that 7,(z'}g,| —0. This contradiction proves 
our assertion. 

Consequently, there exists an n > I such that !7,(z)R,| < I. 
Let z be an arbitrary element of Hilbert space Then 


(T) Tate hnil) S (IPR AT eR, — 
(HC DATUR) 


Thus, since E, maps L, into Dj)+D,, (S47, }+riI DAS} is dense 
1n Hilbert space. This proves (c’}. 

Now we conclude our proof as follows. By Lemma XII.4.10, 
the Hilbert spaces $(7,(:) and 9S(7,(r.-7)) have the following 
orthogonal direct sum decompositions: 


iff] $S(Z0 9,029,069; 9(Zct7)-909; OD. 
Let P be the orthogonal projection of S(Z,(r--v)) onto D,  $'. 
Since by (c) 
dim$, @D_ 2 dim D, @ D 

either we must have P(D, @ D_) = D, @ $', or there must exist 
a non-zero element y in D, @ D_ such that Py = 0. But then we 
would have y € Dp, which is impossible by the first equation of [ttt]. 
Thus P{(D,OD_) 2D, OD_. It follows that DAD OD_ 29,09. 
and hence that $9,090 9, 0$ 29,0 29,07. That is 


DZ) 2 (T4 G-4-7)). Thus (A) is proved. 
This last argument also shows that 


dim$, ED > dim D, PÙ 
is impossible. Hence 
dim D, + dim D_ — dim $7, + dim DL. 


Since dim, = dim D, by (c^), it follows that dim D, = dim Dy, 
proving (B). Q.E.D. 
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29 COROLLARY. Under the hypotheses and in the notation of the 
preceding theorem, every boundary value for v is a boundary value for 
tH and conversely. 

The proof is immediate from the preceding lemma and Definition 
2.17 of a boundary value. 

80 COROLLARY. Let t be a formal differential operator and let q 
be a bounded function. Then 

(9) $(7,00) = D(A +9); 

(b) v and t-+q have the same deficiency indices; and 

(c) every boundary value for v is a boundary value for t+. 

381 Lemma. Let f(t} be a C" function defined on a finite or 
infinite interval [a, b). Let t, be an increasing sequence of elements of 
[a, b) with t, approaching b. Let p(n) = max, <.<,lf"s)|. Then 
if lim, col Holm Ye) = 0, i follows that lim, (udm bits. ny) > 0 
for all j. 

Proor. If the function is identically zero, then the statement is 
trivial. If f is not identically zero. then clearly j(n} > co. Given 
£ > 0, choose n so large that 


[e] mn) < È pan). 


Let sp be a point in [a, t] such that p,(n) = |f'(s9)|- We shall prove 
that there exists a point s, in [s)—(e/4}, 5] such that 
[ex] If (9) f i) > fiso- 
We can assume without loss of generality that f'(sj) is positive. 
If [++] does not hold, then we have 
€ 
SF (s) > Hf (o) % — 458 Sh, 


and integrating, 


lero -3l > Era). 


Hence, either |/f(s,)| or |22f(s, —2/4)| is greater than or equal to 
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(6/16) (so), which contradicts [+]. From the validity of [++] we infer 
that either 


MfG) Ff (6) > 3f (1 
or 
Mf 65) — Af (6. > ZI G9. 


where |5,—5,| S £/4. Then by the mean value theorem there exists 
a point s, in fs,, $} such that 


MACEISCTA EE 
that is, 
Goll < e Ml 


and hence 44(n) < epin} Q.E.D. 


32 Lemma. Let t= Y, ,u(tXd/dtY be a formal differential 
operator of order n defined on an interval I = [a. co). Suppose that 
a,(t) = 1, and that all the coefficients a; are bounded on I. Then, if 
Tj = 0 and f € L,(a, oo), f, f. - . ., f"! are all uniformly bounded on I. 

Proor. We shall prove that f is bouuded. It follows from the 
preceding lemma that there exists a constant k such that for all t in 
le, eo). 

[s] k max |f(s)) 2 max |f'(syl. 

p astsit 
Indeed, if this were not the case, then to every integer m we could 
associate a point £, in [@, co) such that 

m max |f(s)| < max If'(sy. 

aXext, p 
The sequence {tn} would thus satisfy the hypothesis of the preceding 
lemma. Hence, using the notation of the preceding lemma. 


limpum = OSG <n, 
sel 


from which it follows also that for j < a, 
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im A us sem) Hoan) Ha al) 
marco iy (M) meot) puas(m) plm) 


Let {s,,} be a sequence such that 


m lf" (6,) = max Fs), OSs, St, 
p 
We have, then, a fortiori, for j < n, 
y, ^ Smd 
ih e HG) 


Let M be a common bound for the coefficients a,, I S 7 < n. Choose 
m so large that for 1 S} «n, 


Ift. < x fl 
Then 
i 
0 Sg) 1S alenn 


2 Vemde Sm) 

= (—9lf",)I- 
Because £ is arbitrary, it follows that {™{s„) = O for large m. In 
view of [1] and {țț], this is clearly impossible except when f vanishes 
identically. We conelude that inequality [*] holds. In the same way 
we can show that there exists a constant k such that 
[e] kmax f(a) = max HMO, Ba,  1$j«m 


ean now that f is not bounded. Then, given any integer N, we 

can find a point t in [a, 00) such that [f(£)| > N. Multiplying / by an 

appropriate constant of modulus I we may assume that f(t} > N. 
By [s] we have 


max |A {s)| sm = ax If 6 sz. 


essit 


By the mean value theorem, 
ts IRH) -A SAP (9) S M0. 
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where s S 5, S t. In particular for £—(1/2k) Ss <4, 


Ko 


IAA S. 


and therefore |Af(s)| > f(0/2 > Nj2. Consequently, 


* Ne 
[ Wenras = [ NL 
A a 


Because N is arbitrarily large, this contradicts the assumption that 
į is square-integrable. Thus f is bounded, so that by [«] and [sx], 
j"! is bounded, 0 <7 Sn. Q.E.D. 


88 Lemma. Let j be a function in A” defined on the real axis and 
vanishing outside a compact subset of the real azis. Then, ij 0 Sk <n, 


( T Ñ word) ( T d ver)" x( [- yea). 


Poor. Assume / to be square-integrable since if it is not, the 
inequality is obvious, Consider the Fourier transform 


Fi) = as mem 


co 


f's"ds OSkSn. 


We have 

1 
Vas 
By Hólder's inequality 


(iy Fw = 


oo 


f erora- [rere repr 


s rond "(T er 


The lemma now follows immediately from Plancherel’s theorem 
(cf, XL3.21). Q.E.D. 
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84 Lemma. Let r — Fg ,a,(((djdtY be a formal differential 
operator of order n defined on an interval I = [a, co). Suppose that 
a,(t) = 1, and that all the coefficients a, are bounded in I. Then, if 
af = 0 and f is in L,{1), all the n—1 functions f', f”, . ... J belong 
to LD. 

Proor. Assume for simplicity that a = 0. Choose an infinitely 
differentiable function k on (— co, co) which is identically equal to 
one for £2» 1 and which vanishes identically for £ < 0. Let f, (f) = 
h(n —t)h(ty(t). Then f, is infinitely differentiable, and vanishes 
together with its derivatives for £ < 0 and for t > m. Furthermore, 
fm coincides with f for 1 < t < m —1, and hence the functionv(7,, —) 
is identically zero in £ except on the intervals m—1 <i X m and 
0 St <1. Applying Leibniz’ rule we see that rf, 1s a linear com- 
bination of derivatives of h(n —1), of h(t), and of f, and of the coeffi- 
cients of z, all of which are bounded by Lemma 32 and by the 
hypothesis. Let M be a common bound for all these functions and 
for the functions /,,. 

Then 


m ruft = trt. -ni = (f + )et-xosa «ze, 


o mw 


uniformly in n. We shall prove that the assumption that some deriv- 
ative of order not greater than 7 is not square-mntegrable contradicts 
this. 

Since fe L,, we have clearly 


pi : 
c= sup | Wala sup T! Wey Pae 2 
—eoo 1 


0sm<co Osm<co 


< [fl24 2M? < oo. 
By the preceding lemma we have 
[i Wels = onis") 
and 
Ie] Jf, Pul m, SOPH YE, OO SRST. 
Suppose now that for some ky S n, f% is not square-integrable. Then 
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clearly lim, fo), = 00, and by [e] Empolia le = co. Con- 
sequently, by [ss], [f@ 1, = olll) for O0 S k <n. Furthermore, 


ack nol 
If, — fils = | X afale S M D Mess 
P=) E-o 
and hence 


lcs — E refs f le = OCU le). 
Thus lim, ,hzf,l, = co. which contradicts [T]. Q.E.D. 


35 "THEOREM. Let 
L d 
r= Satti(5) 
Zea 


be a formally selj adjoint formal differential operator of order n defined 
on an interval I = [a, co). Assume that 

(2) ja,()| és bounded away from zero; 

(b) laG)] is bounded, O Sk Sn. 
Then q has no boundary values at infinity. 


Proor. Without loss of generality, assume that a = 0. Let z^ 
be the formally self adjoint formal differential operator i"(d/di)". 
‘The proof will consist in establishing that the Hilbert spaces (T. (')) 
end S(T,(z) are equivalent and that z’ has no boundary values at 
infinity. Since, by definition, D{(Zo(x)) coincides with D(Tolz’)), it 
will then follow that the boundary values of z and 7’ coincide, and 
from this it wil be easy to prove the theorem. 

We proceed in several steps. 

(a) T has no boundary values at infinity. Indeed, let wy ..., co, 
be the nth roots of (—iy'7*. Then the functions exp (w,t) form a basis 
for the solutions of r'o = ic. Among these, the square-integrable 
solutions are those for which the real part of o is negative. Similarly, 
let e, ..., c, be the nth roots of —(—i)"3. Then the square- 
integrable solutions of z's = —ic are the functions exp (c't) for 
which œ, has a negative real part. If n is odd, the nth roots of —t are 
the negative nth roots of t. Thus, in this case, the sum of the deficiency 
indices of z' is the number of nth roots of (—i)"-* which are not pure 
imaginary. Since if nis odd, i" = +i and (—é)*41 = 4-1, this number 
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is n. If n is even, we see by a similar elementary computation that 
the sum of the deficiency indices of z' is 2. Our assertion now follows 
immediately from Corollary 2.23 and Lemma XIL4.21. 


(b) AZE DOA )}- 


Suppose f is in $(7,(r)). This means by definition that both f and 
f? are square-integrable. Now form the functions /, 0 S k Sn, 
as in the first paragraph of the proof of Lemma 34. Then |f)|, is 
bounded in m, because f® is square-integrable, and because, by 
Lemma 82, f^! (1) is bounded on the interval [a, co) for 0 $ k $ n—1. 
Therefore by Lemma 33, |f@?] is bounded in k and in m, and hence 
[fly is finite for 0  k S a. Let M be an upper bound for the 
functions |a,(-)]. Then 


lef, S M Y fel, < 00 
p 


and therefore f is in D(7;(z)). Hence $(Z,(7)) C 9(Z,(1)). 

(c) The identity mapping of the Hilbert space (7;(z‘)), into 
ST, (c')}) considered as a subspace of (7,(r)}, is closed, and hence 
continuous, 

Let {f,} be a sequence in $(T,(r)) which converges to f in the 
topology of S T,(z')) and to g in the topology of (T,(z)). Let J be 
any compact subinterval of I. Then, by Corollary 2.16(b), the restric- 
tion of {f,] to J converges in H,(J) to both f and g. Therefore, since f 
and g are continuous functions, they comcide on J. Because J is 
arbitrary, they coincide everywhere on I. 

(d) Let {g,] be a sequence in D(To(v’)) which converges to zero 
in the norm of 2(7,(z)). Then {g,,] converges to zero in the norm of 
D(T,(c’)). Indeed. we have ig,l +0 and [rg,l; +0. and 


ma 
I) [Xie 2s = Fea > 0- 
So 


m 
| EXTENSA 
E 


Then |a, gil; is bounded, for otherwise (passing to a subsequence for 
which |a,g |, > oc) it would follow from Lemma 88 that 


le le = Olei") 
= og) OSk<n. 
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Hence, because the coefficients a, are bounded, 


n 
Pu = of el.) = otia, gla). 


But then it is clear that 
m 
Wena = las a1. eun 
-— 
= la. lS(1—0(1) > 00, 
contradicting [+]. Let M = sup, |giZ!|,. From Lemma 88 we obtain 
lg, * 7 M*r* = els. 


Because |g,|; > 0, it follows that jg™|,>0 for O X k « n and 
therefore also that 


2 
PX 
ke0 


By [+] this implies that |a, g**?|; > 0, and since ja, (-)|-* is bounded 
by hypothesis, ig |, > 0. Thus {g,,} converges to zero in the norm of 
DT). 

(e) The closure of $(7,(7') in the norm of 9X7, (')) coincides 
with the elosure of O(Z,(7’)) in the norm of D{7,(z)). 

Let®, and ®,be the closures of'b(To(z')) in the normsof (T2) 
and $(7(z)) respectively. By step (c) we have that D, 2 D. Let 
£ € 9. and let (g,) be a Cauchy sequence in $(7,(z)) which con- 
verges to g in the norm of D(7,(z}). To show that g is in D it suffices 
by (c) tosbow that {g,} is a Cauchy sequence in the norm of S(T' (v )). 
Suppose that this is not so. Then the generalized sequence {gnn} = 
Íg,—£,) does not converge to zero in S(Ti(z)); therefore a sub- 
sequence of it, which we shall call (fj), does not converge to zero in 
"(Tq )), whereas it does converge to zero in $(7(7)). This. however, 
contradiets the resuk of step (d). 


€) ATEH 29746). 
Clearly D{Zo(z)) = $(T,()), so that by step (e) DT) = 


DT). Let D = D(Tolt)) = AT). Then (cf XIL40) 
DT) = 9; 6 $, OD, where D, and D_ are the deficiency 
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spaces of 7. It suffices to prove that D, @ D_ C D(7,(z’)). Let f be 
an element of D,. Then [a (t) (( —2/)() = 0 for t in I. The 
operator 7!(r—i) satisfies the hypothesis of the preceding lemma, 
We conclude that f^? is square-integrable, that is, f is in S(Z,(r)). 
Thus, D, C S(T (7). Similarly, D_ C 9(T,(r')). It follows from (c) 
and 1L2.2 that the two topologies on S(7,(2)) = $(T,()) are 
equivalent. Q.E.D. 

In concluding our analysis of the methods available for the 
calculation of the deficiency indices of a formal differential operator, 
we note one case which, though more special than many of the cases 
studied above, is nevertheless of great practical importance. This is 
the case in which the coefficients of the formal differential operator 
are analytic in and have poles at the free end points of J. In this case, 
exact information on the asymptotic nature of the solutions of 
vj = Hf is available. 

Suppose first that the end point under consideration is finite 
so that without loss of generality we can suppose it to be at zero, 
Then, dividing through if necessary by the leading coefficient a, of z, 
we can write the equation (r—4)f = 0 in the form 


is) XO jue) = 0, 


k=O 


where «, = le, is analytic in the neighborhood of zero for 
0 Say Sn, and where we suppose that » is minimal; i.e., that the 
differential equation [=] does nothave the form X. , f,{t)t-#"-*Y 42) 
= 0 where f, is analytic in the neighborhood of zero for 0 Sk Sn 
and p < v. In this case, v is called the order of the singulanty of 
equation [4] at zero. If y = 0, there 1s no singularity at all, and zero 
is called a regular point of the differential equation. If » = 1, the 
singularity of equation [+] at zero is called a regular singularity; if 
v > 1, an irregular singularity. If [«] has a regular singularity at 
z — 0, the equation 


piu 1). - (a n3), 9 (0)n(u —1). . (4-2) 
as s0)u(u—1) - (u—n 48} 
+. . Eos) au(0) = 0 
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is called the tndicial equation of [+] at zero. If the indicial equation 
has distinct roots €. +++» €n, no two of which differ by an integer, 
then the set of solutions of [+] has a basis of the form o,(z) = a'tg;(z), 
where e is analytic and non-zero in the neighborhood of z = 0. Thus, 
in this case, the number of solutions of zf = Af which are square- 
integrable in the neighborhood of z = 0 is exactly the number of 
roots of the indicial equation which have real parts greater than 
—(1/2). In case the indicial equation has two roots which differ by 
an integer or has multiple roots, a corresponding result may be 
stated; but here the basis for solutions of [+] may have a more 
complex form, involving logarithmic terms. We shall not give the 
details of this result here, but instead refer the reader to the excellent 
exposition of this point in Poole [1] and Coddington and Levinson [1]; 
to which sources the reader is also referred for proofs. It should be 
emphasized, however, that in all these cases the problem of determin- 
ing the number of solutions of [+] which are square-integrable in the 
neighborhood of zero can be reduced to a finite algebraic problem. 

In ease » > 1, so that [+] has an irregular singularity at zero, 
then the equation 


Cu" a, (0 vp)" 7+ -- pa (0) = 0 


is called the characteristic equation of [+] at zero. If the characteristic 
equation has distinct roots z» . . ., 4, then the set of solutions of [+] 
has a basis of the form 


a(z) = (exp (u217 kP h. 0 EK Ta Ys bey ps.) 


where, however, the infinite series constituting the final factor of 
this expression is not convergent but is a divergent asymptotic series, 
The coefficients K”,..., KP" 9, ej, ef, &,... can be determined 
by formally substituting the asymptotic expression for g; in equation 
[*] and comparing coefficients. In case the characteristic equation 
has multiple roots, a corresponding result may be stated; but here 
the asymptotic expressions for solutions of [+] may have a more 
complex form, involving series in fractional powers of z and logarith- 
mic terms. We shall not give the details of this result, but shall 
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instead refer the reader to the appropriate chapter of Coddington and 
Levinson [1]. What is decisive for our purposes is that the existence 
of an asymptotic series for the solutions of [+] reduces the problem 
of finding the number of solutions of [«] which are square-integrable 
in the neighborhood of zero to 2 fmite algebraic problem. 

By making the change of variable z > (1/2), similar results can 
be obtained for singularities at infinity. Suppose that we are dealing 
with an equation of the form 


^ 


[ss] F ale)" P72) = 0, 
0 

where «,(z} = 1 and the coefficients g, are analytic in the neigh- 
borhood of z = œ for 0 S k S n, and where the integer v is minimal 
in the sense that [++] cannot be written in similar form with a smaller 
index v. Then, if» = —1, [se] is said to have a regular singularity at 
infinity; if v > —1, [++] is said to have an érregular singularity of 
order v--2 at infinity. If [+x] has a regular singularity at infinity, the 
equation 


H+). . (a n—1) —9, 4(o)u( 1). . (ten —2}4. . 4 
(71) a4 oo)u-- —1)"a (0) = 0 


is called the indicial equation of [x+] at infinity. If the roots €... . €, 
of this equation are all distinct and no two differ by an integer, 
then the set of solutions of [++] has a basis of the form o,(z) = 
2 “y(z), where g, is analytic and non-zero in the neighborhood of 
z= OO. 

If [++] has an irregular singularity of order v--2 at infinity, the 
equation 


(PLA) 40, OAH) «-. Halo) = 0 


is called the characteristic equation of [x=] at infinity. If the roots 
Pa» + +s fy of the characteristic equation are distinct, then [++] has 
a set of solutions of the form 


6,(z) = lexp (p P 1 Ek, tz? E... FEO zh (1 e e.) 
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where, however, the infinite series constituting the final factor of 
this expression is not convergent but is a divergent asymptotic series. 
The coefficients KY, ..., HY, e, , c9, ... can be determined 
by formally substituting the asymptotic expression for c, in [+=] 
and comparing coefficients of 277. 

"Thus, in all cases in which we deal with a formal differential 
operator on an interval J having coefficients analytic in Z and with 
poles at the free end points of Z, the theory of regular and irregular 
singularities enables us to reduce the problem of determining the 
deficiency indices of v to a finite algebraic problem. 

We will return to the theory of regular and irregular singular 
points below in connection with the study of several specific examples 
of formally symmetric formal differential operators in Section 8. In 
that section, we will have an opportunity to examine a number of 
facets of the theory in somewhat greater detail 


7. Qualitative Theory of the Spectrum 


Tt will be seen in this section how a variety of quahtative results 
concerning the spectrum of a formally self adjoint formal differential 
operator t may readily be obtained from the analytical properties of 
the coefficients defining +. For example, if these coefficients are 
periodic the spectrum coincides with the continuous spectrum and 
consists of a set of intervals (cf. Theorem 64). It will also be seen how 
the classical separation theorems of Sturm are related to spectral 
theory. The methods used are, for the most part, elementary, and 
are analogous to those used in the investigation of the deficiency 
indices of t given in the preceding section. 


1 THEOREM. Let T be a closed operator s a B-space X and 
suppose that for each A in the point spectrum of T, the null-manifold 
(@\(P—Aljx = 0} is finite dimensional. Then A, € c T) if and only if 
there exists a bounded sequence (4) of elements of D(T) such that 
lim, | (7 —AgI)},, exists but {f,} has no strongly convergent subsequence. 

Pxoor. Passing without any essential change in the situation 


from the consideration of 7' to the consideration of 7—/,I, we may 
(and shall) suppose without loss of generality that 4, — 0. Suppose 
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then that 0 ¢ c,(T). Since N = {x|Tx = 0} is finite dimensional, we 
can find a basis py, . . -, gy of N. By Corollary 1V.8.2, every finite 
dimensional subspace of a B-space is closed. Thus, by the Hahn- 


Banach theorem (11.3.13) there exists a set a7, ..., af of continuous 
linear functionals on the B-space such that qf (p,) = 0 for 0 <i + 
{Sk afg) —1. Let D= fe XT) (r) =0, P—1...H. 


Then, by Lemma 6.2, the restriction 7, of 7 to D, which is evidently 
closed, has a closed range 9. The inverse 7;? of 7, is clearly closed, 
and is a one-to-one mapping of § into X. Thus by the closed graph 
theorem (11.2.4), T1! is bounded. It follows that if {f,} is a sequence 
of elements of D such that (7/,) converges, then {7,} converges. Let. 
{en} be a bounded sequence of elements of $X7) such that (7g,) 
converges. Find a subsequence (z, ) — {h,} such that 2? (h;) converges 
i each j,1j Sk. Then h, —h,—YL ah (hg, is in D and 

= Th,. Thus (fj) converges, so that (h,} = {rt >" a? (hp) 
coriveraes Consequently, (g,) has a convergent subsequence, which 
proves the first part of our theorem, 


Conversely, suppose that if (f) is bounded, and (7f,) converges, 
then {/,} has a convergent subsequence. We wish to show that 
TD(T) is closed; so let g e TD(T), let g, — Th,, and let g, > g. Let 
d, be the distance from h, to the closed manifold 9t. Let y, be a 
sequence of elements of 9t such that |h, —y,| —d,, 0. Let h,—y, = kp- 
Then, if d, is bounded, k, is bounded, and Tk, = Th, converges. 
Hence Kk, has a convergent subsequence &, , which converges to an 
element k. Since Tk, >g and T is closed, ke®D(T) and Tk = g. 
Consequently, to prove that 7D(7) is closed it suffices to show that 
d, is bounded. If this is false, then, by passing to a subsequence, we 
can suppose that d, -> co, so that |k,| > œ. Putting £, = k,/|k,l. 
we have |£,| = 1, while the distance d, from £, to 9t is d, /[E,| 1. 
But, since TE, + 0, E, has a convergent subsequence k, ; and clearly 
LN converges to an element of N, contradicting the fact that d, >l. 
This proves the converse part of our theorem. Q.E.D. 


2 COROLLARY. Let t be a formal differential operator. Then 
Ag € o (x) if and only if there exists a bounded sequence {f„} of functions 
in D(To(T)) such that {(c—Ao)f,} converges, but {fa} has no strongly 
conpergent subsequence. 
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Proor, Suppose that a bounded sequence {/,} of elements of 
X(T _(x)) exists such that {(z—A,}f,} converges but the sequence £f.) 
has no convergent subsequence. Then. since T(r) C 7',(x), it follows 
immediately from the preceding lemma that 4, € c,(7',(z)), so that by 
Definition 6.1, 4€0,(z)- 

Conversely, let A € 0,(z). Let D, be the closure in the Hilbert 
space D(7,(z)) of D(To(r)), and let T(z) he the restriction of T,(z) 
to D. Let D be the orthocomplement in $j(Z,(z)) of D. Then 
DTE) = D(Tolt)) € 9. Moreover, if we have fe®, then 
U 8+ (TOf. Tolre) = 0 for g in D(To{c)). Hence f+ To(c*Ti(c)} 
= 0, so that by Theorem 2.10 and Corollary 1.4, f is a C” solution of the 
differential equation f-+r*rf = 0. Since this equation has finite order, 
it follows that D is finite dimensional. Thus, it follows from Lemma 6.2 
that Apis in the essential spectrum of the closed operator T(x). Hence, 
by the preceding theorem, there exists a bounded sequence {f,} of 
elements of D(T(t)) such that {(7Z>(z)—AN)f,} converges but (f£) 
has no convergent subsequence. By definition of D(Zo(z)), there 
exist elements f, in Q(7o(z)) such that 


iafl +0 and — IZ. — Tu > 0. 


Then {f} is bounded and contains no convergent subsequence, 
while {(7')(x)—AJ)f,} = ((z —4)4,) converges. This proves the con~ 
verse part of our theorem. Q.E.D. 


8 ConmorLaRy. Let v be a formal differential operator, and B,, 
i= 1, .. k be a set of boundary values for v. Let T be the operator 
derived from t by imposition of the set B(f) = 0, i=1,...,k, of 
boundary conditions. Then o{T) = o,{t)- 

Pnoor. We have shown in the course of the preceding proof that 
DT) = $(7,6)) ED, where D is finite dimensional, Hence 
DT) = DT Ae) & Dy and ST, (:)) = DT) E Da where D and 
D, are finite dimensional. Hence, by Lemma 6.2, o,(7) = o,{(7,(z)) = 
o,(t). Q.E.D. 

The next result is the analog for the spectrum of Corollary 2.26 
on deficiency indices. 
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4 THEOREM. Let q be a format differential operator defined on an 
interval I with end points a, b, and let I be the union of two subintervals 
I, end L,. Let the restriction of vto I, (to I,) be denoted by v, (by ta). Then 


oft) = cQ) v o,(%)- 

Proor. Let 4g € c,(z, . Then by Corollary 2 there exists a bounded 
sequence {f,} of elements of D{7p(t,)) such that ((r—A,)f,} converges 
but {fp} has no convergent subsequence. Since D(7o(t1)) C S(Te(z)), 
it follows immediately from Lemma 2 that 4, €c,(z). Thus o,(t,) C 
oft). Similarly, o,(z,) C o,(z). Thus we have 

001) U «G3 C oft). 

Conversely, let Ajec,(r) and suppose that 2) ¢0,(t%,) = 
o (Ts) and 2p ¢ c (7) = 0(T(%))- Let {fa} be a bounded sequence 
in (7 p(r)) such that ((x —45)/,) converges but such that (f, contains 
no convergent subsequence. Then since the restriction pf, of f, to I 
belongs to $(T,(z)) it follows that (p,f,) has a convergent sub- 
sequence (pf, ). In the same way, the sequence of restrictions of 
{fn} to I, bas a convergent subsequence. Hence the sequence (f,) has 
a subsequence which converges in the topology of Z,{Z), contrary to 
assumption. Q.E.D. 


5 THEOREM, Let t be a formal differential operator defined on an 
interval I, and let C be the smallest closed convex set containing all the 
values (xf, f) with f in DTo(c)) and Ifi — 1. Then o,(t) C C. 

Proor. We have only to show that if H is a closed half-plane 
of the complex plane whieh contains €, then o,(z) C H (cf. V.2.12). 
By passing without any essentia! change in the situation from the 
consideration of 7 to the consideration of at+f, (where « #0) we 
may, and shall, suppose without loss of generality that H is the right 
half-plane, and that A is real. Thus we have Zf(zf, f) 2 0 for f in 
S(T,(r)) and wish to show that no A < 0 belongs to o,(z). Suppose 
that this is false, so that there exists a bounded sequence {/,} of 
elements of $(Z,(z)) such that {(r—A)j,} converges but {fp} has no 
convergent subsequence. Then 

lim (z—4)0,—f,) = 0. 


dio 


so that 
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lim Arfi) 012) 


deo 
— lim Ruf), fii — 4f; h= 0. 
Since Z((f,—f,), (/,—1,)) 20 and —Alj,—j,? = 0, it follows that 
lim —Hf,—fJ* = 0. 
iia 
Thus (f) is a Cauchy sequence, and hence convergent. This con- 
tradiction proves our theorem. Q.E.D. 


6 Derrition. A formal differential operator z is said to be 
formally positive if (xf, f) 2: 0 for every fe S(Zy(x). 
An example of such an operator is given by 


D aye dyt 
-if nol 
At Yi) POL 
where all the coefficients p, are non-negative, since in this case we 
have 


et. n = [ aaa 3 fonen 
r Eco. 
7 CoRoLLARY. dj a formal differential operator is formally 
positive, its essential spectrum is a subset of the positive real aris. 


Proor. This follows immediately from the preceding definitlon 
and Theorem 5. Q.E.D. 


8 THEOREM. Suppose that all the values of the coefficients p, of 
the formal differential operator 


T =" PEG PE te [a, 5) 


lie in the right half-plane and that Hp,(t) > co as t +b. Then the 
essential spectrum of t is void. 


Proor. We have #p,(t) = 0, 0 Sk € n, and Sp,(f) > co as 
tb. If v' is the restriction of v to an interval [c, b) then by Theorem 4 
o,{t) = o,(1')- If any real number 2, is given, we can choose c such 
that Apo(t) = A, for te [e, b). Then we have 
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n b 
arrn- | oeoa zae, FEDTE 


It follows from Theorem 5 that 9,(z’) and hence ¢,(r) lies entirely in 
the half-plane 2z > Ay. Since A, is arbitrary. 0,(z) is void. Q.E.D. 


9 THEOREM. Suppose that t 3s a formal differential operator of 
order 2n defined on an interoal I = [a, b), and that v has the form 


t={-1)" Q EO (3) + polt) 


where the coefficients py, -.., pa, a are uniformly bounded and 
Rpt) > co as t — b. Then o,(1) is void. 


Pnoor. Let e be real. Consider the differential operator 


d\ $e ayi 
=(-1)"(— 2) (— 
T = (—1) G +S rof) +e 
We will first show that for c sufficiently large, (rf, f) 20 for 
JeD(T,{z)). If this is not the case, there exists a sequence (g,) of 
elements of D(To(t)) such that 


Goa Em) S Enl 

Hence there exists a sequence {fm} of elements of D(7p(z)) such that 
lla = 1, but Bltofms fm) > —co. If [f2] is bounded, it follows 
from Lemma 6.88 that |f®|, is bounded for all 0 < k < 2n, and hence 
that (Tofm> fm) is bounded, contrary to assumption. Hence we may 
assume without loss of generality that |f2”|, approaches oo. Then, by 
Lemma 6.33 again, 

Wile = oll" la), O<kS2n, 
So that 

Gf. fn) = (AG fede) 

= fa BOH) 

contradicting the fact that R(Tofm fm) > -cc. 


Thus &(x,j, f) 20 for fe D(To(z)) if c is sufficiently large. Let 
2o be real and positive. Passing by means of Theorem 4 to a sufficient- 
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ly small subinterval [a;. b) of [a, 6), we may assume without loss of 
generality that G(p,(t)—c) = žo Then 


AGH) 2 GL DAA T) 


for f €D(Z(z))- It follows from Theorem 5 that o,(z) lies entirely in 
the half-plane #z = 2. Since 2, is arbitrary, cz) is void. Q.E.D. 


10 THEOREM. Suppose that v is a formal differential operator 
of order 2n defined on an interval I = [a, b), and that x has the form 
aye oa aye dyt 
=(-1y hé -k(t ares t). 
r= arhi) «zer se ee 
Suppose that Bp, is bounded below for i X k X 1, and that 
Apt) + co as t +b. Then a,(1) is void. 


Pnoor. Putting 
= (ar (Z) «xen». 


we will show that for c sufficiently large Hx, f, f) = Ofor fin D(T,(z))- 
This will allow us to complete the proof of the present theorem. 
exactly as in the last paragraph of the preceding theorem. If our 
assertion is false, then there exists a sequence {g,,} of elements of 
D(Tolt)) such that Alzog,.> Em)  —mlg,Iz- Hence, there exists a 
sequence {f,,} of elements of D(Zo(z)) such that Ht fxs fm) > —oo 
and such that [/,|, = 1. If |/7"|; were unbounded, it would follow by 
Lemma 6.88 that |©]; = O (1/22) for 0 <k <n, so that, if Bis a 
lower bound for #p,, Ape, ..., Jp, ,, we would have 


za 
Stu. ha) — | inae | Apa 


ni 
z PRB DY f$ z PRAO) 
E 


contradicting the fact that Z(Tof m fm)  — co. If [ft]; were bounded 
it would follow from Lemma 6.33 that [/?|, was bounded for each k 
with 0 < k < n, and from the first inequality displayed above that 
Sf f, fm) was bounded. again contradicting the fact that 
Bohm: bm) > — 0. 
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Thus (uf, f} = 0 for all f in D(T(z)) if c is sufficiently large, 
and, as remarked above, this proves the theorem. Q.E.D. 


11 THEOREM. Suppose that x is a format differential operator of 
order n defined on an interval I = [a, b), and that k is an integer not 
greater than n. Suppose that there exists a finite constant M such that 


Vo x Bates + Mia). feD(To(x))- 
Let x, be a (regular or irregular) formal differential operator of the form 


a= 2 at) (3) $ 


where lim, ,,a) = 0, 7 = 0, . . ., k. Then, if 1-v, has a non-vanishing 
leading coefficient, 


oft) = o (rn) 


Pnoor. Let 4,€ o,(r) and assume that 4, £o (r--v,). Then, by 
Corollary 2, there exists a bounded sequence of functions f, in 
S(To(v)) such that ((r—4,Y,,) converges, and such that {f,,} has 
no strongly convergent subsequence. Since every bounded sequence 
of functions in Hilbert space contains a weakly convergent sub- 
sequence, we may assume without loss of generality that {fp} is 
weakly convergent. Then by Lemma 2.16, {/,,} converges weakly in 
the topology of HJ) for each compact subinterval J = [a. by] of I. 
It follows from Lemma 2.16(a) that {f2)()} converges for each t and 
0 Sp <n—1, and by the uniform boundedness principle that 
(Xt) is uniformly bounded for 0 X p <m—t and for t in any 
compact subinterval J of F. Thus, by the Lebesgue dominated con- 
vergence theorem 


m lim | /2)—-/P Pat = 0, 0 <p £n. 
J 


mmya 


Let 
kot 


Then, since 5, (f) + 0 and ((T—4,4,) converges strongly, it follows 
from [1] that 
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im "uo —À;exora = o. 


m, ma co 


Thus 


Hio sup f m. 0—1, (OPA = 0. 
m,mí-oo JJ 
By Lemma 6.88, |f; is bounded by some constant N for? = 0, . . ., k. 
If J is chosen so large that la,(t)| < (kN) for ze I —J, we have 


m sp f enD < e. 


1m, 2-200 


This proves that 


lim sup [t(/mn—fadle S &5 


m, nao 


and, since « is arbitrary, that 
lim m, fala = 9- 


m, 2200 
Consequently, (z4,) converges. Thus bm,,_,,.(t-+1,—Ap/, exists. 
Since A, É ¢,(t+7,); {fm} has a strongly convergent subsequence. But 
we have seen above that this is impossible. Hence, we have proved 
that o,(r) Dot). 

The remainder of the theorem will follow by symmetry once it is 
shown that there exists a constant M, such that 


VE s Miltai — fe D(Tolt+4)) = AT p(e))- 


To prove this, it is evidently sufficient to show that there exists a 
constant M, such that 


ARE S Mar YT. — fe D(Tolz))- 


If this is not the case, there evidently exists a sequence {fm} of 
elements of $(Ti(z)) such that (r--)f,ls > 0 and [fle > 0, while 
Itfalg does not converge to zero, so that [r£,,|; does not converge to 
zero. By hypothesis and Lemma 6.38, [/2)|, is uniformly bounded in 
an Tor j = 0,. . .. k. Thus, since the coefficients of z, approach zero as 
t >b, we have 
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limi f Itc. OP at = 0 


uniformly in m. On the other hand, we have 
lim | (£P = 0 
moc a 
for each a < c < b, by Corollary 2.15. Thus [rifle > 0- This con- 
tradiction proves the theorem. Q.E.D. 
12 COROLLARY. Let t be a formal differential operator of the form 


Sol) 


defined on the interval I = [a, b). Suppose that all the coefficients 
Po» +++ Pra are uniformly bounded on I, and that |p,(t)| is bounded 
below on I. Let t, be a (regular or irregular} formal differential operator 
of the form 


n dy 
= Hi). 
p (a) 
where lim, elt) = 0,7 = 0..... n. Then, if cv, has a non-vanishing 
leading coefficient, 
ot} = o0). 
Pnoor. This will follow from the preceding theorem as soon as 
we establish the existence of a constant M such that 
Ws s Mg Vn. fe SUV). 


If no such M exists, st is dear that we can find a sequence {fp} of 
elements of S(Te(z)) such that fP]; = 1, [tfmle > 0, [fla > 0. Since 
the coefficients py... p, , are bounded, it follows immediately 
from Lemma 6.88 that 


bet, — p CX C) > 0 


Since p, is bounded below and |h — 1, Ip, CX CO) is bounded 
below. Thus !zf,[; does not approach zero, a contradiction. Q.E.D. 
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18 COROLLARY. Let « be a formal differential operator of the form 
D ays 
t= 01-1. 
že (3) 


defined on an interval I = (a, co). Suppose that lim, jt) = % 
exists for j = 9, . .., n, and that q, £0. Then 


oir) = {ald = X a GtY, —eo < t< to}. 
o 


Proor. Let z, be the formal differential operator 


D ay? 
^A 

defined on the interval (— co, + oo), and let z, be its restriction to 

[a. o»). By the preceding theorem we have only to show that 


a(t.) = (4l = Xa. — e t« o) — V. 
o 


To do this, we will first show that 9,(r,) = 9,(z,), and then show that 
a,{t,) = V. Since $(7,(,)) C 9(To()). it follows immediately from 
Corollary 2 that o,(z,) C o, (1). On the other hand, let 4 € o,(z,). Then 
by Corollary 2 there exists a bounded sequence of functions fẹ in 
ST S(G)) such that {(c,—A}f,} converges, but (/,} has no strongly 
convergent subsequence. Since {7,} is not a Cauchy sequence, there is 
an e >0 and a subsequence {fn} of (f) such that |f, —f,,| 2 & 
i21. Put g, = fn, fne Then {(t—A)g,} converges to zero, but 
{gn} does not converge to zero. Let the translation operator T, be 
defined by (7.f)(t) = f(t—p)- It is dear that if f, ge S(To(r,)), Taf 
and g are orthogonal for sufficiently large p, so that 


IZel = (f+ Ig 
for sufficiently large p. For n > 1, let p, be chosen so large that 
ha = T, £n vanishes outside [a, oo), and so large that A, is orthogonal 
to Ay. -o hure Then k,e D(Tolta)) 
ilta—4)h,] = te, —2),l > 0, 
while 
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th, hig = (g tle P > mnm 


Thus {(t,—A)h,,} converges to zero, while (h,,} contains no convergent 
subsequences, so that, by Corollary 2, 4 € o,(z5). Thus 0,(t2) = o,(t4). 
Let p be the formally symmetric formal differential operator 


14 
^ia 
defined on the interval (— co, +00), and let 7 be the unique self 
adjoint extension of p (cf. remarks following Definition 2.20, Case 8) 
Then, as established in Section 5 (ef. remarks after Corollary 5.80) 
the spectrum of 7 is a continuous spectrum covering the entire 
real axis. Let 7, be the polynomial function $7 6 (iT of T. The 
operator 7’, is clearly an extension of Ze(z,). By Corollary X11.2.8 and 
Theorem XIL2.6, 7, is a closed operator, By XIL2.6(d) 


Tt = Zg iYi. 
3-0 
Thus 77 2 To). so that 
T, = TI* CTED = Ty) 


by Theorem 2.10. By Corollary 3, c,(z) = c,(7,). By Theorem 
XIL2,9(b) c(7,) is included in the range V of the polynomial 
Yigg Ait. Thus e(7,) C V. On the other hand, let 


A= Yay. 
E 


Let (I, ) be a sequence of disjoint open intervals of the real axis, such 
that I, C (t| [i—i < 1/n}. Since o(T) is the entire real axis, E(I,) is 
non-zero for each n by Theorem XIL,2.9(b). Hence, there exists a 
sequence {f,} in SX) such that EU,)f, = fo n 2 1, and |f] = 1- 
By XIL2.6(c) Ty/,—4j, approaches zero as n — œ, On the other 
hand, since f, and f, are orthogonal for n 4 m, 


Hahl? = PH a = 25 


so that (/,} has no convergent subsequence. Thus 4 €¢,(7,) 
Q.E.D. 
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14 ConoLLaEY. Let v be a formally self adjoint formal differential 
operator of the form 


ot: 


defined on an interval [a, oo). Suppose that lim, | pit) = q; exists for 
7=0,..., and that q, #0, Then 

(a) df n is odd, a (c) is the entire real acis; 

(b) df n is even, and (—1)""g, = 0, o,{t) és the positive halj- 
axis bounded below by 


A= min Yayity. 
IRE 

Proor, Since t is formally self adjoint, (zf, f) = (f, xf) for f in 
D(To(z)), so that (7, f} is real, Hence, by Theorem 5, c,(z) is contained 
in the real axis, By the previous theorem the polynomial P(t) — 
agit is real. If n is odd, this polynomial is of odd order, Hence, 
it converges to + oo as t approaches 4- co, and to — co as t approaches 
— «o, and consequently takes on all real values, Statement (a) follows 
immediately from this by the preceding theorem. 

If n is even and i"g, = (—1)7/7g, = 0, then P(z) converges to 
+0 as t approaches -- co. Thus P(x) takes on all values from + oo 
to its minimum, This proves (b). Q.E.D. 


15 COROLLARY, Lett be a formal differential operator of the form 


Eon set 


defined on an interval I = [a, b). Suppose that Rp, is bounded below, 
j=0,.. n, and that Bp, is bounded below by a positive constant, 
Let 2, be a regular or irregular formal differential operator of the form 


n day 
a= EQ). 
where lim, ,,a,(f) — 0, 7 = 0,..., n. Then v and t+-1, have-the same 
essential spectrum. 
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Proor, This will follow immediately from Theorem 11 as soon 
as it is established that there exists a positive constant M such that 


Ws < MOI ATIS). fe DT p(t). 


If this is false, we can find a sequence {f,,} of elements of D(7o(z)) 
such that [zz]; — 0, ule > 0, while Pl — 1. By Lemma 6.88, 
Ue le > 0 for 0 < k < n. Thus, since Apy, . .., Apa are bounded 
below, 


lim anf & | [Zotnthar]a =0, 


p 


so that, if M is a positive lower bound for Zp,, we have 


n-li 
0 — lim inf Zefa fa) = lim inf Z fi 2 pO 


maoo 
> M lim inf [f] = M. 
maoo 
This contradiction establishes the result. Q.E.D. 

The theorems given above are only a small sampling of the 
results which can be given, Additional results are given in the exer- 
cises at the end of the chapter. 

The theorems proved above give a rather complete picture of 
the nature of the spectrum of real self adjoint second order operators, 
all the parts of which are brought together for convenient reference 
in the following two theorems. 


16 THEOREM, Let t be a real second order operator of the form 


dj? 
i G) + «(t 
defined on an interval I — [a, co). 
(a) If g(t) > œ as t > co, then a,(x) is void. 
(b) Jj g(t) >c as t > co, then olt) = (A = e}. 
(c) Hf qt) > — o, if 
UE \( a) _ , Gy 
(cse) gore 
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for ay sufficiently large, and if 
‘00 
J lg(t) dt < eo 
E 
for ay sufficiently large, then a (x) is void. 


(d) If g(t) + —co, if q is monotone decreasing for sufficiently 
large t, ij 


I ( (m) 1 (GUY did 


e) goes 


for a sufficiently large, and 


Í " att) at = oo 
A 


for all aj, then o,(z) és the entire real aris. 


Poor, Parts (a) and (b) follow immediately from Theorem 9 
and Corollary 14 respectively. Part (c) follows from Corollary 6.22 
and from Corollary 6.11, Part (d) follows from Corollary 6.21(b). 
Q.E.D. 

It should be noted that by use of Theorem 4 the preceding 
theoreni may also be made to cover the case in which J is the interval 
(— 5, +œ). We leave the detailed formulation of the appropriate 
results to the reader, 

A result similar to the preceding theorem may be stated for the 
case n which J is an interval (a, b] with a finite. For the sake of 
simplicity, we suppose without loss of generality that a = 0. 


17 THEOREM, Let t be a real second order operator of the form 


na 
- (a) +00 
defined on an interval I — (0, b]. 
(a) 1j q(t) co as t +0, then o,{c) is void, 
(b) 1f lim sup, q(t) < 8/4, then o,{r) is void. 
(c) Hf q(t) > —o ast +0, d 
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t) X. ty’)?! 
( qt) ) (OF PEN 


bo 
Í KOPE Eue 
for sufficiently small bọ, and if 


ba ? 
Í ity dt < 00 

o 
for sufficiently small bo, then o,{t) is void. 


(d) Jf g(t) 9 —co as t +0, q(t) is monotone decreasing for 
sufficiently small t, 


TOR Om 
Í lanea) ties] 7 


for sufficiently small by, and if 


bo " 
Í igli) edt = oo 
0 
for all by >0, then o,(z) is the entire real axis. 


Proor. Part (a) follows immediately from Theorem 9. Part (b) 
follows from Corollary 6.12, and from Theorem 6.23(b). Part. (c) 
follows from Theorem 6.23(c) and from Corollary 6.12. Part (d) 
follows from Corollary 6.21(b). Q.E.D. 

A number of additional criteria of this sort for the second order 
operator 


ay? 
=) + at 
(3) gn 

follow from the corresponding theorems of Section 6, Several of these 


are given as exercises at the end of the chapter. 
Theorem 8 may evidently be generalized as follows. 


18 "THEOREM. Suppose that all the values of the coefficients 
Pe k 21, of the formal differential operator 


rei af. een 
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lie in the right half-plane, and that lim inf, ,, polt) = Ay. Then the 
essential spectrum olr) lies in the half-plane Bz = 2s. 


Proor, If 7’ is the restriction of z to an interval [e, b), then, by 
Theorem 4, olt) = o,{t’). If any real number A < A, is given, we can 
choose e such that #p,{t) => A for ze [c, b). Then we have 


n fp 
ACP =F] (Gpaniemoypat = AP, fe D(a". 
xod e 


Xt follows from Theorem 5 that ¢,(z) lies entirely in the half-plane 
Js > 1. Since 4 is any number smaller than 4p, c,(x) lies entirely in 
the half-plane 2z > 4). Q.E.D. 


19 ConoLLaRv. Let t be a real self adjoint second order formal 
differential operator of the form 


d d 
z=- (prof) «o 
defined on an interval [a, b). Suppose that p(t) > 0 for te [a, b). 
Then, if lim inf, qt) — Ao, every A o, (x) satisfies A zx Ay. 


Somewhat stronger results can be stated for formally symmetric 
formal differential operators which are bounded below in the sense of 
Definition X1L5.1, which is reproduced below for the convenience of 
the reader, 


DrerivrrioN XI1,5.1. A symmetric operator T is bounded above 
(bounded below) if there is a real number c such that (Tz, 2) S e(z, 2) 
((Tz, x) 2 e(z, x) for all z in D(7). The number e is called a bound 
for 7, and the smallest (largest) such c is called the upper (lower) 
bound for 7, If (Tz, z) = 0 for all z in $T), then 7 is called non- 
negative, 


20 Derrnrrion, Let z be a formally symmetric formal dif- 
ferential operator. Then r is said to be bounded below if and only if 
T(x) is bounded below. 


21 Lema, A self adjoint operator T is bounded bdow in the 
sense of Definition X11.5.1 if and only if o(T) is bounded below as a 
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subset of the real axis, ie, if and only if there exists a finite p such that 
HSA for each Ae c(T). 


Proor. Suppose that such a p exists, Then. by Theorem X 11.2,6, 
E 

(Te, 2) = (7 Ede 2 plal, ze), 
a 


so that if |æ] is bounded, (77, z) is bounded below. 

Conversely, suppose that for each n, e, = (— ©, —n) n off) is 
non-vold, By Theorem XIL2.9(b) E(e,) #0 for any s. Using 
this fact, choose an 2, such that E(e,)z, = 2,, £a € ST), |z,| = 1. 
Then, by Theorem XII.2.6, 


(Tz, 2,) = [HEISE nlan, n > 0. 


Thus 7 is not bounded below, Q.E.D. 


22 LEMMA. Let T, and T, be two symmetric operators in Hilbert 
space. Suppose that T, C To, and that S(T,) = SYT,)H-9L, where N is 
finite dimensional, Then T, is bounded below if and only if T, is bounded 
below. 


Proor, It is evident from Definition X11,5.1 that if 7, is bounded 
below, 7, must also be bounded below. Conversely, let T, be bounded 
below, Suppose that the lemma is false, so that 7, is not bounded 
below, 

We shall show by induction that for each K > 0 and each integer 
n there exists an z-dimensional subspace ©,(K) of $(7,) such that 


(uz) —KieP, 2eG,(K). 


For n = 1, this is evident from Definition X11,5.1 and the hypothesis 
that 7, is not bounded below. Suppose that €, (K) exists for a given n 
and for each K, but that K, is a positive constant for which G,,,,(K) 
does not exist, Let E be the orthogonal projection of Hilbert space $ 
on C,(2K,). Let T be the mapping of €, (2K,) into $ defined by 
the equation Tz = T,2, z e &,(2K,), and let |T] he its norm. Let 
m = max (|7|. [T\/Ko,Ko)- 
It cannot be the case that 
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(Tayy) 2 —mlyP, y E D(T3) n (9S. (GKg9)'. 
For if this were the case, then we would have 


(Tja) = (T (Ext U—E)2), EE. Eje) 
= (TES Ex)+(T{I—E)x, Q Ek) 
+ (T,Er, Q—E)z)+(U_ Eje TE) 
= IT] Ea —2A7] [Bal (Q Ejem Ep 
2 —2m(1ErP+ Eyal?) — —2mlep., 


contradicting the assumption that 7, is not bounded below, Con- 
sequently, there exists a unit vector y, ye $(7,) N (&,(2K,))!, such 
that (Ty, y) < —m. Let € be the space spanned by 6,(2K,) and y. 
Then every z in € may be written uniquely as z = u+ay with w in 
G,(2K,). We have 


(7,2, 2) = (TG), (uy) 
(Tau, ult (Tu, ay)t (ay, T4) - (Ps oy) 
—2K ul? 2/7 llulla] — lo]? 
—Ee([ul*-lof*) — Kglu*3- 2/71 [ul [of 

— QT UK yo? 
= —REeep— Es(qul— (ITK o)l)? S Kole? 


for each z m ©. We may consequently take €, ,,(K,) = €, thus 
proving the existence of €, | (K,), and hence the existence of G,(K) 
for alln 21, K — 0. 

It is clear from Definition X11,5.1 that there exists a constant 
K such that 


IA VIA 


(2,2. 2) = —K (2. 2). ze DT} 
from which it is evident (cf. XIL4.6) that we have, more generally, 
(72,2) = —K(2, 2), re DT). 


The graph T, of T, is a subspace of the graph I, of Tp, which is in 
turn a subspace of the direct sum £ @ $ of two replicas of Hilbert 
space. Since 7, is closed, 7) is a closed subspace of I. By hypothesis, 
T, = D, +9, where M is finite dimensional. Let P be the orthogonal 
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projection of P, on Z4. Then T, = P, (I. P). On the other 
hand. W, = U—PW, = U@—P)M 1s finite dimensional, We have 
consequently I, = P, @ Di, where M, 1s finite dimensional; let the 
dimension of M, be 2,. Let P, be the orthogonal projection of T, on 
M,. For z in $(7,), define P,r = P,[z, Tar]. Then P, is a (dis 
continuous) linear mapping of $(7,) into the #-dimensional space 
M,- There consequently exists an element z #0 in the (%+1)- 
dimensional space G,,,,(2K) constructed above such that Pr — 0. 
But, if Pæ = 0, it is clear that x 15 m D(7,). Thus, we have on the 
one hand z €D(7,), so that (Tz, a) = K(z, x), and on the other 
hand ze €, (2K), so that (Zæ, £) = (Tar, z) < —2K(z, 2). This 
contradiction proves the present lemma. Q.E.D. 


28 Lemma. If T is a closed symmetric operator in Hilbert space, 
and T is bounded below. then 

(a) the essential spectrum of T is a subset of the real axis which 
is bounded below; 

(b) the deficiency indices of T are equal. 


Proor. To prove (a), note that if 7 is bounded below, there 
exists a constant K such that 


(Tz, 2) > —K(z, a), ze DT). 


"The proof of Theorem 5 now shows that c,(7') is a subset of the half- 
axis 00 >> —K, Since 7 is bounded below, it follows from Theorem. 
X11.5.2 and Corollary X11.4.13(a) that the deficiency indices of 7 
are equal. This proves (b). Q.E.D. 


24 COROLLARY. If t is a formally symmetric formal differential 
operator, and t is bounded below, then 

(a) the essential spectrum of x is a subset of the real axis which is 
bounded below; 

(b) the deficiency indices of Talt} are equal; 

(c) all symmetric extensions of Tq(z) are bounded below. 


Pnoor. Statements (a) and (b) follow immediately from the 
preceding lemma, by virtue of Definitions 20 and 6. Statement (c) 
follows from Lemma 22 by virtue of the finiteness of the deficieney 
indices of Z(z) (cf. 2.18), and from Lemma XIL4]1. Q.E.D. 
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25 Derivrrton. (a) If T is a closed symmetric operator in 
Hilbert space which is bounded below and whose essential spectrum 
c,(T) does not intersect the interval (— œ, 4) of the real axis, we 
say that T is finite below A. 

(b) If z is a formally symmetric formal differential operator 
which is bounded below, and whose essential spectrum o,(z) does not 
intersect the interval (— co, A) of the real axis, we say that v is finite 
below A. 


26 ConorLanv, Let z be a formally symmetric formal differential 
operator, and let T be any closed symmetric extension (in particular, 
any self adjoint extension) of Tox). Then « is finite below A if and only 
af T is finite below A. 


Proor. This follows immediately from Lemma 22 and Corollary 
6.3. Q.E.D. 


27 Conorranx, A sdf adjoint operator T is finite below A if and 
only if for each & >O the set (—0,A e) c o(T) is finite. 


Proor. Suppose that (— œ, A—e) N e(T ) is finite. Then e(T) is 
clearly a subset of the real axis which is bounded below, so that 7’ is 
bounded below by Lemma 21. By Theorem 6.5, e,(T) à (— 95, A—e) 
is void, Thus 7 is finite below 4. 

Conversely, suppose that 7' is finite below A. Then by Theorem 
6.5 and Lemma 21, (—0o,4—e)no(7) is finite for each è> 0, 
Q.E.D. 

The next theorem is closely related to Theorem 4. 


28 Tueorem. Let t be a formal differential operator defined on 
an interval I with end points a, b, and let I be the union of two (not 
necessarily disjoint) subintercals I, and I,. Let the restriction of x to I, 
(to Iq) be denoted by v, (by xs). Then x is bounded below if and only if 
T, and v, are both bounded below, 


Proor. First suppose that y is bounded below, Let {/,} be a 
sequence of elements in (7 ,(r,)) which is bounded in Z,-norm, Then 
f, is in S(To(z)). and smce Fofr) is bounded below, the sequence of 
quantities (Zy(z,Yf,, fa) = (To()/,. f.) is bounded below, That is, 
(sr, f) is bounded below as f varies over any set in S(Te(r,)) for 
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which (f, f) is bounded. From this, it is evident that 7,(z,), and 
hence r}, is bounded below. Similarly, z, is bounded below, 

Conversely, suppose that z is of order n and that z, and t, are 
both bounded below. Suppose for definiteness that J, contains a 
neighborhood of the left end point a of I, so that, unless J, = J (in 
which case t — 7, and x is evidently bounded below), J, contains a 
neighborhood of the right end point b of I. 

Unless 7, = J, in which ease we again have nothing to prove, 
both the right end point e, of J, and the left end point e, of I, are 
interior to J. Let f, = I4 Ug, fe = I, U c, and let £, and £, be the 
restriction of z to f, and f, respectively. Then obviously $(7,(2,)) = 
S(To(r)), = 1, 9. We may, consequently, suppose without loss of 
generality that c; € 11, c, € Jy, i€., that J, contains its right end point, 
and I, contains its left end point. Let c be a point interior to J which 
is common to J, and Jp. Then (a, c] C f, and [e, b) C I5. Let gy. b> 
Ez» ++ ->En be a set of s funetions in $(Ty(z)) such that 


@Xce)=1, oxi-cjzn-1l 
=0, Oxizjzn-l 
and let $i be the n-dimensional subspace of $(T,(r)) spanned by 
these functions. Let D be the subspace of D(7p(x)) determined by the 
condition 
D= He WA Tole) fc) = 0, 0x; S 2-1}. 

Then $(ZQ(:)) =D+R. Hence, if 7 denotes the restriction of 
Telt) to D. it follows from Lemma 22 that to prove 7,{r) bounded 
bdow, it suffices to show that 7 is bounded below. 


Since q, and r, are bounded below, there exists a constant K 
such that 


(^ 7) = —KU. f) fe $(T(6)) 
(GV. f) z —KG, f), fe D(To(t2)). 


It then follows immediately (cf. Defmtion X11.4.7) that 


(oy. /) 2 —KG, f) fe (To), 
(Gy, ) = KD, fes). 
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Let he Put 

h)—h() te; bh)—0o tze 

h(t) = h(t), 126 h(t) = 0, tse 
Then it is evident that h € $(7,(4)) h,e S(T,G)). Since hy 
vanishes in a neighborhood of the left end point of J,, and vanishes 
together with its first n—1 derivatives at the right end point of J,, it 
follows from Theorem 2.19 and Corollary 2.23 that if Bis any boundary 
value for T, (2; ), B(h,) = 0. It then follows from Definition X 11.4.7 and 
Lemma X1LA.26 that h,e D(Tor)). Hence 


(GS h) = —K(h,, h). 
Similarly, 
GAS ho) > -K (hz, ha). 
Adding, we find 
(Th, b) = (Ty(c)h, h) = —K(h,h), he DT), 
so that 7 1s bounded below. Q.E.D. 


29 Lexma. Let t be a formally symmetric formal differential 
operator on a finite closed interval I. Then, if t is of odd order, it is not 
bounded below. If v is of even order 2n, and the leading coefficient 
ay) of v (which is necessarily real and non-vanishing) satisfies 
(—1y'a, (t) = 0, © is finite below any finite A, but —v is not finite 
below, 


Proor. Let t — o, (f)(djdt)"--. . ., and m beodd. Then z = * = 
—a,,(@)(djdt)"+..., so that a,, is pure imaginary. (Similarly, if m 
is even, a, is real.) Let o be a function in C'*(I) which vanishes near 
the end points of J. Then r({g({f)e™) has the asymptotic behavior of 
Gky7a, (t)e**'g9(t) as k approaches +o. Consequently, by making k 
approach plus (or minus) infinity, we can make (zg(-)e** g(-)e-) 
approach + oo(or F co). Since the set of functions (g(-)e*-) is bounded 
this shows that r is bounded neither above nor below. In the same 
way we may show, in case m — 2n is even and ( —1)^"a,,(/) = 0, that 
—t is not finite below. 
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Since a (z) = $ by Theorems 4.1 and 4.2, in order to complete 
our proof, it suffices to show that in ease m — 2n is even and 
(—1Ya,,G) 2 0, r is bounded below. To do this, it is evidently 
sufficient by Theorem 28 to show that there exists an ¢ > 0 so small 
that if J is a subinterval of J of length at most e, then the restriction 
@ of x to J is bounded below. 

Let b be a lower hound for (—1)"a,,(£), and let B be an upper 
bound for jaz), 0 € j, k < 2n. Then, if fe S(7,(£)), 


(TAE D = CX» || enm ar 
2n- AS 
d xf a (Orr) 
$—14J 


27-1 ER 
zef yoat y Í aft Nae 
J jal JST 


If the sum on the right is repeatedly integrated by parts, it may be 
written as the sum of a certain number N of integrals with integrands 
of the form caf (nf (n(r ok x2», O<SISn, OXp<n, 
where N depends only on x. Thus we find 


[+] Uy, f zb |, rera 


— NB max Í O LFA, 
Osisa JJ 
[rd 


Now, if g Vamshes in a neighborhood of the left end point a of J, and 
J is of length at most e, then for £ in the interval J 


fiwa sef ien 


senf ewe al. 


lee = 


so that 
f eta s e gora. 
J J 


From this it follows immediately by induction that if « < 1, 
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f,erorase[ umore ospa. 
it then follows from Schwarz’s inequality and [«] that 
(roy. f) = of, fee NBe |, year 


If e is so small that b N Be? > 0, it follows that f is bounded below. 
Q.E.D. 


80 ConorLaRY. A formally positive formally symmetric formal 
differential operator t is finite below zero. 


Proor. It is obvious from Definition 20 that t is bounded below. 
Thus the present corollary follows from Corollary 7 and Definition 
25(b). Q.E.D. 


81 COROLLARY, Suppose in addition to the hypotheses of Theorem 
8 that the coefficients p, are real. Then + is finite below any finite A. 


Proor. We use the notations of the proof of Theorem 8. By 
Lemma 29 and Theorem 28 it is sufficient to show that t’ is finite 
below A, in order to conclude that v is finite below 4. But it was 
shown in the proof of Theorem 8 that c may be chosen so that z' — A, 
is formally positive. By the preceding corollary, z' — 4, is finite below 
zero, from which it is evident by Definition 25 that 7' is finite below 
4. Q.E.D. 


82 COROLLARY. Suppose in addition to the hypotheses of Theorem 9 
that x ds formally symmetric. Then v is finite below any finite A. 


Proor. We use the notations of the proof of Theorem 9, This 
proof shows that t = z,4-p, is bounded below (since x, is formally 
positive for sufficiently large c, and p, is bounded below). Since 
o,{t) = ¢ by Theorem 9, the present corollary follows immediately 
from Definition 25. Q.E.D, 


88 ConoLLaRY, Suppose in addition to the hypotheses of Theorem 
10 that the coefficients p, are real, Then x is finite below any finite A. 


Proor. This may be proved in the same way as Corollary 82. 


A number of additional results, related to those expressed by 
Theorem 11, ..., Corollary 19 in much the same way as Corollaries 
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81, 82, and 83 are related to Theorems 8, 9 and 10, can be established, 
Some results of this sort are to be found in the exercises at the end of 
the present chapter, 

The following “comparison theorem” isoften useful in determining 
the essential spectrum of a formal differential operator. 


34 TukonrM. Let x be a formally self adjoint formal differential 
operator of order n on an interval I, and suppose that x is bounded below. 
Lei t, be a regular or irregular differential operator of order less than or 
equal to n defined on the same interval I as v, and let x, be formally 
self adjoint and formally positive. Then, if v is finite below 4, and the 
leading coefficient of «--v, never vanishes, tt, is finite below 4. 


Proor, It is clear that we may suppose without loss of generality 
that 4 = 0. By Corollary 24(b), Corollary XIL.4.18, and Corollary 26, 
T(t) has a self adjoint extension 7 which is also finite below 0. 
Let £ > 0. Then, by Corollary 27, (— co, —e) n of7) is finite. Let 
Ja» + + +» 4, be an enumeration of these points, let E(-) be the spectral 
resolution of 7, and let E, = E(4,). By Theorem XIL2.6, every 
function f in E,L, satisfies Tf — 4, f. Since by Theorem 2.10 and 
Lemma XIL4J(b) Tf — A,f implies 7,(z) = 4f, it follows that 
E(L,U)) is finite dimensional for each i= 1,..., p. We may, 
consequently, find a finite orthonormal bass g,,..., Pa for 
BAL) +... + EL). If fel) satisfies (f p;) = 0, 
#=1,...,m, then @—)7,E,)f = f, so that E([—«, ))f = f. Con- 
sequently, if f € (T) satisfies (f. g,) = 0,2 = 1,..., n, it follows by 
Theorem XIL2.6 that 


[=] (TAN = [TABUD = afe. 


For each integer k X n, we may write D(To(t)) as the sum of 
De = FED THM, p) = 0, i= 1, .. ~ k} and a finite dimensional 
subspace N, such that there exists a bounded projection P, of 
D(To(z)) on N, such that (. - P,)D(To(z)) = Da- This is easily proved 
by induction on k; using induction, we have only to show that D, may 
be written as the sum of $,,, and a finite dimensional subspace St 
such that there exists a bounded projection Ê, of D on S, such that 
U—P,)®, = Dua For, in this case, we have only to put 9,,, = 
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N.+N,. and to define P,,, inductively by P,,, — Pit P,U— P,). 
TE (f Purr) = 0 for all fE D,, De = Ders Ma = 0. If, on the other 
hand, there exists a ge, such that (£g, Pr) =l, then 
I—(h Part)g € Drs for each f € Dy, so that D, is the sum of D,,, and 
the one-dimensional space $, spanned by g. Here we put Ê f= 
(f Prr) Thus we are able to conclude that 


D Tle) = Ue DTG p) = 0 i = 1... MAM = Dr 9 


where 91 is a finite dimensional subspace of D(7,(z)), and where there 
exists a bounded projection P = P, of D(7Zo(x)) = D(TZo(r-+-1,)) on 
N, such that — P)D(To tr )) = Da- 

Let p > 0; weshallshow, using Corollary 2, that — {u+ E)fo AT + Tt). 
If this is false, then by Corollary 2 there exists a bounded sequence 
Gm} of S(To(z3-2)) such that ((z3-z; t +E)fm} converges, but such 
that (/,,} has no convergent subsequence. Let g,, = Pf,,. Then (g,,} 
is a bounded sequence in the finite dimensional space 9l,, so that 
(passing without loss of generality to a subsequence) we may suppose 
that (g,,} converges. The mapping 7,(z+-7,) is defined and linear on 
the finite dimensional space 9t, hence continuous on this space. 
Consequently, ((t+-7,++)g,,} converges. Consequently, putting 
dn = Ím— Em» Unt is a bounded sequence of elements of D, such that 
((c+%+4-+6)f,,} converges, but such that {fp} contains no conver- 
gent subsequence. On the other hand, we have 


lim sup lfa fad? S p^ lim sup (t bib, 12. fafa) 


m, qoo m, qoo 


=0 


by [s], since if,,—fd is bounded and ((t-+1,+s+e)/,} converges. 
Thus (j,) is a Cauchy sequence, and hence converges. This con- 
tradiction proves the present theorem. Q.E.D. 

In the case of the real formally self adjoint formal differential 


operator 
rem 


there exists an mtimate connection between the spectral theory of 
the various self adjoint extensions of T(r), and the more classical 
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"oscillation theory" of Sturm. We now propose to establish this 
connection, 

In developing our analysis we will find use for the basic facts of 
the Sturmian theory of zeros of solutions of second order differential 
equations, which we present in the next few lemmas. 


85 Lemma. Let 


n=- (3 »() G) Ta) 


- d £ s t 
a= (2n (2) taw 
be two real, formally self adjoint formal differential operators defined on 
a closed interval I, Suppose that p,(t) = p(t) > 0 and q(t) = g(t) 
for tel, Let f, be a non-zero real solution of ,f, = 0, and let fẹ be a 
non-zero real solution of 1, f, = 0. Let f,(c) = 0, f. (d) = 0. Then, unless 
Ía ts a constant multiple of f, in [c d], and p,(t) = pelt), H(t) = galt) 
for te [e, d], there exists a point b in the open interoal (c, d) such that 
ft) = 0. 

Proor. Suppose that this is not the case. Then the function 
J,(£)/f2(t) is continuous in [e, d]. Indeed, even if f, vanishes at one of 
the points c, d, say at c, we must have f,(c) # 0, (since/,(c) = f,(c) = 0 
implies fẹ = 0, contrary to assumption), and then 

lim AO = fief. 
m 
The function g defined by 
alt) = AO PLO (Of PADE) 


is consequently continuous in [c, d]. Moreover, it vanishes at the end 
points of [c, d], even if f(c) = 0 or (d) — €. Now 


g= nhh- paths. 


and 


so that 
e= efi-e fien 25h hf erf fos 
= i-r 
rM US h-hh faf HY R)— pal? 
= (ath Gr PR Y pif U fs f hY- 
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Thus 
0 = ete)—e(c) = f^ (aahit (Q— 0X 
pel h-hh). 


Since all the terms in the integral on the right are non-negative, we 
must have f, f/,—f,f, identically zero in [c, d]. Thus 


y = RN) 


1s identically zero in [e, d], so that f,f;* is constant. Moreover, since 
f, and f, have only a finite number of zeros in [¢, d], we must have 
pitt) = pt) plt) = g(t) for £e [c d). QED. 


36 Conorrany. Let 


d d 
tT (2 pt) (2) t «t 

be a real, formally self adjoint formal differential operator defined on an 
open, half open, or closed interval I. Then 

(a) between any two consecutive zeros of any solution f, of 
tf, = 0 which is not identically zero, there exists a zero of any linearly 
independent solution f,; 

(b) if any solution of tf, = 0 which is not identically zero has an 
infinite number of zeros in I, then every solution of tf = 0 which is not 
identically zero has an infinite number of zeros in I. 


Proor, Statement (a) is the special case v, = z, of the preceding 
theorem, Statement (b) is an evident consequence of statement (a). 
Q.E.D. 

The theorem is illustrated by the pair of functions sin Af and 
sin ut for u > A; the corollary by the pair of functions sin £ and cos f. 

Another illustration of the power of Sturm’s comparison 
theorems is given by the following theorem of Kneser, which, as we 
will see below, yields interesting information on the spectrum of the 
self adjoint extensions of Z(z) in the case where it applies. 


87 CoroLtary, Let 


rm 
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be a real, formally self adjoint formal differential operator defined on an 
interval [a, oo). Then 

(a) if lim sup, tglt) < — (1/4), every solution of tf = 0 has 
an infinite number of zeros on [a, œ); 

(b) df lim inf, Pult) > — (1/4), no solution, not identically 
zero, of tf = 0 has more than a finite number of zeros on [a, co). 

Proor. According to the theorem above, it suffices to show that 
for & < —(1/4), every solution of the equation —/’+ aff — 0 has 
an infinite number of zeros, and that for œ > — (1/4), no solution, 
not identically zero, does. Now, two solutions of — f"-rar?f = 0 are 
1^ and f^i, where e,, e; = 1/24 Va+ (1/4). If œ = — (1/4). e, and e; 
are real, and £^, t have clearly no zeros, If a < — (1/4), so that 
ip = Va+ (1/4) is pure imaginary, then 

tipte: = Peet) — 2f% cos {y log t) 

clearly has infinitely many zeros. Q.E.D. 


38 Cororlary, Let 


dA 
=-f t 
T ( 5) + st) 
bea real, formally self adjoint formal differential operator defined on an 
interval (0, a]. Then 
(a) if lim sup,.o fg(f) « — (1/4), every solution tf = 0 has an 
infinite number of zeros on (0, a]; 
(b) if lim if, o g(t)  — (1/4), no solution, not identically 
zero, of t} = 0 has more than a finite number of zeros on. (0, a]. 
Poor. The reader who examines the proof of the preceding 
corollary will have no difficulty in modifying it to obtain a proof of 
the present corollary. Q.E.D. 
We now give a first result relating oscillation theory with 
spectral theory, 


39 Lemma, Let 


t= 


- (pe GC) «o 
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be a real formally self adjoint formal differential operator defined on an 
interval I = (a, b). Let p(z)>0 for xef and let 2, be a real number. 
Then 

(a) ifc is finite blow Ay. then for euch £ > 0, no real solution of 
the equation to = (Ay—&)a has infinitely many zeros in I; 

(b) if, for all £ > 0, every real solution of the equation ta = 
(Ap—e)o has only finitely many zeros in I, then c is finite below Ay. 

Pnoor. Let c be real and satisfy the equation to = (4)—e)o. 
and let c have infinitely many zeros in £, Then c has either an mn- 
creasing or a decreasing infinite sequence of distinct zeros, Suppose, 
for the sake of definiteness, that c has an increasing infinite sequence 
of zeros, which we enumerate as 2, 25,25, .... Let g(t) = k,o(t) for 
Za St S Zapp» where the constant k, is chosen so that 


“atts (dt — 3. 


and let g, be zero elsewhere. 

Next we need the following general auxiliary principle. Let g 
be a continuously differentiable function in a finite closed interval J. 
and let g vanish at the end points of J. Let £ > 0 be given. Then there 
exists a function k e C^(J) such that 


max [h(f)— e(t) < e 
tes 


% 
w-et- | Í we era] <e 


and such that h vanishes in a neighborhood of the end-points of J, 
This may be proved as follows. First of all, we may evidently suppose 
for the sake of defmiteness and without loss of generality that 
J = [—1, +1]. Extend the definition of g by putting g(t) = 0 for 
itl > 1. Then, as 6 +0, it is clear that 


max te()—e( +6) > 0, 
te 

d 2 
f gt) — Q4 9X) i dt — 0. 


Hence, by choosing 6 sufficiently small and putting g(t) = g((1--9)t), 
we find a continuous function g with a derivative continuous except 
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at the two points -E(1--5)-.. such that 
mee let) £t) < ei2. 
* g- f'l < em, 


and such that g vanishes outside an interval [— 14-5, 1— 9]. where 7 
is some number greater than zero. Next let p be an infinitely dif- 
ferentiable real valued and non-negative function vanishing outside 
the interval J = (—1, +1) such that 


[sex a 
Then, as « — co, it is clear that 
[sotosétt—)ds + g(t) uniformly; 
[sgtosiétt— skis varıshes outside [—1--—275 1 rad 
fe ap(as)3'(t—syds — £'(£) at each point of continuity of £s 
MT ES max 1g CO. 


From the last three statements and the Lebesgue dominated con- 
vergence theorem we conclude that as @ > œ 


Je apes rena >o. 


Since £(t— s) vanishes at the points of discontinuity of its derivative, 
we find on integrating by parts that 


+00 


d 
aplas)f't—s)ds = T3 [oon jene 


4 la 
-- fa [eor mee 
-- Wes d lt onte 
--< E upiot te yds 
=< » aplas)g(t—s)ds; 


=œ 


XXTIL7.89 ^ QUALITATIVE THEORY OF THE SPECTRUM 1467 


here, the fact that o e C°(J) has also been used. Thus, if we clioose a 
to be sufficiently large and put A(t) = f*Zag(as)g(t—s)ds, we have 


max {h(t)—g(t)| < e/2+el2 = e. 
tej 
IA — gl, < £f2+el2 — e, 


h vanishes outside an interval [—14-7/2. 1--7/2], where ; > 0, 
Moreover, since h(t) = [*Xae(a(t—s))g(s)ds, it is clear that k e CU), 
which completes the proof of the general auxiliary principle, 
Now, using the principle which has just been established, let 

Cam} be a sequence of infinitely differentiable functions such that 
h(t) vanishes except when z, < £< Zp}, such that 

fim [hrm gl = 0. 

mo 


and such that k m(t) > g, (f) uniformly as m — co. Then 
hams han) = [777 (eM OP aA, OPE 
[7 (DPH Ole, (yt 
= fi" eu xn ae 
= Q-ehes = (Ae). 
Hence, by choosing a sufficiently large m= s, and putting 


Jn = ham dham,» We can construct a sequence of functions 
fae D(Tolt)) such that 


Q4)—-9 Lanm, 
[=] al = 1, 1Sn, 
(ns fn) S Ae. 


Now suppose that r is finite below 2. By Corollary 24(b), 
Corollary XII.4.18, and Corollary 26, 7p(z) has a self adjoint extension 
T which is also finite below 4. Then, by Corollary 27, 
(— c, 4y—€/4) n oft) is finite. Let 4,,...,4, be an enumeration of 
these points, let E(-) be the spectral resolution of 7, and let E, — E(A,). 
By Theorem XIL2.6, every function f in E,L, satisfies Tf — A,f. 
Since by Theorem 2.10 and Lemma XIL41, 7f— A,f implies 
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Tc) — Af, it follows that E;L, is finite dimensional for each 
i=1,...,p. We may consequently find a finite orthonormal basis 
Suo, for EL, ®©... GO E,L,. If fe L, satisfies (f, p) = 0, 
4=1,...,m, then (I- ELEY = f, so that E([A,—e/4, co))f = f. 
Consequently, if fe D(T) satisfies (f, 9,) — 0, ¿= 1, ..., m, it follows 
from Theorem XIL2.6 that 


p] (Th — f, HEP 2 Qs eff 


On the other hand, since infinitely many functions f, have been 
constructed above, we can clearly find a non-trivial linear combina- 
tion f = Y7 «f, of the functions f, such that (f, p) = 0, i= 1. ..., m. 
Then we have [++]; but, by [s]. 


n D 
(0,0 — iw ilz Qum) bal? 
= Q,-ef2)yn. 
This contradiction proves that z is not finite below 2), and hence 
proves (a) 

To prove (b) we argue as follows. Suppose that for all £ > 0, 
every real solution of the equation to = (45—5)o has only finitely 
many zeros in I, We wish to show that z is finite below 2). By Theorem 
28 and Theorem 4, it is sufficient to show that the restrictions of « to 
(a, €] and [c. b), where a < c< b, are finite below 2. 

That is, we may suppose without loss of generality that I is 
half open, say half open on the right so that J — [a, b). The solution 
of to = (A5—e/2)a satisfying f(a) — 0, which is unique up to a con- 
stant factor, has only finitely many zeros. Let c be its largest zero, 
so that the solution of to = {4,—e/2)o satisfying f(e) — 0 has no 
zeros interior to [c, b). By Theorem 28 and Lemma 29 the restriction 
of T to [c, b) is finite below 2,—« for each € > 0 if and only if the 
restriction of x to [a, b) is finite below 4,—« for each e > 0. That is, 
we may suppose without loss of generality that the solution of 
Ta = (4)—e/2)o satisfying (a) — 0 has no zeros interior to I. By the 
comparison principle stated in Lemma 35, if A < 4,—e/2, the solution 
of to = da satisfying /(a) — 0 has no zeros interior to I. Hence, if c is 
any quantity such that a < c <b, the self adjoint operator T, derived 
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from the restriction of z to [ac] hy imposition of tbe boundary 
conditions f(a) = f(e) — 0. has no eigenvalues below J—e/2. It 
follows immediately from Theorems 4.1, 4.2, and XIL7.2 that 
Gf. f) = (0.4 f) = Ael) for f in SXT.). Since Ya cecaB{T,) 2 
SG). ((0—0,5—6/2)5 f) 20 for f in 9X7), so that 
1— (Ag —e/2) is formally positive, and, by Corollary 30, z is finite below 
Às—6/2 for any £> 0. Q.E.D. 


10 THEOREM. Let 


pe) (5) te 


be a real formally self adjoint formal differential operator defined on an 
interval I = (a,b). Let p(t) > 0 for t in I. Then 

(a) if t és not bounded below, all solutions of every equation 
to = ho have infinitely many zeros in I. and conversely; 

(b) if c is bounded below, and if A, is the smallest point in o,{t) 
(so that Ag > — oo én the present case), then, for p > Ao, every solution 
of to = po has infinitely many zeros, while, for p < 29, no solution of 
to = no has infinitely many zeros. 


Poor. The operator z is bounded below if and only if it is finite 
below 4 for some finite 4 Thus statement (a) follows immediately 
from the preceding lemma. 

To prove statement (b), note that z is finite below 4o, but not 
below any A > As. Statement (b) then follows immediately from the 
preceding lemma. Q.E.D. 

Next we turn to the more detailed analysis of case (b) of the 
preceding theorem. Let z be the formal differential operator of that 
theorem. Let 4, be the smallest number in c,(r) Let t have n, 
(= 0 or2, by Theorem 2.80) boundary values at a and n, boundary 
values at b. Let T be a self adjoint restriction of 7,(t) defined by a 
separated set of boundary conditions. By Corollary 2.82, these 
boundary conditions are real, and consist of (1/2)n, (— 0 or 1) 
boundary conditions at a, together with (L2)n, (= 0 or 1) boundary 
conditions at b. 

We shall make a detailed study of the solutions of zo = Ac in 
— eo « 4 « Ag. In order to simplify the formulations to follow, let 
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us first agree that if one of n,, n, is zero, we will make the change 
of variable t > —# if necessary, so as to be able to assume without 
loss of generality that , is zero. Thus, except in the cases when c 
has no boundary values at all, z has two boundary values at a, and, 
by Corollary 2.81, the set of boundary conditions defining 7' includes 
exactly one real boundary condition B at a. 

Let ¢ be any point in (a, b). Let z, and 7, be the restrictions of 7 
to (a,t] and [4 b) respectively. By Theorem 2.20, any boundary 
value for 7, (for Tọ) at a (at b) may be regarded as a boundary value 
for z st a (at b). If t has any boundary values at a, then by Theorem 
2.80 we may find two real boundary values G,, G, for v, at a, and two 
real boundary values E}, E, for zt, at ž, such that 


(f. €—0. n8) = GU, G0— 6,0). (9) 
EEG) EEG). h&c DT y(t). 
By Corollary 2.28, we may write 
EX) - ax {O+ 91 (0). EX) ^en) af). EDTN 


where, since E, and E, are real, the coefficients a,, are real. Hence, 
we find 


(yh 8)— 0U, 18)  $0)6:8)— 6,006.) 
HO asses HOE C) Pe). heed) 


If we choose for f and g functions which vanish in the neighborhood 
of a, and apply Green's formula (Theorem 2.4), we find 


(V. 8)—. 8) = FL. 9H-G0)8:6)— 6,0) 6.) f. e EDAT) 


where F,(f, g) is the boundary form for z at the point t. given by the 
expression 


Fj.g) — pYf(t)e()— Fee) — ath 
If 7, has no boundary values at a, we find in the same way 
(nf. £)—(. ue) = Fi. 8) j} ge DT). 
In the same way, we have 


ha) ng-—FÜ E f g EDT) 
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if r has no boundary values at b; while if z has boundary values at b, 
we may find two real boundary values D,, D, for T, at b, such that 


Cah 8)—U, T28) — D (De) DADE) Fih 2). 1. ST 0). 


By Theorem 2.80 and Corollary 2.81, a set of boundary conditions 
defining a self adjoint restriction 7 of T,(z) is of the form 


BY) = aG,/)+0,6,9)=0, ta #0, — aa, real, 

BY) = G,0--56,U) — 0.— BEAR #0, Pas Ba real, 
if r has boundary values both at a and at b, and 

B()—«G Hu G) —0, atA, ay, o, real, 


if v has boundary values at a but not at b. Consequently 
(a) iff, g €D(7,(z,)) satisfy the boundary condition B(f) = 0, 
or if t has no boundary values at a and f, g eS(7,(4)). then 


mE g)- Ung) = Ff. gk 


(b) if S is the restriction of 7,{z,) defined by a boundary 
condition j(f)--cf (f) = € and by the boundary condition B(f) = 0 
{if z has any boundary values at a), then S* is the restriction of 
T0) defined by the boundary condition /(£)H-£f' (f) = 0 and by the 
boundary condition B(/) = 0 (if c has any boundary values at a). 

This follows from the above formulae, from Theorem 2.10, and 
from "Theorem XIL4.28. We have similarly: 

(c) If S is the restriction of 7,(n) defined by the boundary 
conditions j(t) = (4) — 0 and Bij) - 0 (if c has any boundary 
values ata) then $* is the restriction of 7',(7,) defined by the boundary 
condition B(/) = © (if t has any boundary values at a). 

If has no boundary values at a, then, since ( — 00, A)evo (r) — d. 
it follows from Lemmas 6.7 and 6.9 that for 4 € (— co, dp) there exists 
precisely one (up to a constant multiple) solution c(z, 4) of ta = Ac 
which is square-integrable in the neighborhood of a. 

If r has two boundary values at a, there exists precisely one (up 
to a constant multiple) solution o(z, 2) of ra = Ac which is square- 
integrable in the neighborhood of a and satifies the boundary con- 
dition B. Indeed, it is clear that since all the solutions of re = 4c 
are square-integrable in the neighborhood of a by Theorem 6.7, at 


1472 XII. ORDINARY DIFFERENTIAL OPERATORS  XIIL7.41 


least one such solution must exist. On the other hand, if two linearly 
independent solutions of to = 4o satisfy the boundary condition B, 
it follows that all solutions of «c = do satisfy B. By the remark 
{a) made above, it then follows that for any two solutions f, g of 
to = Ào, and a < € <b, we have 


o = f^ ttte—naee- rie à» 
= | tenet riga 
= —peXetoyr t) fele ()- 
However, since solutions / and g of zo = do such that f{c) = 0, 
f(c) — 1, gc) =1, g(c) — 0 exist, this is impossible. 
We summarize the above remarks for future reference in the 
following lemma. 


41 Lemma, Lei r and the boundary condition B (ij x has any 
boundary values at a) be as above. Then for — co < À < Ay, the equation 
to = Ào has precisely one solution oft, 4) (up to a constant multiple) 
which is square-integrable in ihe neighborhood of a and satisfies the 
boundary condition B {if any). 

42 Lemma. The solution c(t, 4) defined above may be chosen so 
as to be real and infinitely differentiable in t and å for teI and 
1e (=o, Ay). 

Proor. The boundary condition B at a defining T (if any) is real 
by the remarks above. Hence, if f is a solution of ta = da square- 
integrable at a and satisfying the boundary condition B, so is f. 
Since, by the preceding lemma, only one such solution (up to a constant 
multiple) exists, we must have f = af, where, since || = lfl, la] = 1. 
Putting p = a”, we have p = p^, so that pf = pf. Thus f is a non-zero 
multiple of a real solution of to = 4o; so that, if a < c < b, P'(cM/(c) 
is real. Thus, if we let v, be the restriction of z to theintervalf = {a,c], 
and let T be the restriction of 7,(1,) defined by the boundary con- 
ditions B (if t has boundary values at a) and j(c) = if'(e), then 
Tj = Af has no solutions for any reat 4. By Theorem 2.10, Lemma 
XIL1.6(a), and Definition XII.4.20, 7 is closed. By remark (b) 
preceding Lemma 41, the adjoint of 7* of 7 is the restriction of 7,{t) 
defined by the boundary conditions B (if z has boundary values at a) 
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and /(c) = —if'(c). Consequently, 7*/ — 4f has no solutions for any 
real 4. This means, according to Lemma XIL3.6(d), that (Z—4)9(7) 
is dense in L,(f) for every real 4. 

Now let — co < 4 < Âp. By Definition 6.1, (T —4 HT) = L,{f). 
Thus, AZ T is a closed one-to-one mapping of $(T) onto L,(Z). 
Hence {Ai—T)~ is a closed everywhere-defined mapping. Thus, by 
the closed graph theorem (11.2.4) and by Lemma VIL9.2, the resolvent 
R(À; T) is an analytic function defined in a neighborhood V of 
(— o, Àj) in the complex plane. By Lemma 2.16, the expression 


palf) = (EG: Tyler 


defmes a bounded linear functional on L,(f) for each 4 in V. Con- 
sequently, there exists an clement gz in LT) such that g,() = (f. &) 
for each 4 in V. It is evident that g, depends analytically on 4 for À 
in V. 

Let T, C T be the restriction of 7, (1) determined by the bound- 
ary conditions B (if t has boundary values at a) and /(c) = /'(c) = 0. 

By Corollary 2.23 and by X1I.4.28, TŽ is the restriction of 7,(z) 
determined by the single boundary condition B. If f is in D(T,) we 
have 


((L—7,y. g3) = (44. -TY ex) 
= RU; TX(1I—Tyf)(c) = Ke) = 0. 


Thus, (AI—T*)gq = 0 for 2 m V. Consequently, for 4 un (— co, 4p), 
g is a solution of 1,0 — do lying in L,{f) and satisfying the boundary 
condition B(g,) = 0 (if t has boundary values at a). As 4 varies. 
£i and ng, = Ag, vary analytically in the norm of L,(f). Hence, by 
Lemma 2.16, g,(c) and gi(c) vary analytically with 4 as À varies in 
(— co, Ap). If we let oft, 4) be that unique solution of ro = 4c defined 
by the initial conditions ofc, 4) — g,{e), o'{e, 4) = g4(c), 1t is clear 
from Corollary 1.5 that o(f, 4) is a C function of ¢ and 4 for £ in J and 
À in (— co, Àj). Moreover, of-, 4) is evidently square-integrable at 
a, and evidently satisfies the boundary condition B (if t has boundary 
values at a). Q.E.D. 

We now let J,, be that subset of the J-axis for which o(f, 4) has 
exactly n zeros interior to Z. By Theorem 40 each set J, lies in the 
region 4 X As, while the open interval 4 < A, is contained im the 
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union USioJ,,. The point Jy may or may uot lie in some one of the 
intervals J,. We will see below what significance this alternative has 
for the spectrum of 7. 


43 Lemma, If 4 is in J, and 4, is in Joys then A « A. 


Proor. Suppose this is false, Then 2, < 4. Since, by Lemma 85, 
oft, A) has a zero between every pair of zeros of oft, 4,), we have 
only to show that the interval (a, z] between a and the smallest zero 
z of o(t, À,) contains a zero of oft, 4), and we will have established that 
c(t, 4) has at least x+1 zeros, and consequently contradicted the fact 
that 4 is in J,. 

To establish this, note that in the contrary case we may, by 
multiplying by suitable constants, assume that c(t, 4,) and o(t, 4) 
are non-negative in (a, z). Since z is a zero of off, 4,) but not one of 
c(t, 2), it follows immediately that o'(z, 4,) < 0, o{z, 4) > 0. By the 
remark (8) made preceding Lemma 41, 


0 < QA) f; ett. Ayolt, 2. yit 


= Í ; (rot, 2)ot, A.) —o(t, 2, (xot, 29dt 
= +p(z)olz, A)o'(z, 4) < 0. 
This contradiction establishes our assertion. Q.E.D. 


44 ConoLLaRY. The sets J, are intervals of the real axis, and J, 
lies to the left of Jaye 


Proor. It follows immediately from the preceding lemma that 
if 4,3, €, and 4, < A < A,, then e J,. Thus J, is an interval, 
Our second assertion follows immediately from the preceding lemma. 
Q.E.D. 


45 Lemma, At most one eigenvalue of T lies in any interval J,,. 


Proor, Suppose that this is false, Let 2, and J, be points in J,, 
both being eigenvalues of T. Then o(t,4,) and c(t, 34) are eigen- 
functions of T, Let 4, < 4g. By the Sturm comparison theorem (cf, 
Lemma 85), o(-, 4g) has a zero in the open interval between every two 
zeros of of-, 4,). Let z, and z; be the smallest and the largest zeros of 
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o(-, 44). If we can show that o(., 45) has a zero in (a, z,] and a zero in 
{z., b), we will have established that o(-, 4,) has at least 4-1 zeros in 
(a, b), contradicting the fact that 4, is in J,. 

It is sufficient to prove that of-, 4.) has a zero in (a. 2,], for then 
it will follow by symmetry that c(, 4j) has a zero in {zg b). 

To establish this, note that in the contrary case, multiplying by 
suitable constants, we may assume without loss of generality that 
c(t, 4,) and c(t, 4.) are non-negative in (2, 2,]. Since z, is a zero of 
c(t, 4,) but not of off, 4;) it follows immediately that o'(2,, 4) < 0, 
ofz,» 45) > 0. By the remark (a) preceding Lemma 41, 


0 < (4-4) f e(t, Aott, 2,)t 
= (fttt, 22)ett, 41)—6 Zro yt, 2.) 
= p&)ol%, 4a) 6, 4) < 0. 
This contradiction establishes our assertion. Q.E.D. 


46 ConorLARY. The kth zero of oft, A) (the zeros being counted in 
ascending order) is a monotone decreasing function of 2. 


Pnoor, Let 4, < 4,. By the comparison theorem, Lemma 85, 
(^, 4g) has a zero in the open interval between every two zeros of 
o(-. A4). Let 2, be the smallest zero of of-, 4,). If we can show that 
o(,4,) has a zero in (a, 2,], our corollary will follow inunediately. 
This, however, follows exactly as in the last paragraph of the proof of 
the preceding lemma. Q.E.D. 

47 Lemma. AU the non-null intervals J,,, 7m < œ, are open on the 
left. 

Proor, Let us suppose the contrary, so that there exists a Ay 
such that off, 4j) has z zeros, but oft, 4,—£) has fewer zeros for each 
z > 0, Now oft, Ay) changes sign at each of its zeros 24, . . ., z,. Hence, 
we can find a 6 sufficiently small so that c(2,4-6, 45) and o{z,—6, Ay) 
have opposite signs. Thus, (Lemma 42) for sufficiently small e, 
of{z;,+6, Äge) and ofz,—6,4,—e} have opposite signs. But this 
means that c(t, 4—) has a zero within 6 of each of z4, 2, «- +; Zp, SO 
that oft, 49—2) has at least » zeros, This contradiction proves the 
lemma. Q.E.D. 
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as Lemma. The projections E(4) corresponding to the eigenvalues 
1 -< Ag have one-dimensional ranges. 

Pnoor. We have (7—A)E(A)f = 0 by Theorem X11.2.6. Thus, 
every element of the range of E(4) is a square-integrable solution of 
to = do satisfying the boundary conditions at a and b defining T. 
However, we saw in Lemma 41 above that any such solution must. 
be a multiple of c(t, 4). Q.E.D. 


49 Lemma. Ij c(t, 4) has n zeros interior to I, c(T) contains at 
least n points which lie sn the interval (u|p. < 2). 

Pnoor. Suppose that this assertion is false, Let z,, . . ., z, be the 
zeros of o(t, 4), enumerated in ascending order. Put 


h9(L2, a<tsy, and zero elsewhere, 
h-—9L2. 5£t£z and zero elsewhere, 


ta =olt, à % a StS, and zero elsewhere. 


Smce o(T) contains at most p points 4,,...,4,, p < n, lying in the 
interval (ju. < 2). it follows from Lemma 48 that we can find an 
orthonormal basis gy, . . ., P, for 


E((— 2.2), — EGAL, 6. .. € EG,)L, 


consisting of at most 2—1 vectors. Thus we can find a non-zero set 
of constants &4, ...,o, such that g = )%_,a,/, is orthogonal to the 
range of E((— co, 2]), so that E((— co, 2] a = 0. Since < Ag. Ado, (T^). 
Thus, 4 must be either an isolated point of c(T) or a point of the 
resolvent of 7. Thus, by Theorem XIL2.8. there exists au £ > 0 
such that E((— oo, 4+e))g =0. For 2 € j < n, let {k,n} bea sequence 
of functions in C*(I), such that hy, vanishes except when z,. , St <z,, 
such that |fj,,—fjl, > 0, and such that h,,, > j; uniformly as m > co. 
These functions h,, exist by the auxiliary principle stated and proved 
in the second paragraph of the proof of Lemma 39, and |Rjm—fylg > 0 
Let a < € < z,- Let fı be decomposed into the sum of two functions 
h = }+f, both infinitely often differentiable in (a, z,), where /,{t) = 
fit) in the neighborhood of z,, and f(t) = 0 in (@,¢]. Using the 
auxiliary principle stated and proved in the second paragraph of the 
proof of Lemma 89, let Å, be a sequence of functions in C which 
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vanish outside (e, z,), such that |, —f'lz > 0. Then Å, + f uniformly, 
so that |, — f|; > 0. Thus, putting hym = h,, +f, we have A, (t) =f, (t) 
for £ in a neighborhood of a, |^;,, —f,; >0, and |h,,,—f,lp > 0. Let 
Emn = Xanh, Then gn e S(T), Em ~E and |g,—g, — 0. More- 
over, £,(£) = g(t) for t X c, and g, (t) = 0 for t 2 z,. Thus 
(T Aem: Em) 

= [POE OY HAE AEn En 

= PAEA + (7 POOPHA (OP) 

= POLAE) + f^ POEH Aen ae 

+ plede'(edele) + || POE OF+(alt)}—A)eOF}ae 

= ff tne — o. 


Moreover, E((— c0, A+ e))g, > E{(—o, 4+e))g — €. Thus, by 
Theorem XII.2.6, 


UP Aen Bad — fi, AM Eli bas Endl  0- 

Consequently, 
f, 6 DUE, Bn) > 0. 

Since 

Je @ Ae Ngee Em) 2 CF Cdi En) 

— e| E([A--e, o))g, I. 

then we have E([A--e, ©))g, > 0. Thus, 

En = E((— 0, 2+ e))Em t E( [AH e, 00))&, +0. 


Since g,,-> g, it follows that g —0. But we saw above that g # 0. 
This contradiction proves our theorem. Q.E.D. 

On the basis of the above lemma, we are now able to state three 
theorems which give a picture of the relation between the spectral 
theory and the oscillation theory of a real formally self adjoint 
second order formal differential operator z, in the case in which v is 
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bounded below. Theorem 40(a) deseribes this connection in case z is 
not bounded below. 


50 THEOREM. Let t be a real second order formally self adjoint 
formal differential operator t defined on an interval I. Let T be a self 
adjoint extension of To(z) defined by a separated. set of boundary 
conditions. Suppose that t is bounded below, and that o,{t) is void. Let 
the spectrum o(z) be enumerated as, <4, <Ag <. . . in ascending order. 
Then À, -> oo. There is a unique (up to constant multiple) eigenfunction 
€, of T associated with 2,, and p, has precisely n —1 zeros interior to I. 


Proor. Since o,(r) is void, every point in c(T) is isolated by 
Theorem 6.5. Thus A, >œ by Corollary 26 and Corollary 27. 
The uniqueness of g, follows immediately from Lemma 41. Since, 
by Lemma 45, eigenfunctions belonging to distinct eigenvalues have 
different numbers of zeros, and since by Corollary 44 this number 
inereases with 7. gy, has at least n—1 zeros. Suppose, on the other 
hand, that g, has p =” zeros. By Lemma 47, for some sufficiently 
small ¢ > 0, g(f, 4,—e) has p = n zeros so that, by Lemma 49, there 
are at least n eigenvalues in the interval (— 00, 4,—£] which is a 
contradiction. Q.E.D. 


51 Lemma. If every solution of to = Ao has an infinite number 
of zeros, then an infinite number of points of (T) Ee below A. 


Proor. If A> Ay, (— 0, 4) contains points in e(T) = c(t), 
so that our assertion is evident from Theorem 40. Hence, we may 
assume that À < Ay. Let a < c < b, and let f(f, 2) be the solution of 
to = po satisfying the initial condition f(c, u) — 0, f(e, p) — 1. 
Since f(t, p) depends continuously on z for each £ in F, since f(-, 4) has 
infinitely many zeros, and since f(-, 4) has a non-vanishing derivative 
(and hence changes sign) at each of its zeros, it follows immediately 
that as ji >å, the number of zeros of f(-, 4) approaches infinity. 
Hence, by Corollary 86, the number of zeros of o(-, u) approaches 
infinity as & +A. Our assertion now follows immediately from 
Lemma 49. 


52 Lemma. I} x has no boundary values at b, no point of J, but 
its upper end point can be an eigenvalue of T. 
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Proor. Let A be a pomt of J, other than its upper end point. 
Using Lemma 47, let £ > 0 be chosen so small that A—e and A+e 
are bothin J„- Let M be the largest zero of o(-, 4--), and let m be the 
largest zero of o(-, A—e). By Corollary 46, the largest zero of o(-, p) 
lies between M and m for |y —24| € e. Let N > M, let B denote the 
boundary condition (if any) at a defining T, and let By denote the 
boundary condition f(N) — 0. By remark (b) preceding Lemma 41, 
the operator Ty obtained from the restriction ty of z to the interval 
(a, N] by imposition of the boundary conditions B, By is self adjoint. 
By Lemma 41 the only square-integrable solutions of the equation 
ty oO = po satisfying the boundary condition B at a are the multiples 
of o(-, 4). By what we have observed above, if |A—| < £, none of 
these solutions have a zero in [M, oo), so none satisfy the boundary 
condition By. That is, Ty has no eigenvalues z with |A—y| € e. Since 
the spectrum of Ty consists entirely of its point spectrum, the set 
lÀ—u| Se does not intersect c(Zy). Thus, by Theorem XII.2.6, 
I(z—2)fl Self| for every f in (Ty). That is, (z—2)/| = elf| for every 
function in D(Z,(z)) which satisfies the boundary condition B and 
vanishes in a neighborhood of b. 

We maintain that this set I of functions is dense in D(T), if 
@(f) is made into a complete Hilbert space with the norm 


Wit = nic izyis. 


To establish this, note that it follows from the Hahn-Banach theorem 
(cf. IL8.18) that it suffices to show that every continuous linear 
functional p on $S(T,(r)) which vanishes on T vanishes on S(T ). 
Since P2 S (To(z)), p is a boundary value for v. Since, by hypothesis, 
T has no boundary values at 6, it follows from Theorem 2.19 that g is 
a boundary value at a. Let f be in (T), and let g agree with f in a 
neighborhood of a and vanish in a neighborhood of b. Then g is in I” 
and since g(f) = g(g), gf) = 0. Thus F is dense in S(T). 
Consequently, the inequality |(7—A)f| = elf], which we have 
already verified for f in T, must hold for f in S(T). It follows im- 
mediately that 4 cannot be an eigenvalue of T. Q.E.D. 


58 THEOREM. Let x be a real second order formally self adjoint 
Jormal differential operator defined on an interval I. Let T be a self 
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adjoint extension of T(x) defined by a sepurated set of boundary con- 
ditions. Suppose that v is bounded below and that o, (x) és not void, Let 
Žo be the smallest point in o (x). Then, if every solution of the equation 
to = Ayo has an infinite number of zeros in I, o(T) contains an infinite 
number of isolated points lying below A,. If these points are enumerated 
in ascending order as py < Ho < tig <.-., then p, > Ag. Moreover, 
there is a unique (up to constant multiple) eigenfunction g, of T as- 
sociated with p,, and y,, has precisely n—1 zeros. 

Proor. Since o (r) (—, Aj) is void, then every point in 
o(T) ^ (— co, Ap) is isolated by Corollary 6.8 and Theorem 6.5. By 
Lemma 51 there are an infinite number of points in c(T) below Ap. 
Thus it follows from Corollary 24(c) and Lemma 21 that g, — Jp. 
That 9, is unique and has exactly n—1 zeros is proved just as in the 
preceding theorem. Q.E.D. 

54 ConoLLaRx. Under the hypotheses and with the notation of the 
preceding theorem, T is defined by at most one boundary condition, 
which is a boundary condition at an end point a of the interval I. Let 
A < Ag, and let c(t, A) be a solution of the equation va = Ao which is 
square-integrable at a and satisfies the boundary condition (if any) at a. 
Then the number of points in o(T) which He in the region z < A is 
precisely the number of zeros of o(t, A) interior to I. 

Proor. Since o,(r) is not void, it follows from Theorems 4.1 and 
4.2 that the deficiency indices of z cannot be (2,2). Thus, by the 
remarks on second order operators x made at the end of Section 2, 
just before the statement of Theorem 2.30, there must be at least one 
end point b of J at which there are no boundary values. Moreover, 
qt will have at most two boundary values, both at the other end point 
of a of I, and every self adjoint extension T of T(x) will be defined 
by at most one boundary condition, which is necessarily a boundary 
condition at a. By the preceding theorem and by Lemma 32, the 
number of points in c(T) ^ (— co, å) is precisely equal to the number 
of intervals Jo, J1, . - -> J,, which are contained entirely in (— co, A). 
If A is in J,, so that o(-, A) has k zeros, this number is clearly k. 
Q.E.D. 

55 THEOREM. Let t be a real second order formally self adjoint 
formal differential operator x defined on an interval I. Let T be a self 
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adjoint extension of To(z). Suppose that x is bounded below and that 
o,{t) is not void. Let Ay be the smallest point in o, (x). Then, if a solution 
of the equation ta = Ago has a finite number k of zeros in I, the part of 
oT) lying below A, consists of at least k—1 and at most k+2 points. 
Ij these points are enumerated in ascending order as pys . . figs then 
there is a unique (up to a constant multiple) eigenfunction p, of T 
associated with u, and Q, has precisely n—1 zeros. 


Proor. We establish, just as in the proof of Theorem 58, that if 
the eigenvalues x, of T lying in (— 00, 4j) are enumerated in ascending 
order, then the eigenfunction e, corresponding to u, is unique and 
has exactly n—1 zeros. Let m be the number of z, in (—00, dg). If m 
were infinity, it would follow from Lemma 85 that every solution of 
to = Àgc has arbitrarily many zeros in J, contrary to assumption 
Hence m is finite. Since g,, has m—1 zeros, by Lemma 35, the 
number k of zeros of a solution o of ta = Ac must be at least n —2. 
Thus, m X kr 2. 

On the other hand, if g has k zeros, let a < c < b. Then, for 
sufficiently small e, the solution f of tf = (45—2)/ such that f(c) = e(c), 
P(e) = o'(c) also has k zeros (cf. proof of Lemma 47). Hence by 
Lemma 35, o(t, 4, —&) has at least k—1 zeros. By Lemma 49, at least 
k-1 eigenvalues of T lie below 45—e. Thus m > k—1. Q.E.D. 


56  ConoLLaRv. Under the hypotheses and with the notation of the 
preceding theorem, T is defined by at most one boundary condition, which 
is a boundary condition at an end point a of the interval I. 

Let A < o, and let c(t, A) be a solution of the equation to = io 
which is square-integrable at a and satisfies the boundary condition (if 
any) at a. Then the number of points in o(T) which lie in the region 
z <A és precisely the number of zeros of oft, A) interior to I. 


Proor. This follows from the previous theorem in exactly the 
same way that Corollary 54 follows from Theorem 58. Q.E.D. 


57 COROLLARY. Let qt be a real self adjoint second order formal 
differential operator of the form 
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defined on an interval [a, oo). Suppose that lim,,..9(t) = Ay. Let T 
be a self adjoint extension of To(t). Then « is finite below Ag, and Ay 
is the smallest number in o,(x). If 


lim sup f(gtt)—4) < — $ 


e(T) ^ (— «0, Ag) consists of an infinite sequence of isolated pointe 
converging to Ay, while if 
lim inf #(¢(f)—4) > —4- 
too 


e(T) ^ (— co, Ay) consists of a finite number of points. 

Proor. This follows immediately from Corollary 37, Theorem 16, 
Theorem 6.5, Corollary 26 and Theorems 55 and 58, for, if 
€ — SUposci coo IG(£)], t+ ¢ is evidently positive, proving that r is bound- 
ed below. Q.E.D. 

The next theorem applies the methods we have just developed 
to give a useful result on the asymptotic distribution of the eigen- 
values of a second order differential operator. Finer but similar 
results may be obtained by less elementary methods. 


58 THEOREM. Let t be the formal differential operator 
di? 
:--(2) + «(t OSt< o, 


where q is increasing and g is positive and increasing. For each suf- 
ficiently large A, let (A) be the unique solution of the equation q(1(A)) — a, 
Let T be the self adjoint operator determined by t and by the boundary 
condition 

HKoy)r-kf'(0) = 0, —o <k £ +o 
Let N(A) be the number of eigenvalues of T în the region p < 4. Then as 
À — oo we have the asymptotic relation 


1 (m 
NA) ~- Í (2—qlt))* dt. 
o 


Proor. Put p(t) — (4—q(t))5, 0 t €1(3). The function 
A—q(t) is concave downward. Since (f(f))5 is concave downward 
wherever f is positive and concave downward, g, is decreasing and 
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concave downward. Let c, be a solution of the equation ro, — Ay, 
so that 

e, (DH-ga (to (t) = 0. o<) 
and suppose also that ¢,(t) satisfies the boundary condition determin- 
ing T. Then, by Corollary 54, N(4) is equal to the number Z(A) of 
zeros of Gh- 

Next define a finite sequence of points ns follows. Put t = 0 
and put t = t,-zgj(f;) * as long as g4(f;) is defined, that is, ns 
long as t, € t(4). In this way, a finite sequence fy, . . .. t, of points 
(depending on A) is defined. Since p} is decreasing, it follows that the 
sequence £4 —4, 15 —1,. . - ., 1, —t, , is increasing. Since p} is decreasing, 
we may use Lemma 85 to compare the equation 


ttyl olt) — 0 
to the equation 

es (Oa Poot) = 0, 
concluding that gj has at most one zero in the half-open interval 
Er t,). Thus, oa has at most n zeros in the interval (0, £,). Since by 
the comparison Lemma 35, 6, has at most one zero in the interval 
[£, . #(4)) and none in the interval [1(A), 00), it follows that Z(4) Sn +1. 

Now tat = npy(t,)7. 80 gut) —1) — 2- Hence 


17 
[s] n=- gta t) 
zc 


Let £70 be fixed, 7 be the smallest integer such that 
Pally) < (1—5)g, (t) if such a 7 exists. If not, let j =n. Then 


Pall) — Pali) 2 epalt,)- 


Since gj is concave downward, and £,,, —t, is an mereasing function 
of à, we have 


93(t)—94(,4) 2 epalt,) 
for all n—1 zc: 2}. Hence 


pali) palta) 2 (n—1—J)epalt,)- 


1484 XII. ORDINARY DIFFERENTIAL OPERATORS  XIIL7.58 


Since g(t, 4) Z 0, it follows that e(n—1—f) < 1, so that (n—j) £ 
l/e--1. Consequently, since p} is decreasing and since all the terms 
in the sum [s] are unity, we have 


jou 
N()-2 Sn = — Y patta) 
Rio 
1a 
S- Y elt Mest) Me 
Em 
1 iA 
S - (e)? Dealt tit) Ve 
a par] 
1 
s- af ea (tdt4- 1e 
2t o 


1 M 
z-ü ZU (4—«(0) #de+ Lje. 
id o 
Thus, since N(4) > o, 
N) 
fim sup —d4———— —— & 
eo (LS) 
ü Bj Qe at 
Flo 


This proves half of our assertion. To prove the other half we 
proceed, in much the same way, as follows. If } is large enough, we 
can define a finite sequence of points by letting sọ be the unique root 
of gals) =, and then by putting 5,4 = 8,—29(s,)7 as long as 
5,—ng(s,) * 2 0, while if s,—zg{s,)1 « 0, we put s; = 0 and ter- 
minate the sequence. Then a decreasing sequence 59, ..., Sm = 0 of 
points is defined, and as above we see that 


1. 


17 
m—6 =- Y gals: 
nig 


where @ is a non-negative quantity which is at most 1. Since gj is 
decreasing, we can usé Lemma 35 to compare the equation 

ex (t)+oalt Polt) = 0 
to the equation 

ex (ets ox (£) = 0, 
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and conclude as above that c, has at least m—1 zeros im the interval 
[0, c»). Thus Z(4) > m—1. 

Next we let 7 be the largest integer less than m such that 
pals) € —elpalsiqx) or, if no such f< m exists, put j— m. 
Arguing exactly as above, we conclude that j X 1/e—1. Since 
4,—55,4 decreases with increasing j, and s—s, = pq) = 1, it 
follows that s,—s5,, € j-F1 Se". Since g'(t) is positive and in- 
creasing, we can find a constant K such that q'(t) > K-!, Then the 
solution s, of the equation g(sy) = 4—7* must be related to the 
solution (4) of the equation q(£(4)) = A by tA) z a, z t(4)—Kz'*. 
Hence we have gj, 2 {4)—K—e". Let Kz3—27 = K,. Since K, 
is finite, it follows that for A so large that t(4) > K,, we have s, £ 0, 
so j y: m. Then 


NO) = m— Y gals seg y—s) +0 
7 i29 
"At 
2la-) Y es su) 
E deje 
Jag 
za) f” eaten 
JE o 


te ft) ua 
z— {f paltydt — exe. 
z o 


sA)I-K, 


Since g, is decreasing, 


HAY HAD 
aml, razg, nem 


£A)—K, 
Hence, it follows that 
a =), tA) 
Ni 12 ft} dt. 
a+ i), vo 
This shows that 
NA) 
lim inf poe, a 21 
Aso l 


aA) 
x Í (4—«(0)) dt 


and concludes the proof of the theorem. Q.E.D. 
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Equations with periodic coefficients (which are fundamental in 
the quantum-mechanical theory of solid erystals) have a number of 
interesting and important properties. In the next few paragraphs v 
denotes a formally self adjoint formal differential operator of order n, 
defined on the interval R = {— œ « t < + oo}. Let z have the form 


det) 


and suppose that all the coefficients a, are periodic and have the 
same period. We can assume without loss of generality that this 
period is 1; thus 


at 1) = a(t), j—9,..4.. 


If follows immediately that all the coefficients of t are bounded; 
thus, by Theorem 6.35, it follows that z has no boundary values at 
+ 00 or at — co. By Theorem 2.19, t has no boundary values, Thus, by 
Definition 2.17 every linear functioual on the Hilbert space $(T,(r)) 
which vanishes on S(T,(r)) vanishes identically. Hence 2(7,(r)) 
is the closure of $S(Te(z)), so that T,(z) is the closure of T(z). Since 
T,(c*) = To(r)*, we have T,(x*) = 7,(z)* by Lemma XIL1.5. In 
particular, if v is formally self adjoint, T — 7,(z) is self adjoint. 

Our next observation is that T has no point spectrum. Indeed, 
Jet A€o,(7'). Let & be the space of square-integrable solutions of the 
equation (tf) = Tf = Af. Then is clearly finite dimensional. Let S 
denote the unit shift operator, so that (Sf)(t) = f(t—1). Then, since 
the coefficients of r are periodic; it follows evidently that Sz = zS. 
The operator S is evidently unitary. If $ denotes the restriction of S 
to the finite dimensional Hilbert space Y. $ is evidently a unitary map 
in Y. Hence, since Y Æ {0}, it follows that S must have an eigenvalue 
a. By Theorem X.4.2, |a] = 1. Thus, there exists a non-zero function 
fEl such that Sf = of; ie~, f(t—1) — af(t). It follows that [fis 
periodic; hence f¢ L,( — co, + oo). This contradiction proves the above 
assertion. 

Let E" denote n-dimensional unitary space. With each complex 
number A. associate a linear transformation B(A) in E", as follows. If 
[tas - - -+ €, 4] € E", let o denote the unique solution of ze = Ac which 
satisfies g^ (0) — c, 2—0,...,"—1. Put (B(A)), = e (—1), 
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$—0,...,n—1. By Corollary 1.5, B(4) depends analytically on 2. 


59 Lemma. The spectrum, the essential spectrum, and the con- 
tinuous spectrum of T = T(r) are all identical. 


Pnoor. It has just been seen that o (T) is void. Since 7* = 
T ,(z*), and since z* is also a forma] differential operator with coeffi- 
cients of period 1, c,(z*) is also void. By Lemma XILI.6, Ais the 
residual spectrum of 7 only if Ae c,(T,(z*)). Hence the residual 
spectrum of T is void, and e(T) = (T). We have o(T) C o,(T) 
C e(T) C c,(T). QED. 


60 Lemma. Jf A is a complex number such that B(A) has an 
eigenvalue of modulus 1, then A is in o(T). 


Proor. Suppose that Aéc(T). Then, by Lemma 3.2 (see es- 
pecially the first paragraph of the proof of that lemma), sinceA ¢ o,(T) 
it follows that the space Z of all solutions of vo = do is the direct 
sum of the space Z, of all solutions of zc = Ac which belong to 
L,{0, co), and of the space Z_ of all solutions of zo = Aa which belong 
to L,( — co, 0). It is clear that both £, and Z_ are invariant under the 
shift operator S. 

Let E be the projection on X defined by EX — 90, Ef = f, 
fed. Let S, and S_ denote the restriction of the shift operator S 
to E, and Z_ respectively, and let $ denote the restriction of $ to £. 
If Ae o(S ), so that A is an eigenvalue of S_, there exists a non-zero 
fe E such that S. f = Af. Consequently, Sf = Af, so that J is an 
eigenvalue of $, and thus Ae o($). This shows that o(S ) C o($); 
and similarly c($,) C o(S), so that o(S )u e(S,) Co(S). On the 
other hand, let A e o(S), so that there exists a non-zero f in X such 
that Sf = Aj. Since SE, CZ,, SE. C E, it follows immediately that 
SE = ES. Thus SEf = AEf, SU -Ey = XI— Ey. Since 0 f = 
Ef--(I- EM, either Ef #0, in which case we have Ac o($,); or 
Q— E) #0, in which case we have Ae co(S ) This shows that 
a(S) = ofS) o ofS_). 

We shall now show that neither o(S,) nor o(S_) contains any 
points of modulus 1. First consider S . Make X into a finite dimen- 
sional Hilbert space with norm 
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= ( X reje a) "fed. 


Then we have 


s= (fene) 


1 EI 
i (f word). JeE, [d£ 
x M. 


Thus all the eigenvalues of S_ have modulus less than 1. In the same 
way, if the space Z, is made into a finite dimensional Hilbert space 
with the norm 


n= 1 Io al”, fex, 


then we find that |S,/1 > If, fe £,» Ifl #0. Consequently, all the 
eigenvalues of S, have modulus greater than 1. 

It follows that none of the points in c($) have modulus 1. The 
final step in the proof is to show that o{$) = e(B(4)), so we may 
conclude that c(B(4)) contains no point of modulus 1, contrary to 
assumption, To do this, we argue as follows. Lete = [cg - ..,c, 4] E E", 
and let c = M(c) be the unique solution of to = Ac. such that 
oO) = c,, i= 0. n—1. Then it is clear from the definition 
of BQ) that BQ) = MSM. Hence B(A) and $ are equivalent 
mappings so that c(B(4)) = c($). Q.E.D. 


Remark. The last two lemmas hold with much the same proofs 
without the hypothesis that t is formally self adjoint. 


61 Lemma. Let c be formally self adjoint. Suppose that B(A,) has 
no eigenvalue of modulus 1. Then A, does not belong to o(T). 


Proor. Let (cf. Definition VIL 3.17 ff. for notations) E,(4) = 
E(U,c(B()); BQ)) and E (4) = E(U_o(B(2)); B()). where U, 
= {el le] > 1} and U = (xz <1}. Then, by Lemma VIL66, 
E,(4) and E (A) are analytic in A for å in a neighborhood of the 
closure of an open circle N with center 2,. It is clear that E,(4) + 
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E (4) = L. Let v,, ..., v, be a basis for E, (4) E^, and 2,4,,...,v, 
a bass for E(A)E^. Put v(4)— E, (Aj, for i—1,...R, 
vA) = E (Ajo, for i = k+1,..., n. By the Hahn-Banach theorem, 
there exist functionals uf, . . ., už € (E")* such that u¥(v{4,)) = 6.,, 
i=1,,..,2. Hence there exists a circular neighborhood N, of A, 
with center 2, such that det {u*(v,A))} # 0, Ae N,. It is clear that 
u,(A), ..., U,(A) is an independent set of vectors for Ae N,. Thus 
v,(), - - -. v,(4) is a basis for E^ if Ae N,. It follows immediately that 
if 2 e N}, o (A), - - -, (A) is a basis for E,(4)E" and v,4(2, . - -, % (A) 
is a basis for E,(A)E*. For c = [&, . .., 6, ,] E E^, let Mj(c) be the 
unique solution c of to = Àg such that o(0) = c, i = 0,..., n—1. 
Put of, 4} = M,(v,(a)), 4 — 1,...,2, A€N,. By Lemma VIL8.4, 
we have that |B(A)"v,(4) = 0((1—e)") for some e= e(A) > 0, 
1Sishk, AcN. Thus o,(£ 2) and all its derivatives decrease 
exponentially fast as n — co, uniformly for 2 €N, and for 1 Si =k. 
In particular, o,(-, 4) € L(0, co), 1 Si Sk. In the same way we 
see that of, A)e Lí(—c0,0), k <i S m. 

Let $7 ,a,0,0,2) be square-integrable at — co. Then, since 
c, A) is in L,(— co, 0) for è £ k, so is Y? 42,042). On the other 
hand, o,(-, 2) € L,(0, co) for à > Kk. Consequently, Di ,,49,0,(, 2)€ 
L,{(0, ©) ^ L,(— œ, 0) = L(—co, + o»). Since we have already 
shown that no solution of ta = dg belongs to L,( — co, + c0), it follows 
that o; = 0 for i > k. Thus it follows that {o,(-, 2), --., ox, A)} is a 
basis for the set of solutions of to = Ag which are square-integrable at 
— œ. Similarly, {6,,1(-, A), ---, 0, (^, 4)} isa basis for the set of solutions 
of ro = Àa which are square-integrable at + oc. Let F;,(A) be defined 
in terms of the boundary form F, of the formal differential operator 
1 (cf. Definition 2.1) by the equation 


Ff) = Fo), oA). 


By Green's formula 2.4, this matrix is independent of f. Since for 
À EN), O, + + +» O, form a basis for the space of solutions of ta = Ac, 
it follows from Lemma 2.2 that the matrix F,{A) is non-singular for 
AeN,. Let the matrix G,,(A) be its inverse. By Corollary 8.18, the 
resolvent R(A; T) of T is represented for A€N,, £4140, by an 
integral kernel K(, 5; 4) having the form 
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kon 
K(t53)5 —3 XY 6406294653) — st. 42—0. 
Ha 
Since G,,(4) is analytic everywhere in N,, even in those points of N, 
lying along the real axis, the desired result follows from the Titch- 
marsh-Kodaira formula (5.18), and from Corollary 5.29. Q.E.D. 


62 DEFINITION. Let 4, be a real number such that B(A,) has an 
eigenvalue of modulus 1. Let #4, - - -, ii, be the collection of all such 
eigenvalues. By Theorem VII.6.9, there exists a neighborhood V of 
À,, neighborhoods U; of p, à = 1. p, and integers k, and K; 2 1, 
i=1,...,p, such that if i=1,...,p and Ae V, then U,o(B(4)) 
consists of k, points, given as the various values of a fractional power 
series 


5 
XagyU—AYy^ 1=1,..,h,  i—l..p 
$-D 


in (4—4,)!*.. The point 4, is called a branching point of c if one of the 
integers k, is greater than 1. 

Jf the first two sentences of this definition are modified to read: 
“Let J, be a number, and 44, - - -, #4, the eigenvalues of B(4,)," the 
definition of a branching point of t in the extended sense is obtained. 


Remark. A fractional power series $2,22"? which cannot be 
written as a fractional power series ?*? a 39/7 for some M dividing L 
evidently takes on at least L distinct values for arbitrarily small z. 
Moreover, }°°,8,2"= can evidently be written as 59 y 57 for any M 
of which L is a factor. If A, is not a branching point, the roots 
d). - - + #5(4) vary analytically with 2 for A sufficiently near 4,. 
If A, is a branching point, there evidently exists a neighborhood U 
of the unit circle such that for A # 2, and sufficiently close to A,, 
the number of points in Uc(B(4)) is constant and larger than the 
number of points in Uo(B(4,)). Thus, the set of branching points of v 
is evidently isolated. The same remark may be made concerning 
branching points in the extended sense. 


68 Lemma. If x is formally self adjoint, and if a real number A, 
is in the boundary of o(T), it is a branching point of t. 
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Proor. Suppose that A, is in the boundary of e(T), but that A, 
is not a branching point of r- Let p, . .., p, be the eigenvalues of 
modulus 1 of B(4,). Then, by Definition 62, and the remark following 
that definition, if € > 0 is sufficiently small, there exists a circular 
neighborhood N of 4, and p analytic functions p}, - -, 9, such that if 
AeN, 


{le € e( B0). ld 31 < E} = A), - - 3 P(A). 


Now, the function p}. being analytic, maps open sets onto open sets; 
in particular, then, there must exist a (necessarily infinite) set 4 of 
points A in N such that g,(4) covers a neighborhood on the unit 
circle of a, = 94(4;)- By Lemma 60, A must lie on the real axis. 
Hence the real analytic function |p;(2)* —1 vanishes infinitely often 
in the open interval Z cut out of the rea] axis by N. Hence |p,(4)) = 1 
for À in Z, proving by Lemma 61 that all of J must belong to o({T). 
Thus 4,¢J is not a boundary point of c(T). Q.E.D. 


64 THEOREM. Let q be a formally self adjoint formal differential 
operator of order n defined on the interval (— oo, + c0). Suppose that 
the coefficients of x are all periodic with the same period. Then v has no 
boundary values, so To(v) has a unique self adjoint extension T. The 
spectrum o(T) of T consists of a sequence of disjoint intervals, whose 
end points tend to — co or - co. All of e(T) is continuous spectrum. 
A point À is in o(T) if and only if the matriz B(A) introduced above has 
an eigerpalue of modulus 1; ie., if and only if the equation vo = do 
has a bounded solution. Each boundary point of each of the intervals 
comprising o(T) is a branching point of t. 

Proor. All this follows immediately from the previous lemma, 
and from Lemmas 59, 60, and 61. Q.E.D. 


Next we consider the individual intervals that make up the 
spectrum of T We will discuss the specific form that the spectral 
resolution of T, as given generally by the Weyl-Kodaira theorem 
(5.14), takes on in such an interval. By the remark following Defini- 
tion 62, the branching points in the extended sense of r are isolated 
and since the spectrum of T is purely continuous, the countable set b 
of all the branching points of t has spectral measure E(b; T) = 0. In 
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cur analysis, we may consequently neglect this set as well as any 
other countable subset of the spectrum. Next, consider an open 
interval Z of c(T) which does not contain any branching points. Then, 
by Definition 62 and the remark following that definition, there 
exists a connected neighborhood U of F, such that for each 4 in U 
{aside from, possibly, an isolated set e, of points) the matrix B(A) 
has a fixed number k of eigenvalues which are given by functions 
pA), . . 9, (4) analytic in U. (The set e, is that isolated set of points 
in U in which two or more of these distinct analytic functions take 
on the same value.) For 4 in U—eg, the eigenvalues 9,(A), 
i —1,... k, are distinct spectral sets of the finite dimensional 
operator B(A), so that by Theorem VIL8.14. the spectral projections 

E,(4) = E (9,{4): B(4)), i — 1, . . ., k, are analytic for Ac U—e,. Let 
Žo be any chosen point in U —e,, and let v;, . .., v, be a basis for the 
range of E (žo) v, 41: + + +» v, be a basis for the range of Ey(/p), . ... 
Vy aros Un, — 0) be a basis for the range of E,(4,). Put 
v,(4) = E,(A)v, for Ae Ue and j, 4, < f X ji- Then the analytically 
varying vectors v,(4), .. ., v, (4) in Euclidean n-space, being linearly 
independent at the point 4 = 4,, and hence having a non-vanishing 
determinant there, have a non-vanishing determinant and hence are 
linearly independent at every point 4 in U except at those points 
belonging to an isolated set e, including ej. We now let c(t, 4) be the 
unique solution of the equation ze = Ac which satisfies the initial 
conditions 


off (0, 4) = (c)... #=0,...,2—-L 


(Cf. paragraph immediately preceding Lemma 59), Then, for 4 in 
U—e,, the set o,(t, 4), ..., o, (f, 4) is a basis for the set of solutions 
of tg = Ag. Moreover, by the paragraph preceding Lemma 59, 


o,t—1, 4) —9,0)o(,2, fir<f Si. isl k. 


Next let us consider those points 4) in U at which one of the 
analytic functions g,{4), say for the sake of definiteness g;(4), takes 
on a value of modulus 1. Then, by Lemma 60, A, is real. Let the ex- 
pansion of g,(4) in the neighborhood of 4, be 


PA) = 9,0, + Oy 0—4,)7 a, 4 — A Ls au FO. 
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If m #1, then by the Weierstrass preparation theorem the inverse 
image of the unit circle under the map g, includes a set of sn analytic 
arcs all intersecting at equal angles zjm at the point Ay. If m > 1, 
not all of these arcs can possibly lie along the real axis. Hence we 
must have m = 1, so that g, is one-to-one in the neighborhood of 
À = Ay. and the inverse image under p, of a small arc of the unit 
circle containing g,(4,) is a small are of the real axis containing A). 
Since we have then g,(A)g,(A) = 1 for 2 in a real neighborhood of Jy, 
this equation must hold identically in U. Consequently: 

If one of the analytic functions (A) takes on a value of modulus 1, 
then we have |p,{4)| = 1 for all real 2 in U, and for no other A in U. 
In this case, p; is a homeomorphic map of the interval I onto an arc of the 
unit circle. 

Since mappings by analytic functions are orientation-preserving, 
it follows that if p, maps Z into the unit circle C in such a way that an 
increasing ¢ corresponds to an inereasing argument 6, then the points 
of U in the positive half-plane are mapped by g, into the interior of 
the unit circle, and the pomts in the negative half-plane into the 
exterior of the unit circle; and vice-versa if p) maps I into C in such 
a way that increasing £ corresponds to decreasing 6. 

We may consequently divide the functions p; into four natural 
categories. 

(2) Those g, which map the real axis into the unit circle, in- 
creasing £ corresponding to increasing 6. 

(b) Those g, which map the real axis into the unit circle, in- 
creasing £ corresponding to decreasing 6. 

(c) Those p; which map U into the intenor of the unit circle. 

(d) Those g; which map U into the exterior of the unit circle. 

Let us now suppose that for notational convenience each function 
9, is repeated a number of times equal to the dimension of the range 
of E,(4) (which is independent of 4 by Lemma VIL6.4), and that the 
resulting g, are renumbered so that we have 

o,{t—1, 2) = 9, (dost, 2). 1sjsn, 
in terms of the basis g,,...,¢, for solutions ro = Ag introduced 
ahove, and finally, that the g, and c, are numbered in accordance 
with the categories (a)—(d) introduced above, so that Py,» -s Pa, 
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belong to category (a). 9, 1. +- = P», to category (h), Papis eer 9» 
to category (c), and g, ptrs- + e Pr, = Pn to category (d). 

Then clearly the o of category (c) (ofcategory (d)) belong to 
L,(— œ, 0) (to L,(0, cc)) for all 2 in U—e,, and the c of category (a) 
(of category (b)) belong to L,( — co, 0) for 4 in U—e, and for 44 > 0 
(for £1 <0), and to L,(0, co) for 4 in U—e, and for S1 < 0 (for 
A9). 

Let F,,(2) he defined in terms of the boundary form F, of the 
formal differential operator r (cf. Definition 2.1) by the equation 
FQ) = Fio 4). 0,0). 

By Green's formula 2.4, this matrix ıs mdependent of t. Since for å 
in U—eg, the functions o,(4). . .  6,(2) form a hasis for the space of 
solutions of za = As, it follows from Lemma 2.2 that the matrix 
F4) is non-singular for 4 in U—e,. Let the matrix G,,(4) be its 
inverse. By Corollary 8.18, the resolvent R(4; T) of T is represented 
for A in U—eg, £4 # 0 by an integral kernel K(Z, s; 4) having the 
form 
an Pe 
K(Lsi)-— Y IGal Aol ih t5 £1>0, 


i £l 


-—Y SeA. ts 4e 
i=l l 


By Corollary 3.13, the quantities ef, and £j are either zero or +1. 
More specifically, it follows from Corollary 8.18 that 

(2) 
for a pair à,j if neither c, nor c, goes from being square-integrable 
over L,(0, oo) to being square-integrable over L,(— co, 0) as A goes 
from positive to negative; 

[2 =l 4 1s5i£» 
while £}; = 0 for all other pairs ij in the range 1 Sif S vy; 


(e’) eal if y<tf Sm, 
while &; — 0 for all other pairs à, j in the range 1 £i j Svg 

It then follows immediately from the Titchmarsh-Kodaira 
theorem (5.18) and from Theorem 5.27 that gj,...,9, are a 
determining set for ? and that the matrix measure of Theorem 5.18 is 
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1^ E 
polls mL ea xii. 
TUM 


1 
- - Lf sn. TPTPTM 
mida, 
=0, otherwise. 
Summarizing, we have the following theorem. 
65 THEOREM. Let v and T be as in Theorem 64 and let I bean inter- 
val of 4 containing no branching point of t. Then there is a set gy, «+ p, 
of solutions of the equation to = Ag, which are analytic in À on a com- 
plex neighborhood of I, and integers vy. v, such that for 1 Si Sn, 
gis EL (—00,0) for 41»0 
and gt. AE L,(0, o) for $£1<0; 
for v «d Xu 
gp, AE L(0, 00) for 5220 
end — q,(,3)€e L,(—e5,0), for £1< 0; 
and for v, « i Sn, either 
eds A eL(—o,0) for 5220, 
or €«(SA)eLQO c) for ILEO. 
The functions p; may be chosen so as to form a basis for the set of solutions 
of to = Ag everywhere on I except at an isolated set of points. Let I, be 
a subintercal of I not containing any of these points. Put 
Fald = Fe. ef), 1Sij Sa, 
(so that, by Green's formula 2.4, F, is independent of t). Then the matriz 
Fy is non-singular. Let G, (A) be its inverse. Then if py is the positive 
definite matriz measure associated with the basis gy, . - -, Pn of solutions 
of vc = Ag on the interval I, by Theorem 5.18, we have 


1 
Pyle) = zl G,fA)dA, eCh, 1£&4j&£». 
aid, 


GfaWdi, eC, <i] Sy, 


otherwise. 
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An additional argument would show that the spectral multiplicity 
of the restriction of 7 to a subspace E(e)$ of Hilbert space § is a 
fixed, finite constant sn(Z) for each subset e of positive Lebesgue 
measure of an interval I not containing any branching points of v. 
However, we shall not give this argument here. 

In case 7 is a second order real formally self adjoint operator, 


r= (3) po (3) +000, plt) > 0, 


we may go somewhat further. Let p(t, 4) be that solution of ro = da 
satisfying p(0, 2) = p(0), 9/(0,2) — 0, and let y(t,4) be that 
solution of to = do satisfying y(0, 4) = 0, y'(0, 2) = 1. Then p, y 
form a basis for the set of solutions of ro = 4c. The matrix for the 
transformation S relative to this basis ıs evidently 


be A) C1. 2) 

gC-LA. ya) 

The quadratic equation satisfied by the characteristic roots of B(4) 
is consequently 


o*— (g( —L, 2) (—1. 2))o--1 = 0; 


here we have used the fact that FI(g,9) = p(tYg(t, 2v (4,2)— 
y(t, A)g'(t, 4)) is independent of t, so that since p(—1) = p(0), 


9g(—1, 2y/( 1, 4) —9(—1, Ap (+L 4) 
= 90, 2) (0, 2) —v(0, Ae (—1, 2)—1. 
Let BA) = 9(—1, 4)+y'(—1, 2) = trace B(A}. Then this equation 
can be written as 


c? B(A)o-1 = 0. 


Since f(A) is real, the roots of this equation, if complex, are complex 
conjugates of each other. Hence, since their product is one, both have 
modulus 1. That is: the roots of o?—f(2)a-- 1 are either both real, or 
are complex conjugates of modulus 1. Applying Theorem 64, we find: 
in the former case, i.e., the case B(Z)>—4 > 0, Ais not in o(7); in the 
latter case, ie., in case B(4—4 x: 0, Ae o(T). At a branching point 
of T, at least two, and hence both eigenvalues of B(4) necessarily 
coincide, Hence, each branching point 4 of v satisfies B(A)* = 4; ie~, 
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B(4) = +2. Thus either both roots of o*—f(A)z-F1 = 0 are +1, or 
both are —1. In the former case the matrix B(4) necessarily has an 
eigenvector belonging to the eigenvalue +1; in the latter case, to 
the eigenvalue —1. Thus, in the former case, ro = Ac necessarily has 
a periodic solution, in the latter case. an anti-periodic solution. that 
is, a solution satisfying o{f-+1, 4) = —o(t, 2). Let us now set up the 
following two sets of boundary conditions for the operator z on the 
finite closed interval (0, 1]. 


First Se: 7{(0)=f(1), /(0)— (1) (Periodic conditions) 
Second Set: f(0) = —{(1), (0) = —7' (1) (Anti-periodic 
conditions. ) 
Then by Theorems XIL428, 4.1, and 4.2, these sets of boundary 
conditions determine self adjoint operators T, and T, whose spectra 
consist entirely of eigenvalues which, by Lemma 29 and Corollary 24, 
approach plus infinity. By Theorem 64, we now see that the discrete 
eigenvalues of those two problems are the only possible end points in 
the collection of intervals or “bands” comprising o(T). 

The “bands” appearing in c(T') for second order z have been 
investigated considerably. being known as the "stability bands" for 
“Hill’s equation” 

—(pay' OY +OK- A = 0. 


Tt would take us too far afield to develop the results of all these in- 
vestigations here: we shall mention only those results from this 
theory which are most germane in the present context. Let the eigen- 
values determined by the periodic boundary conditions stated above 
be enumerated in increasing order, and repeated according to multi- 
plicity, be po, Pı» Pz, . - -> Let the corresponding enumeration of the 
eigenvalues determined by the anti-periodic boundary values deter- 
mined above be ay, a, 22, . . -. Then a theorem of G. D. Birkhoff [4] 
tells us that 


Po < % ma < Py S Pa S Oy Say < Pa X. SO ayy < Ponts 
S Ponte < pane. 


The spectrum o(7) is made up of the successive intervals [a,, pi], 
[Po 42}, (a3, ps], .-.. The eigenfunction g belonging to the eigen- 
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value p, of the self adjoint operator determined by the first set of 
boundary conditions has no zeros in (0, 1}; the eigenfunctions 9,41 
and g;, ,, belonging to the eigenvalues p;, ,, and p,,.,. of this operator 
have exactly 2n4-2 zeros in [0, 1). The eigenfunctions ¢,, and Gyns1 
belonging to the eigenvalues a,,, and a;,,, of the self adjoint operator 
determined by the second set of boundary conditions have 2n+1 
zeros in [0, 1]. 

It may also be shown that if we make the normalization 
Sio(that = 0, then there exists a sequence e, of numbers going to zero 
such that for all sufficiently large n, every point m the interval 
((n—1/2)x)? SA € ((no-1/2)x)? but not in e(T) belongs to the 
interval (nx )—£, S 4 < (nx)*--z,. Thus, the gaps in the spectrum 
of T become arbitrarily small, and the spectrum becomes more like that 
of the simple operator —(d/dt)®, as A -> oo. For proofs of these results, 
the reader is referred to Coddington-Levinson [1], pages 214—218. 

In concluding this section, let us note that by making a suitable 
change of variable, one can often improve the range of validity of a 
theorem on differential equations. We shall illustrate this principle 
by exhibiting improvements of some of the theorems established 
above, First, however, let us consider the effect on formal differential 
operators of changes of variable in general, and the way in which such 
changes of variable may be used to simplify the coefficients in an 
operator r. Suppose that z ts a formally symmetric formal differential 
operator of order n. Let a,{t) be the leading coefficient in r, so that 
the leading term in z is a,(t)(djdt)". Then the leading term in z* is 
(y'a, ((d]dt)*: hence, a, (t) = (—1)"a, (t). Thus, if « is even, a,(f) 
is real, while if x is odd, a. (t) is pure imaginary. Suppose we make the 
change of variable ¢ = h(s) and the corresponding unitary trans- 
formation of functions 


f) + 0n. 
given by 
(Uf) = KREDY”. 
where the function h(s) will be chosen later. The choice will of course 
be such that h has an everywhere positive derivative. Corresponding 
to this transformation, I is transformed into h^(F) The “formal 
transform" of the formal operator d/dt may be computed as follows: 
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(e(a i) 6) = reen” 
jd 
= COE, URDE 99) 06-940) 


d 
= HE UG) 38" OHO fO) 
Thus, we have, formally 
(v vijo [rers ide "ere. 


Consequently, the change of variable sends the formal differential 
operator T = Pr ga(f)(d/dtY* into the formal differential operator 


UcUA = Y ah(s) ront gerwe 
ka 


= athen er" (Z) tie 


£, 4 bemg an irregular formal differential operator of order at most 
a—1. If, in particular, is formally symmetric and we let h(s) be a 
solution of the equation &'(s) = ja,(h(s))[/", the operator UcU-? will 
have a leading coefficient +1 (if z is even) or +2 (if z is odd). It is 
worth remarking at this point that it may easily be established 
that we have (U:U-!) = Ur*U-, Ug? = UwuU-UzU-, 
U(z,4-75,)0 = Urn UHUU, all these equations holding as 
formal equations. Hence our unitary transformation takes formally 
symmetric formal differential operators into formally symmetric 
formal differential operators. etc. It is also worth remarking that the 
solution of the equation &'(sj = ja, (h(s))j" is the inverse function of 
the solution of the equation g'(!) = ja, (2) U^; that is, k is the inverse 
function of the indefinite integral 
ds 

le e) 

"Thus, for instance, Corollary 19 will yield à number of interesting 
results if we make a change of variable of the above type in the 
operator 
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- 3 992 4 qu 
T=- gr Ogi O 


of that corollary. Let y be an arbitrary positive infinitely often 
differentiable function of Z, and put g(t) = y(D)^'(p()y'()). If we 
then make the change of variable £ = A(s), where h(s) is the inverse 
function of the function 


t 
s(t) = CoL 
it follows according to the above remarks that z is transformed into 
the operator 
7. Pts) 7 + QU). 
=- as eus (S. 
where 


P(s) = p(his)y(h(6)* 


and 
As) = gh(s)) e (8G). 


The case y(t) = p(t) 15 which gives P(s) = I. is the case cited above. 
In this case we have 


Qs) = of h(s)) s" (Als) d Ep(8G))]" E (46) 9 


We consequently obtain the following theorems from Theorems 16 
and 17. 


66 THEOREM. Let t be a real second order formally symmetric 
formal differential operator of the form 


e: 4 ( 
r—cqgPO yt. 
defined on an interval (a, b). Suppose that 


Í j pity di — co. 


QO) = «G)H-Ho"()—20p0] "D t)P- 
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Then 

(a) if Q(t) > œ as t — b. a,{z) is void; 

(D d QU) >c ast +b, o) = OR 2 c) 

67 THEOREM. Let x be a real second order formally symmetric 
formal differential operator of the form 


d d 
t= ~ur ut att 
defined in an interval fa, b). Suppose that 
Jit ima < o. 
Let Q(0 = o0) (pt) Fipt)) t (Y). 
Then 
(a) if gf) > oo as t >b, a(t) is void; 
(b) df Tim sup | u piyaj ec) <3, o,(z) is void. 


As observed by K. O. Friedrichs, the various cases y(f) = f(a(z)). 
where a(t) = (*p(s)^! dsand f is a suitably chosen function, also lead 
to interesting results. Here we have 


gt) = pty f" (at) (att). 


A convenient choice of f(f) is f(t) — 17, which gives p(t) = 
—(1/4)pt y 1a(t) 2. Making the substitution in Corollary 19, we find 
the following result of Friedrichs: 


68 COROLLARY. Let 
d " d ð 
dt © a 


be a real formally self adjoint formal differential operator defined on an 
interval I = fa, b). Let p(t) > 0 for t in I, and put 


Ze) = oft) + (ase ( pry a). 
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If lim inf, , Z(t) = K, then o,(x) belongs entirely to the region À >K 
of the real axis. 
In the same way, we find from Theorem 6.14: 


69 COROLLARY. Suppose, under the hypotheses of the preceding 
corollary and with the notation of that corollary, that ?p(ty dt = oc. 
Then if Z is bounded below, t has no boundary values at b. 

Various other results may be obtained by making suitable 
changes of variable in Theorems 7—19 of the present section, and in 
Theorems 12— I5, 18—22, and 38 of the previous section, A number 
of results of this type will be given at the end of the chapter as 


exercises. 
Another useful change of variable is the unitary “change of 
dependent variable” defined by the equation 


(VA) = exp (D4) 
b being some suitably chosen real function, It is easy to see that 
yady-2 ve 
av a tO 
Hence, if 
E dt 
r=5a0 ($). 
2000 


we have 
a d k 
=V = X») + wen) s 
E] dt, 
In particular, r and 7, have the same leading coefficient. The coeffi- 
cient in 1, of the operator (d/dt)" is evidently 
a, it) + ina, (D). 
We can make this coefficient zero by placing 
b(t) = ia, (2,0). 
which amounts to taking 
bit) = f * ia, (sna, (s) ds, 


(which 1s real by the formal symmetry of 1). 
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Combining the two forms of transformation of variable dis- 
cussed above, it is obvious that we can, if convenient, reduce each 
formally self adjoint formal differential operator to the normal form 


di" "a EN 

ey Zoi. 

(5) +E (5 

This leads to the normal form 
d 
dt 
for the operator of order 1, so that every formally self adjoint formal 
differential operator of order 1 can be reduced to a known form by 
elementary unitary changes of variables. In the same way, we find 
the normal form 


i 


dy? 
- (s +t) q(t) real, 


for the formally self adjoint formal operator of second order. This 
explains the emphasis put on operators of this particular form in 
certain of the theorems of the present and of the preceding sections, 


8. Examples 


We now wish to illustrate the application of the preceding 
theory to specifie differential equations. If the reader surveys the 
theory developed in the past few sections, he will find it evident that 
in applying the general methods to specific equations, we will need 
definite manageable expressions for the solutions of these equations, 
which may be used to investigate the integrability, Wronskian, 
limiting values, etc., of the solutions in question. To obtain such 
expressions for the solutions of a given differential equation will in 
most cases be quite difficult. For this reason we will confine ourselves 
to the treatment of a few simple cases of self adjoint operators arising 
from second order linear differential equations with rational coefficients. 
For these equations the general theory of differential equations in the 
complex domain gives a surprismg amount of information. We will 
quote the relevant theorems from this theory, referring the reader to 
the books of Coddington and Levinson [1] and of Poole [1] for proofs. 
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be a second order formal differential operator with rational coeffi- 
cients 7,,7,- A poant z, in the complex plane at which 7, and rg are 
analytic is called a regular point of the operator. In the neighborhood 
of a regular point 2), there exists a unique analytic solution f(z) of 
the equation Lf = 0 with specified initial values f(z), f(z;). A point 
29 which is not a regular point is called a singular point or singularity 
of the equation. If 7, has at most a kth order pole at z), and 7, has at 
most a 2kth order pole at 2), the formal differential operator is said 
to have a kth order singularity at z,. A singularity of order 1 is often 
called regular singularity, a singularity of order greater than 1 is said 
to be an irregular singularity. 
If % is a regular singularity of the formal differential operator 
= (djdzy--r(z)(d/dz)4-rs(2). then in the neighborhood of 29. 7 
and 7, can be expanded as 


rlz) = {z—2%){at+a’(e—2,)+ ...) 


and 

oz) = (G—25) (bb (G—z)H ..-). 
The equation u(u —1)«-au--b = 0 is called the indicial equation of 
Lat zp; its roots e, and e, are called the exponents of L at z,. If e, and 
£, do not differ by an integer, the equation Lf = 0 has two linearly 
independent solutions of the form 


al) = -zlta + -. 

«,(z) = (2—2)*(14 B(z—2)+ -- -Je 
the power series being convergent up to the next closest singularity 
of L. If e, and e, do differ by an integer, and e, S fe, then there 
still exists a solution a, of the indicated form, but a linearly in- 
dependent solution o; of the indicated form need not exist. However. 
there will always exist a linearly independent solution of the form 

ay) = (2—2) 1-- B(—2)]- - - -)+-704(2) log (2—%)- 


(The constant y may be zero.) 
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A regular point of a differential equation may be regarded as a 
special case of a regular singular point at which the exponents are 
zero and one. 

If Lf =0 is a differential equation with rational coefficients 
and a regular singularity z with exponents e; and €z, then the second 
order equation L'f' = 0 satisfied by f(z) = (z—25)^f(z) has rational 
coefficients also. The operator L' has a regular singularity at z), with 
exponents ¢,+a, ég+«. If p(z) is a rational function which sends the 
point Z, into the point z, and if p(z)—z, has a zero of order } at Ly, 
then the second order equation L"f" = 0 satisfied by f” = f[p(z)] 
has rational coefficients also. The operator L” has a regular sin- 
gularity at o with exponents le,, le,. 

By passing from the equation Lf = 0 to the equation L” pf” = 0 
satisfied by f'"(z) = f(1j«), we can extend the concepts of regular 
point, singular point, singular point of order k, regular singular point, 
indicial equation, and exponents to the point at infinity on the 
Gaussian sphere also. The form of the results is as follows: the formal 
differential operator L has a regular point at infinity if z,(z) 2:1 
vanishes to the second order and r,(z) vanishes to the second order at 
infinity. L has a singularity of order k at infinity if 7, vanishes at 
least to the (2—K)th order and r, vanishes at least to the 2(2—K)th 
order at infinity. (A function with a pole of order k is here considered 
to have a zero of order. k.) If L has at worst a regular singularity, 
ie. a singularity of order 1 at infinity, then we have Laurent ex- 
pansions 

ne) = artit 
n) = bct euis 
The indicial equation of L at co is n(u--1) —ap-4- b = 0; its roots e, 
and eg are called the exponents of L at infinity. If e, and e, are the 
exponents of L at infinity, and e, —e; is not an integer, then there 
exist two linearly independent solutions c, and o, of the equation 
Lf — 0 which have the expressions 
e;(z) = x ^(Lipazl pi? ...), 
o) = LB e ssa. 
If e,—e, 18 an integer, and Be, X Fe, then there still exists a 
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solution c; of the indicated form, but a linearly independent solution 
6; of the indicated form need not exist. However, there will always 
exist a linearly independent solution of the form 


ogf2) = 2-0 - ap Bett...) +y0,(2) logs. 


The constant y may be zero. 

Now let us pass to specifics. For the sake of simplicity, we will 
consider formally symmetric differential operators L of second order 
with rational coefficients, on intervals (a, b), where both a and b are 
singularities of L. Moreover, we will at first confine ourselves to 
operators L such that for each 4, L—4 has regular singularities only; 
later, examples involving irregular singularities will be considered, 

It should be noted that the interval (a, b) is at our disposal. Indeed, 
if (didt)p(t)(d/dt)+-9(£) is an arbitrary formally symmetric linear 
differentia] operator (with rational coefficients), and if we make the 
“formally unitary” transformation f(t) > (Uf)(t) = is Gif (s(t) 
where s is a monotone continuously differentiable function of t, 
we find (UALUf\(s) = (dids) P(sydJdsyfts)d-QUf(). where 


f+] Ps) = pi OY as. 
Qs) = s'y (janpi Y^ Olena 


t = ts) being the inverse function to s = s{é). If s{a) = A, s(b) = B. 
U transforms functions f defined on the interval (4, B) into functions 
Uf defined on (a, b). If sis a fractional linear function of t, the operator 
U~ LU clearly has rational coefficients also. Moreover. if L has only 
regular singularities, U-! LU has only regular singulanties. Since 
there exists a real fractional linear transformation transforming a, b 
into any two arbitrarily given points A, B, the assertion that the 
interval (a, b) is at our disposal is valid in an obvious sense. 
Now consider the case in which there are exactly two regular 
singularities, a, b of L—A for each 4. Making use of the reduction of 
the preceding paragraph. put these singularities at zero and infinity. 


Since 
(5) eo (2) +00 - so (2) 7 (2) +0 


has regular singularities at zero and infinity only, it follows that 
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P’()p~ is a rational function with only one pole, a first order pole 
at zero, and that p'(p (t) vanishes at oo. Thus p’{t)p1(é) = aft, 
and similarly ¢(t)/p{t) = bj. Since L—A is assumed to have only two 
regular singularities for each A, it follows in the same way that 
9(8)—Afp(t) = b(4)/£ for each A. Thus p(t) = const. t^; so that, after 
multiplication by a constant and addition of a constant, the operator 
L becomes —(djdt}t(dj/dt}. If we make the unitary transformation 
f +Uf =f *f(logt), then, by formula [+], the operator L is 
transformed into —(d/ds)*4-1/4, or subtracting the constant 1/4, 
into —{d/ds?. The interval on which we consider this operator is 
(— oo, +0). The reader will have no difficulty in seeing that this 
forma] differential operator has both deficiency indices zero, so that it 
lends to the single self adjoint operator T= (éd/ds)®, idjds denoting the 
self adjoint operator discussed at the end of Section 5. Thus it follows 
immediately from the operational calculus of that section that the 
spectral resolution of T may be expressed in terms of that of idjds, 
and hence, ultimately, in terms of the Fourier transform. Con- 
sequently, the case in which L—4 has only two regular singularities 
does not lead to anything new. 

We consequently turn to the next most complicated case; that 
of formal differential operators L such that L—A has at most three 
regular singularities for each 4. Here the operator L is fully specified 
by its singularities Žo» Z,. £2 and the corresponding exponents ej, ej: 
€» 61: €z» €g, Indeed. if this were not the case. we would have two 
different operators L,. L, with these singularities and exponents. By 
making a fractional linear transformation of the independent variable 
sending Žo» C1» Čz into 0. 1, co, we would get two different operators 
with these same exponents at 0, 1, and infinity. If we then multiply 
the dependent variable by 2~o(z—1)~*1, we would get two operators 
L, L’ with regular singularities at 0, 1, oo, and with exponents of the 
form 0, a; 0, b; c, d at these singularities. Let L = D?+17,(z)D+-7,(z). 
Then 7, is a rational function with simple poles at 0 and 1, vanishing 
at co. Thus 7,(z) must have the form ajz--f/(z— 1). Similarly, ry(z) 
must have the form (yz4-y^)z-?- (8(—1)2-") (122) 7. If we now make 
use of the fact that the roots of the indicial equation at 0, 1, co are 
0, a: 0, b; c. d, we finda = 1—a, B —1 by =F = 0; y = ò = dd. 
Thus L is uniquely determined by a.b.c,d. which proves that 
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L, = L, and hence establishes the uniqueness of the formal differen- 
tial operator with three specified regular singularities and three 
specified pairs of exponents. From the indicial equations we find also 
that c4-d =: a+f—1, so that a4b+c+d = 1. Thus the sum of the 
exponents of an equation with three singularities is 1, but the ex- 
ponents are otherwise arbitrary. 

The effect on the differential equation under consideration of the 
various changes of variable discussed in the preceding paragraph can 
be greatly clarified by the use of a suitable symbolic notation, first 
introduced by Riemann. We have just seen that there exists one and 
only one second order linear differential equation with regular singu- 
larities a, b, c and the corresponding pairs a, a2; Êi» Bg Y1» ys of 
exponents at these Singularities. Suppose that we then use the symbol 


a b c 
Is] JU 

az Be Ys 
to denote an unspecified branch of the (in general multi-valued) 
function which satisfies the differential equation in question. In some 
cases we will wish to be more specific. and to indicate a particular 
branch of this (multi-valued) function, which will generally be that 
(uniquely determined) branch which has a given asymptotic form at 
one of the singularities. For this purpose, we proceed as follows. 
Suppose that we wish to indicate the branch of the multi-valued 
function [+] which has the asymptotic form (z—a)*(1-4-¢(2—a)+...) 
at the regular singularity z = a of our equation. Then we will write 


& b c 
Pafo Aniz 
9; Be Ys 
Similarly, 
a b c 
Piunáhn:t 
a Pz Ve 


will indicate the unique branch of [+] which has the asymptotic form 
(g—bY50- pe (2—b)+4 ...) at z= b. If c = œ, the symbol 
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a b œ 
PA ( «€ Bp yix ) 
as Bs ys 
will indicate the unique branch of [+] which has the asymptotic form 
aAA 4- ...) atz = œ, It is nearly evident from the symbolic 
notation and the principle governing changes of variable explained in 
the preceding paragraphs that 


a b e a— q^ a b e 
Pala É ons -63 ni( 0 Byte, ni) 


a By Ys a—o, Beto, y, 


0 1 oOo 0 1 oo 
P o 0 hil -o-on( o 0 pozh 
1 


Ta aM ys 1—a 3-1 8—Ys 
etc, Such changes of variable will be used frequently in the following 
analysis. We shall not give the details of these changes of variable, 
but will leave them to the reader to work out, In each case they will 
follow readily if only the calculations are made in the symbolic 
notation that has just been explained. 

The differential equation Lf = 0, where L has three regular 
singularities at 0, 1, co, exponents a, f at oo, exponents 0, 1—y at 
zero, and exponents 0, y—a—f at 1, was seen in the previous para- 
graph to have the form (after multiplication by 2{1—2)) 


wj a-a ($) toeren (F) ir o 


This equation ıs the famous hypergeometric equation of Euler-Gauss. 
If y is not & non-negative integer, it follows as explained above that 
the equation has a unique solution in the form o(z) = LH-ayzd- .... 
Comparison of coefficients gives the Euler Hypergeometric Series. 


1 1 
Be + zo 18 (11) y eT dip 
Y 23090) 
If we make use of Euler's -function integral 


Dew) f 
Tety) 


i21 Flo, f; y;z) =1+ 


(81 PO(—£r3d, Az>0, —4y0 


D] 
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where I” is the J-tunction, we find 


Fla. Bs 732) 
-. IU _ § Abt). Gtr), fW gr dt 
T'(a)(y—o) s ni o 


so that we have Euler's integral 
Tt) x " S 
5 y3 2) = ——————| £30—ty 3-1)" di 
u Me B= RO f a—( 70 di, 


valid for jj <1, Za > 0, Ay—a) > 0. 

In the present case, a complete analysis paralleling that given 
above for the case of two regular singularities is possible: but the 
details are too lengthy to be given here. We shall confine ourselves to 
the treatment of a number of examples chosen to illustrate the 
various kinds of spectra that can arise and the methods used for 
treating them. 

We begin with the formal differential operator 


d d\ 22 2f 
Lope. (2 1-& (2 AO 
di, ( ) «dt, T pat 1—t 


on the interval (—1, 4-1), « and £ being assumed to be real and posi- 
tive.For any A, Z Ahasregularsingularities at — 1, +1, and infinity. 
It is readily seen from the indicial equations that the exponents at 
—1, +l, and œ are x, —e; f, —f; and 1/2+y, 1/2—y; where 
À = y*—1/4, respectively. Thus three cases arise. 

Case I. a 21/2, f 21/2. Then Lf = +#f has one solution 
(asymptotic to (¢+1)*) which is in Z,(—1, 0), while no linearly 
independent solution is in L,(—1, 0). The same holds at 1, so that, 
by Corollary 2.25, the deficiency indices of L are both zero, Thus L 
gives rise to a unique self adjoint operator in Hilbert space, which we 
continue to denote by the letter L. 

Case 2. x Z 1M22and 0 x f < 1/2, or0 Sa « 1/2and fi 2 1/2. 
These cases are equivalent under the change of variables z > —a. 
We see here in the same way that Lf = +if has one solution in L, at 
one of the end points, while Lf = +f bas all solutions in L, at the 
other end point. Thus by Corollary 2.25 the deficiency indices of L are 
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both 1. Thus we must impose a single boundary condition to obtain 
a self adjoint operator. The form of this boundary condition will be 
studied more closely below. 

Case 8. 0a «1/2, Ox B «1/2. Here all solutions of 
Lf = +f are square-integrable at both end points. Hence d, =d_=2, 
and two boundary conditions must be imposed in order to obtain a 
self adjoint operator m Hilbert space. 

By Theorems 4.1 and 42, L=? has no essential spectrum if 
0 Sa <1/2,0 X f « 1/2. Since L^? increases with increasing a and £ 
and is formally positive, it follows from Theorem 7.84 that L*? has 
no essential spectrum for any positive a, f. Thus, in all cases, we have 
discrete eigenvalues only. 

Let us turn to a closer analysis of Case 1, where no boundary 
conditions enter to trouble us. It is clear first of all that since at most 
one solution of (L—A}f = 0 isin L(( 1, +1), every eigenvalue of L 
has multiplicity at most one. (This remark holds also for the self 
adjoint operators derived from L in Case 2.) In order that 2 shall be 
an eigenvalue, it is clearly necessary and sufficient that the solution 
a = o; of (L—2)f = 0 which has the form (£4-1)(1- . . .) shall be 
square-integrable at +1; i.e., shall be a constant multiple of the 
solution a}; of this equation which has the form (Z- 1Y(14- .. .). 
If this is the case, then (£H- 1) 7(2—1) 7c is analytic at +1 and —1. 
Since the differential equation (L—2)f = 0 has no finite singularities 
other than +1, (#4-1)“(¢—1)-4c is analytic at all other points of the 
complex plane. Since L—A has a regular singularity at infinity, 
(£4-1)7(t—1)-7c is of the form Olki”) at oo for some sufficiently 
large integer N. It follows by known elementary theorems of complex 
variable theory that (14-1) ^(1—1) 7c is a polynomial. Thus, in order 
that A be an eigenvalue of L, it is necessary and sufficient that 
(L—A)o = 0 have a solution of the form (1--2/(1 —t} P(t}, where P 
is a polynomial, 

It follows by the transformations of dependent and independent 
variable outlined above that ¢ is a constant multiple of 


(r1 t) F(s eor ad-f3-3—y: 14203 en 


(where as above A = y*—1/4). Thus Ais an eigenvalue if and only if F 
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is a polynomial, i.e, if and only if the hypergeometric series ter- 
minates, It is evident from (2] that this is the case if and only if 
o-Ef-4-n4-1/2 = +y, n being a non-negative integer. That is: the 
eigenvalues of L are 2, = (n--a-4-fi-4- 1) a f), the corresponding 
orthonormal eigenfunctions are 


ol 
gale) = cO rta ¥(- +n+ 2042841; nis t) 


where c, is & normalizing factor which has yet to be chosen. The 
polynomial occurring on the right side is usually denoted (after 
multiplication by 62 as P,{% 2, and is called a Jacobi poly- 
nomial. Special cases are: a = f, where the polynomials are known 
as ultraspherical polynomials; a = f| = +1/4, where the polynomials 
are known as Tehebichef polynomials of the first and second kind; 
and a =£ = 0, where the polynomials are known as Legendre 
polynomials. 

We now normalize the function g,. This may be done as follows. 
Since E((A,,}) is the orthogonal projection of L,(—1, +1) on the one 
dimensional linear space generated by the eigenfunction p„, and since 
(pj) is a complete orthonormal set, E((2,)) must be given by the 
formula 

EDI = G ga. 


that is, by the formula 
(1,0 = e. [^7 plode 


Now, by Theorem 8.16, by Corollary 5.80, and by the remark follow- 
ing Theorem 5.16, E({A,}) is given by 


(FA) = ka ott A.) f: yte, 2, todo, 


where 


ol, a) = (4-10 t) F (eee a+ É-FL y: 14-20: =, 


3: 
yt, A) = 41)" —2), F (re a++: 12-20; d) 
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y = VÀ Ms, and k, is the residue of (0 —£)W(o(t, 4), y(t, 2)))7 at 
A=A,, W(f,g) denoting, as usual, the Wronskian determinant 
fg—g’f of the two functions f and g. Next note that if the hyper- 
geometric functions on the right of the above formula are denoted hy 
FA(1+2)/2) and F,{(1—t)/2) respectively, we have 


(—8W(g, v) = (pere ro »( rr. A(z) ) 


— grasa gri] s 0 W F (s), FL —s)), 


where s — (14-2)/2. Now, by the analysis of the effect of change of 
variables given at the beginning of the present section, F, and Fp are 
both solutions of the equation with regular singularities at 0, 1, oo and 
corresponding exponents0, —22;0, —25;1/2--y--a- f, 12—y--o--f. 
The particular solution F,(s) of this equation may be characterized 
as being regular and having the value 1 at zero. and F,(1—s) may be 
characterized as bemg regular and having the value 1 at one. Let F} 
be the unique solution of the equation with these same regular 
singularities and exponents which has the form z ?*(1--z4- . . .) near 
z — 0. Then, since F, and Ft together comprise a basis for the 
solutions of our equation, we have a relation Fp = Fa trof}, 
Consequently, WF,» Fp) = «WU, Ft). Now, as follows im- 
mediately from Green's formula, s*+4(1 —5 P^*tW(F, F") is constant 
for any two solutions of our equation. We have, therefore, W(F,,, Ft) 
= const, s-9"-1(1 5) 273, and since W(F,, Ft) = F F} —FAF}Y 
= (4-2x)s 273101 4- .. .) for s near zero, we must have W(F,, Ft) = 
2us-399- (3 —s) 3771 and (Fu, Fp) = 2a,5 ??3(1—5) 273. To cal- 
culate the coefficient «,, we may reason as follows. The function 
2% F} is the unique solution of the equation with singularities 0, 1, oo 
and corresponding exponents 2a, 0; 0, —2f; 1/2+y—a+f, 
1/2—y—a--f which is regular and has the value 1 at zero; the 
function z?*F, is the unique solution of this equation which is regular 
and has the value 1 at 1. Thus we have 


SEL) = Fü-y—ckfi—y ot Bs 1 -2052) 
BF pg (2) = FG--y f, $—y—o--f; 14-26; Y -2). 
Putting z= 0 in the equation 2% F,(z) = x,2* F,(2)4-«2"F (2), 
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we consequently find (since « > 0), 
FR Ay 0+ B, —y — 0+ Bs 14-285 1) = ra 
By formula [4] then, 
oo REY = f — HY 
SIEP DE r Oat 
TU+28) Py—ot B43 (2) 
Titye Gtt) Ptyt+6+3) 
T0428 (22) 
© PG4B—y ta Geo pty) 


a) 


Thus 
2aT (14-28) (20) 

2L TOAN) 
Etat) 


The residue of {(1—£)W{p(t, 2), y(t, 2))]7 at A=A,, 1/24048 yn 
= —n, is consequently 


Ss HWE, F5) = 


genoss TU E20 28 en) C71) 2Virij 
T 4-234 4-28)! 
T-4-22- 28 -4-ny(2n-4-22--284-1(( —1)* 
Td 2x) U-4 28)! 
Here we have used the known fact that the residue of T(z) at its 
simple pole z = — is (—1)^/nl. 
Since at A = A,, p(t, A) and (i. 2) become linearly dependent, 
we have g(t, An) = &,y(f. 4,), whence, putting t= 1, we find 
En = Ft fy, E, ob — ry E: 14203 1) 
= Fü-2x4-28q-n, —n; 1420; 1). 
Using [4] again we find 
e = TUH 2) i pp TOFS R), 
^ I(—28—nM 04-2245) TQ 4-224-5)7 04-28) 


Kg 


= g-2a-25-31 


XIIL8 EXAMPLES 1515 


here we have used the formula P(z)'(1—2) = 7 eosec zz. Thus 
(EASY) = 5; gt. 2,) f^ os, 2,fis 
= oll) [Les Mgas, 


where gt, Aa) = (H1) (1 £4 F( —n, n4 20-4 284-1; 14-205 (£4-1)/2) 
and g,(f) = c,9, (t, 4,). Consequently 


2-9: 4 Pet OB m4 2am 2n4- 204 274-1) 
(P+ 20}? F:3- 284-5)! 


so that we have successfully normalized the functions ¢,. 

Next we turn to an analysis of Case 2, assuming that « 2 1/2 
and 0 < f < 1/2, so that by Theorem 2,80, L* has two independent 
boundary values, both at 4-1. (Analysis of the cases 8 = 0 or a — 1/2 
is omitted for simplicity, and left to the reader as an exercise,) Let 
9. Kg.) be any C” function defined on (—1, 4-1), vanishing for 2 « 0, 
which is equal to (£—1)^ (to (;—1)-7) for £ near 1. Then a moment's 
calculation gives 


LP patt) = (1—07(( —28?4-2/2)0 —t)14- const, +. ..), 


so that Lp, € L(—1, +1), and p+ €D(7,(L)). Thus, by Definition 
XIL420, Asl/) = (Lf, g4)—. Lpa) are boundary values for L. 
We have 


le, P = Ke = 


A= tim f- (0—£)Y GY'v.O-- OX — 3?) 
= lim Q—ÉXs' Oft e Ofen far 
— Vim Be fe f(0—6)—e^ fle) 
- tin Leet f —e yr fe? fü. —e)). 


Thus, the limits 
A,() = tim (^f —e) Be? fü —e)}, 
£20 
A. (f) = lim (PA fu —e)4 pe? fl—e)}, 
520 
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exist for all f in S(T,(L)) and define boundary values for L. We have, 
by a short calculation, 


Alp) = 0, Alp) = 28. 
Afg)=—28, Alp_)=0. 


It follows that 4, and A are independent boundary values. More- 
over, the equation 


= Lt e), Leh = YA, 4) —4_(14, 


is valid if f and g are chosen from among p, and g_; and consequently, 
by Theorem X11.4.24, is valid for all f and g in D(7,(L)). By Corollary 
2.81, the most general self adjoint restriction of 7,(L) is the restriction 
of T,(L) to the domain determined by a single boundary condition 
A,({) = kA (f), where k is a real number, —oo < k & œ. 

If k — 0, the unique solution of the equation Ef = Af which is 
square-integrable at {= +1 and satisfies the given boundary 
condition A4 (f) = 0 can easily be seen to be that solution asymptotic 
to (1—£)? at £ = 1; so that all our calculations run along precisely the 
same lines as in Case 1, and we are again led to the eigenvalues 
A, = (nt+o+8+1)(n+0+48) and orthonormal eigenfunctions 


HI 
Palt) = e 04-590 *( n, n+ 20-4 28-41; 14203 + ) 


2-2-8-1 1 4 20 4 28+ n) (14-2249) 
[TERT 4 28 tay 
If k = co, so that our boundary condition is 4 (f) = 0, the unique 
solution of the equation Lf = 4f which is square-integrable at? = +1 
and satisfies the given boundary condition can be seen to be that 
solution asymptotic to (1—2)-7 at t= 1. Substituting f' = —f 
brings us back to the previous case, so that we have eigenvalues 
A, = (nt+0—8+1)(n+0—f) and orthonormal eigenfunctions 


a 


t 
p(t) = eH trn. nd 323—898 E15 25 — 


len? = (2n4-2042841), 


28422-11429 —28-En)T 4 20-4) 
(F042) 00 24n)! 


(2n4-2a—2f 4-1). 


len? = 
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If 0 < [kj < oo, we cannot expect so close an analogy with the 
results of Case 1. In this case, the solution of Lo = Ao satisfying the 
boundary condition A,({) = kA. (f) at £ = 1 may easily be seen to be 
p = (y—kr), where y (where z) is the unique solution of Lo = Aa of 
the form (1+#)*(1—t)(1+ ...) (of the form (14-£—1£) “(+ .. .)) 
in the neighborhood of t= 1. The eigenfunctions can consequently no 
longer be polynomials. If we pul 


AEA) = (412 Ft B+ y4-1/2, 
ot BH 1/2—ys 14-205 (1-3)/2) 
as in Case 1, so that g(t, 4) is the unique solution of Lf = Af square» 
integrabie in the neighborhood of t — —1, we have, as in Case 1, 
| gear og) + 22) 
TOdetB ret) 


The solutions y and z are conjugate under the substitution f > —fi; 
thus 


Q0 —2)Wigt, 2), ytt, A) = 


2284101 28) 0-4 2a) 
Tt Byte BY 


The eigenvalues J, are consequently the successive roots of 


Q—£)Wigtt. 2). Hf. 2) = 


27 TU-E2f) Tü—2) 
Tatay WG tot y) Tü-ko—-B—r M Ga Era 


= (,4-1/4)5. The corresponding orthonormal eigenfunctions are 
eun ¢,@(t, À,), where c, is a normalization constant still to be 
determined. Reasoning as in Case 1, we see that |c, = K,/e,, where 
Kk, is the residue of {(1—#)W(g, p)) 1 at A = À, and where e, is the 
coefficient in the equation g(t, À,) = „plt, A,). If 
Q —e)W(ett, A), ptt, 2)) = WO), 
then k, = (W'(2,))-5 since 


2?T'-4-28) 
Waa) — gea Se re rere weer? 
5 recens ati n Ten] 


kerap) » s 
^ Tüde-B—n MW +0—B+y7) 


we have 
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wan) 
bce L2 P 
THa- yd tat Hya) 
EGtatf—y i tatty) 


= 2?T(24-1)y,* [2 


ra-26) 
Ttaf- Weta PO 
&-co-9—))—: 531]. 


— ka-8 


where £(z) = P'()/T(z) is the logarithmie derivative of the T- 
function. Thus the constant k, — (W'(4,))? is determined. To 
determine the constant &, note that we have 


Plt An) = est, 2, )— e kr(t, An), 


64.) = arya- r z) 


Ht, Ay) = OHU FF Cz) 


in terms of the notations used in Case 1. Thus «, can be deter- 
mined from the knowledge of the coefficient & in the equation 
F,{t) = eF (1—1)+-'F}(1—4). To determine this coefficient, sup- 
pose momentarily that f < 0, so that F}(0) = 0, and hence by [4] 
e= FAQ) = Flat Bt+y+ obf My $3 14 205 1) 

_ T+ 20)P(—28) J 

TG-o-8—/Y' Gray) 
by analytical continuation, this must hold for f > 0 also. Thus 


F1 4-244 ( —28) 

En : 

T(a-B—) Gay.) 
We have consequently expressed the orthonormal eigenfunctions ¢,, 
in closed form in terms of hypergeometrie functions, the roots y, 
of the equation determining the eigenvalues, the gamma-function and 

its derivatives, 

Finally, let us make a brief examination of Case 8. Here we have 
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four boundary values, two at +1 and two at — 1. It is easily seen that 
if, for 0 <a « 2, we take the boundary values 


Bf) = lim (e? f'(e—1)—az"f(e—19. 
E0 


B_{f) = lim (e? P(e—1)+as fle—1)}, 
£20 
in addition to the boundary values A, introduced in the course of 
analyzing Case 2, we have a complete set of boundary values. It may 
be seen by arguments similar to those used in Case 2, i.e., by use of 
XIL4.24, that 
(A d —GBY(A,0)4 )—A (AEN 
— G2) *(B,U)B (g)— BU) BE). 
In this case the set of all self adjoint restrictions of 7,(L) depends on 
an arbitrary 2\ 2 unitary matrix, and hence on four real parameters. 
We shall consequently not do more than examine a few of the simpler 
special cases which arise. 
First of all, if we impose the condition B, (f) = 0, and a second 
condition at £ — +1, the unique solution of Lf = Af satisfying the 
given houndary condition at —1 is, just as in Case 2, 


9(& 2) = (4-3 ray F(Eecrtty bte i-r 3422: n) 


y = (A41/4)*. Thus the calculations for the boundary condition 
B,(f) = 0 are much the same as the calculations for Case 2. In 
particular, the houndary conditions B,(f) — 0, 4,(f) — 0 give us 
eigenvalues A, = (n-ka-B--1)n--«-B) and normalized eigen- 
functions ¢,¢(4, 4,). jc, ? being given hy the same formulas as in Case 2. 

All the ahove sets of boundary conditions are separated. An in- 
teresting self adjoint set of mixed boundary conditions is the set 


A) = B_(f). A () = — BG). which we study in the case a = ff. 
Let the corresponding restriction of 7',(L) be denoted as T. We have 
A4) = — B_(g) and A_(/) = —B,(g) if f(z) = g( —t). Thus if f is in 


Q(T). the function g(t) = f(—t) is also in D(T). Since Lf — Lg. the 
even and odd parts of an eigenfunction of T are eigenfunctions of T. 
An even eigenfunction of 7 satisfies 4,(f) — —B_(f) and A (f) = 
—B,(f) in addition to the boundary conditions 4,(f) — B. (f). 
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A (J) = —B,(/); thus 4,(/) = 0 = B (/). Conversely, if 4,(7) = 0 
= B. (f) and f is even, both boundary conditions defining (T) are 
satisfied, Thus the even eigenfunctions of 7' are the even functions 
satisfying the self adjoint set 4,(/) = 0 = B. (f) of boundary con- 
ditions and the equation Lf = 4/ for some 4. By our previous analysis, 
these are precisely the even functions among the set of all functions 


galt) = aA HFF F( mn tao; 14205 5), 


21 4-42-2)(2nd-421 ) 
Qa +22)? nt 


Now, if A4,(/) — 0 = B.(f) and g(t)=f(—2), then 4,(g)=0 = 
B. (gy thus, if f is an eigenfunction of the self adjoint restriction S of 
T (L) determined by this latter pair of boundary conditions, so is g. 
Since, as we have seen, every eigenvalue of S is simple, it follows that 
every eigenfunction of S, i.e., every function g, in the formula dis- 
played above, is either even or odd. Since the polynomial 
F( —n, n4+4a-41, 1-422, (1-H)/2) is of order n, it must consequently 
be even for even and odd for odd n. Thus, g, is an eigenfunction of T 
for even n, but not for odd a. A sunilar analysis of the odd eigen- 
functions f of T shows them to satisfy 4 (f)— O = B,(f), and 
consequently to be precisely the functions 


iP = 


Falt) = RA HFA 4) * »( 2,142431 2a. +). 
24-1 T1 —4a-+-n)2n—4a41) 
(FO —2x)*»t : 
for n odd,» = 1. Thus, the eigenvalues of T break into two sequences 
A, = (n+4a41 Yn-4-4a), n even, n>O 
X, =(n—40 H n—4z), nodd, n 20, 


with corresponding orthonormal functions p, (7 even) and g, (7 odd). 
Next we turn to the analysis of the operator 


d d 29 2 
L-1- (Je 
dti di; 14H dl—i 
on the interval (1, o»). We assume here that f) is positive but Jet « be 


AS 
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real or pure imaginary. As above, we see that the exponents of L|, —4 
at —l, +1,00 are +a, +f, and 1/2+y respectively, where 
À = 1/4—+*. Putting yo = 1/2+7 so that A, = 1 +, we see that the 
equation (L, —4,)f has one solution of the order of £717 as t > oo and 
another which behaves like # as t > oo. The solution at Ay = 1—i 
is exactly similar, Thus, by Theorem X1L4.19, Z,—d has precisely one 
solution belonging to L,(2, oo) for each non-real 4. Thus two cases 
arise. 

Case I, B 21/2. Here the deficiency indices of L, are zero, 
so that no boundary condition need be imposed, and L, leads to a 
unique self adjoint operator in E,(1. oo), which we continue to denote 
by the symbol L,. 

Case 2. 0 SB < 1/2. The deficiency indices of L, are 1, and 
a single boundary condition at +1 must be imposed in order to get a 
self adjoint operator in Hilbert space. 

Let us consider Case 1. If y is pure imaginary, y = ip, i.e, if 
À Z MA, then (Z,—A)f has two linearly independent solutions which 
behave at co Iike£ 5^; thus, no solution of (L—2)f = 0is in Z4, co). 
Consequently, the point spectrum of L, is confined entirely to the 
region A < 1/4. In this region, (Z,—A}f = 0 has one solution of the 
order of 1-—* and one of the order of t-+7; so that there is a one 
dimensional subspace of solutions square-integrable at infinity. By 
the reasoning applied above to the operator L on the interval 
(—1, +1). then å is an eigenvalue if and only if (Z,—A)f = 0 has a 
solution c of the form (z—1)/( 4-2) 7-7 P(( 4-t)/2), y being taken 
as the positive square root of 1/4—2, and P being a polynomial. 
It follows by the transformations of dependent and independent 
variables outlined at the beginning of this section that ø is a constant 
multiple of 


" 1 
(—21Y0 4-075775 Fre Btoatytis 27H; u) 


Thus 4 is an eigenvalue if and only if B—a+y+1/2 = —n, n being a 
non-negative integer, and y a positive real number. (Note that 
B+a+y-+1/2 can never be a non-positive integer, since a, f, y > 0.) 
If « is non-real, this is impossible; if « is real, we have orthonormal 


eigenfunctions 
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2 
c tI PHY Fr. —n-r-2o5 2x—2f— ROTER M 


where 0 <n <a—f—i/2, and where c, 1s a normalizing constant 
still to be determined. Thus, we have only a finite number of eigen- 
values (a—f—n)4-1--f—a). 0 € 2 <a—f—1/2. The normalizing 
constants c, could be determined directly by the general method used 
in studying L on the interval (—1, +1); but in the present case they 
may also be determined from the information gained from the study 
of L by the following elementary substitution. The constant |c,[? is 
the reciprocal of the integral 


2 
ipf ü— sat F(- Loc 2098 — Bis +) dt. 


Make the substitution 
zs —4 
2 ria 3:3 20 8) ds a, 
itv 2 lbs (+s? 


to obtain 


I = erini y 

+ Lts 

Í Aspro t p(n. —n 42a: 2a—2f8—2n; 3 UP a. 
EST 


In normalizing the eigenfunctions of L above, we established the 


equation 
2 
=) ds 
2 
22:50 (PHa) rA +2b+n)nt 
P04 20-4+25-4+)F0 4-225 (2n 4 2a4-2b41 

Thus, putting 2«—2f—2n = 2a-F1 and 2n42a+2b+41 = 20, we 
find 

, RA HT (2a —28—2n)P rU +2p-+n)nt 

al (2a—n2)(2z—28—14) * 

Thus the discrete spectrum of L is fully analyzed, and we turn to the 
analysis of the continuous spectrum. 


" 
J +s) s)” F( —n,n-p2a4-2b413; 1422; 


E 


le = 17. 
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First let us determine the location of the continuous spectrum, 
By Corollary 7.4, we may consider the end points # — 1 and 1 = o 
separately. Since our operator has two boundary values at # = 1 for 
0 x B « 12 and is evidently semi-bounded below on any interval 
(1, c], c < oo, and increases with increasing fj, it follows from the 
comparison theorem (7.84), and from Theorems 4.1 and 4.2, that the 
end point £ = 1 contributes nothing to the essential spectrum for any 
B. Since in the present case fz"p(t)-*dt = oo and 

Jim +30") 2 oT? WP) 

jco 

in FOP Ay (20) — i 

it follows from Theorem 7.66 that the essential spectrum of L, is the 
region å > 1/4 of the real axis. Thus the spectrum of L consists of the 
eigenvalues listed above, which He in the range À< 1/4, and a 
continuous spectrum covering the range A = 1/4. We wish to find 
explicit formulas for that part of the spectra] resolution of L cor- 
responding to the continuous spectrum. 

Let us agree that the quantity y = {å} = (1/4—4)** is to be 
taken for (4) > 1/4 as that square root with Fy > 0. Thus »(4) is 
an analytic function of 4 in the half-plane @(A} > 1/4. We have 
My) > 0 if $2 > 0, Ay) <0 if $4 <0. Let S, be the unique 
solution of the differential equation Lo = 4c which is of the form 
£-1847(1+c/t+ . . .) in the neighborhood of  — co, and let S, be the 
unique solution of this differential equation which is of the form 
2:(t Y 0 Ee (11 )- . . .) in the neighborhood of # = 1. We have, 
by the changes of dependent and independent variables outlined at 
the beginning of this section, 


1—t 
$,— (HA V ren bts 1428; >) 


2 
S.= (APU Hyr F(b-atrth Btatyt iets iJ 


1 PI 


All the solutions S,, S}, S_ consequently depend analytically on A for 
&(A}> VA. Since any one of these three solutions is linearly dependent 


8. = iy aer (o a— b f Hily 
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on the other two, we have a relation S_ = k,(2)S, --E,(4)S,. the 
coefficients k, and kg being analytic functions of 4 for A(A) > 1/4. 
Let us use S, and S, as a standard basis for the solutions of L,c = As. 

Now, S, is square-integrable in the neighborhood of t = oo for 
FA > 0, and S. is square-integrabje in the neighborhood of t = co 
for f1 > 0. Thus. by Theorem 3.16, the Green's kernel K, is given by 


Sgt, 15.5. 2) 
(£—0WiS,, B.) 
Salt, 4)8 (s, 4) 


= (FAN. EY ics JL «0, RA 2 14. 


Kj s) — i5 $20, JA — MA, 


In terms of the basis Sg, S, we have 


k,(2)5,t4, 2)5, (s, 2) 4 EAA)Sglt, 2555, 2) 
EARS p S.) — (1) WS, 8.) 
<S, $< 0, Ri > tf. 


Ky 8) 


Thus, in the notations of the Titchmarsh-Kedsira theorem (5.18), 
i 
EI WSs. S.) 
Yn4U)— 09 pf f4}=0 4220, 42242145 
: zaz DD 
WS, 8) eas, Sy 
YXn40)—0. 7 f4}=O FA <0, A14. 


Ys U) yg.) = 0, 


Yg 4) 


Thus from Theorem 5.27 and the fact that all our quantities are 

analytic even on the real axis we have p, , = 0, p, 4 = 0 (so that 

Pp. = 4,5 = 9 also). and 

1 kal} 

Pp, gle) ear MOY ir 
i}, (—19W(S,, S ) 


2A = 
Fmi) aei kG), 5) 
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Now we know that (@—1)W(S,, S ) is constant, and since in the 
neighborhood of £ = œ we have (2—1)W(S,S )-— —2y, we have 
(£—1)WUS,, S ) — —2y. To evaluate the constant kg we argue as 
follows. By the transformations of variables outlined at the beginning 
of the present section, the function 


(yay rers Ey tear 1426 r) = sn 


is a solution of the equation La = Ac. It is, moreover, regular and of 
the form 2-77-*(—1Y(3-Fc(£—1)H- ...) in the neighborhood of 
£=1. Thus 2:398 = Sy. We have S = LS,-HLS , where, for 
Ry <0 we may put t= œ to obtain 

i, = FUI2-4-y +h +a, Y2+y+h—as 14-28; 1); 
by analytical continuation, this must hold for 2y > 0 also. The 
involution y > —y interchanges S, and S . and maps Sọ into itself. 


Since 2**+#+y+1§ = Sp, this involution multiphes S by 2?7, Conse- 
quently, we must have 


L = 27 Php t+ B+0. 35—y tha: 14-28; 1), 
Since kgSp-th,S,, = S_, we have ky — (DHK JA, k, — —LL s 


so that -Ki/k, = (24422741 |. yA, Since for 4 real, 4 > 1/4, y is 
pure imaginary and fy > 0. we have 
BREATH 1, = PPAR ty +B to, By Bos 14263 1), 
Pa, ele) = 

suni f G+ 8-7 G48 -p-a sinh 22V3—7 9 
Car+ J. @-}) 
and y = i VA—1/4, for subsets of the continuous spectrum 4 > 1/4. 
This completes our analysis of the operator L, in Case 1. Jt is, however, 
interesting to summarize the result that has been obtained and to 
rephrase it somewhat. 

For simplicity in statement, we consider only the subcases of 

Case X in which L, has a pure continuous spectrum but no point 


spectrum. The reader will have no trouble in formulating the general 
result pertaining to Case 1. 
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THEOREM. Let L, be the formal differential operator 


22 — ofi 
Spy ——— 
h= T 5 lt 1? 
on the interval (1, co). Suppose that $ = 1. and either that a is pure 
imaginary or that « < B+8/2. Then L, has no boundary values. and 
hence determines a unique self adjoint operator which we continue to 
denote by the symbol L,. If y(t, 4) denotes the function 


yl, 2) = 277 Sr 4 2B +B y Hah Gt By a? 
(= 22(4—1/4y A 
3-1/4 ) 


x (1? F(eeter eet 1-26; =). 
then the limit in mean 
(WA) = SN vtt, Ad 
zaoo Ji 


exists for each f € L(1, oo), and determines a unitary mapping of 
LQ, oo) onto L(1/4, oo). The inverse of V is given by the formula 


(Way = Lim. [^ pe, aya. 
pe) 
If F(L,) is any Borel function of the self adjoint operator L,, then 
VE(L,)V- is the operation of multiplication by F(-) in the space 
L,(1/4, co). 

Rather than continuing to give a study of the formal differential 
operator L in Case 2, we shall pass to the study of another equation. 
Tn the Euler integral [4], put z = £/f and let 8 > oo. obtaining in the 
limit the entire function 


TG) p 


-YI | eane dt, 
Toya or 


[5] D(a, yi 2) — 
fk 090, Ry—a«}> 0; 


the so-called confluent hypergeometric function. This same process 
applied to the series [2] yields 
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alat) e 
2i} 


[6] Darase E 
so that O(a, y; z} is aualytic in all three of its arguments for y not a 
negative integer. The same process applied to the hypergeometric 
equation [1] shows that (a, y;z) satisfies the confluent hyper- 
geometric equation 

m z 3) 47-2) 0-a =0. 

This equation has singularities at zero and infinity. The singularity 
at zero is regular, with exponents 0 and 1—y. The singularity at 
infinity is irregular, of type 2. To deal with the confluent hyper- 
geometric equation we must consequently use some of the theory of 
equations with irregular singular points, It is most convenient to 
take the equation Lf = (d/dzYf 4-p(zY(didzyf 4-g(z)f = 0 to have an 
irregular singularity of order (or type) k > 1 at infinity; the resulting 
theory can then be carried over to irregular singularities at a finite 
point z by the substitution z= 2 +i/w. Let p(z)— z"3P(x), 
qiz} = 2%-2Q(z), so that the quantities P(z). Q(z) are regular at 
infinity. Then the equation ((k—1)xJ*--P(oo)(k—1)«-4-Q( 00) = 0 
is called the characteristic equation of D®{+-p(z)Dftq(z}f = 0 at 
infinity; the roots (1, £2 of the characteristic equation are called the 
first characteristics. We assume in all that follows that £1? £0). The 
lines through the origin along which the quantity (22) —£ jè- is 
pure imaginary are called the Stokes lines of the differential equation. 
In any closed angle not containing more than one of the Stokes lines, 
the differential equation has a solution whose behavior at infinity is 
expressed by an asymptotic series 


(exp Ufa oper. $a eye h +54 £ Foy j 


and a second solution whose behavior at infinity is expressed by an 
asymptotic series 
p 


(exp C1 Hoa e Ls. Lx) h rt aha. |. 
z 
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These asymptotic relations hold as [2| > co uniformly in any closed 
angle not containing more than one of the Stokes lines. They can 
consequently be differentiated arbitrarily often. The quantities 
£89, 2), . ... £070, e, are called the second, third, etc., characteristics, 
belonging to the first characteristic £f), and the exponent belonging 
to the first characteristic ZjP, respectively. The quantitles 719), 
2, ....€ are denoted similarly. The ordered sets (2, 2%, ..., 
EED, e], i = 1, 2. are called the characteristic sets for the irregular 
singularity at infinity of the differential equation. The characteristic 
sets and the coefficients in the corresponding asymptotic series are 
uniquely determined by the differential equation, and can be found 
sunply by substituting the asymptotic series into the differential 
equation, and solving the resulting sequence of algebraic equations 
for the coefficients. The first of these algebraic equations, which is 
simply the characteristic equation of the differential equation, 1s 
quadratic; all the succeeding equations are linear. If we find the 
differential equation Z'f' — 0 satisfied by 


f — (exp COE... Eye, 


f being a solution of the original differential equation Lf = 0, we find 
that Lf has rational coefficients, and an irregular singularity at 
infinity with characteristic sets ({429, ..., 20970 p pen, e+e], 
i= 1, 2. If z2(w) is a rational function of w of the form 


se(i ee... s21, 
w u? v 

in the neighborhood of infinity, then the differential equation 
L"[" = 0 satisfied by f"(w) = f{z(w)) also has rational coefficients, 
and has an irregular singularity of order ks at infinity, whose 
characteristics may easily be determined by substituting z = ziw) 
in the asymptotic series for f. In particular, if z — aw, then ks = k 
and the characteristics of L” are 


fo gP,..,a Mel, t=1,2 


It should be noted that in any closed angle not including any of 
the Stokes lines of our differential equation, #22!) and AE H-1) 
will stand in a fixed inequality to each other: say 9 jDz*3) < 
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ACMA), Then in this angle any solution of Lf = 0 whose asymp: 
totic expansion begins with the factor exp (C1) is exponentially 
small (as [z| > co in the angle) relative to any solution whose asymp- 
totie expansion begins with the factor exp (2112531), Thus, a solution 
("small solution") with the first kind of asymptotic expansion is 
uniquely determined by its asymptotic expansion; while a solution 
("large solution") with the second kind of asymptotic expansion is 
not, since We may add any small solution to it without affecting the 
asymptotie expansion. 

The confluent hypergeometric equation has the characteristic 
equation «?—a = 0, so that ¿{® = o, 2) = 1. Thus the Stokes lines 
for this equation are the positive and negative imaginary axes. Trying 
solutions of the form z-^(1-Fejz4-...) and e*z-*(1 pez...) we 
find e, — a, e, — y—a. Let an arbitrary differential equation Lf — 0 
with one regular and one irregular singularity be given; let the 
characteristic roots of Lf — 0 at its irregular singularity be distinct. 
We will show that specification of the regular singularity and its 
exponents. and the irregular singularity and its characteristics and 
exponents, determines the equation uniquely. First note that, making 
an appropriate fractional linear transformation of the independent 
variable, we may suppose without loss of generality that the regular 
singularity is at zero and the irregular singularity at infinity. Then, 
multiplying the dependent variable by a factor &?*z*, we may suppose 
one of the exponents at the regular singularity and one of the first char- 
acteristics at the irregular singularity is zero. Then if our equation is 


p+ (6+2)pr+ (6-5 +5) 1-0, 


we must have 6 = ¢ = 0. Making the change z = kw of independent 
variable, we may suppose that the first characteristics at infinity are 
zero and 1; so that f = —1, and our equation is the confluent 
hypergeometric equation zD*f 4-(y—2)Df—af = 0, whose charactens- 
tics are (0, a), (1, y—«). This proves our assertion. It follows, more» 
over, that the sum of the four exponents of an equation with one 
regular and one irregular singularity, and with distinct first character- 
istics at the irregular singularity, is one; but that the exponents and 
characteristics are otherwise arbitrary. 
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The fact that there ıs just one second order linear differential 
equation with regular singularity a having exponents o,, &, and 
irregular singularity b of type 2 having characteristic sets [Z,, e,]. 
Io. eg] enables us to introduce the symbolic notation 


a b 
Ol a Ere]: 2 
Og Eas ej] 
to denote an unspecified branch of the (in general multivalued) 


function which satisfies the differential equation in question. If we 
wish to indicate & specific branch of this equation, we may write 


a b 
«( Oy Erel: z ) 


[7] Eas es] 


for the (uniquely determined) branch which has the asymptotic form 
{z—a)"(1+-e,(z—a)+ ...) at the regular singularity z = a of our 


equation, and 
a b 
L4 E Enel: z 


az Es es] 
for that branch which has the asymptotic form 
exp Eí(s— b) 3(z—bY( +E, (z—8)4+ ...) 


in some previously specified angular section of the neighborhood of 
z = b not containing more than one Stokes line. If the angular sector 
contains at east one Stokes line, this branch is uniquely determined. 
If the angular sector contains no Stokes line, then the real parts of 
£,(2—b)" and Z,(z —b)! will stand in a fixed relationship of inequality 
throughout the sector; in this case, only the branch corresponding 
to the asymptotic expansion containing that one of these two ex- 
pressions with the smaller real part is uniquely determined. 

It is nearly evident from the symbolic notation and the principles 
governing changes of variable explained in the preceding paragraphs 
that 
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0 eo 0 eo 
of 0 Io, »] 1+) =eo o cines) 
i—« [La—y] i—« [0,a—y] 


0 œ 
= e 0 ay] E 
i—« iy] 


etc. Such changes of variable will be used frequently (although 
implicitly) in what follows; in each case thcy will follow readily ifonly 
the calculations are made in the symbolic notation that has just been 
explained. 

If Ra > 0, Z(y—a) > 0, so that the integral formula [5] is valid, 
we may make direct asymptotic evaluations of @(a. y; z) as follows. 
If jej >œ, (—2) remaining in a closed angle jarg(—z)| <x/2—e 
contained in the open right half-plane, the integral [5] differs by an 
exponentially small term, ie, by jf 4(1—2)7-* edt, which is 
dominated by 


1 
eR) jit) Ndi = Ofexp(Jlal sin £)), 
E 
from the integral 


Ty) bi 
Po yt eta) gy 
Tone CP 
T' 


hee wf £772 dt t+ Ay, 
rs e 


where A, = Otfg eet *° dr) = O((lzl sin 2?) = Ole). 
Similarly, the integral on the right of the equation last displayed 
above differs by an exponentially small term from 


TO) faa TO) 
Pie. ux gc) di = 5. ¢_zy, 
Tayo ^ Ty C 7 
thus 
I8] Bo, p: z) ~ Ro (-ay% dioe. jargi) S24 
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in any closed angle of the open left half-plane, provided Za > 0 and 
R(y—a) > 0. We wish to remove these restrictions. To do this, note 
that it follows immediately from [5] that 


[9] 2 96, yz) =Ž 0+1, y+; 3). 

dz Y 
Thus, if @(«, y; z) were exponentially small in the left half-plane for 
any values of a, y; O(a+-7, y-+n; z) would also beexponentially small 
in the left half-plane; and, if y —« > 0, we know from our asymptotic 
formula [B] that this is impossible. Thus we must have 


Pla. y; z) ML 


ko, yX—2)* 
—«) 


in the left half-plane for Z/(y—a) > 0; where k(a, y) = 1 for a > 0, 
but must still be determined for « X 0. Using [9] we get 
TO) 


Fo ag e nomm 


(e, yH e)a 
Y 


thus k(c-4- Y, y4- X) — k(«, y); so that K(«, y) = 1, and the asymptotic 
formula [8] is valid for A(a—y) > 0. The function e*G(y—a, y; —z) 
is regular at the origin, and is a solution of the equation with exponents 
0, 1—y at zero, and characteristic sets (1, y—«), (0, a) at infinity; 
ie, of the confluent hypergeometric equation. Thus 


noj D(a, y; 2) = EF Ply—a, y; —2). 
Using [10] and [8] together we find 


DONAR = Rm 
(3) Pe rio Fe ^ g eo, larg 2] S 5 E 


provided that c > 0. Then, using [9] just as above, we find that the 
condition c > 0 is superfluous, so that [11]. and hence [8], is valid 
for all «, y; provided only that y is not a negative integer. 

Let us now take the formally symmetric formal differential 


operator 
B=- (2) 4. 
dt, p 
and subject it to & spectral analysis. 
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The equation (B—24)f = 0 has a regular singularity at 1 = 0 
with exponents 1/2 +k, and an irregular singularity at co with 
characteristies [+iV/4, 0]. We have, consequently, two boundary 
values at zero if #k < t, and no boundary values at zero if Zk > 1. 
For simplicity, we shall confine ourselves entirely to the latter case. 
For the sake of simplicity we shall also assume that 2k is not an integer, 
so that (B—A)}f = 0 has solutions S, of the form :1/2:*(14- ...) at 
t = 0. By the transformations of dependent and independent varia- 
bles outlined above we have 


S,(t, 2) = BAe HOE LK, 84 2k; 2i), 

S (1,4) = BP + eH OG —k, Y 2k Zit), 
where p= AU*. Let 44 70; then, by the asymptotic formula [8], 
PQ+2k) 
TEFA 


TO—2k) 
Tü-H 


S. lt, 2) m~ e^r(— 2iu 12, 


S (4,2) ~ ete —gigy M, 

where —2iy is in the right half-plane and we take the principal value 
of its logarithm. Thus, not all solutions of (B—4)f —0 are square- 
integrable at infinity, so that by Lemma XIL4.21, Corollary 2.23, 
and Theorem XIL4.18, B has no boundary values at infinity. Thus 
T,(B) has one single self adjoint extension, which is simultaneously 
its closure and its adjoint: 7; (B). For simplicity in notation, we shall 
write Z,(B) simply as B where no confusion can arise. For f in 
S(T,(B)), we have 


(Bf. f) -f { vos i2 wo) a 20; 
0 


since 71(B) is the closure of 7,(B}, we have (Bf, f) = 0 for all f in 
SXT,(B). Thus 7,(B) is positive, so that by Lemma XIL7.2, 
c(B)(— c(7,(B))) lies entirely on the non-negative portion of the 
real axis. If 4 — 0, the solutions of the equation (B—4)f — 0 are 
£/*:* so that no solution is in L,(0, o0), and å = 0 is not in the point 
spectrum. Hence, the spectral measure E((0)) of the single point 0 is 
zero. Thus, to give a complete spectral analysis of B we need only 


1584 XII. ORDINARY DIFFERENTIAL OPERATORS XIIL8 


consider that part of the spectrum lying on the set A > 0. From the 
asymptotic expansions for S, and S | given in the second display 
formula above, it follows that the solution 


TOR+k) 
TQ+42h) 
| Tank 2 
-Ta-aj 230778 A) 
= e, 8,0. 2) + c (038. (4, 2) 


of the equation (B—A)Z = 0 is O(e ^^) as t + oc. Since the character- 
isties of (B—A)f = 0 at infinity are [--iy, 0], so that every solution 
of this equation is either asymptotic to a constant multiple of ef^* 
or to a constant multiple of e-*2* (if p is not real), we must have 
Xt, A) = O(e*) as t > oo; thus Z(t, A) is square-integrable at infinity. 
Thus the Green's kernel K,(t, 4) is given for 4 > 0 and t < s by 


2a) = (—2ip 729 5 (t, 2) 


5,(.,2)2€5,2) — 8,0, ATs, 2) 
Kilt. > 
a= TSB) WERE) 
according to Theorem 8.36. Now, W(S, (t, 4}, S_(, 4)) is constant; 
and since 
W(S,.(t, A), S (t, 2) — (GHEE nn — ( genns sg 


att = 0, we have W(S,, S ) = 2k. Thus, by Theorem 5.27, we have 


—=p4=p_-=% 
c, (A ie) 
Ped = in t lc Q- Fic W(S, (4, Aih S (5, xul a 


x Dloek)ra-azk) A " 
Ren mma NA 


_ sin ka P'j2-- E) —2k) 
© 2ak PO[2—kM (142k 
Using the formulae P'(x)f'(1—2) = asin zz, and 


Guy di. 
f 


Tez) = gata reve, 
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we have 


1 
p = esr rig |, 


It is interesting to rephrase this result somewhat. If we put f,(ut) = 
Fults p) = ph (R44) S(t, A) then Theorems 523 and 5.24 
show that 


(192 = tia [^ gute weet 


determines an isometric isomorphism of L,(0, oo) onto itself whose 
inverse is also Hp. If we let £3/? 7, (t) = J,(£) to bring our results into 
conformity with those of Theorem XL8.84, we obtain the following 
result. 


THEOREM. Let f be in L,(0, 00) with respect to Lebesgue measure. 
Then the limit 


R 

gle) = Lim. Í (ray Jutrsofrydr 
Roo Jo 

exists in the norm of the space L,(0, co), and the (Hankel) transform 

Hy f > gisaunitary mapping of L,(0, 00) into itself whose inverse map 

is also Hy. 

We learn from Theorems 5.23 and 5.24 that H,BH," is the 
operation of multiplication by 4 in Z,(0, 00}, which makes it evident 
that B has no point spectrum, but has a continuous spectrum covering 
the interval [0, co). 

The function J, is (by the change of dependent variable outlined 
above} the unique solution of the Bessel equation 


BJ) = 2 G + (6) 4 ee) J=0 


which 1s of the form (t/2}{r(k+1} (14+ ...} near the regular 
singularity at zero, Applying the differential operator B, to the 
function (1/27) f8" "5-512 49 of Theorem XI.8.23, we get 
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yp 
L| eesin 8 (gt cost0—iz sin 6—52)26 
andy 


zt vn (En z cos 6)et00- «m OF} dO = 0. 
2zJ, d6 


Expanding (1/27) [217975125136 in a power series, we find its lowest 
non-vanishing term to be 


1 27 gib — = 1 
za jt a] edo = ^ yrs 


1 
— | ettro-eamergg — J, (2), 
2a Jo 


so that 


and the above theorem is a direct generalization of Theorem XL8.23 
to non-integral values of the parameter k, 

As a final example we shall give an analysis of the formal 
differential operator H = —d/dt*#4# on the interval (—oo, +00). 
Since H—A is invariant under the substitution z > —z, we are 
tempted to write its solutions f(z) as g(2); doing this we find that 


42g (s) —2¢'(x2) 4 (22@—Ajg(2*) = 0 
so g(w) satisifes the confluent hypergeometric equation 
dwg” —2g' + (w—Ajg = 0, 
with exponents 0, 1/2 at zero and characteristics +1/2, 1/4(1+A). 
Thus, (H—2)f — 0 has a solution asymptotic to efr ORAH as 
t -» co, so not all solutions of (H—A}f = 0 are square-integrable in 
the neighborhood of t = œ, and there are no boundary values at 
infinity. By the symmetry ¢ -> —t there are no boundary values at 


— 00; so that the sole self adjoint extension of 7,(H) is its closure, 
which we denote by H. Since 


(Hf, f) =f" {FOP +O zo fe DTH), 


it follows (as above) that H is non-negative, so that c(H) lies entirely 
on the positive real axis; by Theorem 7.16(a), o(H) consists of a 
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sequence of discrete eigenvalues approaching infinity. By the trans- 


formations of dependent variables outlined above, we see that 
(H—24)f = 0 has solutions 


Sata = Fn H ^5 e) 


A8 
EX a-etme( — c D 
42 


the first being even, the second odd. Since 


Tap). 
~~ eff24- 0/2043) 
S,(t, A} Tanam" t! a Af1+4n, 
as t> +00 and 
TG) . 
8, we eee pen, — 4 Altin, 
«5 2 ~ risa aa Zl 


as t > +œ by the asymptotic formula [11), the only possible eigen- 
values are A= 4n--1, n=O and å = 4n—1l, n 21; and since 
€( —k, a; x) is a polynomial if k is an integer, these values are eigen- 
values, with corresponding orthonormal eigenfunctions 

c, € FPO n 1, P), A—4ndl n20, 

c, € 1 (1—n, $8, Aà—an—l nl, 


To determine the normalization constants c,, note that 


TQ/4—A4)S, — F(A8—242)5, 
* Tu) T(8/2) 


is O(e*??), for t > oo, and 


Paja—ajays, | F(—1/4—4/4)S, 
BENT T(3}2) 


is Ofe’) for t > co. Thus, since W(S,, S,) = 1, the Green's kernel 
K, is given for t < s by the formula 
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S(0S,0) — lüa4—44) 

W(S,S,) F(—]4—44) 
T(C—14—234/4) 
T ATA) 


K(t.s) — S.S.) 


5,95,(5)— 18,05, (5)--15,(0)5,()- 


Using the remarks following Theorem 5.16 we have, consequently, for 
the normalization constants c, and c, the formulas 


4(—1) AP(n4-3j2) 
nT(——12) anl : 
(D° TD(neii) 

nM(Qüj—^») a - 


lex]? 


Ie, [2 = 


9. Exercises 


In the present section, we give a number of connected sets of 
exercises dealing with various aspects of the spectral theory of 
ordinary differential operators. The present section is divided into 
ten subsections; for the convenience of the reader, we list here the 
topics dealt with in the problems of each of these subsections: 
(A) General; (B) Nonselfadjoint Operators; (C) Semibounded 
Operators; (D) Minimax Principles; (E) Differential Operators in 
the Spaces L,(I); (F) The Sturm-Liouville Operator, I; (G) The 
Sturm-Liouville Operator, II; (H) The Sturm-Liouville Operstor 
with Integrable Coefficient; (I) Spectral Analysis of Special Dif- 
ferential Operators; (J} Miscellaneous. 


A. General 


Al Let x be a regular forma] differential operator on an interval 
I. Prove that 7,(r) is a dosed operator. 

A2 Prove that every extension of the operator 7,(r) obtained 
by the imposition of boundary conditions is a closed operator. 

A3 Letz be a regular formal differential operator on an interval 
T. Prove that the point 0 in the complex plane fails to belong to the 
essential spectrum of z if and only if every closed extension of 7,(z) 
maps bounded closed sets into closed sets. 
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A4 Let v be a regular differentia] operator on the interval 
[0, co). Prove that a complex number å belongs to the essential 
spectrum of z if and only if there exists a sequence {f,} of functions in 
Q(T(z}) such that |f,| = t, f, vanishes in the interval [0,7], and 


lA 2-9 


as n > co. 

A5 Let v be u regular formal differentia] operator on an 
interval 7. Suppose that for every finite set f}, fa» . - -> fn in D(Tq(1)) 
and for every € > 0 we can find a function g in S(T,(z)) which is 
orthogonal to the functions f, and such that 


I@—z)gl < elgl- 


Then the point A belongs to the essential spectrum of r. 

A6 Let r be a regular formally symmetric formal differential 
operator on [0, o0) with equal deficiency indices, and let å be a real 
number. Prove that the distance from å to the essential spectrum of c 
is less than or equal to K if and only if there exists a sequence f, in 
D(Lo(z)) such that 1f,| = 1, f, vanishes on the interval [0, n), and 


larh s K. 


A7 Let z be a formally symmetric formal differentia] operator 
on [0, co) with equal deficiency indices. Prove that the essential 
spectrum of z js void if and only if for every sequence {/,} in D(7(z)) 
such that |f,| = X and such that f, vanishes in the interval [0, n] we 
have 


Tefal > © 

as n > oœ. 

AB Let v, and z, be formal differential operators on an interval 
I, all of whose coefficients are identical except on a compact sub- 
interval of I, Prove that the essential spectra of z, and v, coincide. 

AS Let v be a formal differential operator on the interval 
[0, co), and let C, be the smallest closed convex set containing all the 
values 


(2f. Plte DT) ft = 0, 0 St Sn}. 
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Prove that the essential spectrum of z is contained in the set 

eo 

nc. 

nel 


AiO Let r be a regular formal differential operator on an 
interval Z, and let B be a compact operator in L,(I). Prove that the 
essential spectrum of z coincides with the essential spectrum of the 
operator 7,(z)+-B. 

AX Let t be a regular formal differential operator on an 
interval Z, and let B be a linear operator in LI) defined in D(7;(z)) 
which is a compact operator from $(7,(z)) to L,(I). Prove that the 
essential spectrum of v coincides with the essential spectrum of 
Ty(c)H- B. 


B. Nonselfadjoint Operators 
Bi Given the formal differential operator 


r = —(dídtyp(t)(d]dt)-a(t) 


on the interval [0, 20), where Zp(t) > 0 and e(t) is bounded below, 
show that z has no boundary values at infinity, 

B2 Let v be a formal differential operator on J whose essential 
spectrum lies jn the strip |.(4)| S K, and let q be a bounded measur- 
able function on f. Show that every boundary value for v is a 
boundary value for z+ and conversely. 

B8 Let t be a formal differential operator of the form 


z = Y a (tdjdt* 
k=l 

on the interval [a, co), and suppose that the essential spectrum of x 
lies in the strip |.%(A}| € K. Assume that the function |a,(-}| is 
bounded away from zero, and that all functions la,(-)| are bounded. 
Show that the operator t has no boundary values at infinity, 

B4 Let r be a formal differential operator on an interval J, 
and suppose that for al] functions f in D(7p{z)), 


AGH f) 20. 
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Show that the essential spectrum ofz hes in the half-plane {a|@A > 0}. 
B5 Given the Sturm-Liouville operator 


t= —(didtyptt)(didt) 3 g(t) 
on the interval [0, co) (p positive, real), suppose that 
him sup [(pt£)e (£)lo(£* — 1- 


aco 

(8) Show that if the function f lies in S(7,(z)), then the 
function gf is square-integrable 

(b) Let r be a function such that r(t) = o(g(t)) as t > co. 
Show that the essential spectrum of the operator t coincides with the 
essential spectrum of the operator rr. 

B6 Given the differential operator 


t= —(didte(t) 
on the interval [0, co), where g 1s not necessarily a rea! function, let 
T, = aley(afaey?4- B(0\(alde)+-e(0), 
where e(t) = o(lo(£)]), a(t) = o(2), b(t} = o(1) as t > œ. Show that 
the essential spectrum of coincides with the essential spectrum of 
Tu. 

B? Let x be a formally symmetric formal differential operator 
on an interval F, and let B be a bounded operator in Z,(Z) of norm at 
most K. Suppose that a point 4 in the complex plane is at a distance 
greater than K from the essential spectrum of the operator z. Show 
that A does not belong to the essential spectrum of the operator 


Ty (c+ B. 
B8 Let z be a differential operator of the form 


q= —(dfdt}p(t)(djdt) + g(t) 
on an interval [a, b), where p is positive, and 
ff p@r a= o 


Let the function Q be defined as in Theorem 7.66. Suppose that 
A(Q(t)) + co as t — b. Show that the essential spectrum of the 
operator t is void. 
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B9 Under the hypotheses and with the notation of the preceding 
exercise, suppose that ZQ (t) is bounded below. Show that the operator 
* has no boundary values at the end point b. 


C. Semibounded Operators 


C1 Let z be a formally self adjoint formal differential operator 
of the form 


t = Y plola 
oO 


on an interval [@, oo). Suppose that lim, Pit) =g; exists for 
j=0,3,...,7, and that (—1)'76, 70, Show that the operator t 
is bounded below. 

C2 Suppose that the operator z on an interval [a, b) is bounded 
below, and that there exists & constant M such that 


Vor x MGE f) MP). fe Suy 


Let v, be a (regular or irregular) formal differential operator of the 
form 
x 
7 = X a (t)(djdty 
E 
where lim, ,,a(£) = 0, 0 x j x k. Then the operator z4-z, is bounded 
below if it has a non-vanishing leading coefficient. 

C3 Let the formal differential operator r on the interval [a, b} 
be bounded below, and satisfy the hypothesis of the preceding 
exercise and let z, be a (regular or irregular) formal differential 
operator of the form 


k jäi dM 
E —) «0 (— 
ama (a of (i) 
where lim; ,, ¢,(t) = 0,0 <7 x k. Then the operator z--; is bounded 
below if it has a non-vanishing leading coefficient. 

C4 Let T, and 7, be closed operators in Hilbert space such that 
DT.) = D(T,)4+-M, where M is a finite-dimensional subspace, and 
for which 

R(T, z, 2) X Y (To, x), we D7). 
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Show that Z(7,2, z) 1s bounded below for all z in (7) if and only if 
&T,2, x) is bounded below for all z in (74). 

C5 Let r be a formal differential operator of even order in the 
finite closed interval [0,1], whose leading coefficient a,, satisfies 
the inequality (—1)"&(a,,(t)) = 0. Show that there exists a constant 
K such that 


Rif, f) ZEG, f) 


for each f such that f e S(7,(r)) and f(0) = ... = f*-P(0) = {(1) = 
2. = fh) = 0, 

C6 Let z be a formally symmetric formal differential operator 
of the form 


t = —(didtyp(ty(djdt) -q(t) 
on an interval [a, b), Suppose that 


Lh pity? dt = oo, 


and let Q(t) be defined as in Theorem 7.66 and be bounded below. 
Show that the operator r is bounded below. 

C7 Let the operator t and the function Q be defined as in the 
preceding exercise and let [a, b) = [0, oo). Suppose that Q is integrable. 
Show that the operator r is bounded below. 


D. Minimax Principles 


D1 Let T be a symmetric operator which is not bounded below, 
and let 4 be a real number. Then there exists an infinite dimensional 
subspace fo, of D{7) such that 


(Ta, z) S Ala, x), z e$- 


(Hint: Adapt the method of proof of Lemma 7-22). 

D2 (J, Berkowitz). Let 7 be an (unbounded) self adjoint 
operator in Hilbert space ©. Let $^? denote the family of all n- 
dimensional subspaces of $. If $9, is a subspace of §, let Pg, denote 
the orthogonal projection whose range is $$. Let the sequences of real 
numbers (47) (1 <i <4) be defined as follows: 
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a) a= inf sup — (w Tu)i(u,u), 
Derr ueh, 
aro, uc SU) 
(2) #2 — sup inf (u, Tu)/{u, u), 
Ge gwd tu Hoo 
v*ü vcSotT) 
m1 
@) A? — sup inf [G5 Tu) + Y Ku. Ju, u) 
fegato v20 xs 
ue au 
(4) AP — sup inf ((2—a Pg ju, uu. u) 
Here uzo 


o>0 weit) 


(a) Prove that 41D = 2@ = 40? — 219 for all n, 

(b) Calling 4, the common value, show that the sequence (4,) is 
non-decreasing. 

(c) IfA, #4 — co for some n, then 2, 4 — oo for all a, and this is 
the case if and only if the operator 7 is bounded below. 

(d) Let À,— Hm, son- Show that the operator 7 is finite 
below A,, but not below any number greater than A. 

(e) If À, < A, then 4,, 45, . .., À, is an enumeration of the n 
smallest eigenvalues of 7, each repeated a number of times equal to 
its multiplicity. 

(Hint: Use Exercise D1, Lemma 7,22 and the spectral theorem, ) 

D8 Let S be a densely defined symmetric operator in Hilbert 
space $. Assume that S is bounded below, let 7 be a self adjoint 
extension of 5, and let 7, be the Friedrichs extension (cf, XIL10) 
of S. Let 2,(T') and 2,(7,) be the numbers defined in Exercise D2, for 
the operators 7 and 7, respectively. Show that, in the notation of 
Exercise D2, 


A(T)SA(Q)-— sup inf (u, SuM(u. u). 
Here «#0 
iu, o=o, ve DIS) 


D4 In the notation and with the hypotheses of the preceding 
exercise, show that for suitabie S$ all numbers 2,(7,) may be non- 
negative, whereas 2,(T) = — oo for some other self adjoint extension 
T. 
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For suitable S, the essential spectrum of the operator 7, may be 
void, whereas the contmuous spectrum of 7 may range over the entire 
real axis. 

D5 Letr bea formally self adjoint forma] differential operator, 
and suppose that z is bounded below. Then the Friedrichs extension 
T of T,(r) is determined by q and by a separated set of boundary 
conditions, 

D6 Let: bea formally self adjoint formal differential operator 
on a half-open interval [a, b), and let r be bounded below. Then r is 
of even order 2n. If the function f lies in the domain of the Friedrichs 
extension T of 7,(z), then f(a) — f'(a) =... = f^ (a) = 0 is an 
enumeration of all the boundary conditions at a in the separated set 
of houndary conditions determining 7. (Hint: see the preceding 
exercise.) 

D7 (Friedrichs). Let z be a real, second order, formally self 
adjoint formal differential operator defined on an interval J = (a, 5). 
Suppose that the operator is of the form 


v = —(didtyp(ty(didtH-q(t). 


where p(t} > 0 for t m F, and g(t} is bounded below by a constant g. 
Let us agree to say that the endpoint b (or the endpoint a) is of type A 
relative to r if the integral 


f. pororaa 


converges for each function f m SYT,(z)) which vanishes in a neigh- 
borhood of b (or of a), and that b (or a) is of type B relative to r 
otherwise. Prove the following: 
(a) If has no boundary values at b, it is of type 4 at b. 
(b) Ifv is of type 4 at b, then either z has no boundary values 
at b, or b < co, 


f pit) idt < oo 
and the limits 
10) — lim ft). pb) = mi pro 
m ab 


exist and define linearly independent boundary values for z, ín terms 
of which we have 
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f. [of Os )+- af OsOldt— [POM yg) = (f, g) 


for each pair of functions f and g in D(7,(z)) which vanish in a 
neighborhood of a. 

(c) The Friedrichs extension Z of Z(t) is the restriction of 
T (x) to the set of functions defined by the conditions 


D (^ POEH converges, 
(II) f(b) = Oif b is of type 4 and t has boundary values at b, 
(III) f(a) = 0ifa is of type 4 and x has boundary values at a, 
D8 Suppose that the hypotheses of the preceding exercise are 


satisfied. Let D, be the subspace of $X7,(z)) consisting of all those 
functions for which the integral 


L= [^ ton aono 


converges. 

For each of the end points a, b which is of type A and at which c 
has boundary values, let a real number w be chosen. 

Let 7(w) be the restriction of 7 (z) determined by the conditions 


4) S? OORO = LQ) converges, 
QI) p(oY'(a)-wf(a) = 0. 
Let Z(00) be the restriction of 7; (x) determined by the condition 
(I) and the condition 
(II) fla) =o. 


(a) Show that 7(w) is self adjoint for every w in the interval 
-0 <w X co. 

Let 2,{7 (w)) be the numbers defined for the self adjoint operator 
T(w) as in Exercise D2. Let €, be the set of functions in (a, b) 
defined by condition (I). 

(b) Show that for every function f in Do, the limit 


f(a) = lim f(t) 


exists. 
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(c) Show that for —co < w < co, 


AG) = sup inf Qelu(cy*4-L(uY]feu u) 
Herr uzo 
LI 
tu, Boao 


(d) Show that 


A(T(c)-— sup if Lt) u) 
Ge uzo 


(e) Show that for any w and w, not equal to — co, 
lim A,(f(w)) = lim A,(f (9). 


(f) Show that as w ranges monotonically over the real line, 
AT (5)) ranges monotonically between 2, ,(7(o0)) and A,(7(c0)), 
and that 4, (T(w)) £4,(T(w')) if: Jw and 4, .(7(o)) £4,{T()) 

(g) Show that A, ,(T(oc]) z A,(7(co)) unless A, (T (00) = 
AT (co)) for all m =a. 

(Hint: Use the oscillation theory of Section 7, Exercises D7, D8, D2 
and the method of proof of Theorem 6.10.) 

D9 Let v and f be second order differential operators of the 

form 

t = —(didtyp(t) (diet) att), 

ê — —(danypeyajan+ ge. 
defined in an interval Z = (0, b). Suppose that p(t) > f(t) > 0 and 
that g(t) = g(t) for tin Z, and that neither z nor £ has boundary values 
at b. Let v and w be real numbers, and let 7 and 7 be the restrictions 
of T, (x) and T,(£) determined by a non-trivial boundary condition 
uf(Owf()- 0, 

Let 4,(T) and 2,(f) be the numbers defined for the self adjoint 
operators 7 and Î as in Exercise D2. Prove that 2,(T) 2A,(P), 
nzl 

D10 Let S and $ be two densely defined symmetric operators 
in Hilbert spaces, Suppose that D(S) CD(S), that Ê is bounded 
below, and that S—S is positive, Let 7 and 7 be the Friedrichs 
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extensions of S and § respectively, and let 2,(7) and 2,(7) be the 
numbers defined for the self adjoint operators 7 and Î as in Exercise 
D2. Show that 2,(7) =2,(7), n z 1. 

Dii Let | be a self adjoint operator in Hilbert space §,, and 
let T, be a self adjoint operator in Hilbert space $,. Define the 
operator 7 in $ = ©, € $, by setting (7) = D(T,) © D(T,) and 


Tx = Te, © 2,) = Tz, © Tats, zeD(T). 


Show that the operator 7 is self adjoint. Show that the operator 7 
is bounded below if and only if both 7, and 7 are bounded below, 

Let 2,(T,), 2,(T2), and 4,(7) be the numbers defined in Exercise 
D2, for the operators 7,, Ta, and T respectively, 

Suppose that A,(7,) =lim,,,..4,(7,) Slim,,..4,(1,) Show 
that the sequence (2,(7) is the rearrangement in increasing order of 
all the numbers 2,(7;), taken together with all the numbers 2,(75) 
which satisfy 2,(7,) < 1,71). 

D12 Let: be a formally symmetric formal differential operator 
defined on an interval Z, and suppose that z is bounded below, so that 
(ef. Lemma 7,29) z is of even order 2n. Let c be a point interior to Z, 
and let r+ (let r~) be the restriction of r to Fn [c 00) (or to 
I ^ (—co, c]). Let 7 be a self adjoint extension of 7,(r) defined by 
a separated set B of boundary conditlons. 

(a) Let T, and 7, be the extensions of Z,(z*) and Tat) 
defined respectively by the boundary conditions f(c) = f'(c) =... = 
fic) = 0 and by the boundary conditions in the set B at the right 
and at the left endpoints of I respectively, Show that the operators 
T, and T, are self adjoint, Let 2,(7), A,(7) and 4,(7.) be the numbers 
of Exercise D2 as defined for the operators 7', 7, and 7, respectively. 
Suppose that A,(7,) = lim, ..04,(71) S lim, ,.,2, (75). Let {u,) be 
the rearrangement in increasing order of all the numbers 2,(7,), 
taken together with all the numbers A,(7,) which satisfy 
A3) «AS. Show that A,(7) S Hm 2 zl 

(b) Let 7, and f, be the extensions of 7,(z*) and Tatr) 
respectively, defined by the boundary conditions f™(c) =... = 
f" (c) and by the boundary conditions in the set B at the right and 
left endpoints of F respectively. Show that 7, and 7, are self adjoint, 
Let 4,(7,) and 2,(7,) be the numbers defined in Exercise D2 for the 
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operators f', and 7, respectively. Suppose that 2,.(7)—lim, „oA, (f) 
X lim, ,.4,(f,). Let (f,) be the rearrangement in increasing order 
of all the numbers 2,(7,), taken together with all the numbers 
AL(fS) which satisfy A,(f,) < Alfi) Show that fi, x A,(7), 
nazl 


E. Differential Operators in the Banach Spaces L (E) 


The following set of problems deals with the generalization of 
the notions introduced in Sections 1, 2, 8 and 6 to the spaces L (I), 
for 1 < p < ©, While the exercises below are limited to a few results 
of a transparent nature, the interested reader will no doubt notice that 
Several results of a more involved character can be suitably, if less 
trivially, generalized. For example, several of the statements below 
are true in the spaces L,(Z), E,.(Z) and C(Z), although the proofs are 
often more involved. 

In all the folowing exercises it will be understocd that the indices 
p and q are real numbers greater than one. 

El Given a regular formal differential operator r of order 2 
on an interval F. define an operator 7\(z. p) in the Banach space 
Lj(I) as follows: D{T (t, p)) is to be the set of all functions f in 
A"(I) such that f and tf belong to L(J). For f in S(T(z, p)) set 


UG. p )0) = CAKE), tel. 


Prove the analogue of Lemma 2.9. 

E2 Let the operator 7,(r, p) be the restriction of the operator 
T(z, p) to the set of functions in its domain which vanish outside a 
(variable) compact subset of Z, Prove that Telt, p)* = 7i(z*, q) 
where p^1dg — 1. 

E3 Prove that 7,(r, p) is a closed operator. 

E4 Generalize Lemma 2.16 to the operator T(t, p). 

E5 Generalize the definition of boundary value, boundary 
condition and extension to differential operators in L,(F). Prove the 
analogues of Theorems 19, 20 and 27 and Corollaries 21, 23, 28 in 
Section 2. 

E6 Develop a representation of the resolvent of an extension 
of 7,(z, p) analogous to that given in Section 3 for Hilbert space, 
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E7 Suppose that for some (real or complex) À every solution 
of the equation (4—7)f = 0 is of elass E,(Z) and every solution of the 
equation (A—z*)f = 0 is of class L(Z) (p-14-g^! = 1). Prove that the 
essential spectrum of the operator q in E,(Z) is the empty set. 

E8 (Bellman) Suppose that every solution of the equation 
rf =0 is of class LZ) and that every solution of the equation 
r*f = 0 is of dass L (I) (p-4+¢7 = 1). Prove that for every (real or 
complex) À every solution of the equation (A—r)f = 0 is of class 
LU. 

E9 Let T be any closed extension of the operator Ty(r, p). 
Prove that the essential spectrum of 7 coincides with the essential 
spectrum of T(r, p). 

E10 Prove that the essential spectrum of the operator T,(z, p) 
coincides with the essential spectrum of the operator 7,(t*,¢). 


EH Let 
dy 
«= (ia) 


on the interval [0, co). Prove that the essential spectrum of the 
operator 7;(z, p) is the positive semi-axis if 2 is even, and the entire 
real axis if z is odd. 

E12 Let K be any constant which is not of the form —(éA)" 
for any real 4. Prove that there exists a positive constant C, depending 
only on p and on K, such that 


(f rroma) f? nara) x c 


for all functions in 4"(— co, +0) for which the numerator and 
denominator of the above expression are defined and finite. 
E13 Suppose that the function g is of class L,[0, co), and let 


* — —(d/diP+att). OSt<a, 
Prove that the essential spectrum of the operator 7i(r, p) is the 
positive semi-axis. 
F. The Sturm-Liouville Operator 


In the followmg exercises the letter z will denote the Sturm- 
Liouville operator 
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d d 
T= — a ply, ca 
where the function p is assumed to be positive throughout the interval 
of definition, and the function g real and continuous, 

Fl Suppose that g(t) Z1 on the real line, Prove that the 
essential spectrum of z on the line is void if and only if the set of 
continuously differentiable functions of compact support such that 


[= Pororaa s 1 


is conditionally compact in L,(— co, co). 

F2 A real number 2 lies in the essential spectrum of + if and 
only if there exists a continuous square-integrable function g on the 
interval of definition Z such that the equation 


U—19f—g 


has no square-integrable solution, 

F3 (Hartman) Let the interval of definition of z be [0, co), 
and let N(4, t) be the number of zeros in the interval [0, 2) of a 
solution of the equation (41—z)f — 0. Prove that a point 4, on the 
real axis belongs to the essential spectrum of r if and only if 
whenever À < dy < p then 


Yim inf [NGA t)—N(A. t)] = cc. 
teo 
F4 Let the operator t and the function Q be as in Theorem 


7.66, Assume that 


h pit) tdt = c, 


Then: 
(a) If Q(t) +—o and 


f [ gu) f 1O 
a UOP aee 
for large A, and 
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[7 euro < o, 


then the essential spectrum of z is void, 
(b) If Q(t) > —&, Q is monotone decreasing for sufficiently 


large t, 
Í 4 


for large 4, and 


ge) y , 1190? 
lor] ETO 


[; eta — o 


for all A, then the essential spectrum of r is the entire real axis, 

F5 Using the device of Theorem 7.55, derive from each of the 
eriteria given in Section G a corresponding criterion for the deter- 
mination of the essential spectrum or of the number of boundary 
values of a Sturm-Liouville operator, 


G, The Sturm-Liouville Operator — (djdt--q(t) 


The following set of exercises deals with the operator 
rt — — (djdtP.--q(t), where the function g is assumed to be real and 
continuous. The interval of definition will be [0, oo). The symbol 4 
will denote a real number. 

G1 Suppose that for sufficiently large t, 


gt) << -Kt? K>2 


Prove that the equation rf — 0 has a square-integrable solution. 

G2 (Wintner) Suppose that the operator 7 has the property 
that whenever f is a square-integrable solution of the equation 
(A—*)f = 0, then / is also square-integrable. 

(a) Prove that z has no boundary values at infinity. 

(b) Prove that c has this property if the function q is bounded 
below. 

(c) Ifit is also assumed that q is bounded, then any solution 
which is linearly independent of a square-integrable solution is 
unbounded. 
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G3 Suppose that the operator t has the property that for some 
À the derivative of every square-integrable solution of the equation 
(A—z)f = 0 is bounded. Prove that r has no boundary values at 
infinity, 

G4 (Wintner) Suppose that the function g satisfies the Lipschitz 
condition 


le(t)—e(s)) S Kit—s| 


for large s and ¢ on [0, co). Prove that the operator t has the property 
of Exercise G3. 

G5 (Hartman and Wintner). Suppose that g is bounded below 
on the interval [0, co), and let f be a bounded solution of the equation 
(A—t}f = 0. Prove: 

(a) either f is square-integrable, or the point 4 belongs to the 
essential spectrum of 1; 

(b) if all solutions of the equation (A—r)f -0 are bounded, 
then À belongs to the essential spectrum of r. 

G6 Assume that r has no boundary values at infinity, and that 

G) if f is a bounded solution of the equation (4—2)f = 0, 
then / is bounded; 

(ii) if g is a square-integrable solution of the same equation, 
then there exists a sequence £, tending to infinity such that 


KFH o 


as n > oO. 

Prove that if f is a bounded solution of the equation (A—r)f = 0, 
then either f is square-integrable or å belongs to the essential spectrum 
of v. 

G7 In the equation 


(A) (POP OY-QOFO —0  o£zt«co 
suppose that P is positive and Q is non-negative. Prove that the 
equation has & bounded solution. 


G8 Suppose that q(t) X g(t) (0 < t < œ) and also that the 
equation 


P )—a) = o 
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has a solution with a finite number of zeros and has a square- 
integrable solution. Prove that the equation 


g't)—et)et)- © 


has a square-integrable solution. 

(Hint: Write g(t) = &(1)f(t) and obtain, by variation of para- 
meters, an equation of type (A) as in G7 for h. Infer that 
ett) = O().) 

G9 Let Nė?) be the number of zeros in the interval [0, £) of a 
solution of the equation zf — €. Prove the following: 

(a) If N@)>1, then 


IA le(s)ds > 4t. 


(b) Suppose q is non-positive, and let £, be the n-th zero of a 
solution of the equation tf = 0. Then 


27 IN q(t)dt > 4(n—1yz,!. 


© N= o((e IA max (0, —aets)asyiá) +001). 


(d) If 
Ji max (0, —a(s))as = Of), 


then the operator r has no boundary values at infinity. 

(Hints: Ad (a) fili(s)(f(s)) “lds > (maxo. ed (5))* fall" ds > 
(max «c Hs) Maxo ca dl") (s), and apply Relle'stheorem. 
Ad (c): reduce to the case where g is non-positive and apply (b). 
Ad (d) Apply Exercise G14 via (c).) 

G10 Suppose that g is negative and non-increasing, and let f 
be a solution of the equation zf = €. Let {s,} be the increasing 
sequence of zeros of f. 

(a) Prove that s,- 5, 4 2 Sp sn 

(b) Let m, be the point between 5, , and s, at which /’(s) 
vanishes. Suppose that the function f is square-integrable. Prove that 


2 fn, mgm) < co. 
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(c) Prove that 
U(sP—f'GPots)!Y «o 
assuming that the function q is differentiable. 
(d) Infer that, if the function f is square-integrable, then 


JF Werf tepals < oc. 
(e) (Hartman and Wintner) Suppose in addition that 
K lett) dt — oo 


and prove that the operator t has no boundary values at infinity. 
Gri (Hartman and Wintner) Suppose that the function q is 
negative and non-increasing, and that 


JE Onas o. 


Prove that the origin lies in the continuous spectrum of every self 
adjoint extension of c. 
(Hint: Use the inequality 


U'(sP-e(YT = 0, 


valid for a solution of rf = 0.) 

G12 Suppose that g is non-positive, and that the equation 
f = 0 has a square-integrable solution. Prove that f has an infinite 
number of zeros. 

G18 Let f and g be solutions of the equation tf = 0 such that 
Ig —f'g = 1. Show that they can be expressed in the form 


ftt) = r(t) cos 6(t) 
g(t) = r(t) sin O(t) 


where r(t) > 0, O St< œ. Show that the operator t has two 
boundary values at infinity if and only if 


EL 01) dt — cc. 
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What ıs the relationship between O(f) and the number of Zeros of a 
solution of the above equation? 

G14 Use the result of the preceding exercise to show that if 
the operator r has two boundary values at infinity, then 


QNO 
lim —— = co, 
tro È 
where N(t) is the number of zeros of a solution of the equation 
d =0. 


G15 Let the functions f and g be chosen as in Exercise G18. 
Suppose that the function (f(f-Fg()) is integrable on [0, 00). 
Prove that every solution of the equation zf = 0 has a finite number 
of zeros, 

(Hint: it follows that [$6’(t}dt< oo. Express 1n terms of N(t) 
and integrate.) 

G16 (Hartman) Suppose that the equation tf — 0 has a 
solution with a finite number of zeros. Prove that there exists a 
solution g of the same equation such that g(t)? is square-integrable 
on a semi-axis sufficiently far removed from the origin. 

(Hint: Let f be a solution, say positive. Then g(t) = f(t) fo/(s)-?ds 
is also a positive solution. Hence for some constant K, f(#)g(t)-! = 
K- fi,a(s)-*ds. from which the assertion follows easily.) 

G17 (Hartman and Wintner) Let f and g be solutions of the 
equation +f = © such that fg’—j’g = 1. Then not both f’ and g' are 
square-integrable. 

(Hint: Otherwise (f?--g2)-! is integrable; hence for some solution 
h, k^ is square-integrable (cf. G15, Gl6). But À' is square-integrable, 
hence h’h-! is integrable, but this is easily seen to be impossible.) 

G18 (Hartman and Wimtner). If the equation tf = 0 has a 
solution with a square-integrable derivative, then the operator t has 
no boundary values at infinity. 

(Hint: Let f and g be as in G17, f’ and g square-integrable. Then 
(gjf —1 is integrable, and fg—t tends to a limit. Hence f~! is eventu- 
ally square-integrable, and f-!g tends to a limit which is easily shown 
to be zero. Thus fg = — fof(s) 7ds, whence a contradiction). 

G19 (Hartman and Wintner) Suppose that the equation 
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(å—t}f = 0 has a solution which is not square-integrable but has a 
square-integrable derivative. Prove that the point A belongs to the 
essential spectrum of t. 

G20 (Wintner). Suppose that g is bounded below, and suppose 
that 4 does not belong to the essential spectrum of t. Let f be a 
square-integrable solution of the equation (A—z)f = 0, and let g be 
a second solution of the same equation such that fg'—f'g = 1. 

(a) Let h be any square-integrable function, and let r be a 
square-integrable solution of the equation (A—r)r = h. Prove that v" 
is square-integrable. 

(b) Prove that 


favere =f rye. 
(c) Prove that 
[7 gerat « o. 
(d) Infer that 
IN PaP « oo. 


(e) By an inductive repetition of the same argument, prove that 
J;: Ffjdi- co and fr £j (tdt < oo. 


(Hint: Ad (a): Use the identity jf” = (jf if f' is not 
square-integrable, then (jf tends to infinity, and hence so does 
(PY, and thus also £, contradiction. Ad (d): derive the intermediary 
estimates 


Ji tow” ids + (7 s min (—a(2), o )*ds = o(1) 
and 
toy (t) — [7 af'(ehds + [7 s min (—ett), 0)f(6)?ds = O(1) 


from which the desired result easily follows. 4d (e): start by proving 
that £(f(ty'(2)—7(0//(t)) is integrable.) 

G21 Let q(t) = —e*, where k is a positive constant. Prove 
that the operator t has two boundary values at infinity. 

G22 Let g(t) = —# logt t. Prove that the operator t has two 
boundary Values at infinity. 
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G28 (Hartman) Let Q(t) be a positive continuous non-decreasing 
function, and let @(t) be defined as in Exercise G13. 
(a) Prove that for u < t, 
Í ' Oey tds m2 Í: Q(sy1ds — IN Q(sy *0' (s)ds. 


(b) Using the relationship between Ó and the number of zeros 
N(t) of a solution in the interval [0, t) deduced in Exercise G13, 
show that the right-hand side of the above inequalitv exceeds the 
product of z and the quantity 


N(Y(QG2)?—N()(Qt)? + f^ NGM((QUIY?)—Q()-* 
—Qtuy* 4 f^ UREN) 
(c) Infer that 
fietertas = f eteytas—x f erani) 
—aQ(ty*—aQuy? fiae) 
(d) Prove that, if u — u(t) may be chosen in such a way that 
tim sup [2 fter as [i QE) AN) —nQty 3-590 
j +a faee] > o. 


then the operator r has no boundary values at infinity. 
G24 Suppose that 
fim i ONEST RAN PES 
im inf [(vo (5) | <æ 
and prove that the operator r has no boundary values at infinity. 
(Hint: Set u = #2 and Q(t) = tfe in the preceding exercise.) 
G25 Suppose that 
lim inf [N()—N(t-1)] < œ 
t>o 
and prove that the operator r has no boundary values at infinity. 
(Hint: Set u — t—1 and Q(t) — Ve in Exercise G23.) 
G26 Suppose that there is an infinite sequence of disjoint 
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intervals of length at least one, such that the function q is uniformly 
bounded below on the union of all these mtervals. Prove that the 
operator r has no boundary values at infinity. 

(Hint: Apply the preceding exercise.) 

G27 (Hartman) Let Q be a positive continuous function which 
is non-decreasing and of bounded variation on every finite interval, 
and such that 


EL Q(s)1ds = co. 
As usual, let N(t) be the number of zeros in the interval [0, t) 
of a solution of the equation zf = 0, and suppose that 
NU) s f; Qs KQGy-* 
where 0 < £ < 2. 
(a) Show that 
fietyane) x feeds +x f 93-200). 


(b) Using the result of Exercise G23, show that the operator r 
has no boundary values at infinity. 

G28 Suppose that the function Q 1s positive, continuous, of 
bounded variation on every finite interval, non-increasing, and that 


fF eeytas = o 


Suppose that N (t) satisfies the condition of the preceding exercise, 
Prove that the operator r has no boundary values at infinity. 
(Hint: This follows immediately from G27.) 
G29 Suppose that Q is a positive continuous monotone function 
satisfying the equation 
A Qs} ds = oo, 
and suppose that 


fimax (—4(s), O}ds S t3 (f: quy) 


Prove that the operator r has no boundary values at infinity. 
(Hint: Apply Exercise G19.) 
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G30 Suppose that 
NG) = OF log t), 
and prove that the operator r has no boundary values at infinity, 

G31 Prove the following refinement of the result of Exercise 

Gio(d): if 
Í max (—«(s), 0)ds = O(log? t), 
then the operator t has no boundary values at infinity. 

G32 (Hartman and Wintner) Suppose q is negative and 
differentiable. Let N (t) be the number of zeros of the solution f of the 
equation zf = 0 such that /(0) = 0 in the interval [0, t), and let 

6€) = are tan (L—et) PHN). 

(a) Prove that 

9t) —N(t) x a. 


(b) Prove that 
gt) 


oe) = (—e())*— [(" 6) —e()((Q) 9] [C70 f (07 0] 2900)" 


(c) Prove that 


> 1 $ 
Nit) = =f (—«(5)) ds + f oog Ce) dent). 
o o 
where k and y are measurable functions such that 
-4 <kt)<} sd a <rt) <a 
G83 Suppose that the function Q is differentiable and 
Q) ZK >0 OSt<a 
Ie (IRE? x M 
for some constants M and K, and suppose that 
[fo aoas] s e 


Let f be a square-integrable solution of the equation (1—r)/ = 0. 
Prove the following assertions in order: 
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€) fi OREP = (7 NWGN sas 
+A fe ORE Pas— f ates Ql) Ads = JJ). 


©) A= O) +0(( fo ERE Pas)) +00), 
J, = 00). 
Js = O(ftty)) +0 (( f FORE asy) +00) 


t). [Pee Pas = OOF +E) 
+o (( fi reger tai). 


(d) The function /'(£)Q(t) ^ is square-integrable. (Hartman), 
G34 (Borg) Suppose that 


lim sup (log a le(s)ds = 4 < œ. 


Prove that the continuous speetrum of every self adjoint extension 
of the operator r contains the half-line [4?, oco). 

(Hint: Set Q(t) = log t in the preceding exercise and let (A—r)f 
= 0, where A > 4®. If f is square-integrable, deduce a contradiction 
from the inequality 


t 
IPARA ZK ep (— -a f nen). 
o 


G35 (Hartman) Using Exercises F8 and G88, prove that if the 
function q is negative, non-increasing and [g(t)| = O(#) then the 
essential spectrum of the operator r is the entire real axis. 

G36 (Hartman) Assume that g is monotone, negative, tends to 
— «o and that for some k > 1, 


IN le(s)-5ds = co. 
Prove: 
(a) Given t > 0, let s(t) be the largest real number such that 
qls) = 2q(t)- Then 


"att 
lim «pf le(s) ds = œ. 
o Ji 
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(b) The essential spectrum of the operator x is the entire real 
axis. 

(Hint: F8, G3.) 

G37 Let f be the solution of the equation (4—z)/ = 0 such that 
f(0) = 0, and set 


Olt, 2) = arctan VÄE (Y — 00,2) = 0, — 220. 
This defines a unique continuous function on the positive semi- 
axis for each A 2 0. 
(a) Prove that 
'@,A—+4| € age). 
(b) Infer that 
ANG, 2) 2^1 s OHA f^ letolas, 


where N(t, A) is the number of zeros of f in the interval [0, t). 
G38 (Hartman) Suppose that 


lim inf ef le(s)ds = 0 
too o 
and infer that the essential speetrum of the operator t contains the 
positive semi-axis. 

(Hint: Use the previous exercise and F8.) 

G39 (Hartman) Suppose that 


t 
lim inf e le(e)ds = 4 
m o 
and prove that every interval [A, 43-44 3-44*2-1](A > 0) meets the 
essential spectrum of the operator r. 

(Hint: Use the method of the preceding exercise.) 

G40 (nol) Suppose that there exists a sequence {(a,, b,)) of 
intervals on the positive real axis such that 5,— a, > co and 


Caan (^ 9(t)*dt +0. 


(a) For large enough n, let k, be an infinitely differentiable 
function which vanishes outside (&,, 5,) and which is identically 
equal to one on the interval (a,--1, £, —1), and let 
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f) = h)sintVA — A0. 
Prove that 
1 —0. = O(V (6,—a,))- 

(b) Prove that the essential spectrum of x contains the positive 
semi-axis. 

(Hint: Apply Theorem 7.1.) 

G41 Suppose that the function q is bounded below, Suppose 
that the origin belongs to the essential spectrum of z. 

(a) Let (4) be a sequence m S(T,(z)) such that |f,| = 1. 
ljal +0, and such that f, vanishes in the interval [0. n). Set 


Et) =f,(t)sin tV} A20, 


and show that |g,| > 1/8. E 

(b) Show that [(4—r)g,| = O(V4). 

(c) (Snol) Prove that for large A every interval of the form 
[A—4/2, A4++//] meets the essential spectrum of the operator T. 

(Hint: Exercise A6,) 

G42 Suppose that q is bounded below, Prove that the essential 
spectrum of the operator v is either empty or unbounded above. 

G48 (MoKanov) Suppose that the function g is bounded 
below. Prove that the essential spectrum of the operatof r is empty 
if and only if for every u > 0, 


tu 
lim q(s)ds = œ. 


trode 

(Hint: F2.) 

G44 (Putnam) Suppose that the function q is square-integrable, 
Prove that the positive real axis belongs to the essential spectrum of 
the operator T, 

(Hint: Say there is a square-integrable f such that (A—t)f = 0, 
where A 2» 0, and let g,(t) and g(t) be linearly independent solutions 
of the equation g"(t)—Ag(t) = 0. If A does not belong to the essential 
spectrum, then there exist square-integrable f, and f, such that 


fi (A-efe = ne 
Derive 2 contradiction.) 
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G45 Suppose that q is square-integrable, and let f be a square- 
integrable solution of (4—7)f = 0. Prove that f’ and f” are square: 
integrable and o(1). Prove that if A #0, then 


lim Í Hes 
o 


too. 


exists and is finite. 


H. The Operator — (ddtY--q(t) with q integrable. 


The following set of exercises deals with the operator 
t= —(dfdt)®+9(t) on an interval which will unless otherwise 
specified, always be [0, co), where the function q is assumed to be 
real, continuous and integrable. The parameter A will be tacitly 
assumed to be real, unless otherwise stated. 

Hi Prove that the operator r has no boundary values at 
infinity and that its essential spectrum is the positive semu-axis. 

H2 (Auxiliary lemma). Let f be a continuous function, g an 
integrable function on the interval [0, 4]. Suppose that 

fO son)r('fe s ota. 
Prove that 
Ht) S k exp ( f; ete)as). 
H3 Let f(#, 4) and g(t, 2) be solutions of the equation (A—r)f = 0 
which satisfy the boundary conditions 
K(0.3) = sin&, —f'(0,4) — - cos 8 
£(0.2) = cos0, — g(0,2) = sin 8. 
Prove that the function f satisfies the integral equation 
f(t, a) = sin 0 cost/1— (4/2) cos 0 sin t/2 
+ (VAP fi sin (t—9)/2)o( Aids, 1> 0 


H4 From Exercises H3 and H2 infer that for A > 0, 


Je. 4) = O (1-217) exp (CVA J} atedids)) 
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and that a similar estimate holds for the solution g. 
H5 Obtain the following estimate for the solution f: 


f(t, 2) = m(A) cos tV 4--n(2) sin tVÀ-I-o(1) 
= Vn(AY--n(3 sin (V3(t—2(1))) +0(1) 
as t >œ, where 
m(A) = sin 6—(V/2) JF sia (sviate f(s, A)ds 
n(4) = —(VAP cos (vip f^ cos (5v Ass, Ajds. 
Show that a similar asymptotic estimate holds for g. Show that 
the estimate can be differentiated. 
H6 Let T be the self adjoint extension of 7,(z) obtained by the 
imposition of the boundary condition 
Bf) = f(0) cos 6-470) sin 0 = 0. 
Taking as determining set (cf. Theorem 5.28) the solution f(t, A) 
of the equation (r—2)/ = 0 such that /(0, 4) = sin 0 and f’(0, 4) = 


— eos 6, prove that the measure p associated with this determining 
set (cf. Theorem 5.23) is given by the expression 


Ht) = Lf VBa, — 166 o. 


Show that this result may be formulated as follows: For each 
p >O, let off, p) be that unique solution of the equation to = pa 
which has the asymptotic form sin (ut—a(j)) (1-Fo(1)) as t >œ, 
and which satisfies the given boundary condition at f == 0. Then the 
formula 


Cho = yz Lim. [Hoot B, = p> 0, 
>œ Jo 


defines a bounded operator mapping L,[0. co) into itself; and for 
each bounded Borel function F, 


A 
(Et(o, 00); T) FCPy)(0) = V2 Lim. Í (WNF Wott, wide, 
>o Ji 


and 
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E (o. co); ff = J UPEN da. 


H7 Let T be any self adjoint extension of t. Prove that any 
measure obtained by Theorem 5.23 is absolutely continuous with 
respect to Lebesgue measure, 

H8 Consider an operator t = —(d/dt)?--q(f) on the interval 
(a, o0), where œ & a « oo. Suppose that a <b < œ, and that 
Sf e(£)dt < oo. Let q, be the restriction of z to the interval (a, b), and 
let A be a subinterval of (0, œ) not intersecting o,(z,). Let T bea 
self adjoint extension of Fofr). 

(a) Show that either 7 = T,(r) or 7 is determined by a 
simple boundary condition B(f) = 0 at a; and that the latter is the 
case if and only if every solution of an equation zf = Af is square- 
integrable in the vicinity of a. 

(b) Generahze the fina] conclusion of Exercise 6 to obtain the 
following statement: For each p > 0 such that z? € A, let off, p) be 
that unique solution of the equation te = 420 which has the asympto- 
tic form sin (uf—a(u)) (12-0(1)). which is square-integrable in the 
vicinity of £ = a, and which satisfies the boundary condition B(/) = 0 
at a defining 7, if 7 + 7,(z). Then the formula 


(Nw = y2 tim. f" Io pd u>% přes, 
eo Jo 


defines a bounded operator mapping L,(0, oo) into L,(/4,) where 
Ay = {H > Oe A}. For each bounded Borel function F. 


(A, neenyyo - V2 NE 
the integral on the right existing in the mean-square sense; and 
ELA TOY = |, IU Ra PIFGP Ay. 
H9 Use Exercise H8 to establish the properties of 


(a) the Fourier sine and cosine transforms; 
(b) the Hankel transform. 
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H10 Let g be integrable on ( — oo, + o»), and let 


r= (y+ e(t). 


For each A = j£, where p > 0, let c, (4, 4) and c. (f, A) be solutions 
of the equation t¢ = Ao which have the respective asymptotic forms 
£''^ and e£ "^ as t + —co (cf. Lemma 6.18), and let 2,(¢, 4) and 
Z (t. A) be solutions of this same equation which have the same 
respective asymptotic forms as £ > + 0. 

(a) Show that c,, 0. , Z,, and Z_ are uniquely determined by 
their asymptotic forms. continuously dependent upon å, and that c, 
is linearly independent of ¢_ and Z, is linearly independent of Z_. 

(b) The uniquely determined coefficients p(4) and z(4) in the 
equation 

TAZ, (t, 2) = o, (t, 2)2-p(4)o (4 2) 


are called, by physicists, the reflection and transmission coefficients 
for the potential q. Show that |r(A)[?+ |p(4)|? = 1, and that if we take 
o_{t, 4) and c, (f. 4) as a determining set for c on the interval (0, co), 
the corresponding positive matrix measure (cf. Theorem 5.23) is 


given by 
aU) aD) pfa Pa 
(ian eek Ga 1 IE: 
(c) From this, derive the Plancherel theorem by considering 


the special case g = 0 
(d) Using Exercise H8, make the corresponding calculations for 


the operator 
d? 
(5) Fact 


on the mterval (— oo, 4-00). 
H11 Suppose that the function g satisfies the condition 


Je a-entectat « eo 


for some positive integer k, and let 7 and p be as in Exercise H6. 
Prove that the measure p is of the form 
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HD) = f gdh ICQ. &), 


where the function g is k times differentiable. 
H12. (Jost and Pais.) Suppose that 


fe (14-Do(]dt « oo. 
Prove that a self adjoint extension of the operator has a negative 
eigenvalue only if 
fe tena. 
Hi8 Suppose that 
Jo a+ orga < oo. 


Prove that the orjgin lies m the continuous spectrum of every self 
adjomt extension of the operator Toft). 

(Hint: There are two Imearly independent solutions f and g of 
the equation zf = 0 such that f(f) ~~ 1 and g(f) st as t > oo.) 

Hl4 The operator 7,(z, 1) is defined in L,[0, 00) as follows: 
SP( (v, 1)) is the set of functions f in A4?[0, œ} such that f and zf 
are integrable. and for f in D(Z t, 1)) 

(7H UNO = O+ otc c. 

Let Tolz, 1) be the restriction of 7,(z, 1) to the class of functions 
in its domain vanishing outside a variable compact subset of the 
positive semi-axis. 

Prove that the operator 7 (z, 1) is closed in £,(0, co). 

H15 Prove that the essential spectrum of the operator 7 (rz, 1) 
in L,[0, œ) is the positive semi-axis. 

(Hint; Use the method of Exercise G44.) 

Hi6 Formulate a definition of boundary value for the operator 
T(z, 1) in Z4[0, co) analogous to Definition 2.47. Prove the result 
analogous to Theorem 2.19, and show that the operator 7, in Z,[0, oo) 
has no boundary values at infinity. 

Hi7 Suppose that f1 #0, and let f be a squareantegrable 
solution of the equation (A—z)f = 0. Prove that the function f is 
integrable. 

(Hint: This is an immediate consequence of the preceding 
exercise.) 
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I. Special Functions 

The following set of exercises is concerned with the calculation 
of the specific formulae which arise out of the spectral analysis of 
a number of particular formal differential operators. The calculations 
are in each case to be performed by the methods of Section 8. 

Il Given the formally symmetric formal differential operator 


d 1 d k? k 
PETA -— 
on the interval (0, co), show that: 
(a) The operator 7,(z) has no boundary values, and 7,(z) is a 
self adjoint operator. 
(b) The operator 7Z,(r) has no point spectrum, and has a 
continuous spectrum covering the entire positive real axis. 
(c) Let U be the isometry of L,(0, oo) into itself given by 


(Uf) = (ge) 
and let Hy, denote the Hankel transform 


N 
(Ba fA) = Lum (Asp? Fn(As)fis)ds, 
=o JO 


where J,,(f) is a solution of Bessel's equation 


(Sy 1+ Cream =o, 


Ja) = e 2D 2k+-4, 144k; 2it). 


2° P(2k+1) 
Show that the isomorphism U-1H,,U yields the spectral resolution 
of the operator 7, (x). 
12 Given the formally self adjoint formal differential operator 
-d d b 
r=- 44 pl, 
di dt 1 
on the interval (0, oo), show that: 
(a) The operator has no boundary values and T,(v) 1s a self 
adjoint extension of 7Z,(z). 


t>}, 
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(b) T,(r) has a pure point spectrum with eigenvalues at the 
points 1--2n--2b (n = 1,2, ...). 
(c) Letting 


20 prU 
— [| £@(—n, 14-2b; 21), 
aml ) PORET 


y(t) = 


ni 
n=1,2, 


the set (y,) forms a complete orthonormal system in L,(0, co). 
(d) If a function f e $S(7,(x)) is expressed in the form 
HO = Y v0 [7 v.s, 
E 
then 
(T) = F paH 2042) f pas. 
= 


18 (The radial equation of the hydrogen atom.) Analyze the 
formally self adjoint differential operator 


d? 1 RAL 
--Q- = kzl 


and show that: 
(a) The operator T(t} has no boundary values. 
(b) The self adjoint operator 7,(z) has a point spectrum on the 
negative real axis with eigenvalues located at the points 
A, = D EE 
(142k 22) 


and with corresponding normalized eigenfunctions 


pall) = gea (eu 2 gne 


(1+2k42n} + PO 4- 2k) 


1 2t 
Ms (- ed o( tee (ae): 


and a continuous spectrum covering the positive real axis. 
(e) Show that the function o(t, 4) of Theorem 5.23 is given by 


nt 
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i (i. " 
ci) = LO TE HEC ana (Tarn 


278 TOAF2k) " 


ih 
® (bonn 142k; = ) i 
E 


where p = 227-42, 
I4 Given the formally symmetric formal differential operator 


d fa Bp 
(Quo bzi. 


on the interval (0, co), show that: 

(a) The operator t has no boundary values and therefore the 
operator Ti(z) is a self adjoint operator. 

(b) The continuous spectrum of the operator 7 (x) covers the 
entire real axis. 

(e) Let 


yt 2) = (V2z)?"* T(14-25)e 0A PO b+ Male 
«#4 b—4id, 14-2b; 2it), 
and let 


(no) = m le Ada, feL,(0, c»). 
=o JO 


Show that U is an isometric isomorphism of L,(0, co) onto £,(— co, oo) 
whose inverse is given by the equation 


N 
(U^ gy) = Lim. vt. 2)80)24. 
No J-N 


(c) Show that the isomorphism U yields the spectral resolution 
of the operator T,(z). 
I5 Given the formally symmetrie formal differential operator 


ETES 


on the interval (0, co), prove that: 
(2) The operator r has no boundary values at zero and two 
boundary values at infinity. 
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(b) Two linearly independent boundary values at infinity are 
given by the equations 
B,(f) = lim (Hey, 
too 
Balf) = lim e (Hey. 
treo 
(c) Prove that the extension 7, of the operator T(t) obtained 
by imposing the boundary condition 
Bof) = AHR p (y) o WAH Bg (6, 0<b<2 


is a self adjoint operator. 
(d) Prove that the operator 7, has a continuous spectrum 
covering the positive semi-axis and eigenvalues at the points 


—(2n4-8* 
with normalized eigenfunctions given by 
(4n--209/2:3/2J,.. (1), 
where J,(£) denotes the Bessel function of order pz 


J,0 = €^ 0(u 4-1: 244-1; 2it). 


m d ) 
(e) Let 


vtt, p) = Fer Pat [^ [G) o9] Jut) 


4 sinh [(@) e—a] 1.40}: 


and let E be the resolution of the identity for the operator Te- Then 
the operator 


(AG) = tim. f ye garni 
No Jo 


is an isometric isomorphism of E([0, co))Z,(0, c») onto L,(0, œ) 
whose inverse is given by 


" 
(gy = lam. (vi aeta. 
xin 
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(f) Show that the operator U gives a spectral representation 
of the Hilbert space E([0, 00))Z,(0, oo) relative to the restriction of 
the operator Tọ to this space. 

I6 Given the formally symmetrie formal differential operator 


d 


(eurem bzo 


on the interval (0. œ), 

(a) show that the operator r has no boundary values, and 
hence that the closure of the operator Zy(z) defines a unique self 
adjoint operator 7,(z); 

(b) show that the spectrum of the operator 7, (1) consists of a 
continuous spectrum on the half-line [4, o5); 

(c) putting » = V^ 41—1, and taking as determining set the 
functions 


fit) = evento (A psa), 

hin = nme (TOF a a, ai). 
show that the spectral density matrix of Theorem 5.23 is given hy 
r=) ra+i) 
r( Ed Tai) 


I7 Given the formally symmetric formal differential operator 


em ennf) (3) en 


on the interval (0, œ), show that: 

(a) v is a positive opérator with no boundary values. 

(h) The spectrum of the operator 7^ (1) consists of a continuous 
spectrum covering the positive semiaxis. 

(c) The multiplicity of the continuous spectrum of 7,(z) is one 
for 0 S1 < i and two ford < å < œ. 


1 
hdi) = L— [i J di. where e= —2* 
y 
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(d) Let E he the resolution of the identity for the operator 
T(x), and let 


k Fk POS 
"T y Tego PHP UNTER, 


where 


Show that the operator 
(Uf) = lam. | vtt ktd 
Nae Jo 


is an isometric lsomorphism of E(0,1)L40, co) onto Lj(0,1) 
whose inverse às given by 


(U^? gt) = lim [" yt K)g(k)dk. 
Nido 
(e) Taking as determining set the functions 


hE) = (piper VDL sr, 1—2irs Bit), 
fot) = (PHAN en Xe. — ir, 1—2ir, — Dit), 
where 


r=va-i, 


show that the spectral density matrix of Theorem 5.28 is given hy 


Ad) L|, o A V2) re dr. 
d 2; ir 12-4 
"E mm c 


I8 Given the formally symmetric formal differential operator 
d d 
r= —(4ey8 (3) e (5) atep Qn £y3, 
on the interval (0, 00): 


(a) Show that t has no houndary values. 
(b) Show that the spectrum of the self adjoint operator 7'(r) 
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consists of a continuous spectrum extending over the positive 
semi-axis, 

(c) Putting 4 — AU?, and taking as determining set the 
functions 


Hh) = (1HE he HD + ip, 14 Bip; Zip), 
folt) = (1-2) Het GA in, 1—92ip; —2ilg), 


show that the density matrix of Theorem 5.28 is given by 


CRETA (4-24 
1 ré OFT + ip) (2j) Beer 
Ta—2ü)r (i-i) 
Q2) = TT : dy. 
[Om Trina) 1 
T+ 2p Giu) 
I9 Given the formally symmetric formal differential operator 


(el 


on the interval (0. co): 

(a) Show that the operator r has no boundary values, 

(b) Show that the spectrum of the operator 7'(z) consists of a 
continuous spectrum on the semiaxis (3, c). 

(c) Putting c= 817, s= f, pom NASA, and taking as 
determinmg set the functions 


fU) = esto) -ig, V4-2ip; 4cs) 
fa) = sD (A) — iu. 1—2ip; 4es) 


caleulate the density matrix as in Theorem 5.28. 
T10 Given the formally symmetric formal differential operator 


di? 
== (2 +e, k>0, 


(a) determine specific expressions for the boundary values at 
infinity, 
(b) show that r has no boundary values at — œ, 
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(c) give a complete spectral analysis of the operator in the 
interval [0, oo), 

(d) give a complete spectral analysis of the operator in the 
interval (— oo, 0], 

(e) give a complete spectral analysis of the operator in the 
interval (— co, +œ). 

(Hint: The solutions can be expressed in terms of the hyper- 
geometric function.) 


J. Miscellaneous Problems 


Jı Consider the formal differential operators 


d $n-2 d £n—3 
+= totter at) (G) testo) 
+ ne tall) 


on a compact interval I = fa, 5]. Show that: 
(a) The equation ro+,2"c = 0 has a set G, Og,- -+ Oz, of 
solutions obeying the asymptotic relations. 
a(t, p) = e" (14-0(07)) as p > 2, 


for f = 1, 2, .. ., 2n, uniformly for £ in I, where w; are the various 
roots of the equation o?" = —1. 
(b) If 


tolt, p+ polt,p)=0, tel, n0, 


and |o(* A), remains bounded as p > oo, then |o(fg)| +0 as 
# co, uniformly for t in any closed subinterval J of the interior of I. 
(c) For a square-integrable function k the equations 


Toho + "ho =h, 


th+ qb = h, 


and 


respectively, have solutions hg(f, p} and A(t, p) satisfying 
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im. [holt 1) —AG p) = 0 
p> 
uniformly for £ m F, while 
Viol’. plo + IAC, p) = O(a") 
BS p > 0. 

(Hint: Let o4, we, ..-,@2, be enumerated in such a way that 
Riw; <0 for j Sn, and Biw, > 0 for j > n. Then the inhomogeneous 
differential equation 

Gaump—g 
may be solved by the formula 


opt 
H1) = o( — M we p doch g(s)ds 


jada 
an po 
2 ioter gods], 
hia 


where o denotes any solution of the homogeneous equation 
(r4-147)o = 0. 


Using this fact, construct o4, h, and hg as the solutions of appropriate 
integral equations. 

J2 (General Summability Principle). Let the hypotheses of 
"Theorem 5.28 be satisfied, and suppose in addition that v is bounded 
below, that O C o(T), and that f is a square-integrable function. 
Show that: 

(a) For 4, sufficiently large 


a i 
J [een x (dares, fa) | 
— y= 
ai i 
=m f^ [er X omen ava] 


eo „71 


exists uniformly for f in any compact subinterval of F. 
(b) We have 


mf" , 
im f. [aorar È onae, aran) 
= lim (—A (As DO = f) 
Agee 
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at all points £ interior to Z for which 
1 phe 
lim +f li@)—f Olds = 0. 
eao € Je 


(c) If £ 15 any operator defmed on a subinterval f of I, if £ is 
bounded below, and if Î is a self adjoint extension of Tolf) then 


Ns (ARE os 2)g1D)ta- (4 RC-25 TY) (0] = 0 


uniformly for ¢ in any compact subinterval of the interior of I. 

(Hint: Use the preceding exercise to establish (c), and deduce 
(b) from (c)). 

J3 Let rz be a formally self adjoint formal differential operator 
on an interval I, and let 7 be a self adjoint extension of T,(r). Let 
{/,} be an orthonormal family of eigenfunctions of 7, ie., Tf, = 4,f,, 
and suppose that the set 4, is bounded. Then, for each square- 
integrable function f, the series 


SO tt 


converges absolutely and unformly on every bounded closed sub- 
interval Z, and may be differentiated arbitarily often under the sign 
of summation, the differentiated series also converging absolutely 
and uniformly. 

J4 Suppose that the differential operator z on the interval 
[a, b) satisfies the conditions given in Theorem 7.16(d). Let k be any 
measure obtained in the inversion formulas of Theorem 5.23. Show 
that h is absolutely continuous with respect to Lebesgue measure. 

J5 Consider the differential operator 


- 


on the interval [1, 00). Show that the essential spectrum of x is the 
strip 0 < R} xl. 

(Hint: Theorem 7.5 and the fact that c,(z*) — o,(r).) 

J6 Show that the formally symmetric formal differential 
operator 
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enemies 


on the interval [0, cc) has two boundary values at infinity. 
Jz In various problems of applied mathematics one is led to 
consider generalized “eigenvalue problems" of the form 


uf = hrf, 


on an interval F, where z is a formally symmetric formal differential 
operator of order » defined on F, and where r is a positive funetion 
which is infinitely often differentiable on F. 

{a) Let L,U, r} denote the set of measurable functions defined 
on I for which 


yr = [roa < o, 
and for f, g in L,, 7) and set 
(4.2. — frora. 
Let Tz, 7) denote the operator defined by 
DLs 0) = Fe LAL nf e 470) 7136 Lall, r} 
(7,6712, MYO) = ENO. 
Show that the operator 
Tor +z): LU r} Lr) 


is symmetric, and that its adjoint is Z (tr, v). 

(b) Let T be a self adjoint restrietion of 7 (r-1z, r}. Show that, 
if L denotes the mapping (I/)(t) — r¥?(}f(¢) of LIT) into LL, r), then 
ITP is a self adjoint restriction of 7,6—7U2z7;7w?). Show that the 
converse of this statement is also valid. 

(c) Assume the hypotheses of (b), andlet E(7; 7)and E(? ; 171-4) 
denote the spectral resolutions of T and IZI- respectively. Then 
IEC; TY — EC ETH). 

(d) The operator Tfr Y?rr-12)} is bounded below as an operator 
in L4 r) if and only if T,(7-¥/?zr1) is bounded below as an operator 
in L4). Suppose that 7(7—1z) is bounded below, and let T be its 
Friedrichs extension (in the sense of Theorem XIL5.2 and Corollary 
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XILS5.8). Let 4,(7)} be the numbers of Exercise D2 as defined for the 
operator 7. Then 


ary = sup dp RD 
tiere. o sober) Jara 7 TS 


(e) Lett be a differential operator of the second order, of the 


form 
Qe) om 


where p is positive. Then 7,672) 1s bounded below (as an operator 
in Z4U, r)) if and only if there exists a A sufficiently large so that the 
solutions of the equation (Ar—z)f = 0 have only a finite number k 
of zeros in I. Suppose that such a / exists, and let 7 be a self adjoint 
extension of 7,(71z). Then T has at least k—1 eigenvalues (counted 
according to multiplicity) in the interval (— o», —A}. 

@) (J. Berkowitz}. Let z be of the form described in (e), and 
suppose that (r(1))-3(£) is bounded below, Suppose that the interval I 
is of the form [a, 5). Then the operator Y5(771/2:77/?) (considered as 
an operator in E,(I)) is bounded below, and its essential spectrum is a 
subset of the interval [e, oo), where 


c = lim inf (ri) *qtt). 
tab 


J8 Let r = —(d/diP--q(t) on the interval [0, co), and let 
git) > co as £ + co. Let T be the restriction of the operator T(r) 
defined by the boundary condition f(0) — 0. 

(a) Show that 7 is self adjoint, and has a spectrum consisting 
of an infinite sequence of simple eigenvalues A,(g) converging to 
infinity. 

(b) Let N(u,g) be the number of eigenvalues A,(g) in the 
interval (— o, p]. Show that 


p = o(N(u,g)) — aspe. 
(c) Suppose that 


PE — o(g(t)) as t-> oo. 
Show that 
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Niu, q) = O) as wp on. 

J9 Let x be a formally self adjoint formal differential operator 
of order 7 defined on an interval F. Suppose that z is bounded below, 
and o,(t)} is void. Let 7 be a self adjoint extension of T(r), and let 
N(u, T) be the number of eigenvalues of 7 in the interval (— co, ui). 
Show that 

p —O0O(NG,T) as p> o. 


If the interval J is infinite, and the leading coefficient of x is bounded 
above, or if the leading coefficient of r approaches zero at one of the 
free endpoints of Z. show that the stronger assertion 


pI" = o(N (p, T)) 
is valid. 


10. Notes and Remarks 


A. Historical remarks. The spectral theory of self adjoint 
operators which has been developed in Chapters X and XII reveals 
much of its power in its application to the study of linear differentia] 
operators, Such concepts as that of an expansion into the eigen- 
functions of a differential operator of second order, a boundary value 
for a singular differential operator, or the generalized **Founrier 
Integral" of Section 5 have been so fully understood since their 
connection with the geometry of Hilbert space was discovered that 
it may seem paradoxical that the eigenvalue theory of a Sturm- 
Liouville operator should have been chronologically the first approach 
to spectral theory, even before the dawn of matrix theory. 

The idea of decomposing a function into a linear combination of 
simpler functions dates back to the eighteenth century. We owe to 
Daniel Bernoulli the first glimmerings of the possibility of expanding 
2 continuous function defined on a finite interval into a series of 
eigenfunctions. Indeed, his treatment of the problem of the vibrating 
string led him to the first formulation of what was later to be called 
the principle of superposition (1758), which became the inspiration 
for much of the nineteenth century work on differential operators of 
the second order and on harmonic analysis. To Daniel Bernoulli we 
owe a reawakening of interest in the problem of the vibrating string, 


1582 XIN. ORDINARY DIFFERENTIAL OPERATORS XIIL10.A 


which had lain dormant since it was first attacked by B. Taylor in 1718. 

Spurred on by the work of Bernoulli and by related investigations 
of Euler and d' Alembert. Lagrange, in 1779, was the first to apply to 
the equation of the string the idea of approximating the solution of a 
linear differential equation by the solutions of a finite system of 
linear equations, thus using an idea that would later become one of 
the basic principles of functional analysis. Lagrange replaced a 
continuous distribution of mass in the string by a finite number of 
equally spaced point masses. 

A number of expansions in terms of what is now known as a 
system of orthogonal funetions, such as spherical functions and 
Legendre polynomials, were known in the eighteenth century, but a 
systematic approach to the problem of expansions in eigenfunctions 
of an arbitrary self adjoint second order operator was not made until 
1880, when, almost simultaneously, J. C. F. Sturm [1, 2] and J. 
Liouville [1, 2] developed, in a series of four memoirs in Liouville's 
Journal, a systematic and elegant theory of the differential operator 


= (3) ptt Q +4), 


where q is & real and p a positive twice differentiable function on a 
finite closed interval. Their work. while it may now appear to be 
limited by the lack of a proper theory of integration and by the use 
of some arguments of heuristic rather than strictly logical character 
(which were not made rigorous until 1905), nevertheless already 
contains practically all the characteristic features of the theory of 
expansion in eigenfunctions of a differential operator on & closed 
interval, such as the existence of an infinite sequence of eigenvalues 
with no finite cluster point, the orthogonality property of the eigen- 
functions and the Parseval equality. 

To Sturm we also owe the theory of oscillation of the solutions of 
a differential operator of second order: his renowned "oscillation 
and “comparison” theorems have revealed their usefulness in the 
analysis of the most disparate problems, not the least of which is the 
problem of the location of spectra of singular operators, discussed in 
the latter part of Section 7 and later in the present section of notes 
and remarks, 
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The researches of Sturm and Liouville were followed by a great 
deal of work in the theory of special functions, which we shall briefly 
touch upon later. However, the "spectral" theory which they had 
discovered was to wait until the first decade of this century before it 
was actively taken up again. It was Dini [1] who, in his studies on 
expansions in Fourier, Bessel and spherical series. inaugurated, in 
1880 and carried forward until 1910, the study of convergence along 
modern lines. Dini gave the first criterion of equiconvergence of 
Fourier series and Sturm-Liouville series. In 1905, A. C. Dixon [1] 
gave a first rigorous proof of the existence of an infinite discrete set 
of eigenvalues. Dixon’s work was almost contemporary with that of 
Kneser [1, 2,8. 4], which relaxed the requirements of differentiability 
of the coefficients. Shortly thereafter, with the advent of the Lebesgue 
integral, E. W. Hobson (1908, [2]} and W. Stekloff [1] studied the 
convergence properties of the expansion of an arbitrary integrable 
function in terms of the eigenvalues of a Sturm-Liouville operator. 
Hobson succeeded in proving a “principle of localization” similar to 
the corresponding principle for trigonometrical series. A, Haar 
(1910—11, [8]) continued the investigation, and concluded with a 
general principle permitting the comparison of a Sturm-Liouville 
series with a trigonometrical series. In the same year M. Picone [1] 
published & partieularly elementary proof of Sturm’s comparison 
theorems. 

In the meanwhile the problem of extending the Sturmian theory 
to differential operators of higher order or of more general type had 
been receiving attention. Already in the dissertation of Westfall 
(1905, [1]} we find an extension of the expansion theory to real self 
adjoint differential operators of even order on a closed interval, but 
the most comprehensive theory of these operators is due to G. D. 
Birkhoff [1 through 7], who, in an exhaustive series of papers 
starting in 1908, constructs a theory of expansion in terms of bior- 
thogonal systems obtained from a (not necessarily self adjoint) 
differential operator of arbitrary order on a closed interval. Some of 
the work of E. Hilb [2, 8], M. Bócher [8, 4, 5] and J. Tamarkin [2, 8] 
in this period also deals with particular cases of the problems 
dealt with by G. D. Birkhoff. A modern version of Birkhoff’s theory 
will be given in Chapter XIX. 
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After the thorough investigations of these authors the interest 
in differential operators on finite closed intervals slowly wanes. The 
contemporary research of Hellinger [1], E. Schmidt [1, 2] and 
Hilbert [1] on integral equations naturally led to an interest in & 
similar approach to differential operators whose coefficients are 
singular at one or both of the endpoints of the interval of definition, 

The exploratory work of Hilb [2] in 1909 deals with differential 
operators of the form 


ena = (5) (F) oeoo 
on the interval (0, 1], where g and h are assumed to be analytic. The 
reduction to an integral equation via the Green's kernel is used, and 
then the theory of integral equations is applied. To Hilb we also owe 
the first remark on the fundamental dichotomy arising in the bound- 
ary value theory of a second order differential operator with real 
coefficients, exhibited by the definite or indefinite character of the 
eigenvalue problem obtained by imposing one boundary condition 
at the non-singular endpoint. 

It was Hermann Weyl, however, who brought together these 
loose threads and developed a unified and far-ranging theory of the 
most general singular formally self adjoint differential operator. 
Weyl's two papers in the Göttinger Nachrichten [7, 8], and parti- 
cularly his memoir in the 68th volume of the Mathematische Annalen 
[B] brought to light an exhaustive and systematic theory which, 
while embracing all the preceding discoveries, would remain for 
years to come one of the stepping stones of linear analysis. 

Weyl's memoir is remarkable in several respects. With the 
“Fourier mtegral” representation of a square-integrable funetion in 
terms of the “eigendifferentials” of smgular differential operators 
it opens a new horizon for the newly discovered spectral theorem of 
Hilbert, which, moreover, is applied here to a first example of what 
is now known as an unbounded oj r. In fact, many of the struc- 
tural properties of the closed self adjoint unbounded operator, such 
as the existence of “deficiency indices” and their invariance (Theorem 
XIL4.19 in this book), as well as the corresponding extension theory, 
make their first appearance in this memoir, in Weyl's use of the 
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ingenious geometric method of the contracting circles. In Wey!’s 
work we also find the first examples of criteria permitting the deter- 
mination of the continuous spectrum and the number of boundary 
values of a differential operator by direct inspection of the singulari- 
ties of the coefficients, which thirty years later became the starting 
point for the work of Hartman, Wintner and their school on these 
same questions. 

Remarkably enough, the discoveries of Weyl did not lead 
immediately to more extensive research. While abstract linear 
analysis became a fashion in the twenties, the difficulties of generaliz- 
ing the limit-point limit-circle method to operators of higher order 
obstructed any attempts to obtain a spectral theory for differential 
operators of higher order. The isolated attack of Windau [1] in 1921 
seems to be the only one in the decade. 

In the years following Weyl's work, up to the late forties, three 
distinct schools carry the work forward. The year 1920 marks the 
appearance of the wave mechanics of Schrédinger, which assigns a 
fundamental role to & certain singular equation. The following two 
decades witness the development of quantum mechanics, in which 
the spectra] theory of differential operators of second order assumes a 
physically significant role. Thus the physicists of the time were 
naturally led to mterest themselves ın the theory of Weyl. But, 
while many of the useful insights of the new physical theories later 
afforded inspiration for further mathematical research, unfamiliarity 
with some of the analytic tools of the new analysis enveloped several 
concepts with an anra of mystery and awe. Square-integrability, 
spectral measures and continuous spectra were looked upon with 
a suspicion which disappeared only after the work of mathematicians 
such as J. von Neumann and K. Friedrichs in the thirties. A typical 
instance of this situation is found im a misunderstanding of the 
extension of the continuous spectrum: a heuristic “principle of 
infection” led to the belief that the continuous spectrum would always 
include a half-line (cf. the book of Dirae [1]}. 

Among mathematicians we find two lines of investigation which 
lead us to the final systematization which occurred in the last eight 
years. As early as 1915, Hilb [4] gave a proof of the fundamental in- 
version forinula of Weyl which dispensed with the machinery of 
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singular integral equations in favor of a wide use of function theory. 
The formula was obtained by an argument on the residues of Green’s 
kernel. The same idea was taken up by Titchmarsh [5] in 1988. 
Reducing his use of functional analysis to a minimum, Titchmarsh 
undertook in a long series of papers [5 through 16] the task of 
calculating the spectral measure of a singular differential operator by 
an exclusive use of residue arguments. His work culminated with the 
derivation of a version of the fundamental formula 5.18 for a dif- 
ferential operator of the second order. 

In the first thirty years following the publication of Weyl’s 
memoirs, the development of the spectral theory of differential 
operators in the spirit of functional analysis proceeded rather slowly. 
A paper of M. H. Stone [17] in 1926 studies the case of the operator 


- (o) tw 


with q integrable, and derives in particular the formulas for the 
Hankel transform. Several other papers of Stone in this period 
[18, 19, 20] treat the more delicate questions of convergence of the 
series expansions in the theory of Birkhoff. A later book by the same 
author [8] contains a sketch of the application of the spectral theorem. 
in Hilbert space to differential operators. A few years later, in 1987, 
Halperin [5] published a first study of the closure and adjoint 
properties of unbounded operators in Hilbert space obtained from 
ordinary differential operators, Almost simultaneously, Calkin [1, 8] 
proposed the notion of an abstract boundary value, whose usefulness 
we have tried to make apparent in the development of this chapter. 
In the same period K. Friedrichs [8, 5, 7] carried forward Wey!’s 
program. 

In recent years, many mathematicians have worked on various 
aspects of the spectral theory of self adjoint differential operators. 
Following a suggestion of H. Weyl, K. Kodaira in 1949 undertook to 
unify the results of Weyl and Titchmarsh by the methods of func- 
tional analysis. His work [1, 4, 5] completes the theory of operators 
of even order, and presents several points of contact with the develop- 
ment given in Section 5 of this chapter, the main divergence being 
Kodaira’s use of a method of contracting hypersurfaces generalizing 
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Weyl's method of contracting circles. K. Yosida [10] in 1950 threw 
further light upon the formulas of Titchmarsh and Kodaira, Levinson 
[5, 6] produced a simplified proof of the expansion theorem. 
Coddington (1954, [2]) proved the expansion theorem by a different 
method and proved the uniqueness of the spectral matrix. An ex- 
position of the development of the theory along the lines developed 
by them can be found in the recent book of these authors [1]. 

Starting in 1947 and continuing to the present day, numerous 
contributions to the analysis of various spectral problems con- 
nected with the operator of the second order have been given by 
P. Hartman [1 through 16], A. Wintner [1 through 20], Hartman and 
Wintner. [1 through 21] and their school (Putnam [1 through 
18], Hartman and Putnam fi, 2], Wallach [1,2], Wolfson ft, 2]). 
The problem of determining the essential spectrum and the number 
of boundary values for a second order operator was studied in a long 
series of notes in the American Journal of Mathematics. Some of their 
results are generalized in Sections 6 and 7, others are summarized in 
paragraphs C and D of this section, 

In Russia, interest in the theory started with a paper of M. G. 
Krein [12] in 1948, where what he calls the “method of directing 
functionals” js used to obtain transparent proofs of the fundamental 
theorems. This method seems to have been the first to do without 
the use of procedures of approximation from finite to infinite inter- 
vals, and is strong enough to be applicable to operators of any order. 
Another proof of the expansion theorems—which, however, omits the 
key fact of the umqueness of the matrix measure—is due to B. M. 
Levitan [4]. In the dissertation of I. M. Glazman in 1949 the problems 
connected with boundary values of singular operators are finally 
settled in a particularly simple way, without appealing to the geome- 
tric method of contracting hypersurfaces. 

In recent years the Russian school has prospered. It suffices to 
refer the reader to the papers of Berezanskii [1, 2], Dorodnicyn [1], 
Fage [1, 2], Gelfand and Kostyucenko [1] Gelfand and Levitan 
[1, 2], Karaseva [1] Krein [10 through 18], Krein, Krasnosel’skii 
and Milman [1], Levitan [1 through 7], Lidskii [1], Livšic [5], 
Maréenko [1, 2], Moléanov [1], Naimark [4, 9, 10, 11, 12], 
Nemyékii [2], Povzner [5, 6, 7, 8], Rapoport [1, 2], Snol [1] and 
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StaSevskaya [1], as well as to the books of Ahiezer and Glazman [1], 
Levitan [2], and Naimark [5]. 


B. Comments on the text. Section 1. The literature on the solution 
of linear differential equations by the method of successive approxi- 
mations is very extensive, and runs beyond the scope of these notes. 
We refer the reader to any standard treatise on differential equations 
for further references. 

The idea used in Theorem 5 is due to Peano ([1], 1888), who 
developed & matrix calculus for this express purpose. See also the 
paper of Baker 11]. The method is called by the names of these two 
authors. 

Section 2, The first explicit calculation of the formal adjoint of 
a linear differential operator was published by Lagrange [2] in 1765 
in the Miscellanea Tauriniensia. The term “adjoint” was first used 
by L. Fuchs [1] in. 1878. 

Tt is difficult to establish the origin of the various formal ex- 
pressions connected with adjoint operators and Green's formolas. 
The interested reader will find more detailed treatments in the paper 
of E. Borel [1], in the book of M. Bócher [5], or in the third volume 
of Darboux’s Théorie des Surfaces. The same may be said of the 
analytical machinery connected with the calculation of the adjoint 
of differential operators in Hilbert space. Von Neumann's paper in 
1929 [7] takes the first steps in the ease of a Sturm-Liouville operator. 
Stone's book [8] in 1932 contains a slightly expanded account, A more 
systematic treatment is to be found in Halperin's paper [5] in 1987. 
The analytical device of Lemma 8.16 is to be found in a recent paper 
of J. T. Schwartz [2]. 

After the publication of Wey!’s memoir and until the publication 
of the thesis of Glazman, all attempts at generalizations of the algebra 
of boundary values (which extensions are required in order to apply 
to formally symmetric differential operators the theory of von 
Neumann) were concerned with an extension of Weyfs geometric 
formalism to surfaces of higher order. Along this line we notice the 
paper of Windau [1] and a series of works by D. Sin [L 2, 8]. 
Insistence on carrying out this program even led to the belief that a 
differential operator of order 2n would always have either zero or n 
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boundary values at each singular endpoint, a conjecture which was 
first disproved by Glazman in 1949. 

The present definition of boundary value (Definition 17) was 
first expounded in the thesis of Calkin [1]. Many results concerning 
the deficiency indices, notably Corollary 22 and Theorem 27, are due 
to Glazman [1, 2], whose methods of proof are, however, dissimilar 
from the ones adopted here. The two corollaries attributed to Kodaira 
were first proved fI, 2, 4] by a somewhat more involved method of 
contracting hypersurfaces. The terminology explained in Definition 
29 seems to have a physical origin. The first satisfactory discussion 
of the boundary values of the singular Sturm-Liouville operator was 
given by Weyl [5] in 1910. For an explanation of various problems 
connected with the determination of boundary values, the reader 
may refer to works of Fage [1, 2] and Feller [4-7], as well 
as to the standard works of Ahiezer and Glazman [1] and 
Naimark [5]. 

A comprehensive exposition of the theory of boundary values for 
linear and non-linear differential operators is contained in the paper 
of W. M. Whyburn [1]. The algebra of boundary value problems for 
operators on a finite closed interval is treated in the well-known paper 
of Birkhoff [8]; see also Tackson [1] and Latshaw [1]. 

Section 3. It is beyond the scope of this brief survey to give a 
history of the theory of Green’s kernel for differential operators on a 
finite interval. It suffices to say that the first published aecount of 
Green’s kernel for an ordinary differential operator appeared in the 
paper of H. Burkhardt [1] in 1894 for the differential operator (d/dt)? 
on a finite interval, The generalization to differential operators of 
arbitrary order was carried out by M. Bécher [2] in 1901, Three 
years later Hilbert [1] gave the first reduction of a differential 
problem to an integral problem, thus establishing the integral rep- 
resentation of the resolvent. Hilbert’s method was later exploited by 
Hilb [2] and Wey! [5]. The method followed by these authors for the 
determination of the integral representation of the resolvent is based 
on an approximation of the Green’s kernel for the singular operator 
by a sequence of Green’s kernels obtained by restricting the operator 
to finite intervals, The method followed in this chapter seems to be 
new, As an alternate approach, we mention the method of Glazman, 
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a detailed exposition of which can be found in the book of Ahiezer and 
Glazman [1], as well as the approximation method of Coddington 
and Levinson [1]. 

For a detailed exposition of the problems connected with the 
calculation of the Green’s kernel for a differential operator on a finite 
interval, the recent paper of E. Mohr [1] may be found valuable. 

Section 4. The work of Hilbert [1] in 1904 already contains 
a remark to the effect that Green's kernel for an operator of the second 
order on a compact interval is a kernel of the Hilbert-Schmidt type. 
As soon as the results of Hilbert and E. Schmidt on such an integral 
kernel beeame available, the idea of obtaining the expansion theory 
for a differential operator on a closed interval by inverting the 
differential operator was used: see the two papers of Kneser [8, 4]. 
Later, Weyl established the more general fact that Green’s kernel for 
a formally self adjoint differential operator of second order with four 
boundary values is a Hilbert-Schmidt kernel 

Section 5. The historical development of the main theorems 
in this section has been sketched in the first section of these notes. 
We recall that alternate proofs of these results are due to Weyl [5] 
(for the operator of second order on a semi-axis), Hilb [4] (the in- 
version formula for the operators of Weyl}, Stone [17] (operator 
—(d/dtP+-g(t) with g integrable and general discussion of Sturm- 
Liouville operator in [8]), Titchmarsh [5] (derivation of Theorem5.18 
for the operator —(d/dt}?4-9(t}), Kodaira [1, 4, 5] (for the operators 
of even order), Levinson [5, 6], Coddington [2], Krein [12], Levitan 
[4]. Sears [6] has sketched an approach to the operators of the second 
order which proceeds from the L,-theory to the L,-theory in analogy 
with a classical approach to Plancherel’s theorem. 

The codification of the terminology connected with matrix 
measures seenis to be due to Kodaira [4, 5]. The proof of Theorem. 
5.10 seems to have been first obtained by I. Kaz [1]. The first general 
proofs of the uniqueness Corollary 21 are due to Coddington [8] and 
Maréenko [1, 2]. 

Section 6. Most of the results given in this section have been 
slowly evolved from the first results of Wey] in papers appearing in 
the last fifteen years, notably by Titchmarsh [5 through 16], 
Naimark [4, 9, 10, 12], Hartman and Wintner, Levinson [2], 
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Friedrichs [B, 5, 6, 7, 10, 18] and Sears fl, 2, 5, 7]. For other 
papers of interest see Glazman [1 through 4], Krein [18 through 
16], Lidskii [1], Molcanov [11 and Snol [1], and the recent book of 
Naimark [5]. 

The term “essential spectrum" was first used by Hartman and 
Wintner in their papers in the American Journal of Mathematicsin 
1948, The defining property used by them coincides with the property 
we have given in Theorem 4, The development followed in this section. 
and the next, which makes extensive use of Definition 1, has also 
been used by Snol [1] and Naimark [5]. A version of Lemma 7 is due 
to Glazman [1, 2]. A result similar to Lemma 8 can be found in the 
joint paper of Krein. Krasnoselskii and Milman [1]. Theorem 11 was 
obtained by Weyl for operators of the second order, and extended hy 
Glazman [1]. The trick used in Theorem 14 has been utilized by 
Wintner in some of his notes. Theorem 15 is due to Levinson [2]. 

The asymptotic result given m Theorem 18 is well known: it 
was used by Stone in 1928 117}. A version of Theorem 20 can be found 
in the work of Coddington and Levinson [1]. Theorem 23 appears in 
the paper of Friedrichs [1]. It was improved by Sears [1] and Berko- 
witz [1]. Theorem 28 is new. 

A first result in the spirit of Lemma 82 is due to Esclangon [1] 
and Landau [2]: they assumed that the function f in the statement 
cf the Lemma is bounded. Lemma 88 is well-known: see the book of 
Hardy, Littlewood and Pólya [1]. Lemma 84 is due to von Neumann: 
jts first published proof can be found in the paper of Halperin [5]. 
Theorem 85 was known for operators of the second order: the general 
result has been obtained by Naimark [5]. 

Section 7. Most of the results given in this section are found in 
the literature only in the special case of operators of second order. 
Some of the theorems have been proved by Naimark [5]. In all cases 
the present method of proof is different. 

The characterization of the essential spectrum (for self adjoint 
operators) given in Theorem 1 is due to Wey! [5]. Theorems 8, 9, 10 
and 18 were previously known for operators of the second order (cf. 
the book of Titchmarsh [16]). The proof of Corollary 14 was finally 
achieved by Hartman after a series of successive weakenings of the 
assumptions on the coefficient function g. For condition (c) of 
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Theorem 16, see the book of Coddington and Levinson [1]. For 
Theorem 17 see the papers of Friedrichs [10]. 

For a different proof of Lemma 22 see the paper of Rellich [6]. 
Semi-bounded differential operators were studied by Friedrichs [3] 
and Rellich [6]. Lemma 23 is a special case of the fact that a gap in 
the essential spectrum implies equality of the deficiency indices. 

Lemma 85 is the renowned “Sturm comparison theorem.” The 
proof given here is similar to that which has been given by Picone [1]. 
Corollary 87 goes back to Kneser [1]. The study of the connection 
between the essential spectrum and the oscillatory behavior of the 
solutions was initiated by Hartman [8] and Putnam (Hartman and 
Putnam [1, 2]) (Theorems 50 to 55). The paper of Rellich [6] 
studies the special case of operators bounded below. 

There is a vast literature on the asymptotic distribution of the 
eigenvalues of the Sturm-Liouville operator on a compact interval. 
Let it suffice to mention here the works of Birkhoff [2], Brillouin [1], 
Dunham [1], Kramers [1], Kemble [1]. Langer [1, 2, 8), Milne [8] 
and Titchmarsh [16]. 

The study of “periodic potentials” for the operators of second 
order began in the physical laboratory (see, e.g., Kramers [2]). A 
more rigorous study was first carried out by Titchmarsh 10] and 
Wallach i2]. The reader interested in the physical aspects of the 
theory and its relations with the theory of crystal structures may 
profitably consult the book of Seitz [1]. 

Corollary 68 was given by Friedrichs [10]. The dissertation of 
J. Berkowitz [1] will be found useful for further exploration of this 
type of theorem, 

Various related results on the topics treated in Sections 6 and 7 
will be found in the following sections of the present collection of 
notes and comments. 

Section 8. Most of the classical formulas connected with special 
functions which sre used in this section can be found in the treatise 
of Whittaker and Watson [1]. The formalism used for the study of the 
hypergeometric funetion goes back to Riemann. The extension to 
the confluent hypergeometric function is new. Other studies of the 
spectral theory of the operators in this section are scattered through 
the physical literature. Some similar examples are worked out in the 
book of Titchmarsh [16], and in that of Ahiezer and Glazman [1]. 
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C. The Essential Spectrum of a Differential Operator of the Second 
Order, Under this heading we shall give a relatively complete 
summary of the known results on the relationship between the 
asymptotic behavior of the coefficients of the operator 


z=- (3) pte) (3) + a(t) 


and the essential spectrum of x. The interval of definition will be 
[a, b) or (a, b), with a > — œ ora — — co and b < co or b = œ 
and this interval will be specified with each case. It is understood 
that when the interval of definition of z is not specified, the statement 
is true in any finite or infinite interval. The functions p and g are 
assumed to be real and continuous, and p is assumed to be positive. 

The following statements describe situations in which the essen- 
tial spectrum is void: 

() For some (real or complex) 4, the equation (A—z)}f = 0 
has two linearly independent square-integrable solutions (6.6). 

(2) For every real A, the solutions of the equation (A—z)f = 0 
have only a finite number of zeros (7.89). 

(8) The function p is bounded away from zero, the function g 
is bounded below, and the set of square-integrable functions f for 
which 

feeit coire xi 


is conditionally compact. When p is bounded away from zero and g 
is bounded below this condition is also necessary (Rellich [6], Naimark 
[5], Exercise 9.F1). 

(4) More generally, the condition given in (8) is necessary and 
sufficient whenever the operator r is bounded below (Rellich [6]). 

(5) In [a, b), assume: 

(a) the functions p and g are positive in a neighborhood af b, 


[IF (eot) T (ettet T? 
b X 
e [Lotes] * * (noy (ye 
(c) (6.21) for z in a neighborhood of b, 


[peor < oo. 


< oO, 
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(6) In the mterval fa, b) (b S œ) assume 

(a) the function g is non-negative and piecewise continuous 
in the interval [0, o5), 

(b) the solutions of the differential equation 


PHH 
ae 


+e =o OSt< a) 


have only a finite number of zeros, 
(c) the function h, defined in [a, b), is positive, 
4) POl = — 
@ ol 7 a 
(e) either 
h(t) 0 or hit) > co 
as t tends toward b, 
(f) the function Z 1s defmed by 


e) 
2) 


Z(t) = «t) + 


1 1 1 1 
Z(t) = 
O= at oo [uia * (opt (r= 5) | 


according as h(t) > co or k(t) +0 as t£ tends to b. and we have 
lim, ,, inf Z(t) = œ, (Berkowitz [1]). 
(7) (7.66) In the interval fa, b), let 
Qt) = Hp" D-HO (9 (0) 
and assume that 
lim Q(t) = co. 
td 
(8) (7.67) In the interval fa, b), let Q be defined as in (7), and 
assume that 


f pty dt « oo, 


tim sup [ [i sera] enl « à- 


t 
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Other criteria for the determination of the essential spectrum. 
are the following: 

(9) Under the assumptions (a) and (b) of (5), and with the 
further assumption that for all z 


[Peete = o 


the essential spectrum of z is the entire real axis, (6.21). 

(10) Assuming (a) through (e) of (6), and letting the function 
Z be as in (f), if 

lim inf Z(f) z c > — oo, 
tab 

then the essential spectrum of z is contained in the half-line fe, œ) 
(Berkowitz [1]). 

(11) In the interval [a, b), let Q be defined as in (7). Assume 
that 

Í Pp dt = c, imQ) — e. 
< tb 

Then the essential spectrum of z is the half-line fe, co) (7.66). 

(12) In the interval fa, b) let 


zi 
zi = t [wi (f peras) ] 
&nd assume that 
lim inf Z(t) = K. 
tb 
Then the essential spectrum of c is contained in the half-line [K, oo) 
(7.68). 
(18) Suppose that in the interval [a, 5) 


lim inf q(f) = K. 
m 


Then the essential spectrum of z is contained in the half-line [K, o) 
(7.19). 

(14) In the interval fa, b), let N(f, A) be the number of zeros of 
a solution of the equation (4—z)f = 0 in the interval fa, t) (£ « b). 
Then a point A, on the real axis belongs to the essential spectrum of x 
if and only if for every pair 4 and p such that 4 < 4, < {a 


1596 XII ORDINARY DIFFERENTIAL OPERATORS XIIL10.C15 
lim inf (NG u)—N(& 2) = eo 
tab 


(Hartman [8], Exercise 9-F 3). 

(15) Suppose that the operator x 1s bounded below, and that 
the function r is non-negative in the interval of definition of r. Then 
the least point in the essential spectrum of z is smaller than the least 
point in the essential spectrum of r+r. This assertion is not true if 
it is not assumed that r is bounded below (cf. the exercises in Section 
9.D). 

Additional criteria are given below for the more special operator 


t= G "a at) 


where the function q is assumed to be real and continuous, The 
following conditions permit a complete determination of the essential 
spectrum of T: 

(16) If in the interval [0, co) the function q is bounded below, 
and for every positive real number a, 


R +a 
lim q{s)ds = œ, 
trode 
then the essential spectrum of z in f0, oc) is empty. When the function 
q is bounded below, this condition is also necessary (Snol [1], Naimark 
[5], Exercise 9.G 43). 
(17) In the interval fa, co) assume that 


lim g(t) = — co, 
top 


rr PEE 
aera] T5 gar 


Then, 
(a) if for large æ the integral 
Jo uoa 


is convergent, the essential spectrum of r is empty: 
(b) if the above integral is divergent for all z in fa, oo), then the 
essential spectrum of t is the entire real axis. (7.16). 
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(18) In the interval f0, co), suppose that 


(a) limg(t) = -o, 
tœ 

(b) lim. sup wor « c, 
7 (ey 

(c) p KOPE dt « co, 


for large M. Then the essential spectrum of t is empty (Wintner [8]). 
(19) In the interval fa, oo), suppose that 
lim q(t) = c. 
fb 
Then the essential spectrum of x is the semi-axis fe, co) (7.16). 
(20) In the interval f0, co), suppose that the function q(£)—c 
is of class L f0, oo) for some p, 1 X p « co. Then the essential 
spectrum of z in the interval [0, co) is the semi-axis fe, co) (Nalmark 
[n 
(21) Suppose that q tends monotonically to — co in the interval 
(0, œ) and that 
at) = off). 


Then the essential spectrum of z is the entire real axis (Hartman [16]). 
(22) In the interval (0, a] suppose that g is negative and non- 
decreasing, and that 
limg(t) = —co. 
He 


Then the essential spectrum of q is void (6.27, Sears [1]). 
(23) In the interval [0, co) suppose that g tends monotonically 
to —co and that for some k > 1, 


E le) dt = oo. 


Then the essential spectrum of z is the entire real axis (Hartman [16], 
Exercise 9.G 86). 

(24) In the interval [0, co) suppose that g tends monotonically 
to — œ as £ > œ, and that for some integer n 
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Je Water Dog gO Hoge gto) .. (og, kat) PETE dt = eo, 


(wbere log, = log log t, log, f = loglog,f). Then the essential 
spectrum of v is the entire rea] axis (Hartman [16]). 
(25) In the interval (0, 5b] suppose that 


lim inf £q(1) > — 
E 
Then the essential spectrum of z is void, and r is bounded below. 


(Use Theorem 7.34.) 
(26) In the interval (0. b], suppose that 


lim g(t) = co. 
fe 
Then the essential spectrum of z ıs void (7.17). 
(27) In the interval (0, 5] suppose that 
lim sup gt) < 3. 
120 
Then the essential spectrum of c is void (7.17). 
(28) In the interval (0, 5] suppose that 
(a) lim q(f) = — co, 


it 
b) f 


g(t) {g OP y 
[o] +3 
for æ in a neighborhood of 0, and 


gy" t quy 


© Jelena «eo, 


for z in a neighborhood of 0. Then the essential spectrum of z is 
void (7.17). 

(29) In the interval (0, 5], suppose that conditions (a) and (b) 
of (26) are satisfied, and that in addition 

(c) the function g is monotone decreasing in a neighborhood 
of zero, and 

(d) for all æ > 0, 


JeOma = o. 
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Then the essential spectrum of z is the entire real axis (7.17). 
(80) In the interval (0, 5] assume that as £ > 0, 


E > 
« Vrai sag 7 zs 
then the essential spectrum of z is void (Berkowitz [1]). 
Other conditions which allow the approximate determination 
of the essential spectrum are the following: 


(81) Let K = limsupq(t)— ini mi «(t 
m 

in the interval [0, co). Then on the positive real axis every interval 
of length K contains a point of the essential spectrum of z (Glazman 
[4], Exercise 9.A 6). 

(82) On the interval [0, co), if g(t) tends monotonically to — co, 
and if 

—«(t x cé 


for large t, then there exists a constant K (depending only on C) such 
that every interval of length K contains a point of the essential 
spectrum of z (Hartman [16], Exercise 9.G 35). 

(88) Suppose that g is bounded on the interval [0, co). Let 


v(t, e, q) = lim sup |e(s)—«(t)). for |s—i < € 


t 
v(e, q} = limsup 2 Í vts, £, q)ds. 
tao E Jo 

Then there exists a constant K = K(g) such that for large A every 
interval [A, A--K (v(z/4?, g)--1/2)] meets the essential spectrum of v 
(Hartman and Putnam [2]). 

(84) Under the assumptions of (88), suppose that b = oo and 
that the function g has a bounded derivative g’. Then there exists 
a constant M = M(g) such that for large A every interval 
(A, A--M OL A? y(c(]A12, g')4-1/4)] meets the essential spectrum of t 
(Hartman and Putnam [2]). 

(85) Under the assumptions of (84) suppose that the derivatives 
g and g” are bounded. Then there exists a constant N = N(g) such 
that for large 4 every interval [A, 4--N 1A) (v(71/212*, q^) 4-1/41/2)] 
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meets the essential spectrum of z (Hartman and Putnam [2]). 
(86) Suppose the function g is twice differentiable, and let 

(A, x} be an open interval which does not meet the essential spectrum 

of z but whose end points belong to the essential spectrum of z. If 


fi weis = om. 


then 
P- - 0 G 


(Hartman and Putnam [2]). 
(87) Similarly, if q is three times differentiable and if 


feles = 00), 


B- =0 (3 


(Hartman and Putnam [2]). 
(88) Suppose that q is bounded below in the interval f0, co) 

and that the essential spectrum of z is not void. For real positive 4 

let d(4) be the distance from A to the essential spectrum of z. Then 


4) = 04/3 


(Putnam [12], Sno? [1]). It follows m particular that the essential 
spectrum of z is either empty or unbounded (Exercise 9.G 41 and 
9.G 42). 

(89) Suppose the function q is bounded on the interval [0, co), 
and that the essential spectrum of r is not void. Then (cf. (38)) 


aay=o(2) 
(Snol J) 


(40) In the interval f0, co) suppose that 


then 


ie 
lim int > f la(s)lds = 0. 


tao o 


Then the essential spectrum of t contains the positive semi-axis. The 
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inclusion may be proper (Hartman [14], Exercise 9.G 88). 
(41) In the interval [0, co), suppose that there is a sequence of 
intervals [a,, bn} whose length increases beyond all bounds and for 


which 
m È KOP = o. 


Then the essential spectrum of z contains the positive semi-axis 
(Snol [1], Exercise 9.G 40). 

‘The following are criteria for deciding whether a particular point 
À lies in the essential spectrum of z. 

(42) On the interval [0, œ), if g is bounded below and the 
equation (4—z)f = 0 has two linearly independent bounded solutions, 
then 4 belongs to the essential spectrum of t (Hartman and Wintner 
[8], Exercise 9.G 5). 

(43) On the interval /0, co), if g is bounded below and the 
equation (A—z)f = 0 has a bounded solution which is not square» 
integrable, then 4 belongs to the essential spectrum of z (Hartman 
and Wintner [8], Exercise 9.G 5). 

(44) In (0, co), if g is monotone and negative, and if 


NOIL 


then the orig. lies in the essential spectrum of + (Hartman and 
Wintner [4]). 

(45) In [0, o»), if g is negative and monotone, and if there 
exists a sequence (£,) of real numbers tending to infinity for which 


qt) 


lim sup — 
Pi 


then the origin belongs to the essential spectrum of z (Hartman and 
Wintner [4]). 

(46) In [0, œ), suppose that there is a solution of the equation 
(A—x)f = 0 which is not square-integrable and which satisfies 


fielas = ocn. 


Then the point å belongs to the essential spectrum of r (Hartman and 
Wintner [14]). 


1602 XII. ORDINARY DIFFERENTIAL OPERATORS XIII,10.C47 


(47) In [0, cc), suppose that the equation (A—r)f = 0 has two 
linearly independent solutions f and g such that 


Jivereas= ow) and ie'(@)Pas = oc. 


Then the point 4 belongs to the essential spectrum of z (Hartman and 
Wintner [14]). 

(48) Suppose that the function q is bounded below, and let f 
be a real solution of the equation (4—7)f = 0 on [0. œ) which is not 
square-integrable but which satisfies 


f. ieas = ou) 


for some k > 0. Then the point 2 belongs to the essential spectrum of 
1 (Wintner [17]). 

(49) Suppose that the function q is bounded below, and that 
for some constant k > 0 every solution of the equation (A—z)f = 0 
satisfies 


Jefes = ocn. 


"Then the point 2 belongs to the essential spectrum of z (Wintner [17]). 

(50) Suppose that the function g is bounded, and that a real 
solution f of the equation (41—z)f — 0 on [0, œ} is not square- 
integrable but satisfies 


Ji roa = ovem 


for every k > 0. Then the point 2 belongs to the essential spectrum 
of + (Hartman [10]). 

(51) Suppose that the function g is bounded, and that every 
solution of the equation (A1—7)f = 0 satisfies 


fi terras = oc 


for every k > 0, Then the point 2 belongs to the essential spectrum of 
v on [0, co) (Hartman [10]). 

(52) In [0, œ), suppose that the function Q 20 is non- 
decreasing, that q(t) > —Q(f), and that 


IN (Qt) 4t = oo. 
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If every solution of the equation zf = 0 is bounded, then the origin 
lies in the essential spectrum of r (Hartman [15]). 
(53) In [0, co), if 


NN (0. —4())às = o(£) 


and the equation zf — 0 has two linearly independent bounded 
solutions, then the origin lies in the essential spectrum of the operator 
zt (Hartman [15]). 

(54) In [0, 00}, if the function q is bounded below, and if there 
exists a square-integrable solution of the equation (A—z)f = 0 such 
that for some positive N 


f) = OF) as t>o, 


then the point 4 belongs to the essential spectrum of z (Wintner [17], 
Exercise 9.G20). 

(55) In [0, co), suppose that the function g is bounded below. 
Suppose that there exists a square-integrable solution of the equation 
(A—z)f = 9 such that for all k 0 


lim sup HEPHEY] = oo. 
me" 


Then the point A belongs to the essentia] spectrum of + (Hartman 
[10]). 

(56) Suppose that in the interval |0, co) the function g satisfies 
the inequality 


1 2x 
loi s B5 4 PF 


1 
$ ü 
Sap np A logilogt.. bogi 5 


(logat = log log t, log, £ = log log,f, etc.) for some p > 1 and for 
some non-negative n, where the function g satisfies the conditions 


[teneam 0, fecerat Gn 


Then the equation zf — 0 has no solutions of class L,[0, co). In 
particular, if p = 2, the origin lies in the essential spectrum of r in the 
Interval (0, co). 

If p —1 the condition is replaced by 
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^ 


1 
SAt Y — —,——1-, +2 
Wt) s 2° + Po Yn ur 


where the function g satisfies the conditions 
INO «o, g(-—O(?) a to. 


All constants in these inequalities are the best possible (Sears [5]). 


Remark. In many cases in which the essential spectrum of a 
Sturm-Liouville operator is bounded below it can be established that 
the operator is bounded below: cf. 7.81, 7.32, 7.83, Exercises 9.C1—7, 
Berkowitz [1], Reich [6], Fredrichs [8, 10, 13]. We shall not 
discuss this point in the present section except for giving these few 
references, 


D. The number of boundary values of a singular differential 
operator of the second order. We shall give a relatively complete 
summary of published results concerning the relationship between 
the behavior of the coefficients of the Sturm-Liouville operator 


z= - (1) et (2) +00 


and the number of boundary values at the singular endpoint(s) of z. 
The functions p and q will be subjected to the conditions specified in 
Section 2. However, in general, the function q will only be assumed 
to be continuous, The interval of definition of the operator will be 
fa, b) or (e, b], and a = — œ, a> —o, b= œ, b< co will be 
specified in each case. 

Every criterion in the preceding paragraphs whieh implies that 
the essential spectrum 1s not empty implies that there are no boundary 
values at the free endpoint. We shall not repeat these criteria but 
shall confine the following list to conditions which are specific for the 
existence or non-existence of boundary values. 

In the same way, every criterion in this paragraph which implies 
that the operator z has two boundary values at a singular endpoint 
implies that the essential spectrum of the operator at that endpoint 
is empty. 
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(1) If q is bounded below in the interval f0, co), then z has no 
boundary values at infinity. 

(2) In the interval (0, oo), suppose that there exists a positive 
continuously differentiable function M such that 


(a) py? M'(1)M(1)-3? is bounded above, 
(hf pear = o, 
(c) «May is bounded below. 


"Then z has no boundary values at b (6.14). 
(8) In the interval [0, b), suppose that: 
(a) gis positive in a neighborhood of b, 
2 a > rye 
o floral * 5 sese |^ 
(c) IN p(t) "dt < œ for z in a neighborhood of b. 


x o, 


Then z has two boundary values at b (6.20). 


(4) In the interval [0, 00), if the equation zf = 0 has a solution 
such that 


firea = 0 (fi peras. 


and if the integral on the right is not bounded, then z has no boundary 
values at infinity (Hartman and Wintner [12]). 


(5) In the interval fa, b) let 
2) = at) [seo (f oes >. 


if 
(a) Z is eventually bounded below 


b) [potat — o, 


then z has no boundary values at b (7.69). 
The following criteria apply to the operator 


r= — (5) +00. 
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(6) If, in the interval f0, œ), the function (1-F£?) !q(f) is 
bounded below, then r has no boundary values at infinity (6.17). 

(7) In the interval (0, co]: 

(a) If lim inf, g(t) >, then r has no boundary values 
at zero. 

(b) If limsup, ., g(t) < $. then r has two boundary values 
at zero (6.23). 

(8) If g is monotone increasing in the interval (0, bJ, then + 
has two boundary values at zero (6.24). 

(9) If[a, b) — [0, co) and for some real A theequation (1—c)f —0 
has a solution whose derivatives are square-integrable, then c has no 
boundary values at the singular endpoint (Hartman and Wintner 
[12]. 

Each of the following conditions on the function q implies that 
the operator z on the interval [0, co) has no boundary values at in- 
finity: 

(10) fj max (0, —¢(s))ds = O(f) as t co (Hartman and 
Wintner [12]). 

(11) g(t) = —Q(), where the function Q is positive and non- 
decreasing, 


JP (Q0)? = @, 


and the equation rf = 0 has a bounded solution (Hartman [15]). 
(12) There exists a constant K such that for large s and £ 


q(t)—4(s) 2 K(s—t) 
(Wintuer [4]). 
(13) g is monotonic and 


Jp ganar = oo 


(Hartman and Wintner [4]) 
(14) q 1s differentiable and 


(a) Jf gar Pa = oo, 
A TO 
(b) Un sup apa « o, 
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(Hartman and Wintner [7]). 
(15) q(£) Z —Q(t) where the function Q is continuous and 
monotonic, Q(t) 2 K > 0, and 


[7 feta eo 
(Sears (2]). 
(16) g(t) = —Q(). where the function Q is differentiable, 
Q(t) z K > 0, and 


lim sup eo | « o, 
tes [QU 
(Sears [2]). 
(17) LetQ bea positive continuous function which is of bound- 
ed variation on every finite interval. Let N(f, 4) be the number of 
zeros in the interval [0, £) of a solution of the equation (r—A)f = 0. 


For some real į 
tim sup [2 | Q6y325— [7 (Qe) aN, 2) 
tes 


RO- f; ae = c] 


(Hartman [9]). 
Nore. This criterion seems to be the most genera] obtained thus 
far. The reader may verify that itimplies several of the preceding ones. 


E. Essential spectrum and deficiency indices for differential 
operators of arbitrary order. We summarize below the few scattered 
results which relate the asymptotic behavior of the coefficients of a 
regular formal differential operator of order higher than 2 to the 
essential spectrum and to the deficiency indices of the operator. Many 
of these results are due to Naimark [5]. 

Unless otherwise specified, the letter z will denote a regular 
formal differential operator of the form 


^ dy 
kd = £)4— 
tl == Sate (3) 
on an interval which will be specified in each case. The coefficients a, 


will be subjected to the assumptions specified in the following sub- 
sections I and II, 
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I. Essential spectrum. The essential spectrum of v is empty if: 

(1) c is self adjoint and the deficiency indices of r are (n, n) 
(6.12). 

(2) The operator r is of the form 


dE Gea x 
v car (i) + Zro (E) +200 
kal 
on an interval [a, b), where p,, Pz» - ~ +, ps, 4 are bounded functions 
and &p,(t) > œ ast >b (79). 
(8) On an interval fa, b) the operator v is of the form 


cw) E a no] rne 


where ¥p,(£) is bounded below for 1 Sk Sn- 1 and Rpt) > œ 
as t >b (7.10). 
(4) On the interval [0, co) the operator z has the form 


esl EC (5) x0 e 


where all the values of the coefficients p, lie in the right half-planeand 
UPpy(f) > co as t > œ (7.8). 

(5) Let z have the form [s] on the interval [0, co), where the 
coefficients p, are real and let 

(a) polt) > œ as £ — co, 

(b) p, and py are eventually of constant sign, 

(e) polt) = O(p,tY) for some 0 < k < 144, as £ > œ, 

(d) the functions 


n 12: a 
Zt Pra Ph ? Po-Pa" + +» Paapa on Din 
2 


are summable in the interval f0, oo), 


(e) lim p,(f) = 1, 


io 


(Naimark [3]). 
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(6) Let r have the form [++] on the interval [0, co), let the 
coefficients p; be real, and assume the following conditions: 

(2) pot) > co as t > oo, 
Conditions (b), (c), (d) and (e) of (5), and 


e [tno romae < eo. 


Then o,(z) is void (Naimark [5]). 

Other conditions which allow determination of the essential 
spectrum are the following: 

(T) If there exists a constant M such that 


WOE s Mei MI) 


k PU 
=a) 
a= Bb (5) 
where 
lim sup bt) = 0, [UT E22 
fb 


and if the operator z-|-z, on the interval fa, b) has a non-vanishing 
leading coefficient, then the essential spectrum of z coincides with the 
essential spectrum of t+, (7.11). 

(8) If the coefficients Je,(), Jay) .... Je, .()] of x are 
bounded and [a,(£)| is bounded below in the interval fa, b) and if v, 
has the property stated in (7) with k = a, then the essential spectrum 
of z coincides with the essential spectrum of r-+1, (7.12). 

(9) In the interval [0, oo), if 

lim ag(t) = ges Skan, 
tæ 


then the essential spectrum of z is the set 


2 
(M = X e Gt, —oo < t< o} 

(738). +a 

(10) If has the form [+=] on the interval [0, co), where Æp; is 
bounded below for 0 € j < n and &p, is bounded below by a positive 
constant and if r, is of the torm given in (7) with k = n, then the 
essential spectrum of z coincides with the essential spectrum of z-i-z, 
(7.15). 
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(11) If t has the form [++], where all the coefficients are real 
and (1/p,Y, P, 4» - - -+ Po are summable in [0, co), then the essential 
spectrum of z in the interval [0, co) is the positive semi-axis (NaImark 
[5] 

(12) Let fa, b) = [0, o). If assumptions (a), (b), (c), (d), (e) 
of (6) are satisfied and if the integral in (f) diverges, then the essential 
spectrum of v is the entire real axis (Nalmark [5]). 

Other conditions which allow approximate determination of the 
essential spectrum are the following: 

(14) Suppose that v has the form given in (4) and that all 
coefficients are real and eventually non-negative. Then the essential 
spectrum is contained in the positive real axis (7.7). 

(15) If, under the assumptions of (14) in the interval [0, œ} 


lim p,(f) = P, 
fam 


then the essential spectrum of v is contained in [— P, co) (Naimark 
B). 

(16) Suppose that [a, b) — [0, co), that the deficiency indices 
of t are equal and that there exists a sequence (/,) of square-integrable 
functions such that f, vanishes in the interval [0, z], |f,] = 1, and 


aof] SK. 


Then the interval [4—K, 4--K] contains a point in the essential 
spectrum of z (Snol [1], Exercise 9.A6). 
(7) Let 
K = lim sup g(t). 
tb 


Then the distance of any point in the essential spectrum of an 
operator of the form f+] on the interval [0, b) from the essential 
spectrum of the operator 

hatte 


is smaller than K (Putnam [9]). 

Il. Deficiency indices and boundary values. Since every estimation 
of the number of deficiency indices immediately yields an estimation 
of the number of boundary values, but not vice versa, we shall state 
the results in terms of the deficlency indices whenever possible, 
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leaving it to the reader to interpret them in terms of boundary values 
at the singular endpoint(s). We assume, unless it 1s otherwise stated, 
that r is a formally symmetric formal differential operator of the 
form [x] on an interval which will be specified in each case, and with 
the understanding that when no interval is mentioned, the result is 
valid in an arbitrary interval of definition, 

(1) If the essential spectrum of v is not the entire real axis, 
the deficiency indices of t are equal (6.6). 

(2) In particular, the deficiency indices are equal if z is bounded 
below. 

(8) If for some real or complex A all solutions of the equation 
(A—2)f = 0 are square-integrable, then the deficiency indices of r 
are (n,n) (6.11). 

(4) Tf g is a bounded function, then z and +g have the same 
deficiency indices (6.80). 

(5) If [a, b) = fa, ©), if a,(£) is bounded away from zero, and 
a, (t) is bounded, 0 = k < z, then the sum of the deficiency indices of 
v in the interval f0, co) is z (6.85). 

In the following cases the operator z will be assumed to be of the 
form [x«] on the interval [0, co). All coefficients will be assumed to 
be real All the following theorems are due to Naimark [5]. 

(6) If conditions (a), (b), (c) (d) of 1.(6) are satisfied, and if 

hm p,(t) > 0. 
mnes 
then: 

(a) if pot) + co as £ + co, then the deficiency indices are 
(n, 2), 

(b) if py(f) + —œ as £ + co, and the integral 


Í E Ipy(£)] 35227 at 


converges, then the deficiency indices are (n--1, 2-1) 

(c) if py) > — co as t + co and the integra! in (b) diverges, 
then the deficiency indices are (x, n). 

(7) If for some constants £o, ¢,...,¢, the functions 


iy 
oy (A) > Cr Pra +++» 69 Po 
^ni 
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ate integrable in [0, co), then the deficiency indices of z are (n, n). 
(8) If the functions (l/p,Y, p, 4,....ps are integrable, if 
lim p,(f) > 0 
to 
and if g is a function of bounded variation, then the deficiency indices 
of t+ are (n, n} 
(9) If the limits 
lim p.t), OSksn 
treo 


exist, then the deficiency indices of r are (n, z}. 


F. Differential operators which are not formally self adjoint. The 
later chapters of this work will be largely concerned with the study 
of linear operators which are nonselfadjoint. and hence operators to 
which the spectral theorem of Chapters X and XH does not apply. 
"The more general theory of spectral operators, to be developed in 
Chapters XV, XVI, XVII and XVIII will be applied in Chapters XIX 
and XX to differential operators, In this way, we shall succeed in 
Showing that a large class of nonselfadjoint differential operators 
possess a spectral resolution in a suitably generalized sense. However, 
the results to be given in these chapters will be obtained by the 
application of perturbation methods to self adjoint operators, and 
thus will, in the last analysis, lean upon the results of this chapter. 

Little has been done in the study of non-formally self adjoint 
differential operators independently of perturbation methods. A 
generalization of the theory of boundary values and extensions can 
be found in the dissertation of Rota [1], whose results are as follows. 

A closed operator 7;(z, £) in a Banach space X, which can be 
one of the spaces L,(I) (1 £ p £ co) or C(I), can be defined in terms 
of a formal differential operator r by a method which is similar to 
that of Section 2. While the proof of closure and the calculation of the 
adjoint operator presents no particular difficulty in the spaces 
L(I) (1 < p < ©), the derivation of similar results in the spaces 
L,(I) and C(I) requires the use of several of the deeper notions of the 
theory of Banach spaces, such as the notions of the bounded X- 
topology of X* given in Chapter V. 

"The space of boundary values can be defined much as in Section 
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2, and its dimension can be proved to be finite. The essential spectrum 
is to be defined as in Section 6, and is a closed subset of the complex 
plane which coincides with the essential spectrum of the formal 
adjoint operator in the conjugate space. The essential spectrum of a 
formal differential operator enjoys the following “spectral mapping” 
property: If p is a polynomial with constant coefficients, and if p(z) 
is the corresponding “polynomial” in v, then the essential spectrum 
of the formal differential operator p(x) is the set 


tp) e o, (c9. 


The complement of the essential spectrum of r in X may be 
decomposed into a countable or finite number of connected com- 
ponents. A remarkable fact is that as 4 ranges over any one such 
component the dimension of the space of solutions of the equation 
(4—1) = 0 which belong to the space X remains constant. Further- 
more, if 4 is in the complement of the essential spectrum of z in X, 
the sum of the dimensions of the space of solutions of the equation 
(A—x)}f = 0 which lie in the space € and of the space of solutions of 
the equation (A—t*)g = 0 which lie in the conjugate space X* is a 
constant which equals the dimension of the space of boundary values of 
v inX. Thisresult permits the assignment, to each connected component 
of the complement of the essential spectrum of r, of two “deficiency 
indices" on the basis of which an extension tbeory can be constructed, 

A restriction of the operator 7^ (x, €) is obtained by restricting the 
domain of definition to all functions which satisfy a prescribed set of 
boundary conditions, just as in the Hilbert space theory. While the 
essential spectrum of r in € is invariant under restriction of T(z, X), 
the remaining part of the spectrum depends on the restriction chosen, 
and may lie in the residual spectrum and/or the point spectrum or in 
the resolvent set of the restricted operator. The main problem consists 
jn finding characterizations of those restrictions whose spectra are 
minimal. A general answer to this problem is given by the following 
statement: if all the deficiency indices of r in € are equal, then a 
restriction of 7Z,(z, X) whose spectrum consists of the essential 
spectrum of t in £, taken together with a finite or infinite sequence of 
eigenvalues all of whose limit points lie in the essential spectrum of r, 
can be found. 
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G. Spectral asymptotics, (a) A refinement of the result given n 
Theorem 7.58 has been obtained by Titchmarsh [16] by means of the 
W.K.B. (Wentzel-Kramers-Brillouin} method used by physicists. 
The method is applied by Titchmarsh to the case when g is a poly- 
nomial #*, but it can be generalized, A sequence of increasingly ac- 
curate asymptotic expressions can be obtained for the eigenvalues. 
A second order approximation gives 
tA 


1 
Na=Ł Í 
7 Jo 
A further approximation gives 


J 
Q—2y^d,— 4-003839, 


Y [e (gy 
8zJ, (A—e(s))* 
and so forth, where £(4) = 2!/*. We refer the reader to the book of 
Titchmarsh for the details. 

(b) Hartman [11] has shown that the formula given in Theorem 
7.58 is valid under less restrictive assumptions on the coefficient g. 
He assumes only that g is an increasing function satisfying 

lim inf keed f * sas) = c 
dco tõu erso * 

Subsequent work on related problems was done by Hartman and 
N. S. Rosenfeld. We give under the next four subheadings a sum- 
mary of the literature on results in the spirit of Theorem 7.58 
for the asymptotic distribution of the eigenvalues of — (d/df)*. 4 q(t), 
0 St < co, with appropriate boundary conditions. We denote the 
corresponding operator in L,(0, c) by T. 

(a) lim, ,..9(f} = © and g(t} is convex. References: Milne [2], 
Titchmarsh [16], Hartman and Wintner, On the Asymptotic Problems 
of the Zeros in Wave Mechanics, Amer. J. Math 70, 461 —480 (1948) 
and Hartman, On the Zeros of Solutions of Second Order Linear 
Differential Equations, J. London Math, Soc. 27, 492—496 (1952). 
The best result is that of Hartman, who proves (in the notation of 
Theorem 7.58} the following. 


1 pea 
NQ) = — Í Q—s2d —$— ds--Q(4173/5) 
o 


THEOREM, Let g(t) be continuous, increasing and convex, Then 
ts] aNQ) = f°" a—geyPPdt+-0(1). 


o 
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(a') lim,,..9(f} = co and g(t) is not necessarily convex. Refer- 
ences: Atkinson [5], Hartman [11]. 

(b) lim,,,,9(£) - 0. Reference: Rosenfeld, N. S., The Eigen- 
values ofa Class of Singular Differential Operators, Comm. Pure Appl. 
Math. 13, 895-405 (1960). He proves the following theorem. 


THEOREM, Let q(f)« 0 be twice continuously differentiable, 
Bm, sgl) = 0, q'(£) > 9, q"(f) S 0 and lim, "(fg (OY? = o. 
Then T has an infinite, negative sequence of eigenvalues converging to 
zero. Let N(A), 1 < 0, denote the number of eigenvalues not exceeding 
À. Then, as À increases to zero, 


aNQ) ~ f petias. 


If, furthermore. q"'(1) is of bounded variation on compact intervals and 
[g" (]*Ig 4)]-75 is integrable, then [+] holds. 
(c) The distribution of the eigenvalues of the operator 


fe 


on the interval [0, co) in some cases in which z has two boundary 
values at infinity has recently been investigated in the dissertation of 
P. Heywood [1]. Specifically, it is assumed that 

{i} «(0) — 0, 

(i) 40) <0 for 19, 

Gili) feet tdt < co, 

(iv) q"(1) is eventually of one sign, 

(v) g(t) = O(g'())* for some 1< k <4, 

(vi) for some r < 8, the function 


gH 
(-«)* 
is eventually monotonie decreasmg. 

For any self adjoint extension of z, let N,{4) be the number of 
non-negative eigenvalues not exceeding A, and let N.{4) be the number 
of negative eigenvalues not exceeding 4 in absolute value. Let #{4) 
be as in Theorem 7.58. Then 
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i pul E 
wat [mopman = | Itn Cat oae 


(d) A qualitative result on the distribution of the eigenvalues 
of the Sturm-Liouville operator has been obtained by Hartman and 
Wintner [11]. Suppose that an interval [a, b) on the real axis does not 
meet the essential spectrum. Let 4,, 4,,... be an enumeration in 
increasing order of the eigenvalues of a self adjoint extension of a 
Sturm-Liouville operatos. Then any other self adjoint extension has 
one and only one eigenvalue between 4, and 4,,,. 

(e) Little is known about the asymptotic properties of the 
measures and matrix measures obtained from the spectral resolutions 
of differential operators with non-void essentia] spectrum, It is worth 
noting in this connection that the results of Gelfand and Levitan on 
the converse problem, given in paragraph I, can be interpreted as 
asymptotic results for the continuous spectrum. 


H. Convergence and suwmmability. Several questions of con- 
vergence and summability analogous to those which have formed part 
of the classical theory of Fourier series and Fourier integrals have been 
studied, mostly by the British school, for the eigenfunction expan- 
sions arising from a self adjoint extension of a Sturm-Liouville 
operator. These problems were studied for a finite closed interval of 
definition in the first decade of this century by Haar, and later by 
Walsh (Haar [g], Walsh [1]). A corresponding study of the summa- 
bility properties of the generalized Fourier integral representation 
arising from the spectral analysis of the operator 


hd] t=- E tt) 


on the real line, where the function q is assumed to be integrable, 
can be found in the paper of Stone [17] in 1928. The work of Titch- 
marsh [16] deals with singular operators on the interval [0, co) which 
have no essential spectrum. Sears [4] extends the results of Titch- 
marsh and Stone. A recent paper of Rutovitz [1] takes the first steps 
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in the study of convergence in Ly. The main results of these papers are 
the following: 

(1) Haar [8] proved that for the Sturm-Liouville eigen- 
functions obtained by the impositions of separated boundary con- 
ditions 

(a) there exist continuous functions whose Sturm-Liouville 
series is divergent at a given point; 

(b) the convergence or divergence of the Sturm-Liouville series 
Y214afa(t) is determined by the convergence or divergence of the 
cosine series }°,a, cos nt or the sine series X% a, sin n; 

(c) the Sturm-Liouville series of a continuous function is 
uniformly Cesàro summable to the function. 

(2) Walsh [2] proved the following theorem. 

Let {f,} be the orthonormal eigenfunctions of a Sturm-Liouville 
operator obtained by the imposition of separated boundary conditions, 
and let {g,} be the orthonormal eigenfunctions obtained from the operator 
—(d/dt? by the imposition of the same boundary conditions on an interval 
[a,b]. Let f be a square-integrable function, and let 


Safty and Fda 
Bet il 
be the two corresponding expansions of f. Then the series 
X (40 0] 
Eel 


is absolutely convergent and converges uniformly to zero. 

A summary of later work on the convergence properties of eigen- 
function expansions on a finite closed interval is given in the section 
of notes and remarks appended to Chapter XIX. 

(8) If q is a continuous function tending monotonically to 
infinity on the positive real axis, then the inversion formula for the 
spectral representation of a self adjoint extension 7' of the operator t 
of [«] takes the familiar form of a series expansion (for a square- 
integrable function f) 


fo Xen s [raa 
nal o 
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where f, is the nth normalized eigenfunction. Titchmarsh [16] found 
that, as in the case of Fourier series, the series on the right converges 
at any point £ in à neighborhood of which the function 7 is of bounded 
variation. 

(4) Some results on the summability of the eigenfunction ex- 
pansion under the same conditions as in (8) have been obtained by 
Titchmarsh [16]. The natural method of summation to apply is 


- "E A 
pa ata n = ie 3 Fe 


where 4, is the nth eigenvalue. The limit exists for every square- 
integrable function f at all points t at which 


feifex-s)— ils = Of), 


and in particular, equals f(f) at all points of continuity of f. (Cf. 
paragraph 8 below, where a general form of this principle is given.) 

(5) (Titchmarsh [15]) If it is further assumed that the function 
q behaves like a polynomial, that is, that 


qü)- AP, vq) s], g= og?) 
gt) = Of), 
then the result can be shown to apply to a class of functions wider 


than the class of square-integrable functions. A summahility method 
**(R, py’ is defined by the operation 


: A 
im Y (Ly suo. 
Asoo ALA 
It is then shown that if the function f is integrable over any finite 
interval, and if forsomesufficiently large positive number a depending 
on p 
UN 

Jo Wala: = ope), 
then the series expansion of f exists and is (E, p}summable at all 
points £ at which 


JM fonds = Of). 
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(6) Assume that the function q, in addition to being continuous, 
is integrable in the interval [0, co), Then the spectrum of a self 
adjoint extension of the operator z on the interval [0, co) obtained 
by the imposition of a boundary condition at zero will consist of a 
continuous spectrum covering the positive real semi-axis, and a 
sequence of eigenvalues with simple normalized eigenfunctions {f,,}. 
Let f(t, 4) be a solution of the equation (A—r)f = 0 which satisfies the 
boundary condition at zero, and let x be the measure obtained from 
the spectral representation (cf. Theorem 5.18). Then it can be shown 
(ef., €g., Stone [17]) that as 4 ranges over a compact set the functions 
{(t,4) are uniformly bounded in é and 4. Thus, the integral 


NT 


is defined for every integrable function g. The most general result 
obtained by Sears [4] is the following: the series 


Xen a= E ey at 
is convergent for 0 < t< oo, and for every E > 0 we have 
à = B 
lim f fi 2) [ I FOG iat] paat Y ef) 
s T. gis) PEW 4, 5 AR, 
ado s—t 


where w{R, t) tends to zero as R tends to infinity, uniformly over any 
finite closed interval not containing the origin. 

This result shows that the generalized Fourier integral converges 
in the same way as the ordinary Fourier integral. For example, if g 
is of bounded variation in a neighborhood of the point t > 0, 


Tim lim "n. af JE ety Apt] ntm et 


Rw E00 
= (Biet--0)—2t—0yl. 


(7) Sears [4] also mvestigates the Cesàro summability of the 
generalized Fourier integral for integrable and square-integrable 


1620 XD, ORDINARY DIFFERENTIAL OPERATORS  XIILI0.H 


functions, For any square-integrable function f the integral 


EEV 


where 
fay = tin. fpe ntoa 
Nw JO 


is shown to be summable by any pth Cesaro mean (p > 0) at any 
point at which 


IN IK--s)—f—5)ds = Of) 


as E 0, in particular, almost everywhere and at all points of 
continuity of f, The same result holds for integrable functions. 

(8) (cf. Exercise 9.72) With the hypotheses and in the 
notation of Theorem 5.23 we can enunciate a general summability 
principle as follows: suppose that the differential operator t is bound- 
ed below, and that f is a square-integrable function on the interval 
of definition of r. Then 

(a) for A, sufficiently large 


a : 
[term X, omnes nutem 


= lim f: Got AS Go, Dos (d 
a0 co $a 
exists uniformly for £ in any compact subinterval of F; 

(b) 
lim NTC X (Vf,0)6;(L 2)p,(02) 


Agoo 
Ee (AR — ha TY) = KO 
for each £ interior to F for which 


fes fe) ranas = Ote) 
as € 0; 
(c) if £ is any operator defined on a subinterval 1 of I, if £ is 
bounded below and if 7 is a self adjoint extension of Zy(f), then 
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un [(—A5 EC; PIPE) (0)2-4, EC TY) = 0 


uniformly for t in any compact subinterval of the interior of F. 

(9) (cf. Exercise 9 Jt -J8). Let z be a formally self adjoint 
forma] differential operator on an interval F, and let 7 be a self 
adjoint extension of 7,(z). Let {f,} be an orthonormal family of 
eigenfunctions of 7: (4,—T)f, = 0, and suppose that the set {2,} is 
bounded. Then, for each f in L,(I) the series 


EU taal 


converges absolutely and uniformly in each bounded closed sub- 
interval of Z, and may be differentiated arbitrarily often under the 
sign of integration, the differentiated series also converging absolutely 
and uniformly. 

(10) The problem of the validity of the inversion formulas for 
the generalized Fourier integrals arising from singular operators of the 


form 
ta (ME alt) 


on the interval [0, co) for functions in Z,[0, o0) (1 <p X 2) has been 
recently attacked by Rutovitz [1]. It is assumed that 

(e) JEIDA < co, 

(b) the function (1--1)(g(2)) 1s of bounded variation. 

Let a self adjoint extension 7 of x be defined by a boundary 
condition at zero and let f be a function of class L,[0, œ) (1 £ p 2). 
Let f(1, A) bea solution of the equation {A—r)g = 0 which satisfies the 
given boundary condition at zero. Let be the corresponding measure 
(cf. Theorem 5,18) obtained from the spectral resolution of 7. Then 
the limit 


Lim. [tore Da — fay 
Nao JO 


exists in the mean of order p. Furthermore, there is a constant 
K(p, q) such that 


[A reor aatia), s kt antt, 
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and we have 


E A 
m| [^ fare aman], = 0. 


I. The converse problem. The wide application of the spectral 
theory of differential operators to a variety of problems in modern 
physics not only has shown a physica] meaning for many of the 
mathematical notions, but has also raised some problems which have 
not been completely answered by the mathematician. Outstanding 
among these is the so-called “converse problem", uamely, the problem 
of determining necessary and sufficient conditions on a glven matrix 
measure in order that it be the measure obtained from the spectral 
resolution of a self adjoint extension of some differential operator, 
and of calculating this differentia! operator explicitly, if it exists. 

The first approach to this problem is to be found in the paper of 
G. Borg [2] in 1945, where the problem is studied in the case in which 
the second order operator is given on a compact interval Borg 
showed that, given the distribution of eigenvalues for two self adjoint 
extensions of the operator 


" 
:--() +40, o<tsm 


then the function g 1s uniquely determined. Levinson [4] simplified 
Borg’s arguments, and proved that the distribution of eigenvalues 
of one self adjoint extension determines the function g uniquely, 
provided it is further assumed that g(z—1) = q(t). 

The singular problem for the second order operator defined on 
the positive semiaxis was first studied by Krein [13] [14], who made 
use of his theory of extension of positive definite functions. The 
exhaustive paper of Gelfand and Levitan [1] gives a complete account 
of what is known so far on the problem. Recently Kay and Moses [1] 
[2] have considerably clarified the ideas involved. We give here a 
brief summary of the results of these papers. 

The main result is the following: 

Let x be the measure which is obtained from the spectral re- 
presentation of the self adjoint extension of the operator 
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dA? 
wt (a) 
on the interval [0, oc) (cf. the end of Section 5) obtained by imposing 


the boundary condition B(f) = f'(0) = 0, namely 


* dh 
(ia, th — =f y 


Let p be a positive Borel measure on the positive real axis, and 
let — p. pu. Suppose that p satisfies the following conditions: 


0) [ee P otn «o, i0. 


(2) The function 


© cos t/À 
at = Í, x atan) 


is four times differentiable. 
Under these conditions we can find a differential operator 


t=— «o Ost 


such that p is the measure associated with the spectral representation 
of the self adjoint extension 7 of z (cf. Theorem 5.13 and Corollary 21) 
obtained by imposition of the boundary condition B(f) = f'(0) = 0. 

Conversely, if the function g is assumed to have a continuous 
derivative, then the measure obtained from the spectral representa- 
tion {cf Theorem 5.18) of any self adjoint extension T of t satisfies 
conditions (1) and (2). 

The idea used by Gelfand and Levitan is intuitively simple. 
Suppose that the operator z is given, and let f{t, 4) be a solution of the 
differential equation (4—7)f = 0 satisfying the boundary condition 
B(f) = 0. Let p be the measure described in Theorem 5.18 for the self 
adjoint operator 7'. Then the functions f{é, 4) enjoy the orthogonality 
Property 

i Hes, Af Ap@)=0, — o«cszt«c. 
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In the same way, the functions cos 44/4 obtained from the operator vy 
enjoy the property 


E cos 84/7 cos t/Ap(dA) = 0, st 


Making use of these relations, Gelfand and Levitan attempt to 
reconstruct the functions f{t, 4) by “‘orthogonalizing” the functions 
cos 4/4 with respect to the measure p. Their first step consists in 
obtaining an expression for f(Z, 4) as a “linear combination” of the 
functions cos 4/4 in terms of an integral operator with a kernel of 
Volterra type: 


[5]! HE, 4) = cos th/A + fine 8) cos V/A ds. 


Let us indicate briefly how the kernel K, is obtained once the func- 
tions f(£, 4) are known. A formal differentiation gives the following 
partial differential equation for K,: 
eK, FK, 
p es? 
with the boundary conditions 
K,{t, 0) — 0, 
Kt D = @ f; «ma. 
The general theory of hyperbolic equations informs us that a 
solution exists and is unique. Thus, once the kernel K, is known, the 


functions f(£ 4) are known, and the coefficient function q can be 
uniquely determined from the relation 


= Ky, t) 


at) = 2K34, 2). 
Similarly, the functions cos 4/1 can be expressed as "linear com- 
binations" of the functions f(& 4) in the form 
cos t] = ft A+ fy Kalt fto, Ads, 


where the kernel K, can be obtained analogously. 
The next step consists in obtaining an integral equation for the 
kernel K, which will not involve a previous knowledge of the functions 
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f(t, 4). To this end, it is first shown that the fact that f(t, 4) is a 
"linear combination” of the functions cos £4 implies the identity 


[e AjcossVAdk=0, s< 


By formally substituting the expression for f in terms of the 
kernel K, into the above identity we obtain 


Jo; cos £4/À cos sV/4 p(dA) 
+ E, cos s/À [ime 5) cos svi] pdi)b- 9, su 


Clearly the integrals in this equation will, in general, diverge. 
However, using the previously defined set function e, they can be 
recast in & form which, in view of the restrictions imposed on p, will 
render them convergent, namely 


Fits) + |i FE Kye udu Ks, 5) — 0. 
where 


F(t,s) = [Ecos evi cos sV/Ao(d4). 


Tt is then shown that the homogeneous form of this Fredholm 
equation for K, (for t fixed, s < t) has no solutions. Hence a solution 
of the inhomogeneous equation above will determine the kernel K, 
and consequently the function g. 

The power of the method is apparent, since it only involves the 
solution of an integral equation, followed by a quadrature. Further- 
more, the above theorem of Gelfand and Levitan, once proved, tells 
us that the measures of Theorem 5.18 may exhibit several patholo- 
gical properties; that, for example, they may be singular with respect 
to Lebesgue measure and at the same time vanish on all points. 

When the operator z is defined on a compact interval [0, a] the 
theorem of Gelfand and Levitan assumes a particularly simple form. 
Given two infinite sets of rea] numbers (4,) and {c,} satisfying the 
asymptotic relations 


4, == n+ OG. 
a 


a 
= E FO) 
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and given real boundary values B,(/)= //(0)-- Af(0) and Bf) — 
f(e)+ Hf{a), then there exists a continuous function q such that the 
spectrum of the self adjoint extension of the operator obtained by 
the imposition of the boundary conditions B,(f) = 0 = B,(f) is the 
set (4,). 

If f, is the eigenfunction corresponding to the eigenvalue 4 and 
subjected to the condition f,(0) — 1, then 


PES [2 LP dt. 


Furthermore, the function g can be explicitly calculated by the 
method outlined above. 

An investigation of the pathology of the spectrum along radically 
different lines has been undertaken by Hartman [18], who used the 
characterization of the spectrum of the second order operator which 
is provided by the oscillation theory (cf. Exercise 9.F3). Hartman 
proved that given any closed subset of the real axis, there exists a 
function g such that the essential spectrum of the operator 


E a) 


on the interval [0, co) is the given set. The function g can be chosen 
to be infinitely differentiable. 

Among other recent contributions to the converse problem, the 
following papers may be found illuminating: Berezanskii [1], Kay [1 
Krein [14] [17] [18], Newton and Jost [1], StaSevskaya [1]. 


J. Related theories. A number of other applications of linear 
analysis to the study of differential operators besides the spectral 
theory presented in the present chapter have recently received 
attention. Two of these theories seem particularly interesting. 

The Russian school has pursued the theory of generalized dis- 
placement operators, founded by B. M. Levitan and A. Povzner on 
an idea which originated with Delsarte in 1938. Starting with the 
formal differential operator 


ESE (PE ate) 


on an interval J which can be the positive semiaxis or the entire real 
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axis, where the function g is assumed to be bounded, an operator m 
LI) (1 S p < ©) is defined in a manner similar to that which has 
been used for Hilbert space in Section 2. Let us denote this operator 
by S, leaving the particular space under consideration unspecified, 
and maintaining the understanding that the domain (5) will consist 
of sufficiently differentiable functions. Suppose now for the moment 
that the function q vanishes identically, so that the operator S reduces 
to ordinary differentistion. Writing 
(TEY) = fish sel 

we find that the family of operators 7(s) has the following properties: 

(s) for fixed s the operator 7(s) maps D{S) into itself, 

(b) for fixed £ and for f in DS) the function 

FL) = (TOMO 
belongs to 9X5), 
(c) for f in DS), 
STOMO = (sere), 
(d) (associativity) 
(FEF YO) = (TATA) E 
(e) (commutativity) 
T(O(T(s)) = TOT Of) 

© TO =f. 

H we now relax the condition g{f) = 0, and take properties 
(a), .... (f) as basic axioms, we arrive at the following definition: 
A family of bounded operators 7(s) sel, is called a family of 
generalized displacement operators associated with the operator S if it 
satisfies conditions (a) through (f). The notion of the convolution of 


two functions can then be extended by the following definition of 
& generalized convolution: 


(«8X9 = J, (Tey) Metra. 


By continumg ın this vem, interesting generalizations of several of 
the notions of harmonic analysis: positive-definite functions, con- 
volution algebras, almost periodic functions, ete., can be found, and 
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one more proof of the spectral! theorem for self adjoint differential 
operators of the second order can be given. 

To construct the operators 7'(s), construct two solutions w and v 
of the partial differential equation 


Pw "EAER Pw 1 
Pol (su = ET — {tho 
which satisfy the boundary conditions 
w= | =0 
ula, = fts. x51 = 
alo 
and 
by 
v(s, 0) = 0, L| =f) 
( PM f 


respectively, and let 
(TEM) = ult, sH-avtt, s) 


for any real number a. The operator 7'(t) will then satisfy conditions 
{a) through (f). A detailed exposition of this theory ean be found in 
Levitan [1]. 

An approach to the study of differential operators in a Banach 
space of a more complex character than Hilbert space has been 
carried out by Feller [1] through [7]) in his investigations of the 
structure of semigroups in the space C{Z). In particular, Feller has 
given a theory of boundary values which presents some points of 
contact with the one developed in this book for Hilbert space. Feller's 
work is related to the studies of Hille [5] and Yosida [8] [9] on semi- 
groups generated by differential operators. A detailed exposition of 
these theories would lead us too far afield into the theory of semi- 
groups: we therefore refer the reader to the original works. 


CHAPTER XIV 


Linear Partial Differential Equations and Operators 


X. Introduction 
The Cauchy Problem, Local Dependence 


In this chapter, we shall discuss a variety of theorems having 
to do with linear partial differential operators, Since the theory of 
linear partial differential operators is vast and highly ramified, we 
shall only touch upon a number of its aspects, with the intention of 
displaying a bouquet of applications of functional analysis, rather 
than treat any part of the theory of partial differential operators for 
its own sake. 

To illustrate the way ın which functional analysis can be applied 
to yield results about differential equations, let us begin with an 
elementary example. By a format (linear) partiol differential operator 
L of order m defined in a damain D of Euclidean n-space, we mean a 
formal expression 

m a a 


Qo L-»* X afe i 


the coefficients a; ->= n) being assumed to be defined for 
t= [ty .. 4 £,] in D, to be symmetric in the indices i, ip .. ~ i4 and, 
unless the contrary is explicitly specified, to be infinitely differen- 
tiable in D. The term in this formal differentia] operator corresponding 
toj = 0 is, by definition, the operation of multiplication by a function 
defined on D. 

Let S be a smooth surface in D. Then the Cauchy Problem for L 
along S is the problem of finding a solution f of the partial differential 
equation Ef = 0 having arbitrarily prescribed values and first m—1 
normal derivatives at each point of the surface S. To be specific, 
let us assume that D is all of Euclidean n-dimensional space, and that 
Sis a hyperplane of n —1 dnnensions in D. Making a suitable rotation 
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of Euclidean n-space, we may assume for simplicity and without loss 
of generality that S = {[t,.....#,]lf, = 0}. Then we may say that 
the Cauchy problem for L consists in showing that for each set 
Bor Ei -> = Ema Of infinitely differentiable functions defined on S, 
there exists a unique function f in C™(D), satisfying the equation 
Lf — 0, and such that 
xi ont 

fO = bolt) ,0— =gh- = = Era) te Ss 
where here and below we write £ = [t . . .. £] for the sake of brevity. 
The functions go, . . ~» Em1 are called the data of the Cauchy problem, 
and the function f is called the solution of the Cauchy problem. It 
will be shown by an elementary functionalanalytic argument that 
the hypothesis that the Cauchy problem for Z can be solved uniquely 
along S has the following surprising consequence. 

If A is a compact subset of D, and in particular if A = {p} isa 
single point of D, then there exists a compact subset K of S. such that if 
the data gy... £,,4 of the Cauchy problem vanish in K, the solution f 
vanishes on. A. 

This is a very general formulation of the phenomenon of finite 
domains of dependence. 'The proof is an elementary application of the 
elosed graph theorem. Let E be the F-space of al! solutions of the 
equation of Lf = 0 which are in C"(D). taken with the norm 


where 


In this symbolism ji, ...,, is for j — 0, the function 
B f)— max  |f(h.....t) 
G+ -+G 
Let A be the F-space of all sets [g,.. . .. £y 4] of data. taken with the 
norm 


mio c d] k 
llo. eml = > EE = aa fi,- P) 
BHO k-0 je5 


bye ERG p) 
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where 
Ba, P) = Beg Bs Ps Ds e Baal) 


= max max EcL 
osesma ghe Russ] te. Öt 


Let T : A — E be the mapping which assigns to every set [Zo £5 41] 
of data the corresponding unique solution f of the equation Lf — 0. 
Tt is evident that T is linear, and equally evident that 7' is closed, 
Hence, by the closed graph theorem (11.2.4), T is continuous. Hence 
given any ¢ > 0 and any k, there is an integer Land a Ó > 0 such that 
BK, T [go ..- Em1]) < £ provided that 


lâi- gl Ps [Bos EDDA Gee ty SOL 
p—9....m—1. 


Since T is linear, it follows ummediately that if 


ftis prz. Bm} =O eet, SAL 
p—9....m—1, 


then p(k, T [gq . ... £, .,4]) = 0. Thus for each integer k there is an 
integer 1 such that if the initial data for the Cauchy problem vanish 
in the sphere ++. ..-E£2 , X P, then the solution of the Cauchy 
problem vanishes in the sphere +4. . +42  K?. From this assertion 
the earlier assertion follows readily. 

Consider as an instructive example the particular case in which 
n= 2, m — 2. and L is the Laplace operator 


e e 


L—N?— cL 
[RES 


Does the Cauchy problem 
Vif(r.z—9.  -olÍ2;» o  f(5.0)— En). 
e 
Sp Me 0) = ale) 
Oty 
have a unique solution for each pair go, g, of initial data in 


C*(— oo, +)? This question may be readily answered in the 
negative by the following consideration. As is wellknown the real 
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and imaginary parts of a solution of the equation V?/ — 0 in the 
region R == {[2, 25]]z, > 0} are the real parts of a pair of analytic 
functions of the complex variable z — z,}-2x defined in that region. 
Hence, a solution of V?f = 0 in E is an analytic function of the 
variables a. a, and it follows that if f vanishes in a domain of R, 
it must vanish identically. On the other hand, if the Cauchy problem 
had a unique solution for each pair gy, £, of the prescribed data, then, 
by what has been proved above, the phenomenon of local dependence 
would occur, and we would be able to construct solutions of the 
equation V2f = 0 which vanish in a domain of E but are not identi- 
cally zero. This argument is evidently very general, and shows that 
the following two properties of a formal differential operator L tend 
to be mutually exelusive. 

Property A: A suitably defined Cauchy problem for L has a 
unique solution for each set of prescribed, smooth initial data. 

Property B: The solutions of Lf — 0 are so smooth as to be 
subject to the function-theoretie principle of unique continuation. 

Formal partial differential operators with properties like A are 
commonly called hyperbolic operators; those with properties like B 
are commonly called elliptic operators. We have noted that Laplace's 
operator V? = 62/022-- € [O22 is a typical example of the second type. 
Tt will soon be seen that the operator 


e o 

ai aa 
is hyperbolic. The ellptic-hy perbolic dichotomy is well illustrated by 
this pair of operators. We have already remarked that solutions of 
the equation 


(epo 


are analytic, On the other hand, any twice differentiable function f 
of the form. 

fe. 29) = £m 2) 
satisfies the UC 


Gs adem 
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Clearly, then, the solutions of this latter equation have no tendency 
to be analytic, or even to have any derivatives not initially required 
of them. 

A third category of formal partial differential operators is the 
parabolic, typified by the operator 


e e 


"This sort of operator is closely related to the theory of semi-groups, 
where we have already seen general equations of the form 


é 
x TE = AT(ty. 


A being an unbounded operator which is negative in a suitable sense 
(cf. Corollary VIIL1.14), play a crucial role. If A is taken to be a 
partial differential operator which is negative in this suitable sense, 
we find ourselves on the common ground of semi-group theory and 
the theory of parabolic partial differential equations. 

It should not be supposed that the three categories elliptic, 
parabolic, hyperbolic exhaust the totality of formal linear partial 
differential operators. Thus, for instance, the operator 


4 e e e 
[x] +a a um 


sometimes elassified as ultrahyperbolic, belongs to none of these 
categories, An operator like 


Bo, 7 Q7 


[es] ai i ap us 


is difficult to classify. In addition, various authors have differed in 
their usage of the terms elliptic, parabolic, hyperbolic, so that the 
boundaries between these categories are not to be drawn too rigidly. 
The notions of elliptic, parabolic, and hyperbolie formal partial 
differential operators are to be regarded as landmarks in a broad field 
rather than as infallible labels by which particular equations are to be 
distinguished. It shall be seen in what follows that many important 
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properties of formal partial differential operators which lie in the 
vicinity of one of these three landmarks can be established on quite 
a general basis, On the other hand, the ultrahyperbolic operator [«] 
and the puzzling operator [++] are both well within the terra in- 
cognita of today's theory. 

As the complexity of the basie elementary expression (1) makes 
clear, the mere notation for partial differential operators and equa- 
tions tends to become overwhelming. For this reason, we shall devote 
the next section to the statement of a series of notational conventions 
and abbreviations which will be of considerable use in the sections to 
follow. In the body of our analysis (as in the elementary proof of local 
dependence given above) we shall find it to be of crucial importance 
to permit the analysis to proceed in complete spaces of differentiable 
functions, for which purpose it is necessary to Set up suitably defined 
generalized derivatives. This task may be regarded as being solved by 
the definitions customary in Laurent Schwartz’ theory of distributions, 
to which Section 8 below will be devoted. Once generalized derivatives 
in the sense of the theory of distributions have been defined, it 
becomes important to have information on the continuity and dif- 
ferentiability in the ordinary sense of functions possessing generalized 
derivatives in one or another generalized sense. Such information 
is furnished by the general theorems of Sobolev, to which Section 4 
is devoted. 

In the short Section 5, a number of elementary questions belong- 
ing to the geometric theory of partial differential equations are dis- 
cussed. 

Section 6 takes up the theory of elliptic partial differential 
equations and that of the associated boundary value problems, It 
begins with a relatively elementary proof of the principle of dif- 
ferentiability of weak solutions. On the basis of this a short proof of 
the Mautner-Garding-Browder generalization to arbitrary singular 
self adjoint elfiptie partial differential operators of the Weyl-Kodaira 
spectra] representation theorem for the singular self adjoint case of 
ordinary differential operators is given. Next we discuss the spectral 
theory of elliptic operators in bounded domains, giving the theory of 
the general Dirichlet problem (which is based on the fundamental 
inequality of Garding) and of the principle of differentiability up to 
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the boundary, This accomphshed, it is possible to give a very short 
proof of the interesting nonselfadjoint completeness theorem of 
Browder, 

In Section 7 a number of the methods developed in the earlier 
sections of the present chapter are applied to the study of the Cauchy 
problem for hyperbolic equations, giving a proof of the general 
theorem of K, O. Friedrichs and P. Lax on the existence and uni- 
queness of a solution of the Cauchy problem for the first order 
symmetric hyperbolie systems of partial differential equations. 

In the rather brief Section 3, application of the theory of the 
elliptic boundary value problem developed in Seetion 6 is made, to 
give the solution of the initial boundary value problem for the 
“time independent" parabolic equation. This theory makes use of a 
number of ideas from the abstraet theory of semi-groups. 


2. Notational Conventions and Preliminaries 


Throughout the rest of the present chapter, the symbol J will 
denote an index, ie, a k-tuple J = [jp .. ., fe] of integers. We write 
J| — & min J — min, z,:,j, max J —max,«;«,j.. It will be con- 
venient to allow the possibility of J being vacuous, in which case we 
write |J| = 0. The symbol E" will denote rea] Euclidean «space, 
and the symbol U* will denote complex unitary n-dimensional space. 
An index J will be said to be an index for E" if min J 21 and 
max J X n. If £ is in U", so that £ = [p .. 4 £,], and J is an index 
for E", so that J = [fy . . » Jeh k= Wl, then £/ will denote the ex- 
pression £, E, + + £j If J = [jp - +s fe] and I= [jy - » fg] are two 
indices, then JU J denotes the index Ds .. n Je fi ->n fal Uf 
L= [h,+.41,] is an index such that i£] — 5, and £ = (Ey. n En] 
is in U”, then L- & =E-L will denote the quantity £j 4. . 41,8. 
If E = [Ey .. 4 Enl and £ = [ọn ~ -n Èn] are two vectors in U”, then 
EE will denote the veetor [ġġ . £L, ]. 

The operations 2/óz, and a/és of partial differentiation will 
sometimes be written as à, or 0, and 2, respectively. If J is an index 
for E", and |J] = k, then the higher partial derivative 

a 


be, 20, -.. Ba, 
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will be called a partial derivative of order k — |J| and will be written 
as 27. If |J] = 0 the operator 2 is defined to be the identity operator. 

Throughnut the remainder of the present chapter, except where 
otherwise specified, x will be a fixed positive integer, and we will 
analyze partial differential operators, equations, ete, which apply 
to various classes of functions and "generalized functions" which are 
themselves defined in one or another subset of E". On occasion, 
however, we shall distinguish one or another coordinate variable in 
E” which is to play a special role in the analysis, To do this with the 
smallest number of notational inconveniences, we shall often, on 
these occasions, pass from consideration of subsets of E" to con» 
sideration of subsets of E*!, and regard E"*! as being identical with 
the direct sum E™ — E" © E! of n-dimensional space and one» 
dimensional space. Correspondingly, each y in E*+1 will be written as 
[2 s], where y = [s ~ ~ = Ymyl and 8 = 9,44. In contexts in which 
E" and E^ are being considered together, y will then generally 
denote a variable point in E**!, z will generally denote a variable 
point in E", generally equal to [yp . ~ ., ,], and s = a,,, willdenote a 
real variable generally equal to the "distinguished" last coordinate of 
y. As is indicated in these last two sentences, the coordinates of a 
vector x in E" will be written as z,, or, in case it is desired to empha- 
size the fact that 2; is the jth coordinate of z and not the jth vector in a 
sequence of vectors, the notation (x), will sometimes be used. Thus, 
if {£m} is a sequence of vectors in E^, {(z,,),} is the corresponding 
sequence of jth coordinates. In general, unless the contrary is ex- 
plicitly stated, J, 3, J, etc., will denote indices for E", that is, indices 
whose range of variation is restricted by the condition minJ 2 1, 
max J Sx. The symbols Jy, J,, J, will similarly denote indices for 
Et, Thus, for instance, if £ is in U^, Y, ,,£ is an abbreviated 


notation for 
a 


Eo hh L= (žar = (ZE 


Bye igre 
and similarly 


de (= OE 


In discussions of functions or generalized functions defined on 
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E" or on subsets of E", the symhols L, Lp £, etc., will commonly he 
used for indices subject to the condition |Z] = x, but otherwise 
unrestricted. Thus, for instance, the Fourier series of a function f 
defined on E^ and periodic of period 2z in each of its variables will be 
written either as 
Hey= X a 
lan 
or simply as 


ie) = pac 


If m is a positive integer, an expression 


t= X amy 
Vism 
where the coefficients ay are infinitely differentiable functions in an 
open set I C E", will be called a formal partial differential operator 
defined in I, and m will be called the order of z. In this expression we 
allow, as one of the summands, a term for which |J| = 0. The formal 
operator aj(z)7 corresponding to such a J is, by definition, that of 
multiplication hy an infinitely differentiahle funetion defined on I. If 
t= X ál) 
Piss 
is another formal partial differentia] operator defined in Z, and f is a 
function which is infinitely often differentiahle in Z. then, by the use 
of Leihniz' rule, the expression 
fe) — X » Ajay) ( (ase) f) 


ls lols 
can be written in the form. 
X DENING) 
[F[ sratm 
By using Leibniz’ rule, it would he easy to express the coefficients bj 
algebraically in terms of the coefficients 4j, ap and their partial 
derivatives. We write 


t=t= E bæð, 
[Fj sam 
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and call 7 the produet of £ and z. Similarly, the sum of r and f is 
defined by 
(256)4-45 60) 27. 
EI s max (m.e8) 
where we place ay = 0 for |J] >m and 4; = 0 for |J] > ñ. 

Let I be an open set in E", and J be its closure. The set C?(I) 
consists of those sealar functions f defined on J which have all partial 
derivatives of all orders existing and continuous, Similarly, the set 
C*(I) consists of those scalar functions defined in I every one of whose 
partial derivatives of order not more than & exists and is continuous. 
The sets CZU) and C¥(Z) consist of those functions in C*(Z) and 
C^) respectively which vanish outside a compact set. The set 
C*(Z) consists of all functions defined on J having all partial deriva- 
tives of orders at most k at each point of F and such that each partial 
derivative has a continuous extension to Z. If this is the case, "f(z) 
is defined for x in I and |J] Sk as the extension by continuity of 
2 lz) from I to I. Then we put 


C= NCE, GL) = CFE). Col) = Co 
On occasion, we will consider the particular case in which J is a 
rectangular parallelepiped in E^ of the form 
I= {ze Ea Sr Sb j=l...) 


js, and b,,...,b, being two sequences of real constants. In 

this case, C*(Z) will denote the subset of C*(Z) defined by the “peri- 
odicity” conditions 

Pas ta «+ yy) = PFO mp..nm) WISE, 

[ET E 


Dyan ey a 


Zab) JSk, 
1 


PHa > > tp ge Oy) = EL. 

a £z zb ĵ 

We put CPU) — (],., C2. Then evidently C(I) may be regarded 
as being identical] with the set of funetions in C*(E^) which are 
multiply periodic, of period 5, —a, in the variable z;, 7 = 1,...,7% 


seen 
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The vector spaces C*(J), etc, may be made into F-spaces as 
follows. Let K,, be an increasing sequence of compact subsets of I or 
of I. Suppose that K,, are such that any compact subset of I be- 
longs to one of the sets K,,. Then for a function f in oneof the spaces 
CE), CXL), or Ch), we place 


1f; J, m) = sup |f, 


"x 
and define the norm of f by the equation 
ee 1 fid m) 


H=} È} 2 


woo As 29231 tas Jim) 
This norm makes each of the spaces listed above into & complete 
F-space. If k < co and J is compact, but not otherwise, the spaces 
C*(I) and Ci) are B-spaces under a norm equivalent to the norm 
displayed, though not under the norm displayed itself. It is in the 
sense of these norms that we speak of the topology of C"(I), CXL), 
ete. 
If z is a forma] partial differentia] operator of the form 
r= Y ajax), 
Wise 

then the formal partial differential operator 

m= J (-1y azz) 

Mim 

is called the adjoint, or formal adjoint of v. If t = z*, then z is said to 
be formally symmetric, or formally self adjoint. The formal partial 
differential operator 


t= Y (1y Fazie) 


Vise 
is called the real adjoint of t. The formal partial differential operator 

T= Y ajz)? 

Visa 
is called the complex conjugate of v. It is readily seen by direct com- 
putation that 
(eR cS (up ort ye, 
(tt) = f*«*, (ty = er, 
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while 
(a) =ar*, (æ) =at, 
if « is a complex number. 

K is an important fact that functions f in C°(2") can be pre- 
scribed more or less arbitrarily, Le., that they have no global “struc- 
tural” properties which do not follow immediately from the definition 
of the class C°("). The following lemma expresses an aspect of 
this general principle that will find important applications in the 
later seetions of the present chapter. 


1 Lemma. Let K be a compact subset of E^, and let U be an open 
set containing K. Then there exists a function p in C™(E*) such that 
0zxg(r) & 1 for all x in E^, p(x) = 1 for x in K, and g(x) = 0 for 
a not in U. 

Proor, We shall construct the desired function explicitly in a 
sequence of steps. The function f, defined by the equations 


hls) = 0, $295. 
—exp(—s?) 8 > 0, 


belongs to C™(E1), vanishes for s < 0, is positive for s > 0, and is 
monotone increasing. The function f, defined by j,(s) = f(5)(1—5) 
belongs to C?(E!). vanishes for s < 0 and s 2 1, and is positive for 
0 <8 < 1. The function f, in C*(E!) defined by the integral 


1e) = f° yat, 


vanishes for s £ 0, is monotone inereasing, identically equal to one 
for s = 1, and has 0 £ f,(s) £ 1 for all s. The function g, in C°(E*) 
defined by the equation 


eel) = fe e SR (3 ; 


vanishes if |z| > £/2, is positive for |æ] < £/2, and takes on only non- 
negative values. Suppose that with each point p in K we associate a 
positive number, e, such that {g e E^||g—p| x £} CU. By the Heine- 
Borel theorem, a finite collection (U,,...U,) of the sets 
U, = {ge E"|g—p| < ¢,/2} with p in K, cover the set K, If we place 
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a) P 8e,,(2—Ps)» 
it is clear that g is in C*(E"), g(z) > 0 for g in K, giz) = 0 for g not m 
U, and that g takes on only non-negative values. Let à be the mini- 
mum value assumed by the function g on the set K. Then the function 
€» defined by the equation 
) 


ge 
(2) = 
ple) = fa ( 3 
is in C°(E*) and has g(z) = 1 for æ in K, g(x) = 0 for z not in U, 
and takes on values in the interval [0, 1]. Q.E.D. 
Another useful property of the functions in C™ is their density, 
expressed in the following two lemmas. 


2 Lemma. Let I be a domain in E^, and let Y & p < oo. Then the 
subset Cy (I) of LI) is dense in LI). 

Proor, Let E be a large fixed rectangle in E^. Let A be the 
closed subspace of L,(E) spanned by Cj (KR). Let B be the set of 
bounded functions in A. It is evident from Lemma 1 that B contains 
the characteristic function of every rectangle contained in E. If f is 
in C; (E) and g, >g in the norm of L(E) then clearly fg, > fg in 
L,(R). Thus, if f is in Cg(R) and g is in A, fg is also in A. Repeating 
this argument we find that if f and g are both in A, then fg is in A. 
Hence, if f and g are both in B, then fg is in E. Since A contains the 
difference of any two of its elements, so does B. Thus, if £ is the 
family of all subsets of E whose characteristic functions belong to 
B, E contains the complement of each of its members, and the 
intersection and union of any two of its members; that is, Z is a field 
of sets, If {f,} is an increasing sequence of characteristic functions 
belonging to B, then it is clear that f = lim, „æf, belongs to A, and 
hence belongs to B Thus, X is a o-field. Thus, X includes each 
Lebesgue measurable subset of E (cf. 111.11.3), and hence A includes 
all of Z,(R) (cf. 1118.8). 

Let G be the closed subspace of E,(E*) spanned by C2(E*), If 
Z; denotes the characteristic function of the cube 


(ge E*llg] € 7, $ — 1... 7}, 


then it is evident that y,/ f as j co for each f in L,(E"). 
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Hence, by the conclusion of the first paragraph of the present proof, 
EE") = 6. 

Finally, let D be the closed subspace of E,(Z) spanned by C(I). 
If f is in L(I}, then by what has been proved above, there is a 
sequence {f,} of elements of Cj(E") approaching f in L (F). Let y be 
the characteristic function of I. Then yf,, > yf = f as m — co, Hence, 
if it is shown that yf,, is in D, it will follow that f is in D, and the 
lemma will be proved. Let I, be the bounded open subset of J where 
fu (e) # 0, Since Ig is an open subset of E^, there exists an increasing 
sequence {K,} of compact subsets of J, such that | j^, K, =I». Using 
Lemma 1, let (g,) be a sequence of functions in Cg) with 
0 <g,(z) S 1 for all a and such that g, (z) = 1 fora in K,. Then it is 
evident from the Lebesgue dominsted convergence theorem that 
tn Pq > Khm 85 9 > ©, so that zf,, is in D. Q.E.D. 


8 Lemma. Let I be an open set in E" and let p be a non-negative 
integer. Then the subset Cy (1) of CKE) is dense in Cu). 


Proor, Setting all functions in C3(Z) equal to zero outside their 
domains of definition, we can conveniently suppose them to belong 
to Co E"). It is dear from the principle of uniform continuity that 
Ha-+y) > f(x) uniformly in g as [yl > 0 for each f in CAE"). 

Hence, it is evident that if f is in CRE"), f(-+y) > fC) in the 
topology of C*( E") as |y] > 0. Given a function f in CQ), let K be a 
compact subset of J outside of which f vanishes. Let à > 0 be given, 
and choose £ = (ô) > 0 such that 

(i) no point of E*—J lies within a distance 2c of a point of K, 

Gi) PH+) ie zeES dse Wisp. 

Using Lemma, let o be a non-negative function in CZ(E") such 
that 

(iii) plz) = 0, ae, 

(iv) Jenpla)de = 1. 

Let 
(ge) = fteu = [aut dy. 


From the second expression for f « 9 and from (i) and (iii) it follows 
immediately that fq is in Cg (I). From the first expression for 
1*9 and from (ii), (iii), and (iv), we have 
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IU «eX«)—P Lð [glee -—8, WISP, eE 


Thus f 15 closely approximated ın the norm of C*( E^) by the function 
p*f in Cj), proving the present lemma. Q.E.D. 

The following elementary lemma states the “‘principle of the 
partition of unity" which will be very useful in what follows. 

4 Lemma. Let K be a compact subset of E*, and let {U,} bea 
covering of K by open sets. Then there exists a finite set fy, . . ., f, of non- 
negative elements of Cy (E^) with the properties 


ü Shs ser, 
Al 


a 
ü) Yifey=1,  seK, 
j=l 

(iii) eack f; vanishes outside some one of the sets U,. 

Proor. By Lemma 1, for each point y in K there is a non- 
negative function f, in C$(E*) with the properties that f(y) > 0, 
and f(x) = 0 if x lies outside some particular one of the sets U,. Let 
N, = {xe E"|],(z) > 0). Then, since K is compact, a finite collection 
of the sets N, cover K. It {f}, -~ ~ fọ) is the corresponding collection 
of functions, we have Y? f(x) > 0 for each z in K. Let 


Li 
N = {re E Y f(x) > 0). 
A 
Then, using Lemma 1, let G be a function in Cg (E^) such that 


0 X G(z) X 1 for all z, G(x) = 1 for z in K, and G(x) = 0 for x not in 
N. If we let 


E 
Ife) = (—6G)y- D hey fle) 
j=l 

it is evident that the set {f,,....f,) of functions in Cy (E^) has the 
desired properties. Q.E.D. 

The following lemma will be used in Section 7 below. 

5 Lemma, Let f be in CI(E^). Then, ast — 1, f(t-) >f(-) in the 
topology of C?(E"). 

Proor, By the principle of uniform continuity, as approaches 1, 
g(t) + g(x) uniformly in x for each g in CHE”). Similarly, as ¢ > 1, 
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19127 g(tz) >? g(x) uniformly in x for each g m CIE"), provided 
that |J| Sp. Q.E.D. 

If f is a Lebesgue-integrable function defined on a subset e of E", 
then 


Jer 


will denote the integral of f over the set e. Let I be an open subset of 
E^, t a formal differential operator of order m, and f a function in 
C"(I). Then if g is in C; (I), and vanishes outside a small sphere 
contained in Z, it follows immediately on integrating by parts with 
respect to all the variables 2,,...,z, successively that 


(1) feneke = f teree 
@) J, Meee dae = |, Heyeere aya. 


It will now be shown that these two equations are still valid for 
an arbitrary function g in C, (I). Let K be a compact subset of F 
outside of which g vanishes. Let K C SqU.... 0$, be a finite 
covering of K by closed spheres entirely contained in F, and let 
$925, be a family of open spheres contained entirely in I. Using 
Lemma 4. we can find a finite set (fj), j = L, . . ., 4, of functions in 
Ce), each of which vanishes outside some one of the spheres S9, 
such that $7 fr) — 1 for z in K. It we place g, — f,g, we have 
evidently 5? ,g, = g. Since 


f, etelekenas = oem F=1.-- 
by what has already been proved, it follows on adding all these 


equations that (2) is valid for each g in C, (I). The general validity 
of (1) follows in exactly the same way. 


3. The Theory of Distributions 


It will be most essential in subsequent sections to be able to 
apply partial differential operators to complete spaces of functions. 
Suppose, for instance, that we consider the operator defined for each 
function f in CSE") by 
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ay 
(Aoi Ke ¥) = p (e. 


This is an operator densely defined in L,(E*) but not a closed 
operator. If we let A be its closure, we find that D(A) contains non- 
differentiable functions. Which non-differentiable functions? One 
might expect the answer to be “those (non-differentiable) functions 
į such that 0,2,f belongs to L,(E?)." In order for such an answer to 
make sense, it is desirable that we should be able to define @, a, for 
every function, differentiable or not, and irrespective of whether 
0,0,] belongs to L,(E*) or not. Such a “derivative” can no longer be 
an element of any space of functions, but can only be a "function" in 
some generahzed sense. Hence, we are led to the attempt to define 
some sort of “generalized function.” A very complete and interesting 
development of such a theory of generalized functions was given by 
Laurent Schwartz; the generalized functions were called by him 
"'distributions." It is the purpose of the present section to develop 
those parts of the theory of distributions which are needed in our 
subsequent development ofthe theory of partial differential operators. 


1 Derinimo (i) Let F be an open set in. E^. Let (g,) be a 
sequence of functions in C(I) and let p be in CPF). Then, if there is 
a compact subset K of F such that all the function g, vanish outside K, 
and if, in addition, g, >g in the topology of C2(I), we shall write 

9,39 in Ll 
Gi) A lear functional F defimed on C$(Z) such that 
F(g,) > Fip) whenever g, 3¢ in I is called a distribution in I. 

(iii) The family of all distributions in I will be denoted by D(I). 

The following definition indicates the sense in which the space 
of distributions constitutes a space of generalized functions, by 
giving an exact sense in which functions may be regarded as particular 
distributions. 


2 DEFINITION, Let I be an open set in E”, Let f be a function 
defined in J which is (Lebesgue) integrable over every compact subset. 
of I. Then the distribution F defined by 


Fo) = fete pe CSU), 
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is called the distribution corresponding to f. 

It is clear that if F corresponds to the function f and G corre- 
sponds to the function g in the sense of the above definition, then 
aF +86 corresponds to af-Ffig. Thus the linear space of functions 
integrable on each compact subset of may be considered to be im- 
bedded as a subspace of the space of all distributions in J. The next 
lemma shows that this imbedding is essentially one-to-one, 


8 Lemma. If, in the sense of the preceding definition, a distribution 
corresponds to two functions f and g, then f(x) = g(a) for almost all x. 

Proor. By considering the difference f—g, we may evidently 
suppose without loss of generality that g — 0. Thus, we must show 
that if 


[feos =0 


for all o in Cg'(J), then f(x) = 0 for almost all x in I. Now, if y is the 
characteristic function of any Borel subset e of I whose closure 2 is 
compact and contained in J, it follows from Lemmas 2.2, and III.3.6. 
IIL6.2 that there is a sequence {p} of elements in C(I) with g, ^ 
almost everywhere, If, using Lemma 2.1, we let y be an element of 
CZ (I) such that g(z1 = 1 for z in Z, and replace pẹ, by gy, it follows 
that we may assume without loss of generality that all the functions 
xn vanish outside some compact subset K of F. If, using Lemma 2.1 
again, we let ¢ be a function in CZ(E*) such that ¢(t) = t for 
O<St<1, L(t) —0 for [| z 2, and replace g,(-) by C(gy,(+)}. it 
follows that without loss of generality we may assume also that 
{gn} is a uniformly bounded sequence of functions, Then 


fios- f femi — im | fewe — o 


by the Lebesgue dominated convergence theorem for each Borel 
suhset e of F whose closure £ is contained in F. Thus, it follows readily 
(cf. III.2.15) that f(x) = 0 for almost all x in F, Q.E.D. 

Lemma 8 enables us to make the following definition. 


4 DEFINITION, A distribution F which corresponds to a function 
fin the sense of Definition 2 will be said to be a function. If f is con- 
tinuous, differentiable, belongs to L,(Z), C"(I), Co (I), ete., F will be 
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said to be continuous, differentiable, belong to C*(I » COW ) ete. 
In general, we will simply identify a distribution which is a function 
with the function to which it corresponds. 

In connection with Definition 4, it should be noted that two 
continuous functions defined in I which differ at most on a Lel ie 
null set are in fact everywhere identical. Thus, by Lemma 8, a 
distribution F corresponds to a unique continuous function if it cor- 
responds to any continuous function at all. 

The following definition shows the way in which a distribution 
in I may be differentiated partially, and also the way in which it may 
be multiplied by an element of C™(Z). 


5 Derinrrion. Let r be a formal partial differential operator 
defined in an open subset F of E^, and with coefficients in C°(Z). 
Let F be a distribution in J. Then zF will denote the distribution 
defined by the equation 


(FY) = Ferg). = pe CU). 

The evident fact that ¢,, 3 9 implies ^, 3 x^v provides hasic 
justification for this definition, by showing that zF, as defined by the 
above equation, satisfies condition (ii) of Definition (1). Additional 
justification for Definition 5 is contained in the following lemma. 


6 Lemma, Let I be an open subset of E^. 
(i) If the distribution F in I corresponds to the function ] in 
C(I) and if x is a formal partial differential operator of order at most n 
defined in I, then tF corresponds to tf. 


(ii) ce +86) = at F-HfxG, F, Ge Di). 
(i) (mft) = (n F)Hf(SF) — FeD 
(iv) ()F = nGF), Fe Diy. 


Proor, Part (i) follows from Definition 5 and the result on 
integration by parts proved in the final paragraph of Section 2. 
Parts (ii), (iii) and (iv) follow from Definition 5 and the obvious 
identities 
{am + Br) = afato) +p) 
(nye = u*t(n*v) 
which are valid for e in C2(I). Q.E.D. 
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If the operator z of Definition 5 is 2", where J is any index for 
Er, then Definition 5 assigns a meaning to & F for each F in D(F). 
If, on the other hand, the operator z is of order zero, i.e., is the 
operation of multiplying by a function a in C*(I), then Definition 5 
assigns a meaning to the product aF for each F in D(I). A few 
examples may be illuminating. Suppose that F is the distribution 
on the real axis E! which corresponds to the non-differentiable 
function ¢ (Heaviside function) defined by the equations 


f(s) = 0, #50, 
t&s)=1, s>0. 


Then 
Fig) = | gsis, pec), 
and 
(2PM) = — [7 e'()ds = 10) 00) = 90). 
so that 


&,F = 6, 
where à is the Dirac distribution defined by the equation 
Sp) = (0). 
The derivatives of this distribution are evidently defined by 


amg) = (G*) (9) = (—2)"9%0). 


We have 
(78g) = (—1)'(s"g)'X0) = 0, mon, 
T wg ero), msn. 
smót" — 0, mmn, 
= gi mem. man 


a set of identities first stated by Dirac. 
It is also possible in an evident way to define the complex 
conjugate of a distribution. 
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7 = Derrnition. Let I be an open set in E^, and let F be a 
distribution in Z. Then the distribution P in J defined by the equation 


F@)=F@). peuh 
is called the complex conjugate of F. 


8 Lemma. Let I and F be as in the preceding definition, and let v 
be a formal partial differential operator defined in I, Then 

â) F=F, 

(ii) aF =aF, 

(ii) FjEF, = FF, 

Gv) — TF =cF. 

(v) If F corresponds to a function f, then F corresponds to the 
complex conjugate of f. 

The proof of this lemma is left to the reader as an exercise, 


Another operation on distributions which is of importance is 
that of restriction. 


9 Derinizion, Let F be an open set in E”, Ig an open subsct of I 
and F a distribution in Z. Then the distribution FU, m Ip defined by 
the equation 

lye) = Fig) ee Ceo) 


is called the restriction of F to Ig. 


10 Lemma. Let I and Ig be as in the preceding definition, and let 
F and G be distributions in I. Then 
(i) the correspondence F > F|, is a linear mapping of D(I) 
into Dy; 
(ii) if F corresponds to a function f, then F Ll, corresponds to the 
function fllo 
[U 


ifc is a partial differential operator defined in I, and thla 
denotes its restriction to Ig, then 


GIG) = Fi): 
(iv) (Fp) = Fih: 
(v) let I be an open set in E^, and let (I,} be a family of open 
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subsets of I and let F be in IXI). If F vanishes in each set I, it vanishes 
in Usta 

Proor. The proofs of the first four parts of this lemma are left 
to the reader as an exercise. 

To prove (v), we must show from our hypothesis that F(p) = 0 
if ọ is in Co (Uzta). Let K be a compact subset of ( J, Z, outside of 
which g vanishes. Using Lemma 2.4, let (g,, . - ., gp} be a finite set of 
functions in CQ(E") such that y = 97 ,9,9, and such that each 
function g, vanishes outside some set Z,. Then 


» 
F@)= x F(pj9)—0. QED. 


E=] 


Lemma 10 enables us to make the following definition. 


11 Derrimion, Let F be a distribution in the open subset I 
of E", Then the closed set Cp in I which is the complement in I of the 
largest open set in J in which F vanishes, i.e., which is the complement 
in I of the union of all the open subsets of I in which F vanishes, is 
called the carrier or support of F. 


12 Lemma. Let I be an open subset of E^, F a distribution in I, 
and Cp its carrier. Let I, be an open subset of E" whose closure does not 
intersect Cp. Then there exists a unique distribution Ge D o Io) 
such that GIE = F and Cg = Cy. 

Proor. Let K be any compact subset of IU I. Then KT, and 
KC, are disjoint compact sets. Hence, by Lemma 2.1, there is a 
function yg in Cj(I u Io) such that yg(r) — 1 for zin a neighborhood 
of KCy and gg(r) = 0 for z in a neighborhood of KT. Put G(p) = 
F{yx¢) for every 9 in Cy 0 I) which vanishes outside of K, In 
order that this definition be legitimate, we must show that if Ky is a 
second compact subset of I u I, outside of which œ vanishes, then 
F(vgg —vx,g) = 0- But, since ygg—yx g evidently vanishes outside 
of a compact subset of 1 —C, in this case, the assertion is obvious. 

It follows immediately from Definition Li) that Gip.) > Gip) 
if 9, X 9 in Cy (I 0 I). Since any two functions in C9 (I u I) both 
vanish outside some common compact subset of I v J), it is also clear 
that G is a linear functional. Thus G is in D(I ù Jp). If g is in Cz). 
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and g vanishes outside K, then yxg—g vamshes outside a compact 
subset of I—Cp, so that Gig) = F(ygg) = F(g). Thus Gil = F, 
If KCy = 0 and the function g in Cj I ù I, vanishes outside K, 
then it is clear that gy, vanishes outside a compact subset of 
I Cy; thus G@) = F(ygg) = 0. This shows that Co C Cp, and it is 
clear conversely that Cp = Colf C Cg. This completes the proof of the 
existence of G. 

All that remains to prove is the uniqueness of G. Hence, let 
G, be a second element of D(Io Ig) such that Ce, = Cp, and 
G,H = F. Then it is evident from Lemma 10 and Definition 11 that 
Cia, c) C Cp. while, since, by Lemma 10, (6,—6)I = F—F = 0, 
G,—G = 0 in I. Hence, it follows from Lemma 10 that G,—G = 0. 
Q.E.D. 

Remark. If a distribution F is a restriction of a distribution G 
defined in an open set I, then G will be said to be an extension of F to I. 


18 Lemna. Let H be a lenear combination of the distributions 
F and G defined in I, let c be a formal partial differential operator defined 
in I, and let a be in CE). Then 

(i) Cy C Cr U Co: 

Gi) C, 

(iii) Cg = Cp; 

(iv) if a vanishes outside the closed set K. then C, C KCp- 

The proofs of these statements are left to the reader. 

We now wish to take up the study of certain important sub- 
spaces of D(I) which are at the same time spaces of functions. The 
following elementary lemma gives us a useful result in this direction. 


14 Lemma. Let I be an open subset of E^, and F be in D(I). 
La co 2p 7 1, and Up+p' = 1. Then F is a function in L(I) 
if and only if there is a finite constant K such that 
i] Fiol S Klipi» geet) 

Proor. If F is in E,(Z), the inequality [«] is simply that of 
Holder (cf. III.8.2). On the other hand, if the inequality [s] is satis- 
fied, then by the Hahn-Banach theorem (II.3.11), F may be extended 
to a continuous linear functional defined on all of L..(I), and the 
present lemma follows immediately from Theorem IV.8.1. Q.E.D. 
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15. DEFINITION, Let F be an open subset of E* and let k be a 
non-negative integer. Then 

(i) the set of all F in D(F) such that &F is in I?(I) for all 
WI & k will be denoted by HZ). For each pair F, G in H{E) we 
write 


(ew X | PPP Oea 
Wises? 


and 
Flog = ((F. Fyn)? 


fii) the symbol HEF) will denote the closure in the norm of 
HI) of the subspace C2{I); 

(ii) the symbol A“{Z) will denote the set of all F in D{Z) such 
that F|I, is in H"H) for each open subset I, of I whose closure is 
compact and contained in F. 


16 Lemma. Let I be an open set in E^. Then the space HI) 
of the preceding definition is a complete Hilbert space, and the space 
HP) is a closed subspace of HT). 

Proor, Let (F,) be a Cauchy sequence in H®{Z), Then, since 
[Flay 2 I/F, for each F in H®(Z), it is clear that (F,) converges to 
some F in L,{I), Similarly, since |Flq) 2 |27Fl, for each F in H (I) 
and each index J such that |J] X k, it is clear that if |J| x k, the 
sequence (&7F,) converges to some Fy in LI). Let 9 bein Cg (I). 
Then 


[Freeman lim errem imt E p= Cnr. 
I new neo 


proving that 2/F = Fy is in L,{Z) for |J] S k, so that F is in H™{I), 
Since |7F,— Fly > 0 as n -> co for each index J with |J] £ k, 
it is clear that [F,—Flq) > 0 as n -> œ. This proves that HOI) 
is complete, That it is a Hilbert space follows from Definition 15 {i). 
That H(P(I) is a closed subspace of H™{Z) follows from Definition 
15 (ii). Q.E.D. 


17 Dermrtion. Let F be an open subset of E^ and let k be a 
positive integer. Then 
fi) the set of all F in D(I) such that 
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Fg = sup EON 
occa) llw 
will be denoted by HF); 
{ii) the set of all F in D{Z) whose restrictions F|l, are in 
H7) for each open subset Ig of I whose closure is compact and 
contained in Z will be denoted by 4‘*){Z). 


«x o 


18 Lemma. Let I be an open subset of E^. Then 


(i) AMD) 2 A90), +o > k> -—o0; 
fi) Hu) 2 gemg), qolÍBkIR—o 
(iu) HEU) 2 HE, colÉjkzo 


Moreover, the identity mapping of H**V) into HV) is norm- 
reducing and hence continuous. 

Pnoor. Statement (1) follows from statement (ii) by Definitions 
15 (iii) and 17 (ii). Statement (iii) follows from statement (ii) and the 
fact that [Flu 3; 2 [Fu for all k 20 and F in HANI), (cf. Definition 
15 {i)). To prove (ii) and the final statement of the lemma, we first 
note that it is evident for k 2 0 from Definition 15 (i). If k < 0 and 
F is in H*UXI) then 


Fo FEN 
iron ^ lle 


since [plan S Ipla by Definition 15{i). Thus F is in (I). This 
also proves the final statement of the lemma for k <0. Q.E.D. 


Slain geet). 


19 Lemma, Let I be an open set in E" and let k be an integer, 
positive or negative. Then the space HZ) is a complete B-space. 
Proor, For k 20, this is merely Lemma 16. For k « 0, H'^(I) 
has been defined simply as the Banach space adjoint to HC (I), 
so that the present lemma follows from Corollary 11.3.2. Q.E.D. 


20 Derinition. Let I be an openset in E* and let k be an integer, 
positive or negative, Let (Z,), m 2 1, be a sequence of open subsets 
of I whose closures are compact and contained in F, such that 
URZ- Im = I. Then, for each F in A®{E), we place 
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Sol KFOs 
Fco oc 
llla = È zs iE E JS 


21 Lemma. Let I and k be as in the preceding lemma. Then 
(8) ACTU), taken with the norm of Definition 20, is a complete 
F-space; 
fii)  {£,,}. m Z 1, és a second sequence of open subsets of I whose 
closures are compact and contained in I, and such that (fro afn =I, 
then the norm ||F|loy defined for AYE) as in Definition 20 but in terms 
of the sequence {Î n) determines a topology for A®\I) equivalent to that 
defined in terms of the sequence (L,). 

Proor. Part {i) is an elementary consequence of Lemma 19, 
and the details of its proof will be left to the reader. Since both the 
topologies in question in (ii) are metric topologies, it follows that to 
prove (ii) it suffices to note the evident fact that F, + 0 in either 
of these two topologies if and only if |(F.|;)lu) > 9 for every open 
subset I, of I whose closure is compact and contained in I. Q.E.D. 

Remark. In what follows, the phrase “the topology of A4U3(ry* 
will mean the topology defined by the metric of Definition 20 and 
Lemma 21. 


22 Lemma, Let I be an open set in E^. Let q be a formal partial 
differential operator of order k. with coefficients belonging to C'(I). 
Then 

f) F +<F is a continuous linear mapping of AUI) into 
AUCI), —oo <} < o 

fi) if I has a compact dosure I, and the coefficients of c 
are infinitely often differentiable in some neighborhood of I, then 
F ->F is a continuous linear mapping of HOYT) into H(I), 
=o <} < +o; 

(iii) of I has a compact closure 1, and the coefficients of t are 
infinitely of ten differentiable in some neighborhood of I, then F >tF isa 
continuous linear mapping of HEL) into HEP), k « j < +0. 

Proor. Suppose that fii) is proved. Then, since tF is in C4) 
if F is in CPU), (iii) follows from Definition 15 (ii). Since «(Fllj) = 
(£F, by Lemma 9 (iii). (i) also follows from Definition 20. Hence, 
we have only to prove fii} To do this, first suppose that j 2 k. 
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Suppose that 
x= FY axles h)”, 
MIS. 
and 
A= max max max aja; J,)I- 


MIS MI-k W SWiltk zer 


Then, from Definition 15 {i}, we have 
Mew ={ X repe 
Z 


={ X | X «C INFE 
W Si WISH 


SAFi X 1p 
Waste 
= AnA Fhin 


proving {ii) in this special case. 
Next suppose that 7 = —p is non-positive. Then by Definition 
17, 


HEFY 
kFlew = AED 
eee Melissa 
S Fee) [cela 
veep htela lelem 
< IFla> sup Keka. 


cece Iles 


It follows from the special case of (ii) already established that the 
final factor is finite, proving fii) in the special case in which 7 is non- 
positive, 
Finally, we must consider the case k > 7 = 0. We have 
= Y a,-\F, 
Wisk 

so that from what has already been proved and from Lemma 6 it 
follows that it is sufficient to show that F > (^F is a continuous 
mapping of HZ) into HY) for [Jl =m<k. Write 
J= [h Lj so that OF = Ôr, >>- ĝa F. Then, from the fact 
that (ii) has been shown for j—K positive, it follows that the map 
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F —> 0,... ô, F is a continuous map of HUI) into LAI), and by 
using the fact that (ii) has been shown for j non-positive the corre- 
spondence F — 0, ... 6 F is seen to be a continuous map of HUNI) 
into H9—(F). Since, by Lemma 18 (ii), the identity mapping of 
HU-"I) into HYF) is continuous, the present lemma is proved. 
Q.E.D. 

The easy proof of the following complement to Lemma 22 is left 
to the reader. 


23 Lemma. Let I be an open set in E^. Let I, be an open subset 

of I and let k be an integer. Then 
{i) the correspondence F — F is a continuous mapping of AI) 
into itself and of HAE) into itself; 

(ii) the correspondence F > FU, is a continuous mapping of 
AUNT) into AU(I,) and of HOMI) into HVY(1,). 

24 Lemma. Let I be an open subset of E”. Let k be an integer and 
let F be a distribution in I. 

(i) If each point p in I has a neighborhood U, contained in I such 
that FI, E AV (U,), then F e AME). 

(ii) If I is compact and each point p in I has a neighborhood Up 
such that F|U I c HUD), then Fe HHI). 

(iii) If I is compact, k Z 0, and each point p in I has a neighbor- 
hood U, such that F|U,I e HSXU,D, then F e H9(U,I). 

Proor. Part (i) evidently follows from Part (i1) and Lemma 23. 
To prove (ii), we argue as follows. Let FU, = F,. Using Lemma 2.4, 
let {Pm} m = 1, . . ., M, be a set of functions in C°(E*) such that gm 
vanishes outside some neighborhood U,,, and such that J% 19, (z)—1 
identically for æ in a neighborhood of J. Then F = Y , F9, and 
we have only to show that F,,9,, € H*!(I) for each m = 1,..., M. 
"That is (cf. Lemma 18 (iv)) we may and shall assume without loss 
of generality that the closure of the carrier of F is contained in a single 
neighborhood U,. 

Now, suppose k > 0. Then, on the one hand, OF is equal to a 
square-integrable function f, in U,. On the other hand, if we put 
f(z) =0 for z in U,, then F = f, in the complement of a closed 
subset of U,I also. Hence, by Lemma 10, F = fz is in L,(Z), proving 
that F is in HO), 
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Next let k < 0. Using Lemma 21, let y be a function in C2(U,) 
which is identically one in a neighborhood of the closure of the carrier 
of F. Then 


FQ) = Five) = (FIU Dyp) | ge COW), 
so that by Definition 17, 
Ihe = sup KEIU Dyp) 
il ecc — lvvlca 


HFID leka 
pec voka lek» 


lyghes 
EEO, Dio sup Bi, 
ecce lela 


Since the final factor 1s finite by Lemma 22 (ii), statement (ii) is 
proved. 

It follows in the same way that to prove (iii) it suffices to show 
that Fg, € HP? (I). By hypothesis, there exists a sequence (yj) of 
elements of CF(E"), all vanishing outside IU,,, such that 


im Y [|e Fonepad — o. 


Loco 1 Sk 


Since & Fg, (z) — 0 for z in I—U,I, it follows that 


lim Y Í Ie Fg, (2)— 8 yz) dz = 0. 
1c Sx 1 
Thus Fg, e Hf? (I). Q.E.D. 

Similar use of Lemma 2.4 may be made in the proof of the 
following lemma. The details are left to the reader. 


25 Lemma. Let F be a distribution in the open subset I of E", 
let 1 <p X co, and let k be a non-negative integer. Then 

(i) if each point q in I has a neighborhood U, contained in I such 
that FU, 28 a function, then F is a function; 

(ii) if each point q in I has a neighborhood U, contained in I such 
that FIU, is a function in C(U,), then F is in CHI); 

(iii) if is compact, and each q in I has a neighborhood U, such that 
FU, I is in LUD), then F is in Ly; 
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(iv) if I is compact, and each q in I has a neighborhood U, such that 
FUL is in CUA), then F is in CQ). 

It is useful to define a topology in the space D(I). This may be 
done by taking the weak topology of D(I) regarded as a set of linear 
functionals on Co (I). 


26 Derinition. Let J be an open subset of E^. Then the 
topology in D(I) will be the topology whose basic neighborhoods of 
F are the sets 


N@p ++» Gms £ F) = (Ge DHF lp) Glg) < £ 


i=...) 


where £ 15 a positive number, 7 is a positive integer and py, . . ., Gm 
are elements of Co (I). 


27 Lemma. Let I be an open set in E*, and I, an open subset of I. 
Then 

(1) if v is a formal partial differential operator with coefficients 
in C" (I), then F >F is a continuous mapping of D(I) into itself, 

(ü) F >F is u continuous mapping of D(I) into itself, 

(i) F + FH, is a continuous mapping of DU) into D(H). 

Proor. Let £, and £3 denote the mappings in (ii) and (iii) re- 
spectively, and let 4:Cg(I,) > CZF) be defined by the equations 


(Agia) — 09. zel—h; — Ag(z) —g(z) zel, 


Then (1), (ii), and (iii) are respectively consequences of the following 
three evident formulae. 


7(6 e DIF tg) Erte, < e, i—là...m) 
C(HeDU)lGFYy0g)—B(g)) -& | i—Lh...my 
L6 e DUMIFIE)— G(GUI < e, i=1,...m} 
C {H e DWG Fp) -Hlp <& i=l.. omk 
UGG € DUIFU)—GUg) < e i=1,...m} 


E {H e DUJIKGFYg)—B(g)l <e  i—1...m. QED. 
28 Lemma. Let I be an open subset of E" and let k be an integer. 
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Let {a,,} be a sequence of functions in C'(I) such that a,, > 0 in the 
topology of C°(I). Then 
(i) for each F in DUD, aF — 0 in the topology of DU); 
(i) for each F in A*(I), a, F +0 in the topology of A*U)s 

(iii) if a,, and its partial derivatives of all orders approach zero 
uniformly on I as m > oo, then the sequence of mappings F > a,,F 
of HL) into HE) approaches zero in the uniform topology of 
operators. 

Pnoor. It is clear that app 3 0 as m — oo for each g in Cj). 
Hence (i) follows immediately from Definition 26. Statement fii) 
follows immediately from (iii) by virtue of Definition 20 and Lemma 
10 (iii). To prove (iii), first suppose that k = 0. Then 


lan Fly X fas Pas Af max sup | aq(ed Fy 
wikedr Wisk cer 


where A is a constant depending only on k (by Lemma 6 (iv) which 
allows us to expand @a,,F by Leibniz’ rule). This proves (iii) for 
k 20. If k = —p where p > 0, we have 


lam Flin sup SQ sp Pere, 
vecin om eect) eh 
so that the result (iii) for k x: 0 evidently follows from the result (iii) 
for p 20. 

In addition to functions and distributions in the sense given in 
Definition 1 and in the various definitions and lemmas up to Lemma 
27, we will need to consider classes of multiply periodic functions and 
the corresponding classes of distributions. Unless the contrary is 
definitely specified, we shall, in the next few definitions and lemmas, 
work within the cube 

C= (ee Eje] <7} 


in Euclidean s-space E^. Opposite faces of this cube will be "identi- 
fied"; that is, unless the contrary is explicitly stated, we shall suppose 
all functions of z to be multiply periodic, of period 27, in the variable 
& — [kp eo Ea] 

What this means is that we treat any two pomts z and £ on the 
boundary of C such that |z, —Z,| — 0 or 2z for all j as identical, 
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and define a neighborhood of the point z (after identification with Z 
and possibly other points) as the intersection with € of an open set 
of E" containing x and all the points with which x is identified. Tt is 
apparent that by this set of identifications C becomes topologically 
equivalent to the Cartesian product of n» replicas of the unit circle in 
the plane. We shall, in what follows, always assume implicitly that 
those identifications have been carried out, and understand such 
topological phrases as “open set,” “closed set,” ete., in this slightly 
modified sense. Since we deal only with multiply periodic functions 
throughout, all our functions will be well-defined on the set C even 
after the indicated identifications are carried out. Conversely, this 
is the basic reason why we deal only with multiply periodic funetions. 
Of course, if we deal only with subsets of the interior of the cube C 
in E*, no identifications are made and the phrases “open set,” 
“closed set,” etc., have only their ordinary meanings, We shall be 
concerned with the spaces F,(C) of all funetions defined in C which 
are multiply periodic of period 2x in the variable z = [zy . .. £m] 
and with the spaces 


CP(C) = (f e C”{C) e F,(C) 
and 
CAC) = (f e CC) e FC). 


If I is an open subset of €, in the modified sense explained in the 
preceding paragraph, then C3,(Z) will denote the subspace of C7(C) 
consisting of all functions in C(C) which vanish outside a compact 
subset of I. Let I be an open subset of C. We shall write f, f in I 
if f,, f are in Cz QD), if all the functions f, vanish outside a fixed 
compact subset of J, and if f, — f in the topology of C°(Z) as n > oo. 
We may then make a definition corresponding to Definition 1 (ii) 
as follows. 


29 DEFINITION. Let J be an open subset of C. The space D,(4) 
consists of all linear functionals F on C3°,{Z) such that F(g,) > Fip) 
if 9, X g in I. The elements of D,(I) will be called distributions 
multiply periodic in the set I. 

It should be especially noted that if I is an open subset of the interior 
of C, then D (I) and D(I) are evidently two notations for the same space. 
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The preceding development may now be paralleled m this new 
setting. Since this development differs from the previous develop- 
ment only in a few points (in many cases only by the substitution of 
Cz) for Co), this development will only be indicated and the 
detailed adaption of the earlier development left to the reader. 


80 Derinition. Let J be an open subset of C. The element 
F € D,(I) is said to correspond to the function f if f is (Lebesgue) 
integrable over every compact subset of F and if 


Fig) = f fen ge CZAD). 


If F and f correspond in this way, they may be identified in contexts 
in which such identification cannot cause confusion. 

The analogs of Lemma 8 and Definition 4 are now evident, 
and instead of stating them in the new context we shall simply refer 
to “Lemma 3 or Definition 4 as generalized to D,(f)" wherever 
necessary. 


81 DEFINITION. Suppose that J is an open subset of C and that 
F is in D,U). 

(i) Let z be a formal partial differential operator with coeffi- 
cents in C3°(C). Then rF will denote the element of D,(I) defined by 
the equation 

(Fe) = Ferg — pe CZ). 


(ii) The symbol F will denote the element of D,(4) defined by 
the equation 
F@)=F@),  veCz). 


{iii) If J, is an open subset of F then the restriction FII, will 
denote the element of D,(I) defined by the equation 


(Ug) = Fi. — ge Cg. 


The analogs of Lemmas 6 to 9 and Lemma 14 are evident, and 
instead of giving detailed statements which apply to our new context 
we shall simply refer to “Lemma 6,” etc., as “generalized to D,(I)" 
when necessary. 

Lemma 10 applies similarly in an evident way to the new 
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situation, it being necessary to recall, however, that “open set” is 
to be understood in the sense explained in the paragraph preceding 
Definition 29. Keeping this same convention in mind, we may 
generalize Definition 11 as follows. 


82 DEFINITION. Let F be an open subset of C, and let F be in 
D, (I). Then the closed set Cp in J, which is the complement of the 
largest open set in Jin which F vanishes, i.e., which is the complement 
1n J of the union of all the open subsets of F in which F vanishes, is 
called the carrier of F. 

Lemma 12 now may be extended, with much the same proof, 
to the new setting. However, an evident consequence of Lemma 12, as 
generalized to D,(F), which will be of importance to us in sub- 
sequent discussions. is stated in the following lemma. 


88 Lemma. Let I be an open subset of the interior of C, and let 
F be in DU). Suppose that F has a carrier Cp which is a compact subset 
of I. Then there is a unique distribution G in D,(C) such that F = GU 
and Cg = Cg. 

In later sections, the distribution G will be referred to as the 
natural extension of F to C or simply as F, regarded as an element of 
DAC). 

The following definitions generalize Definitions 15, 17, and 21 
to the new setting in an evident way. 


84 Derinition, Let J be an open subset of C. Let k be a non- 
negative integer. 

(a) The set of all F in D,(I) for which &F is in L(I) for all 
MI Sk will be denoted hy H®(Z). For each pair F, G in HOU) 
we write 


(Gy = X. [| (@ PVENP Oee 
[VES AT! 


and 
laa = (UF, Pag)”. 


(b) The symbol HŽ U) will denote the closure in the norm of 
HPI) of the subspace Cz) of HIP(I). 
(c) The symbol A1? (J) will denote theset of all Pin D, (I) such 
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that FU, is in H(I) for each open subset I, of I whose closure is 
compact and contained in F. 


85 DEFINITION. Let I be an open subset of C and Iet k be a 
positive integer. 
(i) The set of all F in D,(I) for which 


Flo — sup e 
ecezan [elo 
will be denoted by Hi9(I. 
(ii) The set of all F in D,G) for which Ff, is in HOP U,) for 
each open subset I, of I whose closure is compact and contained in I 
will be denoted by A*)(Z). 


«o 


86 DEFINITION. Let J be an open subset of C. Let k be an integer, 
positive or negative. Let (I, ), m = 1, bea sequence of open subsets of 
I, whose closures are compact and contained m I and such that 
Us, — 4. Then, for each F in 4/9(I), we place 

= 1 He — 
mot 2" VEG" L, ho, 

Once the definitions are made, it is an easy matter to adapt all 
of the lemmas from Lemma 13 to Lemma 28 to the new setting. The 
necessary details are left to the reader. Instead of giving detailed 
statements which apply to the new context we shall simply refer to 
"Lemma 18,” etc., as generalized to D,(F)" whenever necessary. 
In the case of Lemma 27 the topology of D,(I) must be defined in a 
way generalizing that of Definition 26. This is done in the following 
definition. 

87 DEFINITION. Let F be an open subset of C. Then the topology 
in D,(I) will be the topology whose basic neighborhoods of F are 
the sets 

Nv - + Pm & F) = (Ge DADI F(g)—6(g)l < 5 
i—1l...m) 


Hla = 


where e is a positive number, m is a positive integer, and gs, . . ++ Gm 
are elements of Cz (I). 


The very important possil exists of expanding elements F 
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in D,(C) in Fourier series. The next definition and lemma show how 
this is to be done. 


88 Derinition. Let F be in D,(C) and let L be an index with 
JL] = n. Then the expression 


Fy = Fi(e?*7) 
is called the Lth Fourier coefficient of F. The formal senes 
(2a) " Z Frer? 
T 
1s called the Fourier series of F. 


89 Lemma. The Fourier series of an element F in D,(C) converges 
unconditionally to F. 

Proor. It follows from the Definition 87 of the topology in 
D,(C) that it suffices to show that 


(2xy^ Y LA] eb 29 (a)de 
L € 


converges unconditionally to F(g) for each p in C7'(C). For any set 
A of indices L, we have 


Bae Y n eh 29(a)dz = F((2x)* X gre °), 
LeA c LcA 
where 


m pr= f verde, pec. 
c 
Thus, it is sufficient for us to show that for each g in Cz (C), the senes 
Is] (22 Lore * 
T 


converges unconditionally in the topology of Cz(C) to g. By Plan- 
cherel’s theorem (X1.8.9; see also XI.3.22 and the discussion following 
it), for every g in Cz(C) this series converges unconditionally to e 
in the topology of L,(C). Hence, it suffices to show that the series [+] 
converges unconditionally in the topology of C2(C), i.e., converges 
absolutely no matter how often differentiated term by term. We shall 
actually show that 


[vs] ipd = 0(ü- 2... Ey?) 


XIV.3.40 THE THEORY OF DISTRIBUTIONS 1663 


for every positive p no matter how large, from which the desired 
absolute convergence will be evident. To do this, we integrate 
equation [T] by parts 2p times with respect to each of the variables 
a, for which } is not zero, which we assume without loss of generality 
are the variables 2,,...52,- This gives 
pr = = La? f (6. 8, opta) nda, 
so that, since (1... ln) SABH... HYP. if bagas o- e =O 
m #0, we have 
dpi S e... HET max [F pla), 
c 
wisamp 
from which the estimate [++] evidently follows. Q.E.D. 
40 Lemma. Let P be in D,(C). Then 
() P,— Fen: 
(ii) (£F), = (LY F,. 
Proor. Both statements follow immediately from Definition 88. 
QED. 
41 Lemma. Let F be in D,(C) and let k be an integer. 
(i) The distribution F is in H®(C) if and only if 
Wiles = Q0 e - AF PP < 00. 
(ii) The norm ||Fllgy i5 a norm in H®(C) equivalent to the norm 
Jor this space specified in Definitions 84 and 35. 
(iii) If F is in BÜNC), its Fourier series converges unconditionally 
to F in the topology of H®(C). 


Proor. First suppose that k = 0. It follows 1rom Lemma 89 that 
Fig) = (22Y* Xe. 
where 


pr = [et (cy. 
Thus, since 
= Gar" X les 


by Plancherel’s theorem (XL8.9) it follows from Lemma 14 that F 
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is in E,(C) provided that [|F]f, < co. In this ease, we have also 
IF = (22)" z Fg 
by Plancherel’s theorem. 

Next suppose that k > 0. Suppose that {{F ig; < co. Then, by 
what has been proved and by Lemma 40 (ii), F is in H®(C) and 
[Flop S Alla,» where A is a finite constant depending only on k, 
Conversely, if |F] < œ, then by Lemma 40 (ii) and Plancherel’s 
theorem, we have 


X LEP = Fla 


Wisk L 
Since there evidently exists a finite constant A depending only on k 
such that 
QE. BY <A Y IPP 
Wisk 


it follows that [Fila S AlFlay < co. 

This proves (i) and (ii) for k = 0. Next suppose that k = —p, 
where p = 0. Let |F lq) < oo so that, by the result just proved and 
Definition 85, there is a finite constant M < A|Flq). where A 
depends only on k, such that 


FEN Miel. ve C(C). 
By Lemma 39, this may be written as 
WO Frp SMZO+E+...+EMleP P^ p eC 
where we have set 
pr = f, e pede 


as in [T] of the proof of Lemma 39. From (1), and from the Hahn- 
Banach theorem, IL8.11, it follows that the linear functional 


fed > YF ig. 


may be extended to a continuous linear functional of norm at most 
M defined on the Hilbert space $ of all multisequences (gz) such that 


leoi ={20+G+.. or EP lps}? < o. 
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LFier= ZIPA. AD A + E+... +P 
it follows from Theorem IV.8.1. that 
PILATES... HOPA HEH... +h <M, 


so that there is a constant A depending only on k such that 
NF lk. < A|F|, for each F in H®{C). Conversely, if F is in D,(C) 
and ||F||, = M « œ, then it follows immediately from Schwarz’ 
inequality that 


IZ Feu SIELE HE+- -HEP 
Using what has been proved above, this may be written as 


IFO S Allie» p ECO). 
where A is a constant depending only on k. Thus by Definition 85, 
F is in H®(€) and 
IFlaa S AlfFlloi- 

where A is a constant depending only on k. This proves (i) and (ü) 
in all cases. 

It is now quite easy to prove (iii). By (i) and (ii), we must show 
that if (4,3 is an arbitrary increasing sequence of finite subsets of 
the set {Z{|E| = n) such that 


U4, = GIL] =), 
and if 2 
YO+8+...+ BFF? < e. 
then E 


IE- Y Pretala ={ Y HAH- ot Fp > 0 
Len LA, 


as m —0. This statement follows immediately from the Lebesgue 
dominated convergence theorem. Q.E.D. 
A theory of multiply periodic distributions may be developed 
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in an exactly similar way for functions defied in an arbitrary 
rectangular parallelepiped C: 


tH C—(seEna Ez, Sb.  j—1...n) 


One has only to replace the space F,(C) of functions multiply 
periodic of period 2x in the cube C by the space F,(C) of functions 
multiply periodic in the parallelepiped C, and having period 5, —a, 
in the variable z, . . ., b, —a, in the variable z,. We leave it to the 
reader to carry out the details of this program. In subsequent sec- 
tions, we shall simply refer wherever necessary to "Definition 1, 
Lemma," etc., “‘as generalized toD (C), Hf? (C )," ete. Itis, however, 
worth stating the analog of certain parts of Definition 38 and Lemmas 
39 and 41 somewhat more explicitly. 


42 Dzrmrmox. Let € be the rectangular parallelepiped [1]. 
Let £g denote the vector (2z)[(b,—4,)-. ..., (b, —a,)!. and v(Ĉ) 
denote the product (bj —a;(b;—,). ..(b,—a,) Let L be an index 
such that [L] = n, and let F c D,(C). Then the expression 


F, = F(e** ter) 
is called the Lth Fourier coefficient of F. The formal series 
(C) Fret fer 
T 


is called the Fourier series of F. 


43 Lemma. Let the hypotheses of the preceding definition be 
satisfied. 
(i) The Fourier series of an element F in D,(C) converges 
unconditionally to F. 
(ii) If F is in H®(C), then the Fourier series of F converges 
unconditionally to F in the topology of H®(C). 
(ili) Let k be an integer. The expression 


NF ils = {2 O+8+...+2)4F pyr 
ds finite if and only if the element F in D,({C) belongs to H®(C), and 


defines a norm in H®(C) equivalent to the norm for this space in 
(the evident generalizations of) Definitions 82 and 88. 
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The next topic on which we wish to touch is that of the behavior 
of distributions under changes of variable. 


44 Derrnirron. Let f, be a domain in E". and let I, be a 
domain in E". Let M : I, >I, be a mapping of J; into I, such that 

(a) M-!C is a compact subset of F, whenever C is a compact 
subset of Fy; 

(b) (MOje) f= Le. = ge 
Then 

(1) for each g in C*,). poM will denote the function y in 

C™(I,) defined, for æ in J}, by the equation p(z) = g(M(a)): 

(ii) for each F in D(,) the symbol F o M~ will denote the 
distribution G in D(I,) defined, for 9 in Co.) by the equation 
Gip) = Feo M). 


Remark. It should be observed that it follows from (b) of the 
above definition that goM is in C™(Z,) ify isin C“(Z,), and that the 
mapping 9 >y 0 M is a continuous mapping of C™(I,) into C°(E,). 
{See Section 2 for a definition of the topology in these spaces.) By 
{8), p> go M maps Cp (z) into CP). By (2) again, all the functions 
of the sequence (g,, o M) vanish outside a fixed compact subset of I, 
if all the functions of the sequence {p} vanish outside a fixed compact 
subset of Z,. It consequently follows from (a) and (b) that y,, > ¢ 
implies that g,, o M 3 po M. so that part (ii) of the preceding defini- 
tion does legitimately define an element G in D(I;). 


45 Lemma. Let I, be a domain in E™ and let I, be a domain in 
Er», Let M I, +1, be a mapping of I, into I, satisfying the hypotheses 
(a) and (b) of Definition 44. Then 

(a) the mapping F + F o M^ is a continuous linear mapping of 
D(L) into DS 

(b) FoM3-—FoMA,  FeD(h 

(c) if f, ds an open subset of Ip. and f, = M^, then 


{F o MAY, = (HE) oM? 


The proof of this lemma follows readily from the definitions of 
all the various terms; the details of proof are left to the reader. The 
proof of the following lemma is also elementary and is left to the reader. 
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46 Lemma. Let I, be a domain in E™, į =1, 2,3. Let My, >I, 
and M,:I, I, be mappings such that 
(a) M7C is a compact subset of E, whenever C is a compact subset 
of Ly My" is a compact subset of L, whenever Cis a compact subset of Ly; 
() (MOJE 13izn 
(M,O,eC Usi. 
Then for each F in D(L) 


Fo(M,M,)> = (FMj!)o M3). 


In case the mapping M of Lemma 45 is one-to-one and onto 
all of I}, we may give additional information. 


47 Lemma. Let I, and I, be domains in E^, and let M : I, be a 
one-to-one mapping of I, onto all of Ig, Suppose that 
@ (MO); e C". 
(b) (ME) € C° 
Then 
G) (@F)oM> —a(M3())(FoM3), aeC™%h)} F eD) 


26s 


j= 
jgHl1...n 


(i) (4,F)oM-! = Y(G&b,(FoM?), 7=1. nm FeD(h), 
xa 
where 
byla) = ((20(MA@))» 15h jSm secl: 
(iti) àf F corresponds to the function f, then F o M corresponds to the 
function 
IAO) 
where J is the absolute value of the Jacobian determinant of the mapping 
æ MO) 
Proor. Let ge CFU). Using Definition 44, we have 


{(aF) o M7} (g) =(aF igo M) = F((po M)a) 
= F((go M)(ao M-o M)) 
= F(Ío(ao M-1)) o M) 
—(Fo M^) (plao M>)) 
= ((ao M- (Fo M))(g). 
which proves (i). Similarly, we have 
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{@,F)o M3) = (F) (po M) = — F(24eo M) 
= -F(Z (ero May) 


where a, (2) = (2,M(2))_: using (i), (ii) now follows readily. 
If F corresponds to the function f, we have 


(Fo M2) (p) = Figo M) = (fte(M())dz 
= [Ae tds. 


J denoting the absolute value of the Jacobian determinant of the 
mapping «-> M-Y{z); this follows by the standard theorem on 
change of variables in a multiple integral. But then (iii) is evident. 
QED. 

Lemma 47 allows us to describe the behavior of the spaces 
H”, A”, ctc., under the changes of variable. 


48 Lemma. Let I, and I, be domains in E", and let M :1, >I, 
be a one-to-one mapping of I, onto all of I,. Suppose that 

qa) (Me); E CU) j—h.-.m 

() (Ohe) j=L. nn 
Let k be an integer. Then 

{i) F > FoM-? is a one-to-one continuous mapping of D(I,) 
onto all of D(I,) whose inverse is F > FoM; 

{ii) F>FoM™ is a one-to-one continuous mapping of A®™HI,) 
onto all of A™(T,): 

(ii) tf all the partial derivatives of (M(-)),and (M^1(-)),. j—1,..-. 
are uniformly bounded in I, and I, respectively, then F > F oM is a 
one-to-one continuous mapping of H(I,) onto all of H(I,); in this 
case, F > Fo M-! is also a one-to-one mapping of HY(I,) onto all 
of BPU). 


Pnoor. In view of Lemma 46 and Lemma 45, statement (i) 
follows immediately. Our next step 1s to prove the first half of (iii), 
In view of (i), it is evidently sufficient to prove that F> Fo M~ is a 
continuous mapping of HUI.) into H®(E,), In virtue of the ordinary 
formula for change of variables in a multiple integral and of (iii) of 
the preceding lemma, 
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Potty = f, NAOPEN Pde 
= ip MG 3(M())dz 
ESI 


where -4 = sup, e, J(M(x)) is finite by the hypothesis of (iji). This 
proves the first part of (iii) for k = 0. Since by Definition 15 


Fle = IP FS. 
LESS 


the first part of follows for all k 2 0 from what has just been 
shown and from (ii) of the preceding lemma. 

Using {i) of the present lemma. it follows that F— Fo M~! and 
F—>FoM are continuous mappings of H(I,) into Hf(I,) and 
HT) into H'9(I,) respectively for k = 0. Hence, there must exist 
finite positive constants A and B depending only on k such that 


[x] B|Fjm S Fo M^, S AlF\ay- 


Next let k = —p, where p = 0. Then, if F is in H*(I,), it follows 
from Definition 17 that 


1Fig o M) 
ote) Ipli 

Fig oM) (goo 
eccgaplpoMi — ivl 


M| 
<1Fla) sup igo Mio 
vecgug Ihe 


S Alw» 


by formula [+]. Thus F— F o M~ is a continuous mapping of HU3(1I,) 
into H“(I,) for k negative, which proves the first part of (iii) for all k. 

Since F-> Fo M-1 maps the subspace C(I.) of DU) into the 
subspace CS(I,) of F(,) by part (iii) of the preceding lemma, the 
second part of (iii) follows immediately from the first part of (iii) 
and from Definition 15 (iii). 

Let Î, be an open subset of 1, whose closure is a compact subset 
of I, and let f, — MP,. Then f, is an open subset of I, whose closure 


IF o Mia 
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is a compact subset of Z,. Hence the restrictions M|f, and M3|f, = 
(M|£,)? satisfy the hypotheses of (iii). Thus, (ii) follows from (iii) 
and from Definitions 15 (iii) and 20 of A*(I) and its topology. Q.E.D. 
Definition 44 may readily be generalized from the spaces D(I,) 
and D(I;) to the corresponding spaces of multiply periodic distribu- 
tions, 
49 DEFINITION, Let C, and €, be rectangular parallelepipeds of 
the form 
C,=@eE Ma,52,56, f= 1...) 
C, = (re E", Ez, xb, j=.. nng 


Let I, and I, be open subsets of C, and C, respectively, and let 
M 1I, Ihe a mapping of J, into Z, such that g(M(-)) is in CZ) 
whenever g is in CX,(2,). Then 

(i) for each p in CZo(e) the symbol po M will denote the 
function y in Cz,() defined by the equation y(x) = g(M()); 

(ii) for each F in D,(I,) the symbol Fo ^? will denote the 
distribution G in D, (I) defined by the equation G(g) = F(po M) 
for p in Crolla). 

Lemmas 45 through 48 may readily be generalized from the 
spaces D(I,), D(I,), etc., to the spaces D,(I,), D,(1;), ete. We leave 
the details of this adaptation to the reader, and shall in what follows 
simply refer to Lemma 45, ete., as generalized to D, (I), etc. There is 
however one particularly important special mapping of D,(C) into 
itself, whose properties are discussed in detail in the following lemma. 


50 Lemma, Let C denote the parallelepiped 
C= (re Ela Ez zb 15f <n), 


For each A > 0 such that A < b,—a,, let M 4 denote the mapping of C 
into itself defined by the equations 

Mag...) = [mA Zoron nh HA Sh 

Mane ..-m]— [HAH 2,-5.2) +4 > by 


Let k be an integer, and F be in HEC). Then 
(i) &,F is in HÜ(C) if and only if A-F o Mj! —F)las is 
uniformly bounded for 0 <A <%&—a,; 


1674 XIV. DIFFERENTIAL EQUATIONS AND OPERATORS — XIV.8.50 


(ii) tf OF. is in HEC), then 
âF —limA3X(FoM;'—F) 
220 
an the norm of HPC). 

Proor. It is clear that 43 (go M 4—g) approaches 6,9 uniformly 
fora in € as A +0 for each p m Cp (C). If we apply this fact to each 
of the partial derivatives of g, it follows that 4- (po M,—g) ap- 
proaches 0g as A +0 in the topology of Cz (C) for each p eC; (C). 
Thus, if G is in D,(C), it follows from Definitions 49 and 87 that 

lim 43 o M7—6X9) = lim G(43(p0 M,—9)) = Ag 

20 2-0 
so that A-(G o M7!—G) approaches 2,G in the topology of D,(C). 

Now suppose that F is in HÜ(C) and that A-F o M7— Fig 
is uniformly bounded for 0 < A < 5 —a,. First suppose that k = 0, 
Then, since the Hilbert space H°(€) is reflexive (cf. Lemma 16 and 
TV.4.6), it follows that cach sequence {4,,) of positive real numbers 
approaching zero has a subsequence (4,,} such that Âp F o.M71 — F) 
converges weakly as m — œ to an element F in HEC). Now, it is 
clear that for each g in C2(C), the mapping G —> G(g) is a continuous 
linear functional on HIP (C). Thus, there is an element H, in HC) 
such that 

Gip) = (G, Hp) G E€ HPC). 


Thus, 
lim AUF o M31 — Fg) = lim (434 F o MZ —F), Ha, 
—0.Hja — foh pec) 
that is, 


im A> AL F)- 
lm 4; (FoMg—F)—-FP 
in the topology of distributions. It consequently follows, from what 
has been shown in the first paragraph of the present proof, that 
P = 2, F so that ôF is in HP(C). 

Next let F be in HÜ(C), k = —p, where p > 0, and suppose 
that |A43(F o Mz'— F)|q, is uniformly hounded by a constant 4 for 
0 <A « b—a, Then, by Definition 35 and by the Hahn-Banach 
theorem (IL843), 4-(FoM,—F) = F, may be extended to a 
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continuous linear functional on the Hilbert space H?(C) of norm: at 
most .f for each 0 < A < b —a,. It follows from Theorem IV.4,6 and 
Corollary IV.4.7 that there is a sequence A,, of positive real numbers 
approaching zero and an Ê in H{€) such that 


lim (A4(FoM;ZI—Fy(g) = fg, gp C20). 
m-eo 
By what has been shown in the first paragraph of the present proof, 
P = 8, F, so that 0, F is in HU(C). This completes the proof of the 
direct part of (i) of the present Jemma. 

To prove the converse, let F be in H®(C) and let 2, Ê hein 
HE°(C), Let us agree to consider that each 9 in C2(C) is extended by 
periodicity to a multiply periodic function defined on all of E", of 
period b,—a, in the variable z,, 5,—a, in the variable za, ctc.; which 
extended function we continue to denote by the symbol gy, Then, for 
each A > 0, the mapping J, defined by the equation 


a) (o) Ernad = a fi oe Zas «o s dy 


is a continuous mapping of C7'(C) into itself, It is readily evident that 
& fa = fa for each index J and each A > 0. From this it follows 
immediately that for each A > 0, [, is a continuous mapping of 
Cz (C) into itself, Moreover, it is clear that 2, f 49 =4-(po M,—9) 
for 0 < A < b —a, and p in C2(C). Thus, if we define [FP for F in 
D,(C) by the formula 


(ree rs vemos 
it follows that 
f aF = à |, F—4Fonz—F. 


Hence if we show that f, is a mapping of HC) into itself of norm 
at most 1 for each A > 0, this will establish the converse part of (i) 
of the present lemma. 

First suppose that k = —p, where p = 0. Then, by Definition 
85, to show that |f, Fla; X |Fl for F in H®(C), it is sufficient to 
show that |f apl S [Plt forgin C2(C). It is clear from (1), Schwarz's 
inequality, and Fubini's theorem that 
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IB IG. P) En a, a sa i ls, ay, .. 4 2p)? dede 
SAP" dey | [lols cu... md... do) 
= felo az. 


Thus |[49gl« 5 lplo for each pin CP(C). Since & f, = f4 27 for each 
index J, we have also |f, 2 yl Sl plo for p in C2(C). Thus it 
follows from Definition 34 that |f,glu; S lpli and the converse 
part of (1) is proved for k & 0. 

Next we turn to the proof of (ii). Let G be in C,(C) C D,(C), 
and suppose that we agree to consider that each F in C,(C) is extended 
by periodicity to a multiply periodic function defined on all E", of 
period 6,—a, in the variable z}, 5, —a, in the variable 2, etc.; which 
extended function we continue to denote by the symhol F, Then by 
Fubini's theorem, 


(f,P)— -a ref ote. rr 
- HAAG AGE Fes mro sind] ds dy... dy 
=f, l^ ne F(t, 2, . .2,)|9(a)de. 


Thus, it is clear that for G in C,(C) C D,(C), ([4G)z) > Gz) 
uniformly for zin C as A — 0. Hence |[,G—GI +0 as A — 0 for each 
G in C(C) C D(C). Since C,(C) is dense in L(C)CD,(C) by 
Lemma 2.2, it follows from Theorem IL.8,6 that we have | [,G—G| +0 
as A+0 for each G in HT (C) = LC). Since [427 = 2? fy, it follows 
immediately from Definition 84 that if k > 0 |J,G—Glg, > 0 as 
A +0 for each G in H?(C). In particular, |f,2, F— 2, Fla, approaches 
zero as A + 0 if F is in HP(C) and 2, F is in HIP(C). Since we have 
seen that [4,0 F = 4-4 Fo M;'— F), this proves (ii) in the special 
case k = 0. 

Putting k —0, it follows that |f,F| S |F| for each F in 
LAI) C D,(I). Since & j, = J,@ for each index J, we have also 
Ifa & F| S| F] for 1 > 0, each F in H'®(Z), and each index J such 
that |J] 5 £ Thus it follows from Definition 84 that |f, Fl £ [Flan 
for each 1 > 0, which proves the converse part of (i) for k = 0. 
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To complete the proof of the present lemma, we have only to 
prove (ii) for k < 0. This may be done as follows, Let k = —p where 
p 20, Let F be in HC), and 0, F be in H%(C), Let G denote an 
arbitrary element of H™(C), Then, by, Definition 35, and by the 
Hahn-Banach theorem (113.11), the mapping 9 > G(y) ean be 
extended to a continuous linear functional (which we shall continue 
to denote by the symbol G) on the Hilbert space Hi?(C). Thus, 
(cf. IV.4.5) there is an element C in HC) such that 
(2) Gip) = (p, C. gECZC. 

Using Defimtions 34 and 81 (i), and placing 
c= Y Cage, 
Vise 

we have (g, Gly = (p. 2G). Thus, it follows from (ii) that G = £6, 
where & is the complex conjugate of G, and so that € is in HPC). 
We have f,G = ¢f,@. ft follows from what was proved in the 
previous paragraph that [4,6 > @ in the norm of HC) as A + 0. 
Thus, by Lemma 22 (as generalized to H'?(C)), [4G —G in the norm 
of Hi? C) = H&(C) as A + 0, Applying this to 2, F and noting that 
Jaa, F = AF o M}— F), it follows that 

lim [4-"{ Fo M71— F)u; = 0, 

40 
proving (ii) in case k & 0, QED. 

There is an important sense in which certain distributions may 
be taken to apply to particular infinitely often differentiable functions 
which do not belong to Cj. This sense is defined and studied in the 
following definition and lemma, 

51 DEFINITION, Let I be an open subset of E”, and let F be in 
D(I). Let 9 be in C*(I), and let g(x) vanish for all z outside a certain 
closed subset K of I, Suppose that K, = C(F) n K is a compact 
subset of F. Then we place 

Fip) = Flyph 
where y denotes any function m Cg; (I) which is identically equal to 
one in a neighborhood of K,. 

52 Lemma, Let I, F, and g be as in the preceding definition. Then 

Fip) is independent of the particular function y used to define it. If 


1678 XIV. DIFFERENTIAL EQUATIONS AND OPERATORS — XIV.8,58 


Q is a second function in C (E) vanishing outside a closed subset K of I 
such that K, = C(F) ^ K ts compact, and a and & are complex numbers, 
then 

Flogp+ 8$) = aF(g)--R&F(9). 

Proor, Let ý be a second function in Cp (F) such that $(z) =- 
for æ in a neighborhood of K,. Then yp—¢y vanishes in a neigh- 
borhood of K ^» C(F), and vanishes in a neighborhood of C(F)—K 
since g vanishes in the complement of K. Hence yp— pp vanishes in a 
neighborhood of C(F). so that F(yp) = F(gy) by Definition 11. 

By Lemma 2.1, there is a function $ in C&(Z) with f(z) = 1 for 
zm in a neighborhood of K, ù Ky. Then 

Flop +86) = F(Mog+ag)) = oF (fp) +aP lp) = aF(y)+4F($) 
by Definition 51 and the first paragraph of the present proof. Q.E.D. 

The following lemma will be useful in what follows. 

58 Lemma, Let I be an open subset of E^, and let F be in D(I). 
Let g be in CZ(E), and let f be in LI). Let K be a closed subset of I such 
that for æ not in K, g(x—y)f(y) = 0 for all y in I, and suppose that 
K,— C(F) n K is compact, Then 


[2 F {f ot —fena) = f, Fiet wendy. 


Remark. If f(y) + 0, then g(z—y) = 0 for z £ K by hypothesis. 
Hence, if f(y) Æ 0, F(g(- 4-32)/(y) is well defined by the preceding 
definition and lemma. If f(y) = 0, we agree to set F(g(- --y))f(y) = 0. 
thereby giving a meaning to the integrand on the right of formula (+) 
in all cases, In the course of the following proof, it will be shown that 
the integral on the right of (s) exists. 

Proor, Using Lemma 2.1, let y be a function in C; (1) such that 
(x) = 1 for æ in a neighborhood of K,. From Definition 51, we have 


F(f,et —ytyddy) = F (PO f ote Hoda) 


w 
= Plo) f vedo do) 

and 

(2) F(gC oy) = F(vst)eC —))fn. 


As y, > Y, Yn and y remaining interior tof, it is clear that g(* —9,) > 
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9(* —y) in the topology of C^(I) for each m. Thus, v(*)yC —9,)3 
v(gC —y). This shows that F(y(*)g(* —y)) is continuous in y for y in 
1 (cf. Definition 1), Hence the integrand on the rigbt of formula (+) 
is integrable, and 


€) f Foe- = f, Flv de hay. 


Using (1) and (3), we see that to establish the present lemma it 
suffices to show that 


(0 effent) = f, Eeto 


where G = yF. Let K, be a compact subset of J containing in its 
interior a second compact set outside of whicb the function y vanishes; 
we may evidently and shall henceforth suppose that Kg isthe closure of 
its interior K,. Then, for sufficiently large m, G may be extended from 
C%(K,) to a continuous linear functional on C"(K,). Indeed, if this is 
not the case, then by Theorem IT.8.11, there is, for each m 21, a 
function f,, m C3.) whose norm in the space C^(K,) is at most 1/m, 
and such that G(f,.) — 1. But then it ıs clear that yf,, t 0 so that 
Fly.) = Gif) — 1, which contradicts Definition 1, 

Tt is clear that y(-)f(- —y) varies continuously in the topology of 
C"(É,) with y as y varies over F. Thus (4) finally follows from. 
Theorem IIL2.18. Q.E.D. 

In subsequent sections of the present chapter, whenever v denotes 
a formal partial differential operator defined in a domain I, T(t) and 
T,(x) will denote the operators in L,(I) defined by the equations 

S(T()-—C?Uk Tlf =r} fe D(Tolr)). 
AA) = F EDD ELM} — d eL): 
TAY =. eD). 
Tt should be noted that by Definition 5, 7,(r) = (Ty(z*))*. So that 
(cf. XIL1.6) 7,(z) is always closed. By Lemma 6(i), T(t) C T(z). 
By Lemma 6(iv), T,(x,)7,(z.) C T, (x, Ta). These elementary facts will 
be used implicitly in what follows, 

A final notational convention must be mentioned before the 
present section is concluded, If F is in D(I), and F corresponds to a 
function f which is integrable over every compact subset of F, then, 
as noted above, we may write F(g) as 
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[2 Fip) = ffe pe EW). 


H is often suggestive to write F(g) in this form even in the general 
case; that is, to introduce for each F in D(I) an ideal “function” f 
which is defined by formula (x). Of course, this amounts simply to a 
notational convention, and nothing more; in the general case, the 
“function” f has no defined values, and indeed no existence beyond 
that which it has by virtue of appearing formally on the right of 
equation (*). It is in this sense that Dirac wrote 


(0) = f°" 8t) 


in terms of his 6-“function,” and similar equations for pO) in terms 
of the "functions" obtained by differentiating the 6-“function.” 


4. The Theorem of Sobolev 


In the present section, we shall prove a very useful theorem of 
Sobolev relating the analytic properties of the derivatives of various 
orders of a given function f to the corresponding properties of the 
function f itself. 


1 Lemma. Lein Z 1, and let E^, denote the half-space of Euclidean 
n-space E^ defined by the equation 
E} = {re Elz, > 0}. 
Let co z p' z p zl. and 


1 i i 

oe Noa IT 

P P - 
Let F be a distribution defined in E^; , having bounded support, and with 
(010z;) F in LET), i — 1... n. Then F is in L,(E2). 


Proor. Let us agree to write y for a variable point in E^, and to 
write r— v(y) = |y| and e = oy) = g/ly| for the corresponding 
"radigl" and “angular” variables, (Cf. the seventh paragraph of 
Section XL7 for a discussion of spherical polar coordinates in Eucli- 
dean z-space; in the course of the present proof we shall adopt the 
notational conventions of that paragraph respecting hypersurface 
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area of Borel subsets of the unit sphere, transformation of integrals 
in E* to spherical polar coordinates, etc.) 

Let K be so large that the support of f is contained in the hemu- 
sphere (ze Ey |z| X Kj?). Let a be a non-negative infinitely dif- 
ferentiable function defined in Æ", vanishing outside the set 
{z e E*||x—[1, 0, .. ., 0]| < 1/10}, and satisfying the equation 


[ato = a. 


Let b be an infimtely often differentiable non-negative function of 
the positive real variable r such that b(r) = 1 forr < 2K and b(r) = 0 
for r = 8K Then, if g is an infinitely differentiable function with 
support in the set B = {x e E?| |z] <3K/4}, we have clearly 


(i) ate) = Í. { ik B note atto 


kon 
= EX bi deo)d: 
PET 


D æ (e—vYuyMw  zeE} 


Hide, Ge; 
where h,(y) is the function defined by the equation 
ao)o,b(r) 
hy) = r 


Let Q, denote the hypersurface area of the unit spherc in -space. 
Then the functions hy j =1.....n satisfy the inequality 


AK 
IM Pary*du S 9, sup Jae f pe-Da-9 d, < o, 
veS 


provided that (n—1)(1—s)>—l; ie, A, is in L(E") if 
1£5«nj(a—1) It follows from (1) and Lemmas 3.52 and 8.58 
that if F, is the function in £,(E7) corresponding to the distribution 


a,F, we have 
Ors- Xf [o runde ie. ge CHE). 
JIS ER LER 


"Thus, using Fubini‘s theorem and writing e—y — u, we have 
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F(g)— 


(e [ reme, eere). 
EJE 


jar 


so that the distribution F corresponds to the function 


n 
(iii) — F| Fy @)hk(e—a)de. 
ES 
We have only to show that this function belongs to L (Ej). 
Now consider the convolution 


Gv) e(u) = INO 


If bis in L,(E") then Lemma XL3.1 shows that equation (iv) defines 
a continuous map a — c from L,(E") into L,(E") as well as one from 
L,(E") into L, (E^). It follows from the Riesz convexity theorem 
(VLi0.11) that this map also takes L,(E") into L,(E") in a con- 
tinuous manner. Moreover, if a is in L,(E") and b is in L(E") where 
P'a > —1 then it follows from Hélder’s inequality (IIL3.2) that c 
is in L,(E"). Now fix a in L(E"), let c = Tb be the linear map 
defined by equation (iv), and let |7], , be its norm as a mapping from 
LE") into LE”). We have seen that the norms I7], , and |T],., 
where p 14g?! = 1, are both finite. Consider the points u = (¢7, 0), 
v = (1, p)in the unit square 0 S w v S 1. It follows from the Riesz 
convexity theorem that |f], ,. is finite provided that 
1 1 " 

B > E = mr (La), 
for some g in the interval 0 < « X 1. Now this equation defines s and 
& in terms of p and p’ and the solutions are 


Since p' => p z 1 the number « is in the interval OS « X 1 aud 
since (p) > p4—s and p’ 2 p we have i & s < nf(n—1). Thus. 
as shown above, k; is in L(E") and, since |T], y is finite, Th, is in 
L(E"). If we let a = F; on E? and a = 0 elsewhere on E" it follows 
that the function given in (iii) is in Z,(E"). Q.E.D. 

2 COROLLARY, Lei n zz 1, and let E} denote the half-space of 
Euclidean n-space E} defined by the equation 
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E; = ize Evlz, > 0). 

Let co Zp = poi, let k 21 be an integer, and let 

i i k 
a> 
p P m 
Let F be a distribution defined in E? and having bounded support. 
Then, if every derivative of order k of F belongs to L,( E7), it follows that 
F is in LAE). 

Proor. Let &--(p)1— p?-Fkn-, and let the numbers 

P = Po. Pis Por > - > Pe =p’ be defined by the equations 
i i i E 
-— =~——+5- f= 0,..,k-1 
Pii P, n k 
Then, by Lemma 1, every derivative of order k—1 of F belongs to 
L, (E1), every derivative of order k—2 of F belongs to L, (Ej), . .., 
and finally F belongs to L, (E?) = L,(E,). Q.E.D. 

Bemark. It is readily seen by much the same argument that 
Lemma 1 and Corollary 2 remain valid if the domain E; is replaced 
by any unbounded domain E, having the following property: 

There exists an open set U on the unit sphere in E" such that 
any line J parallel to a line through the origin and through a point of 
U intersects the boundary of E, in at most one point. 

Moreover, if we make use of the inequalities of Thorin described 
in Section XLii, it may be shown that if œ > p' 2p > 1 in the 
hypotheses of Lemma 1 and Corollary 2, then the conclusion of these 
two results may be strengthened to assert that F is in L,(E%) if 


m the case of Corollary 2. 
Next we give the stronger result of Sobolev which applies if, in 
Corollary 2, p 1—n is negative, 
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3 Lemma. Letn Z1, and let E} denote the half-space of Euclidean 
n-spuce E” defined by the equation 


EX = {we Ely, > 0}. 
Lei co z p Zi, ld Kk 21 and m=O be integers, and let 


n 
m«k——. 
P 


Let F be a distribution in E. having bounded support. Then, if every 
partial derizative of F of order k belongs to L (E^), it follows that every 
partial derivative of F of order not more than m is continuous in the 
closure of E}. 

Proor. By Corollary 2 and Hölder’s inequality, each (k—m)th 
derivative of any lth derivative of F belongs to L (E7) (and has 
compact carrier) for 1 <= m. Hence, it is quite sufficient to prove the 
present lemma for the special case m — 0. By Corollary 2 again, each 
derivative g of order 1 of F belongs to L,(E}) (and has compact 
carrier). for every p' satisfying the inequality 


1 1 (k—1 
5 Ili gy 


If p! is chosen so that 1 < p' < x, and so that (i) and the equation 


oci ze 


P 


are satisfied, it follows immediately that it is sufficient to prove the 
present lemma for the special case k — 1, m = 0. We shall con- 
sequently assume for the remainder of the present proof that k = 1. 
m0. 

Our hypothesis then 1s the fact that every derivative of order 1 
of F belongs to L,(E%), where 


n 
Oc1—-; 
p 


and what is to be shown is that F is continuous in the closure of £}. 
By Lemma 1. F is a function m £,.(F}). 
Let the functions h; and F; be defined as they were in the proof 
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of Lemma 1 and recall that k; is in L(E") provided that 1 x s < 
nf(n—1). Since p > 2 the numher g defined by the equation p= +g? 
= 1 is in the interval 1 S g < n/(n—1) and so 5; is in L(E7). Since 
F; 1s in L (EX) it follows from Holder's inequality that F,(-)h,(+) is 
in L,(E%). We have, by an elementary change of variable, 

È| rents - 3 | Fehde- 

EU iiem 
Thus, for a function g in CS(E2), 
f. E ne mmajeme È f. (nmm meme] 

"el ES = 


= i alc _Psle—yeto\e) 


n 


-Èr ŠI, hj Poetene) 


r(-x E e 


Jg OU, 
—-—F (È ae Es i erre) 


= —F(g). 


In deriving this series of equations we have used the fact that h; is in 
LE”), HóMer's inequality, Lemma X.3.1(a), and Fubini’s theorent 
to justify the change of order of integration which is the first equation; 
Definitions 3.4 and 3.5(a) to obtain the second equation; an elemen- 
tary change of variable to obtain the third equation; the facts that 
A, is in L,( E") and that g is in Cj ( E") to obtain the fourth equation; 
and equation (i) to obtain the final equation. Thus. according to 
Definition 3.4, the distribution F corresponds to the function 


i) He) = ae FAY y 


The n-dimensional ees of Lemma XL3.l(f) and Hólder's 
inequality show that this function is everywhere defined on E}, is 
continuous in z, and has a unique continuous extension to the closure 
Et. Q.E.D. 
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4 Dermimion. Let p be a point of the subset 4 of Eudidear 
n-space E^. Then A is said to be smooth in the vicinity of p if there 
exists a neighborhood U of p, and a mapping ¢ of U on a spherical 
neighborhood V of the origin, such that 

(i) ¢ is one-to-one, ¢ is infinitely often differentiable, and g 


is infinitely often differentiable. 

on QlAD) = V o tee E*|a, = 0) 

If the set A is smooth in the vicinity of each of its points, it 1s 
said to be smooth, ox to be a smooth surface. 

In terms of this definition we are able to state a general form of 
Sobolev's theorem. 


» 5 THEOREM. Let n zl, and let D be a bounded open set in 
Euclidean space E”. Suppose that the boundary of D is a smooth surface 
and that no point in the boundary of D is interior to the closure of D. 
Let k = 1 and m = 0 be integers. Let co 7 p Z1, co zp’ 21, and 
let Y > e > 0. Let F be a distribution in D, and let every derivative of 
order not more than k of F belong to L,(D). Then, if 


1 1 k 
a) 7> 
p p. » 
F is in L,(D); while if 
Gi) mck- 2, 
r 


then every derivative of order not more than m of F is continuous in the 
closure of D. 

Proor. Cover the closure of D with a finite collection of bounded 
open sets U each of which is either disjoint from the boundary of D 
or is diffcrentiably equivalent to a spherical ncighborhood V of the 
origin of E" as in Definition 4. Let {hj}, 7 = 1, ..., N be a family of 
non-negative funetions in Cg ( E^) such that $7 ,h,(e) — 1 for x ina 
neighborhood of the closure of D and such that each function k, 
vanishes outside a compact subset of some set of this covering (cf. 
Lemma 2.3). Let h, be a function im this partition of umty with 
support in U. We shall show that if (i) holds, h,F is in (D), while if 
(ii) holds, every derivative of order not more than m ot h; F is con- 
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tinuous in the closure of D. This will evidently imply the truth of the 
present theorem. 

First suppose that U is disjoint from the boundary of D. Then 
h;F is a distribution whose carrier is a compact set contained in U 
(cf. Lemma8.18 (iv). It is clear from Lemma8.6 that every derivative 
of h, F of order not more than k belongs to £,(E"). Translating E” 
sufficiently far to the right along the z,-axis (cf. Lemmas 8.47 and 
8,48), we may assume without loss of generality that U is contained in 
the set E} of Corollary 2 and Lemma 8. Thus, by Lemma 3.12 h; F 
may be regarded as a distribution in E?, and our assertion follows 
from Corollary 2 and Lemma 3. 

Next consider the case in which U intersects the boundary of D, 
so that there exists a one-to-one mapping g of U onto » spherical 
neighborhood V of the origin of E", g heing assumed to have the 
following properties: 

(i) 9 and g are infinitely often differentiable transformations. 

(ii) g(AU) = Vo (zc E"|z, = 0}, A denoting the boundary of D. 

Since, by hypothesis, no point m V but the points in g( AU) 
belong to the boundary of ¢(U D), and no point in the boundary of D 
is interior to the closure of D, it follows that (UD) must consist of 
one or another of the hemispheres V, = {a € V|r, > 0} or V. = 
{xe Via, < 0). For the sake of definiteness, we will consider the case 
in which (UD) = {z e Vz, < 0}; the other case is equivalent to 
this by a change of variables. By Lemmas 8.18 (iv) and 8.45(c) and 
Definition 3.11, the distribution (h,F)og™ is a distribution in V, 
the closure in E* of whose support is disjomt from the curved bound- 
ary of V,, and all of whose derivatives of order at most k belong to 
L (V+) by Lemmas 8.47 and 3.48. Hence, by Lemma 8.12, (h; F)og™ 
may he regarded as a distribution in E? all of whose derivatives of 
order not more than k belong to L,(E?). By Lemma 8, (h, F)og— and 
all its derivatives of order not more than m are continuous in the 
closure of V}. From this and Lemma 8.47 it is evident that h,F = 
(^; F}ogt og and all its derivatives of order at most m are con- 
tinuous in the closure of D. 

Since f = XP hf, the theorem now follows immediately from 
the evident fact that both L,.(D), and the set of all functions all of 
whose derivatives of order at most m are continuous in the closure of 
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D, are linear spaces. Q.E.D. 

Remark It is easy to show, making use of the first part of the 
remark followmg Corollary 2 and of the fact that a similar observation 
may be made in connection with Lemma 8, that Theorem 5 is valid 
even if the boundary of D contains "corners," "edges," etc. These 
configurations may be defined, as m Definition 4, as configurations 
differentiably equivalent to the local configuration at the intersection 
of a finite number of hyperplanes in E". 


6 COROLLARY. Let I be a bounded open subset of E”, whose 
boundary is a smooth surface X. Suppose that no point of X belongs to the 
interior of I. Let Y € p. q < œ and let k be a positive integer with 

1 1 k 
> 
9 p ^ 
Let f, fy, = M2,. -~ be functions defined in I, such that 
im | etme) 2 Keyra = 0, Sk- 


meo 


Then 
lim o- fGysdz = o. 


mco 


Moreover, there is a constant K depending on I, Q, p, k, n, but not on f, 
such that 


[| nera" sx x |f irera” 


LIE 
It 
1 1 
-< 
P n 
then we have 


Tim ess sup |f, (e) fte) = 0- 


mec ge 


Moreover, there exists a constant K depending on I, q, p, k, n, but not 
on f, such that 


ess sup jœ) SK Y Lf ieremea]". 
zel wise Wr 


Proor. Let LË(F) denote the subspace of L(I) consisting of all 
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functions f such that 2f is in (I) if J| £ k, the derivatives being 
taken m the sense of the theory of distributions. Put 


© nn = X (fr rora}” 


Then Lz(I) is a B-space. Indeed, if {7,,} is a Cauchy sequence in LII), 
it is clear from (i) that {7m} is a Cauchy sequence in L,(I) for 
W| € E, so that there exist functions g, g/ in L (E) such that 
lim,, scolfm—Elp = 9 and lim,, nool fm—g lp = 0. It is then clear from 
Definition 3.26 that lim,, „oofm = and lim,,,.. 2}, — g! for |J| X k 
in the sense of the topology of distributions, so that g/ — 27g by 
Lemma 3.27, Thus g is in L(I) and lim, |f, £e, = 0 by (i). 

According to Theorem5, we have L(I) CLE) if q3 > p kn, 
and LEG) CLE) if p3 — kn. The identity mapping f >f is 
easily seen to be a closed mapping of ZA(I) into L, (I) in the first case 
and of EX(Z) into L,(I) in the second. Thus, the present lemma 
follows immediately from the closed graph theorem (11.2.4). Q.E.D. 


7 Lemma. Let p Zl. Let F be in L (E^) and vanish outside a 
compact set K. Suppose that k is an integer greater than zero, and that 
PF ds in L,(E*) for J| < k, the partial derivatives being taken in the 
sense of the theory of distributions, and suppose that 


> NL sı. 


Vise 
Let Y Sq X c, and g*>p'_kjn. Then for each e>O there 
exists a ô > 0 depending only on K, £, q, and p, but not on F, such 
that if y is in E^ and |y| <6, then 
IFO)—FC 9) < & 

Proor. Making a sluft of coordinates, it is dear that we may 
assume without loss of generality that K is a subset of the set 
E; = {x € E*|z, > 6}. This being the case, it follows as shown in the 
first three paragraphs of the proof of Lemma 1 that there exist 
functions h, defined in E^ and vanishing outside E? = {x © E” a > 0} 
such that 


(i) & F(z) = sf 2,27 Flujh{u—2)du, 
jai JE 
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G) Cr) Y | 28 Feist. 
LJE” 


for |J| € k—1, ze Ef, and |y| <6. The functions h, themselves 

belong, as shown in the first three paragraphs of the proof of Lemma 1, 

to the space L,(E") for each s in the interval 1 Ss < ni(n—1). 
From (i) and (ii) it follows immediately that 


@(F@)—F(e+y)) 
(hy » 
= > ends Fehu— e) hu od 


for J| € k—1, ze Ej, and |y| <6. 
Now, if a is in £,(E"), and b is in (E^), then for p = œ or 
p = 1, the function 


(iv) ou) = f... bleu dr 


belongs to L,(E"), and [c], < aj], by the n-dimensional version of 
Lemma XL8.1. Hence. by the Riesz convexity theorem (VI10.11), 
this statement holds for all p such that 1 € p X œ. If a is in L,(E") 
and b is in Lg(E?), where p-44$— = 1, then the function c in (iv) 
belongs to L,, (E^), and icl £ |a|p|b|g by Hélder’s inequality (1113.2). 
Thus, by the Riesz convexity theorem (VI10.11), if a is in L,(E^) and 
b is in L,(E") for each s such that 1 € s < 2/(n—1)7 we have c in 
L(E") and |e}, X |al,|b],. where p' = p'(s) is defined by the equation 


‘Thus it follows from (iii) and from our hypothesis that 
E m 
O gere ree, s  ([ nien-hemrs]". 
Ae 
W| < k—1, for |y] <ô and 1 € s  n/(n—1). By Corollary 6, it 
follows that if gj! > (p')—(b—1)m there exists a constant 


K(gy, p') depending only on gy and p' such that 


: B 
() ROPE +e, SE (oP) X |f ste hm red 
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here 1 = gy X co. Now let g be as in the hypothesis of the present 
lemma. Then it is clear that we may choose some definite s = s, 
such that q71  [p'(s,)) 1— (k—1)s, and then the conclusion of 
the present lemma follows imnicdiately from formula (vi) and from 
Lemma IV.8.21. Q.E.D. 


8 Lemma. Let I be a bounded open subset of E", whose boundary 
ds a smooth surface X. Suppose that no point of E belongs to the interior 
of Ï. Let 1 p « co, and let k be a positive integer. Let V X Q < co, 
and let 


1 1 k 
IRIS IUE 
gu oR aoe 


Then if {fm} is a sequence of functions defined in I such that 
J PeP 


is bounded in m for J| Sk, it follows that {fp} has a subsequence 
convergent in the norm of L (I). 

Proor. Let {K,,} be an increasing sequence of compact subsets 
of I whose union is I. Using Lemma 2.1, let {p} be a sequence of 
functions in C¢°(Z) such that g,,(2}= 1 for æ in K. and such that 
0 <y,,(2) S1 for all z. Then it is clear from Lemma 3.22 that 


INO 


is bounded in m for each fixed 7. By Lemmas 5.12 and 3.18, it follows 
that if we put ¢,(x)f,,(2) = 0 for z not in I, we may regard g;f,, as a 
distribution defined in all of E”, to which the preceding lemma will 
apply. Making use of the preceding lemma, and of Theorem IV.8.21, 
we find that for each 7 < co, (f, K,) has a subsequence converging 
in the norm of E,(K,). Making use of Cantor's diagonal construction, 
we may find a subsequence of {f} such that {f,,|K,} converges in the 
norm of L,(K,) for each j = 0. For simplicity in notation. we shall 
henceforth assume that the sequence {/,,} itself has this property. 

Since g1 p—kn!, we can find a 9,79 such that 
qi > f — kn. It then follows from Corollary 6 that | fralo, is bounded 
by a finite constant 4. Hence, by Hélder’s inequality (IIL8.2), we 
have 
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[0] Syn, Vale tee s atu - scm 


where g(e) denotes the Lebesgue measure of the Borel set e. It 
follows from (i) that 

lim Kf.) dz = 0 

good IK, 


uniformly in m. Since we have already seen that 


lim Í MfG) f. (@) [edz = 0 


ane 
for each j, it follows that 
Tim | [f,(®)—fn,(@)itde = 0, 
MyM, co I 


proving the present lemma. Q.E.D. 


9 COROLLARY. The conelusions of Corollary 6 and Lemma 8 
remain, valid even if the open set I of these results is replaced by the cube 
C = fz e E" je; < 7m, j=1,--.7}- 

Proor. It was ohserved, in the remark followmg Theorem 5, 
that Theorem 5 was valid even if the boundary of the domain D of 
that theorem contained corners, edges, etc. Using this remark, the 
proofs of Corollary 6 and Lemma 8 may immediately be extended to 
the present case. Details are left to the reader. Q.E.D. 


10 ConotLaRy. Let C denote either a bounded domain in E" 
whose boundary is a smooth surface X no point of which is interior to the 
closure of C, or else denote the cube 

C= fe E" le] <2, $—1..4n) 
in EX. Let p be a positive integer. Then the natural identity mapping of 
HC} into H®-(C) is a compact linear mapping. 

Proor. Let (f, be a bounded sequence in H*(C). We must show 
that there exists a subsequence {f} of {fm} such that (27f,,) con- 
verges in L,(I] for each J such that |J; € p—1. Since {38 fm} is 
bounded m L,(C) for each J with IJ| € p—1 and for each j such that 
1 <j € n, it is clear that the present lemma will follow immediately 
from its own special case, p = I. However, this case p = 1 is the 
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special case k — 1, p — 2 either of Lemma 8 or of the preceding 
corollary. Q.E.D. 


11 ComoLLaRy. Let I be a bounded domain in E^. Let p be a 
positive integer. Then the natural identity mapping of the space HT) 
into Hi? V(I) is a compact linear mapping. 

PRoor. Let (/,) be a bounded sequence in H!?)(I). We must show 
that there exists a subsequence (/,) which converges in the topology 
of Hi? YU). Since CPU) is dense in HPF) by the definition of 
HPI). we can find a sequence (g,) of elements of C; (I) such that 
l&a—fal < Mn, and this implies that |g,—£,[u, a; « Un (ef. 
Definition 3.15). Thus, it is sufficient to show that {g,} has a sub- 
sequence which converges in the topology of H1" (I). That is, we 
may (and shall) suppose without loss of generality that f, is in Cg (I) 
for all n. This being the case, we may put f,(z) — 0 for æ ¢J, so that 
f, is n CoE"). We wish to show that for each J such that |J| X p—1, 
f, has a subsequence converging in L,(I). Since (0,27f, is bounded 
in LI) for each J with J| < p—1 and 1 <7 < n by hypothesis, it 
is clear that the present lemma will follow immediately jf we can 
establish the following statement 

Let {h} be a sequence of functions in Cg (E"), all vanishing 
outside F. Suppose that |h,|n <1. m 21. Then (A,) contains a 
subsequence converging in L,(I). 

To prove this statement, let C be a cube of the form 


C = fre E jed <a i-—L...n 


a being chosen so large that C 2 F. Making a dilation of coordinates 
(cf. Lemma 3.48), we may and shall suppose without loss of generality 
that a = x, The present corollary then follows immediately from the 
preeeding corollary. Q.E.D. 


12 Lemma. Let I be a bounded domain in E". Let p be a positive 
integer and let e > 0. Then there exists a finite positive constant K(c) 
such that 

Vole» Set KO fe Coe) 


Proor, Suppose that the statement is false. Then it is clear that 
there exists a sequence {f} in Cj (I) such that 
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[D] To'clfole-n = elf +b al 


Multiplying {/,,} by a suitable sequence of constants, we may evidently 
suppose without loss of generality that |f], = 1, m 2 1. Then it is 
clear that |f, > 0 as m > co. By the preceding corollary, we may 
suppose without loss of gencrahty that {/,,} converges in the topology 
of Hi? (I) to an element g. Then we clearly have |f, —| > 0 as 
m — co, and since |f, > 0 as m > co, it follows that g = 0. Thus, 
halep-a» > 0.88 m > co. Since by (i) we have |fplip-n 2 € > 0 for all 
m, this is a contradiction. Q.E.D. 

Sobolev’s theorems enable us to complete our discussion of the 
theory of distributions in several important respects. The next two 
lemmas give us useful information on the structure of the set D(F) of 
distributions. 


13 Lemma. Let I be an open subset of E", and F a distribution in 
I whose carrier is a compact subset of I. Then F is in HI) for some 
sufficiently large negative k. 


Proor. Let C denote the compact carrier of F, and. using 
Lemma 2.2, let g denote a function in Cs (I) which is identically 
equal to onc in a neighborhood of C. If our assertion is false, it follows 
from Definition 3.17 that for each 5 > 0 there is a function y, in 
Cp) with xxu S s, such that |F(y,)! z 1. Now, we have 
Yn = PPn m a neighborhood of the carrier of F, so that (cf. Definition 
3.11) F(y,) = F(y,9). On the other hand, it is clear from Lemma 
8.22 that |v,g|u; > © as n > co for cach k. We may consequently 
apply the second part of Corollary 6 to show that &y,g—> 0 uni- 
formly in F for all J. Thus. since all the functions y,g evidently 
vanish outside a fixed compact suhset of F, y, 9 3 0 as n > co in the 
sense of Defimtion 3.1. Thus F(v,g) ^0 by Definition 3.1, which 
contradiction proves the present lemma, Q.E.D. 

We may prove the following closely related lemma in precisely 
the same way. 


14 Lemma. Let I be a rectangle in E^, and F a distribution in 
D,(). Then F is in HP (I) for some sufficiently large negative k. 

"The detailed modification of the proof of Lemma 18 to give a 
proof of this lemma is left to the reader as an exercise, 
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Lemma 18 and the following lemma taken together give con- 
siderable insight into the nature of distributions in general. 


15 Lemma. Let F be a distribution in the open subset I of E". 
Let {I,) be a sequence of open subsets of I whose union is I, such that 
In is compact and contained in 1, and such that I, 01, — unless 
[m—p| = 1. Then F may be written as the sum F = Yra Fn ofa 
convergent infinite series of distributions for which the carrier of F, is a 
subset of I,,- 


Proor. It is easily seen that we may find a sequence {C,} of 
compact sets with C, C L,, j = 1,..., 2, and such that | J? 4C, — I. 
Using Lemma 2.1, let the function y, in Cz(Ij) be such that 
0 X y,(x) < 1 for all x, and such that yz) — 1 for 2 in Cy. Then itis 
evident that the series 


yz) = à vy) 


converges to a function y ın C™(Z) which is everywhere positive. 
Thus, if we put z,(z) = v(z) !w,(«) we have z, in Co (I), and 


S nse) m 
A 


Since only a finite number of the terms of this series fail to vanish in 
any compact subset of F, it is evident that 


9$—lim Y», peci) 
4 


moo fel 


Thus, by Definitions 8.5 and 3.26. 
ES 
F—YsF, FeD) 
jl 
Since the carrier of 74 F is a subset of I, by Lemma 3.18, the proof of 
the present lemma is complete. Q.E-D. 


16 ConoLLaRy. Let I be a bounded open subset of E^. Then the 
subspace CSE) of D(H) is dense in D(I). 


Pnoor. Let F be in D(F). We wish to construct a sequence 
{pm} Of elements of the subspace C2(I) of D(I) such that g,, >F 
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as m oo. By Lemma 14 there is a sequence {F,,} of elements of 
D(F), each of which has a carner which is a compact subset C,, of 1, 
and such that F,, — F as s; — co. Hence, we can evidently suppose 
without loss of generality that the carrier € of F is a compact subset 
of I. If I is included in a eube D, it follows from Lemmas 18, 3.43 
and 8.12 that there is a unique extension G of F to a distribution 
in D,(D) such that the carrier of G is C, and a sequence of elements 
Gm in CL(D) such that Q,, > G asm > co, Let y be in C(I) and have 
q(x) = 1 for all x in a neighborhood of C. Then Ëm = y§;,, is in 
C(I). It is clear (cf. 8.22) that §,, > yG — G as m > eo. If pp = 
Pml, then by Lemma 8.23. Pn > F == GI as m > œ. Q.E.D. 

17 ConoLLARY. Let I be a bounded open subset of E^. Let F be in 
HS), where k is a non-negative integer. and let the carrier C of F be 
a compact subset of I. Then F is in HEX). 

Proor. Let D be a sphere including F, and, using Lemmas 3.12 
and 3.24, let G be an extension of F to a distribution in H*(D). G 
having the same carrier C. Using the preceding lemma, let g, be a 
sequence in C*(D) with pp > G in the topology of H™(D) asm > oo. 
Using Lemma 2.1, let the function y in C'(I) he such that y(x) = 1 
for all z in a neighborhood of C. Then, by Lemma 3.10 and Definition 
3.11, yG =G. It follows from Lemma 8.22 that g,,y — G in the 
topology of H®(D) asm -> ^o. Hence, by Lemma 8.28, pepy]! > F = 
GU as m > co. so that F is in HÍP(I) by Definition 8.15. Q.E.D. 

We condude the present section with the following lemma, 
which gives a "density" result that will be useful in what follows, 


18 Lemma, Let I denote a bounded open set in E^ whose boundary 
is a smooth surface X. Suppose that no point of X belongs to the interior 
of I. Let p be a non-negative integer. Then the subspace C(I) of H'^(I) 
is dense in HOYI), 

Pnoor, Let f be in H®(I), We wish to show that f ean be ap- 
proximated arbitrarily well in the norm of H®\(I) by an element of 
C^(I). Let {U,}, 7 =1, -- m, be an arbitrary covering of Z by a 
finite collection of neighborhoods of points in F, and, using Lemma 
2.4, let {f}, 7 = 1, - - - k, be a collection of functions in C*(E") such 
that each function f, vanishes outside a compact subset of some one 
of the neighborhoods {U,} and such that X% f(x) — 1 for z in a 
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neighborhood of F. Suppose that the collection of neighborhoods is 
chosen so that for each 7 there is 2 mapping g; of U; into the unit 
spherical neighborhood V of the origin of E* such that 

(i) 9, is one-to-one, is infinitely often differentiable, and g`! 
is infinitely often differentiable; 

(i) if U, nE 4*4. then g(U;n X) = (ze Via, = 0). 

By Lemma 8.6 we have f= Y*  f,f, each separate term belonging 
to H?(I) by Lemma 3.22. Hence it is sufficient for us to show that each 
element f,f may be approximated arbitrarily closely in the norm of 
HOYI) by an element of C*(7). For the sake of definiteness, we shall 
take j — 1. Passing without loss of generality from consideration of 
f to consideration of ff, it follows that we may (and shall) suppose 
that f vanishes outside a eompact subset of Uj. We shall show that 
fUM is the limit in the norm of H'?(U,Z) of a sequence (gj) of 
functions in C3(U;), from which the present lemma evidently follows 
immediately on extending g to a function in C; (E^) by putting 
az) — 0 for 2 £ U,- Write UI = f. 

We have then two cases to consider. 

(a) UnZ-—4. 

In this case 1t is clear that U, C I, so that g(UjI) = V. 

(b) eU, 0 E) = (ee Vie, = 0}. 

In this case, since it is clear that no point in g,(U, N I) but the 
points (U, N Z) belong to the boundary of g,(U, N I), and since 
from the hypothesis it follows that no point in gj (U, 2) is interior 
to the closure of g,(U, ^ I), we can conclude that g,(I n U,) must 
consist of one or another of the hemispheres V, — {z € V|a, > 0) 
or V_ = (ze V|z, < 0). For the sake of definiteness, we shall suppose 
that g (IU) = V4; the other case is equivalent to this by a change of 
variables. 

First consider case (a). Using Lemma 8.88, extend fogy" to an 
element F of H? (C), whose carrier K is the same as the carrier of 
fogi here as below, C denotes the cube 


C = fe El Sn j—L...n. 


By Lemma 8.41, F is the limit in the norm of H®(€) of a sequence 
of elements of C2(C). Thus, by Lemma 8.28, fog; is the limit in the 
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norm of HV) of a sequence {h} of elements of C*(V). Using 
Lemma 2.1, let y be a function in C; (V) with y(z) —1 for x in K. 
Then, by Lemmas 8.22 and 8.10, fogj! = (fog!) = lim, |, yh, in 
the norm of H®!(V), so that in case (a) we have shown that fog; is 
the limit in the norm of Z'? (V) of a sequence of functions in C2(V). 
Thus, in case (a), the present lemma follows immediately from 
Lemma 8.48. 

Next consider case (b). Using Lemma 3.12, extend fog! to an 
element F of H®(C,) whose carrier K is the same as the carrier of 
fogi* here as below, C, denotes the cylinder 


C, = (e Elo <a < e el <% 


i on} 


For each e such that 0 < £ < 2, let z, denote the mapping of E” into 
itself defined by the formula 
Teltis - - ae Ep) = [8 —6 23 ys - - » 2.]. 


By Lemmas 8.47 and 3.9, and by Theorem IV.8.20, 
lim I2 ((F o z;*C,) —& F| = 0, MIX». 
E 


Thus, by Definition 3.15. 
[o] lim |((Fo cz3))C,) — Fl = 0- 
te 


By Lemma 8.48. Fov,! is an element of H)(C,), where 


C,—(reE| -e<m<m, lal<n,  P—2...n) 


By Lemma 3.46, the carrier K, of Foz;! is K, = {#—[e.0,.... 0]|]c e K]- 
Using Lemma 2.1, let g, be a function in C; (C,) with g,(r) — 1 for 
æ in a neighborhood of K. and let F,=g,(Fo7;3). Then by Lemma 
8.18 F, has a compact carrier which is a subset of K,. Let L be a set 
of the form 


L= {ee E”| aca <b. lel <2, j—2,...n] 


including the sets K, for all e satisfying 0 < c < 1, a condition on £ 
which we shall continue to impose throughout the following. Using 
Lemma 8.83, extend F, to an element f, of Hi (L) whose carrier 
is the same as the carrier of F,. By Lemma 3.43, f, is the limit in 
norm of HPL) of a sequence of functions in C7(L). Consequently. 
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by Lemma8.22, pe f, is the limit m the norm of HYL) of a sequenee 
{3} of functions in C(L). Putting gz) — 0 for z in C,—L, it 
follows from Definition 3.15 that g,F, is the limit in the norm of 
HOC) of the sequence (£,) of elements of C; (C,). Hence, by Lemma 
8,28, (p, F,))C, —92(Fo771)|C, is the limit in the norm of H9(C,) 
of the sequence [gjC,) of functions. It then follows from (i) that F 
15 also the limit in the norm of C"(C,) of a sequence (h; of functions 
in CP (E"). Let y be a function in C; (E^) which vanishes outside V, 
and which is identically equal to one in a neighborhood of the carrier 
K of F. Then, by Lemma 8.22, fog! is the limit in the norm of 
HOV) of the sequence of functions g, = g^, V, . Applying Lemma 
3.48 we have a complete proof of case (b) of the present lemma, 
Q.E.D. 


5. Some Geometric Considerations 


Let I be a domain in E^ whose boundary B contains a part X 
which is a smooth surface. Suppose that no point of J is interior to 
the closure of Z. For a function f in C(I), the condition that f vanish 
on Z is typical of the ordinary sort of boundary conditions imposed 
on functions in the theory of boundary-value problems. We wish in 
the present short section to indieate the way in which corresponding 
notions involving derivatives of higher order may be introduced, 
and to discuss a few elementary properties of these notions, 


1 DzriwrrioN. Let F be a domain in E” whose boundary B 
contains a part X which is a smooth surface. Suppose that no point in 
Z is interior to the closure of I. Let k be a positive integer. Then, if f is 
in C*3(I) and f(z) vanishes for all zin X and all J with J| S k—1, 
we will say that f satisfies a Dirichlet condition of order k on X, or that 
| and its first k— normal derivatives vanish on X, and write 


(403)f8)—9. wel, Osj Sk 
Remark, The subscript » in the preceding formula indicates 
"normal," The sense in which the condition of Definition 1 may be 


regarded as a condition on directional derivatives of f taken in 
directions normal to Z will be indicated below. 


2 Lemma. Let I be a domain in E" whose boundary B contains a 
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part E which is a smooth surface. Suppose that no point in X is interior 
to the closure of I. Let k be a positive integer, and let į be in C* (I). 
Then 
(i) if I, is a subdomain of I whose boundary contains X, then the 
conditions 
(8{2)) H(z) = 0, zed, 0 <j Sk-1, 
and 
(4070) (,9() —€  zreZ O57 Sk-1, 
are equivalent; 
(ü) if Ig is a subdomain of I whose boundary contains a smooth 
surface Xs which forms part of E, then 
(aE f(@)=0, wel, O57 <Sk-1, 
implies 
(22) Ue) =0 selo O57 Sk 

(Ui) if for each c in a family A of indices a, E, is a subdomain of I, 
if the boundary of 1, contains a smooth surface Z,, and if |], En =E, 
then the condition 

(3EY a) =0, xe, O<7 Sk-1, 
is equivalent to the family of conditions 
(QZ) UU.) = 6 sek, OSFSk-G aed 

This lemma follows immediately from Definition 1; the details 
of its proof are left to the reader to elaborate. 

8 Lemma, Let I be a domain in E^ whose boundary B contains a 
part E which is a smooth surface. Suppose that no point in X is interior 
to the closure of I. Let k and k, be positive integers, and let | be in 
ced) and f, be in CHD), Then, if 

(3E fe) = 0, sez OF SK-1 


(BEWA =0, zed, sik 

it follows that 
(6UGh 2-9 ze oxjzkth-—t 
Poor. It is clear from Leibniz rule that we may write 
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O  PFüh)— — X onse Ahe 
Mts 


for each J such that |J] € Kk, --K, —1 and for each x in J, in terms of 
certain constant coefficients cj. ,J,,4- Since both sides of this equation 
are continuous in J, the equation @ must hold for all a in F. Since by 
hypothesis 

PafeyOrA(2)=0. ek,  Jqr4 S kth, 
the conclusion follows. Q.E.D. 


4 Lemma, Let I, T, be two domains in E" whose boundaries B, B, 
contain paris X, Xy which are smooth surfaces. Suppose that no point in 
E (in X) de interior to the closure of I (of I,). Let k be a positive integer, 
and let [ be in CFT). Let M : I I, bea one-to-one mapping such that 

G) (MO) eC, j=L.. yn 
Gi) (MECA  j-L...a. 
Then the conditions 
(1) (3D) e) = 0  seX O<7 Sk, 
and 
B)  (&Uyi(r9) —6 reS,  oxjsk-h 
are equivalent, 


Proor. Using the chain rule for partial differentiation and 
Leibniz’ rule, it follows that we may write 


e(t) =y Z pr NPD) 


for each J such that |J| < k—1 and each z in J, in terms of certain 
coefficients a. ,(z) which may be expressed as polynomials in the 
coordinates of the vector M-!(z) and the first K—1 derivatives of 
these coordinates. Sinee both sides of this equation are continuous 
in T, (1) must hold for all æ in T. Since by hypothesis 271f(2)—0 for 
zin X and |J,| <k—1, it follows that 2" f(z) = 0 for all x in Z and 
W| <k—1, Thus (1) implies (2). By symmetry, (2) implies (1). 
Q.E.D. 

Lemma 4 establishes the invarianee under suitable differentiable 
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mappings of a Dirichlet condition of order k. The following lemma 
exhibits the form that such a Dirichlet condition takes on in the 
neighborhood of a plane boundary of a domain F, and shows why the 
symholic notation of “normal derivatives” introduced in Definition 
1 is appropriate, 

5 Lemma, Let I be a domain in E" whose boundary B contains 
an open part X of the hyperplane E" = {|x e E", 2, = 0}. Suppose 
that no point in X is interior to the dosure of I. Let k be a positive 
integer, and let į be in C¥(I), Then the conditions 


ü) «= (&2))'fe)=-0, ret, O57 <k-1, 
and 
(i) @f@)=0,  zeZ OSfSk-1, 


are equivalent. 


Pnoor. That (i) implies (ii) follows immediately from Definition 
1, Conversely, let (ii) be satisfied. Let |J| <k—1, and write 
J —J,UJ, where max J, = min J, = 1 and where 2 X min J, 
X max Jy Sn. Then if |J] — 4, Wo] — j» Pie) = Hah (ew) for 
all z in 4. Since both sides of this equation are continuous in 7, it 
must also hold for æ in J. The set X forms an open subset of the plane 
E", By hypothesis, g(z) = f(x) vanishes for in X. Thus, what 
we have to show is that /*g(z), which is defined for z in E (cf. the 
sixth paragraph of Section 2) as the extension by continuity of 
hgx) from F to T, is identical for each z in X with the deriva- 
tive 2(g|X)a) of the restriction of g to X, the derivative being 
taken in the open set X of E". Since j, +7, X k—1, we have 
ge C(I) CC UL), Let x, be in X, and let U be a neighborhood 
in E" of a, so small that U is compact and included in X, Since X 
is not a subset of the closure of Z, all the points of J in the immediate 
neighborhood of 2 must lie in one of the half-spaces 


E, = {alee E". £, > 0} 


or E_— {æ e E", 2, < 0}. For definiteness, suppose the former to be 
the case. Then. if g is sufficiently small, the set 


U, = {ale € E", 0 < a < £ ges 2n] E U) 
is contained in Z. Since g is in C/s3X(I), then 
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lim 2^g(9, ta +- 2.) 


450 
exists uniformly for [#,,.-.,2,] in U,, and for all J, such that 
2 < min Jy X mex J, X n, J3| X j;—1. Consequently we have 


2^g(0, tas. +.) — Olim g(8, mp, . o an) 
2-0 
= lim 2^g(9, 29, .-., £p) 
220 


by a well-known elementary theorem on the interchange of limits and 
derivatlves, proving the present lemma. Q.E.D. 


6. The Elliptic Boundary Value Problem. 


Can the boundary value theory and the spectral theory of 
Chapter XIII be generalized to partial differential operators? In the 
present section it will be seen that it can, at least for the class of 
elliptic partial differential operators to be defined below. A crucial 
theorem in the development of the theory of Chapter XIII was 
Theorem XIIL2.10, which was based on Lemma XIII.2.9; what 1s 
most essential is to find a generalization of this theorem and lemma 
to partial differential operators. If Theorem XIII.2.10 and Lemma 
XIIL2.9 are viewed in the new distribution-theoretic terminology, 
it becomes apparent that the problem is to find a class of formal 
partial differential operators z for which the distribution-theorctic 
equation zf = g implies that / is smoother than g in a suitable sense. 
We have seen in the introduction to the present chapter that no such 
principle can possibly be valid for a formal partial differential 
operator for which the Cauchy problem can be solved, e.g., for a 
hyperbolic partial differential operator such as 


LA ey? 
G) (GJ 
(It will be shown in Section 7 that the Cauchy problem for this 
particular operator can be solved.) However, for elliptic operators, 
as defined in Definition 1, to follow, a generalization of Theorem. 


XIIL2.10 will be given. This will enable us to develop generalized 
forms of some of the more elementary parts of the theory presented 
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in Chapter XIIT, Thus, the descendants in the present chapter of the 
closely related Theorems XIILI.8 and XIIL2.10 are far apart. 

After these few remarks in the way of a preliminary orientation, 
let us proceed to the fundamental definition of this chapter. 


1 DzriNmiox. Let 


t= Y a(z) 
Miss 


be a formal partial differential operator of order p defined in a domain 
I of Euclidean »-space E". Then, if for each non-zero vector £ in E", 
we have 


Xo ase’ #0, vel, 


Vl=r 
the operator v is said to be elliptic, 

Thus, the requirement of ellipticity for a partial differential 
operator is the analogue of the condition that the leading coefficient 
should be non-vanishing, which was imposed on formal ordinary 
differential operators in Chapter XIII. The proof of Theorem 2 below 
will make the utility of the requirement of ellipticity evident. 


» 2 THEOREM. Let t be an elliptic formal partial differential 
operator of order p in a domain I of n-space. Let f and g be distributions 
in I, and suppose that g is in A(T) and that t] = g. Then f is in 
AMT), 

Theorem 2 will be deduced from the following lemma. 


8 Lemma. Suppose that the hypotheses of the preceding theorem 
are satisfied, that j — m+p—1, and that f is in AOE). Then f is in 
AG). 

Proor (oF Lemma 8). Our idea is to regard r as the sum of 
two operators, the operator t= Y,5..,4,(0)2? and a residual 
operator which is relatively small, at least if considered m a small 
neigliborhood of the point 0. We examine a small neighborhood of 
© by making a drastic “shrinkage” of coordinates. The technical 
development of these two simple ideas is as follows. 

By Lemma 3.24 it suffices to show that each point g in f has a 
neighborhond U such that the restriction /|U of f to U belongs to 
AGHI(U). Shifting coordinates in E^, (cf. Leramas 3.47 and 8.48), 
we may clearly assume without loss of generality that g—0. For 
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each £2» 0, let S , be the map of E" into itself defined by the equation 
S,x = cr. It follows from Lemma 3.47 that fo S7” is a solution of 
the partial differential equation 
Q) rifos) = azer H (f o 73) = Plg o S71), 

E 
in the domain sH. Let £ be so small that the domain e~ contains 
the interior of the unit sphere X, in E", where we write 
X, = {ee E" [a] < a}. 

Let g be a function in C*(E") which vanishes outside Z,,, and 
which is identically equal to one m Z,4. It follows from Leibniz" 
rule that rp — qr-r(s)y, where r(e) is a partiel differential 
operator of order at most p—1. 

It follows from (1), from Lemmas 3.22, 3.18 and 8.6(iv), and 
on placing (fo7!) — fe that the distribution f, satisfies the 
partial differential equation 
(2) X adem) o) = e. 

Wi-» 
where £, is in A (I); here Lemma 3.6(iv) permits the use of the 
Leibniz formula to show that 2"(/,g) — 927 f,--g(J, £) for |J| <p, 
where, by Lemmas 8.22 and 3.18, g(J, «) e A®(Z), Suppose that we 
let Tọ be the partial differential operator 
(3) T= X aj(0)?. 
Mi-» 
(The operator T may be regarded as the “principal part ofz at x — 0". 
If we set 
@,(2) = a5(2)—a5(0), 
then, as e approaches zero, the functions a;(ex) converge to zero in the 
topology of C^(Z,). By (2) fep satisfies a partial differential 
equation of the form 


(4) (ot X ry hee) = Be 
Vise 
where all the coefficients Z;(ex) converge to zero in the topology of 


(2) as £ approaches 0. Since f is in 4%+?+41(7) by assumption, 
it follows from (4) that fg satisfies the partial differential equation 


(5) (or + Y Salen) lep) = be» 
sp 
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where A is a complex constant entirely at our disposal which will be 
chosen below and where £, is a distribution jn 4€9(2,). By Lemma 
8.18(ii), the carrier of £, is contained entirely in Z, ,. Let C denote the 
cube 
C = {ze E'| je] Sm 2— 1.. sn 
Then, by Lemmas 3.12, 3.33, and 3.24, as generalized to D,(C), 
fh. e Ho 9(C), fpe HT (C). Let ye C”(E") bea function such that 
p(z) = 1 if z e Zz and y(z) = 0 if se Z,4. Then, placing 4j(ez) = 
G,(ex)y(z), the functions 45(ez) are defined in C, belong to C2(C), 
and converge to zero in the topology of C2(C) as e approaches 0. 
Put 


and 
T = THA 


Then, since 4j(ez) — &j(ez) for z€ Z1, and since by Lemma 8.18 
the carrier of f,g is contained in Z,,,, it follows from (5) and from 
Lemmas 8.10 and 8.9 that 


(6) Gro6:9) = &- 
Let 
(7) H~ Y Het? 
Izi-5 


be the Fourier series expansion of a distribution H e D,(C) (cf. 
Lemma 8.89), By Lemma 8.40 and (3), 
(8) (AM Y Hil X a0) 4A 7. 

i= Bre 


^ 
The complex constant A was left undetermined above. We now choose 
A so that {Qj71_,@;(0)L7}+4 # 0 for each index L with L| = 7; since 
4 can be chosen arbitrarily from an uncountable set, this offers no 
difficulty, The functions 

AG MW. fÈ) me » ay(0 

=P 

are both homogeneous of order p, and are non-vanishing on the 
surface of the unit sphere X, in E" (here the ellipticity of v is used for 
the first and last time, but in a critical way), Consequently, there 
exist two positive constants K, and K, such that 
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f 
K,x ES 
1g ^e 


tek. 
Thus 


K, < lim inf AOL 
j-e lf(#)+21 
Sims AOH < 
ko — We(E)+4] 
Since 4 has been chosen so that f,(L)2-A 7 0 for each index L with 
|L| = n, it follows immediately that the ratio of |E?+1 to f(£)2-A 
is bounded between two positive constants as £ ranges over the set of 
all vectors in E^ with integral coordinates, Hence, by Lemma 8.41, 
19 -À is a continuous mapping with a continuous inverse of H9*?(C) 
onto H™(C), for all k between — op and +o, Let v, and $, be the 
norms of the map 
Tot: HEC) > HEC) 


and of its inverse, respectively. 

Let t = 94-4. Using the fact, established above, that all the 
functions áj(ez) converge to zero in the topology of C2(C) as £ 
approaches 0, and also using Lemma 3.28(iii), as generalized to 
D,{C), let £ be so small that if c, denotes the formal partial differential 
operator 


9,7 XY Gjerde’, 


iL. 
then the norm of o,, both as a mapping of HU*9 (C) into HHC), 
and of HE+? D(C) into HC), is less than min (fm, 2, ,). Then, 
by Lemma VILS.4 the mapping 
Gro! 

regarded either as a mapping of HU"(C) or of HU"! (C) into itself, 
has a bounded everywhere-defined inverse. We then have 

(+6) Uer! Y! = Urea Mite =F 
and 
qi UT our, ate) = 1 eo Y (0,2, ) — 130 — H, 


whether 7, and c, are regarded as mappings of HU**?) into HU" or as 
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mappings of HÍ"** into Hi"3(C). Thus v,--6, is a one-to-one 
mapping both of HE+?) into H™ and of Hit?) into HY"), Since 
B, is in H1), it follows that there exists some F in H1?*? such that 
(q+0,)F = ĝe. However, since f,g is in HU'*79, and since by (5), 
(5-0, ,9 — Ëe, it follows that f,p — F is in HU'?(C) so that 
a fortiori, fog is in AU*9(C). Hence, since g(z) — 1 for æ in Zy, it 
follows from Lemmas 8.9 and 8.23 that the restriction f,| 2), belongs 
to APNE ja). Thus (cf. 8.48) /[2,,4 helongs to AUE 4), and 
the proof of Lemma 3 is complete. Q.E.D. 


Proor (or THEOREM 2). Let J be a domain whose closure is 
contained in F. Then, by Lemmas 4.13 and 8.18 and by Definition 
8.15, f|} is in AM (J) for some n, Since by Lemma 3.18 and Lemma 8.23 
ald is in AHJ) for each s < m, and since by Lemma 8.10, «(f|J) — (el) 
by Lemma 8.9, it follows from Lemma 8 that if n = s--p—1 and 
sz m, then /|J is in A'"PXJ), But, as long as n « m-Ep, we 
may always find an integer s such that s S m and n < s--p—1. 
Thus, if /|J is in A™(J) and n < m--p, fl is in APANI), It follows 
by induction that fJ is in 409*2(J). Since J is an arbitrary open set 
whose closure 1s contained in Z, we have f in A4'^?»(7) by Definitions 
8.15 and 8.17. Q.E.D. 


4 ConoLLany. Let the hypotheses of Theorem 2 be satisfied, 
and let m+p—[nj2]—-1 > 0. Then f is a function belonging to 
cre Rr), The mapping (f, T,(x)}) > flea) s a continuous linear 
functional defined on the graph of T (x) for each x, in I. In particular, 
if g= 0, so that f is a solution of vf = 0, then f is infinitely often 
differentiable, ie., | is in C"(I). 

Pnoor. This follows immediately from Theorem 2, Sobolev's 
theorem (4.5), and the closed graph theorem (IL2.4) Q.E.D. 


5 ConorLARY. Let the hypotheses of Theorem 2 be satisfied, and 
suppose that p > [n[2] 1. Then every function f in S(T.(x)) is in 
C-H), 

Proor, This follows immediately from the preceding corollary and 
the remark immediately following the proof of Lemma 8.58. Q.E.D. 

As a first application. of the fundamental Thcorem 2 and 
Corollary 5, we prove the following theorem of Mautner, Gardmg, 
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and Browder, which generalizes Theorem XIII.5.1 to the case of a 
partial differential operator. 


6 THEOREM., Let t be an elliptic formally self adjoint format 
partial differential operator in a domain I of Euclidean n-space, and let 
T be a self adjoint extension of To{t). Let U be an ordered representation 
of LT) relative to T, with measure p, multiplicity sets e,, and multi- 
plicity m < oo. Then there exist kernels W,(t, 4), V < i < m, measur- 
able with respect to the product of Lebesgue measure and p, which vanish 
on the complement of e, belong to C"(I), and satisfy the differential 
equation (v—A)W,C., 2) = 0 for each fixed 4, Moreover, the kernels W, 
have the property that: 

v-ess sup f W,Q. 2)? p(d2) < oo 
ter de 
for each compact subset J of the interior of I and each bounded Borel set e, 
and ave such that 


0 Ena- [ies feL{D, ísism. 


the integral existing in the mean square sense in Lig, e;). 
(i) For each Bord function F., 


carry) = Iu (/— imo 

sre) = [uai È [O roenan < o) 

and 

(UF(TYLG)- FOTO), geI), o <A < to 


Proor, Since T = T* D T(t), we bave T = T* CT,{c*)* = 
T.{x*)* by Lemma XIL4.l(a), v = z* being formally self adjoint by 
hypothesis, Since, as observed ìu the paragraph immediately following 
the proof of Lemma 8,53, T,(t*)* = T,(x), it follows that T C T,(x). 
s E E eo 
@ fe N HTO nequo) CN ADE); 

mel md E 
(the last inclusion following by the remark in the paragraph of Section 8 
cited above) then, from Corollary 5, f isin C^(I). Hence, by Corollaries 
XIL8.18 and XIL8.14, we find that there exists a -null set N and 
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kernels Wp i — L,..., m X co, satisfying formulae (i) and (ii), such 
that for å in e;—N, (T,(z)—2) W,(-, 2) = 0. It follows from Corollary 
4 that if we put W,(-,4) = 0 for A€N and modify W,(,4) on a 
suitable Lebesgue null set for each A in N, we obtain a function W, 
such that ÍP,(-, å) is in C°(F) for all A, and such that 

WiC, 2) —28,0,2) ter, for all A 
It W, is measurable with respect to the product of x and Lebesgue 
measure, then, since the functions W of Corollary XIL8.18 and 
XIL8.14 are only defined up to arbitrary changes on a null set, it 
will follow from Fubini's theorem that we may take W, = fV. To 
see that W, is measurable in this sense, note the evident fact that if 
C,, denotes the cube 


1 
TEDES Passus 
m 


in Euclidean n-space, then 
Wc, 2) =n emy” f Was nds 
meo eC, 


=li enef W,(s, A)ds 
meo mM 


for every £ interior to F and AgN. Q.E.D. 


7 ConorraRy, (Inversion Fornuila) Let F, W,, etc., be as in the 
preceding theorem, Then, for each f in LT), we have 


m A 
#) = lim CPW, Ayla), 
E Aoc d -A 
the limits existing in the mean square sense in LI), and the series 
converging in the norm of LI). 

Proor, The corollary follows from the preceding theorem and 
from Corollary XIL8.12. Q.E.D. 


8 ComoLLamRv. Let the operator T, the kernels W,, etc., be as in 
Theorem 6, and let F be a bounded Borel measurable function vanishing 
outside a bounded Borel set e of the real aris, Then the bounded operator 
F(T) has the representation 
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(ranyym = | KORF; ns ds, fe LN, 


where 


K(F;t, s) = Y FOYW,, 2)W,(s, Auld), 


fide 


the series converging in LI) for almost all fixed t in 1. Moreover. 


ess sup | |K(F;#, s)|? ds < co, 
ter Dd 


where J is any compact subset of I. 


Proor, It is clear from Theorem XIIL.2.6 and from formula (1) 
of the proof of Theorem 6 that if f is in LjJ), then F(T) 
is in NZDT") CNB Tile”). Thus it follows from Corollary 5 
that F(T) is in C*(I). The map f > F(T)f of L,(F) into the F-space 
C™(1) is evidently closed, Hence, by the closed graph theorem 
(11.2.4) it is continuous, Thus, there is a constant M(J) such that 


m sup (EHO SMON, fe LAD. 
: 
It follows from Theorem 6(ii) and from the preceding corollary that 
(b (PONO = È | rema | Wi, Doddsi, 
tide P4 


where the integral [,7(s)W,(s, A)ds exists ın the mean square sense 
in L,(u) and the series converges in the norm of L,(I). Let Hy denote 
the dense set of all those f in L,(I) each of which vanishes outside a 
compact subset of F, First suppose that m < oo. Then the proof may 
be concluded as follows, If f is in Hy we may use Fubini's theorem, 
valid in view of the properties of the kernels W; stated in Theorem 6, 
to interchange the order of integrations in [+], obtaining the equation 


[=] (FOO = [HOKE t sds, — fen, 


and hence, using [f], the inequality 


sup |f rore; t s)ds| SMU), fE Hy. 
ied Mr 


It then follows from Theorem IV.8.1 that 
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[ f, Kars, ora]? x uen, 
and that equation [++] holds for all f in L,(I), so that the proof is 
complete if m < oo. 

If m = œ, we can complete the proof in exactly the same way 
once we succeed in showing that the series defining K(F3#, s) con- 
verges in the norm of L, (I) for almost all fixed £ in F, and that equation 
[++] holds. This can be established by the following auxiliary ar- 
gument. Let $ = J2, E(u, e;) be the direct sum space onto which 
L4(I) is mapped by the ordered representation U of Theorem X1I.8,11. 
For each k < co, let the orthogonal projection P, in § be defined by 


Ph. s bes fea d fe 0, ++) 


Then clearly P,u >u as k — oo for each u in $. Since the map 
{f > F(2)f is a continuous mapping of LI) into C*(I), it follows 
that for each £ in F, the formula 


elf) = (FIDE) 


defines a continuous linear functional in Z,(7). Hence, there exists a 
vector g, in LI), such that 


tH EONO =e fe LAD. 
We have 
(FUCO PUN = (UA P,UF(TY)G) 


: 
=> [row n Í Wye, Die ydspitd2) 


e 


for each f in L,(I) by Theorem 6(ii) and the preceding corollary, It 
now follows from the argument used in the previous paragraph for 
m « co that if 


k 
KAF34 s)= $ | FO)WAGA)WAs, Alda), 
ez. 
then 


[habs ter, 


and 
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(FH (OU PUNO = f ROS s perg. 


Now, we have 


(FOU? PLUJ)) = (U^ P,Uf, g) 
= (f, U P,Ug) 


by the definition [1] of g, and the fact that the mapping U preserves 
inner products, Thus it follows from [ff] that 


RCP; t +) = UTP, Ug. 


It follows from the definition of the sequence P, of projections, then, 
that K,(F; t, -) converges in the norm of LI), as k > co, and that 
its limit is g,. This shows that the series defining the kernel K(f; 1, s) 
converges in the norm of Lj) for each fixed #, and that 


J, EE: & Ys = (Fg) = (FAY), 


which completes the proof, Q.E.D. 

We now wish to develop certain portions of the theory of bounda- 
ry value problems for elliptic partial differential operators. We 
shall deduce a number of results which have been obtained in this 
direction, It 1s only fair to remark, however, that the available theory 
of boundary values and boundary conditions for elliptic partial 
differential operators is somewhat fragmentary, and not entirely 
comparable to the very perfect theory available for ordinary dif- 
ferential operators, which was given in Section XIIL2. We shall in 
particular give a detailed treatment of the theory of one special but 
important set of boundary conditions, the so-called Dirichlet” 
boundary conditions, For this purpose the fundamental Theorem 2, 
which pertains only to the interior of a domain J, is ultimately 
insufficient, and must be supplemented by an investigation of the 
corresponding differentiability properties in the neighborhood of the 
boundary of F of distributions satisfying an elliptic partial differential 
equation 

{=g 
and a corresponding set of boundary conditions, We begin, however, 
by treating those aspects of the Dirichlet boundary problem which 
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can be studied without detailed information on the question of 
differentiability at the boundary. 
9 Lemma. Let z be an elliptic formal partial differential operator 
of even order 2p defined in a domain I, in E,, and suppose that 
t= E aya). 
S| sep 


Let I, be the union of two open sets I, and I, and suppose that there 
exist constants K,,k,;k, > 0, K, < œ, such that 


AA DAREN Z EM. fe Cer Cou). 


Then, if I is a bounded subset of Ig such that I C Is, there exists a pair 
K,k of constants with k > 0, K < œ and such that 


AGH DPHE, f) Mf. fe Cem). 
Remark. The norm ifl is defined in Definition 3.15. 


Proor. The compact sets [—1, =C, and I—II, = €, are 
disjoint, Let Ĉ, and C, be disjoint open sets containing C, and C, 
respectively. Then D, = I —O, and D, = I —Ó, are a pair of compact 
subsets whose union is J; moreover, D, C I, and D, C Ij. By Lemma 
2.1, there exists a pair of non-negative functions y, in Cj (3) and y, 
in Ce'(,), such that y,(z) = 1 for e in D, and y,(z) = 1 for zin Dy 
Using Lemma 2.1 again, let z; be a non-negative function in C; '(E") 
which is equal to one for z satisfying the inequality y,(z)+y,(z) = Ẹ, 
and equal to zero if ,(z)--y,(z) <}, and put y,(2) = 1— (a). 
Put yl) = X24 (v.(2))2, and (2) = (yl) yz), i = 1, 2,3. Then 
9, is in CF), pa is in CFU), and (g,(2))*4-(pi(m))? = 1 for all xin 
D, D, OI. Let f be in Cz(I). Then 


AGL. NG, D = (tee. f) E AHN, f) 
a) = Matt. e f H- Eis vif) 
+ Regeth, paf) +E (Paf, Pal). 
By Leibniz’ rule we have 
pf =i paf = tefl, 


where z, and T, are formal differential operators of order at most 
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2p—1. Thus, putting f, = fry, fe = fpa and tz = 1,417, it follows 
from (1) and from our hypothesis that 


@) AG NHE Q.D) Z Flat tilhi Gf, D. 


In the same way, it follows from (1) and Schwarz’ inequality that 
there exists a finite constant A(r), depending only on q, such that 


(8) Rf, f) S Ahlat lint IG f. P 
Define the formal partial differential operator x of order 2p by the 
equation 
(4) u= Y (Cayees. 
Wise 
Then it is clear on integrating by parts {cf. the final paragraph of 
Section 2) that 
Uh D= lily fe cea). 

Hence, applying (3) to the operator p, we find that 
(8) lin S AGI Hale Pat D. 
where yz, is a certain partial differential operator of order at most 
2p 1. It follows from (2) and {5) that there exists a finite positive 
constant k, such that 
(6) hifiz--Gaf SAA NHE GA teca 
where 7, is a certain partial differential operator defined in I, of 
order at most 2p—1. 

Using induction on |J,| we can readily show that an identity 
of the form 

nGa = Ga) Y CAY 
MI «Sal 
holds (with suitable coefficients Cy) for every function G in C(I). 
This makes it evident that the formal partial differential operator T} 
may be written in the form 
j= Xx Cy , (a) 
APTE dct 

in terms of suitahle coefficients C, J, in CME). It follows upon 
integration by parts (cf. the final paragraphs of Section 2) that 
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7 X Cay f, Cr a mer, 


LAESA ETI 
for each f in Ce (I). Hence, it follows immediately from Hölder’s 
inequality that there exists a finite constant M such that 


Iah À E MEAM, feet). 
From Corollary 4.12 it then follows that for each £ > 0 there exists a 
finite constant K(s) such that 


€) Vf DI < elipt KAP, fE Cod). 


Choosing © < ky, we see that our lemma is now a consequence of (6) 
and (7). Q.E.D. 


10 Lemma. (Gàárding's Inequality) Lei t be an elliptic operator 
of even order 2p defined in a domain I, in E". Let I be a bounded open 
set whose closure is contained in Ip, Let 

t= X aM, 
Wis» 
and suppose that 


C1pf Y a@e>0, zel 
BI s2e 
for every E #0 in E". Then there exist constants K < co and k > 0, 
such that 
AG PEU, DIEN. fe Cod). 

Proor. We shall reduce our assertion to smupler and simpler 
subcases of itself, finally proving the simplest. For this purpose, we 
employ a sequence of elementary reductions, as follows. Let 
? = (c+1*)/2, Then from the formulae of Section 2 immediately 
following the definitions of r*, tt, and 7, and by applying Leibniz’ 
rule to the formula defining t* we have € = £* and 


f= ete) = X Sa Y b, 
Mi-2» MI «22 
in terms of certain coefficients b,. Moreover, we have 
Rh D = iG DG AS = alet A) = Gh 


for f in C2°(I) by Green's formula (1) of the last paragraph of Section 
2. Thus, what we must show is that 
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Gi PEG À ZH, fecu. 

We may, therefore, assume without loss of generality that t = @; 
i.e., that c— v* is formally self adjoint, and that Y o, ay(2)8 > 0 
for each 2 in I, and £ £0 in E^, 

By induction on |J,l, we can readily show that a formal identity 
Q0) Ca)? = Ce) — Y Cry la)”, 

MILIH TE 
with suitable coefficients C, y, holds for every function C in Cj (1). 
Making use of identities of the type (1), we may evidently proceed 
to prove by induction on the order of c that v may be written in the 
form 
2) t= z hds s42) Y dy , (res, 
Mi-2» d= p IUETSFAETI P 
where the coefficients dy, z, belong to C(I). It followsimmediately 
from the formal identity (1) that 
Xx dy s (0585 = Y ay. 
Mi-2.H6-2 Mie2» 

From this identity between formal differential operators there 
follows the identity 


dy, 5 (P Ee. aja)’, EEE", 


Wil=2,Mal= ee. 
so that 
(-1P X dy (E>, zehl,teE"X 
Mass 7 * 
Since 
tartar) = Yo dyg n 
Mi-Hz-» 


= &h(d,, 3,0) His, 7 (2)) 8 +1, 
Mil-H.l-» 


where q, and 7, are formal operators of order 2p—1 at most, it is 

clear that we may assume without loss of generality that 

dy, s i) = dy, s (2) for æ in I, |J] — Jal — p. Thus, if we put 
m= X 5d, 5 (aos, 


Wil-Ws'=» 
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Tọ is formally symmetric; Tọ = t9- We shall show below that there 
exist constants K, < co and k, > © such that 


G) (oh DEED ZED fe COU). 
It follows from (2) and from Green’s formula that 


CAD = (ot N+ LE (71Y^4,, (27 f(n)e^ fo)dz 


Mile X, Sep 
for each f in C; (1). Thus, since the coefficients dy y, are uniformly 
bounded in Z, from Schwarz’ inequality (cf. IIL3.2), there exists a 
constant K, < œ such that 


Vaf, f)— Gf DI S Kafilfls o. FeCl). 


From Lemma 4.12 it follows that for each £ > 0 there exists a finite 
constant K(e) such that 


Wifi. S efft, KM. — FE COU). 
Hence 


(4) IER )— Gof. Pl S eK all, + KOK (efi. 


Suppose that (3) is proved. Then, if the constant e in (4) is chosen so 
small that |eK,| < K,/2, ky being as in (8), it will follow from (8) that 


Gf DK, D) IKKE f) 2 Fath fi 


and, putting K = K,+1K,K(e)l(f, f) = K,/2, the present lemma will 
be proved. 

All that remains then, to complete the proof of the present 
lemma, is the proof of (8). By the preceding lemma and by the 
Heine-Borel theorem, it is enough to show that each point a, in Ip 
has a neighborhood J, sufficiently small so that for some K, < co and 
k, > 0, 

(5) MELDED 2 kf.  feC 


Let 
= È  £d4,,(n)e^, 
Mu-Hsi-2 
a= È  (^4,,(2)095—2^4, , 20) 


Mucio 
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Then z, = doto,- We shall show below that there exists a neighbor- 
hood F, of ay which is sufficiently small so that for some K, < co 
and ka > 0 we have 


©) oh DAK Nes Zalh fp» — FECRUD- 
Since To = oo +0,, it follows on integration by parts and from 
Schwarz’ inequality that 
Koh eae ni 
E f. Ids, er] — dy, s IIO er fd 


Wyle i. 
E. mb Va, rr ir) o, a 9E X Iman 


My- Mil» 


(7) 


zel, 
MI Mil» 
EX pim 


for f in C(I), if I, is chosen so small that 


(8) sup lda, or) ds, s (ap) « 5. 

[MEM 
Thus it will follow from (6), if we choose 5 so small that n?» - 8 < kaf2, 
and I, so small that (8) is satisfied, that 


Cot D-EK4f. f) 2 Bf. fh. FESO 
from which (5) follows immediately. Therefore, it suffices to estab- 
lish (6). 

Making a translation of coordinates, we may evidently suppose 
without loss of generality that x)= 0, and may then choose I, 
sufficiently small so that it is contained in the cube 

= fre E” izl Sm, i=1,...,n). 
Let 
fe}= > fre’ *, cec, 


=n 


be the Fourier expansion of f in the cube C. (Cf, Lemma 3.89.) Then, 
by Lemma 8.40 


(oo fe) = PCAP  zeC, 


where 
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PU)-CCiP E dy (OEE, 

Mile», J4- p 
is the Fourier expansion of of in the cube C. Thus (cf. IV.4.13) 
{9} (oof, P GT Dn E (POMHKK)ICHDP, fe Ch). 
j=n 
Similarly, 
(10) (6 Do = 2 QC, fe CPU), 
[Liza 


where 


RE = Y (Py. 
vise 


Since Q(E) 1s a polynomial in £ of order 2p, there exists a finite 
positive constant A such that 


(u) IROI S AQ, EEE 
Since P(E) is by hypothesis a non-negative homogeneous polynomial 
in E of order 2p, there exists a finite positive constant B sueh that 


lim inf (1-H?) P(E) > B. 


lisco 
Thus, for K, sufficiently large, ıt follows that 
(12) BUHE) S P@)+K, Fe E*. 
Thus, by (9), (10), (11), and (12) 
BATE fy, S of D EE Dy FECERO) 
so that by placing k; = BA, (6) is proved, and with it the present 
lemma. Q.E.D. 


11 Conoriáany. Let « be an elliptic formal partial differential 
operator of ecen order 2p. satisfying the hypothesis of Lemma 10, 
and defined in a bounded domain in E" satisfying the hypotheses of that 
lemma. Let T = T(z) be the operator in the Hilbert space L,(1) defined 
by the equation 


S(7()) = WL) = DTil)) o HBO), 
T= f fe DT). 
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Then c(T') is a countable discrete set of points with no finite limit points, 
and for A¢ c(T), R(A; T) is a compact operator. 

Poor. It follows just asin the proof of the preceding lemma that 
(7, (xf, g) can be written in the form 


D (Zohg)- X c» dy, s (9 fe geras, 
Hsp Wasp 14 
hgeCg 
where the coefficients dj. z, belong to CF (1), and, in particular, are 
uniformly bounded on Z. Thus, by (1), by Schwarz’ inequality, and 


by the preceding lemma, we may find a real number A so large that 
there exist two constants K, and k, such that 


(2) (Z(+), g) S Kyfholtk — fee Ce. 
and 
(8) R(T (THAJ, f) S kafla f ge CPW). 


By (2) the expression (7,(+A)f, g} can be extended to a continuous 
bilinear form [f, g] defined on the closure HPI) of Cj) in HONI) 
(cf. 1.6.17). Since HPNZ) is a Hilbert space (cf. 3.16), it follows that 
Uf, g) = (Af, Eha) (cf. IV.&5) for some vector Af in HÍP(J) for each f 
in HPI) and g in HX). Since [/, g] is bounded and bilinear, A is a 
bounded linear mapping of HP) into itself. By (8) and Schwarz’ 
inequality 

[21 (flats: 2 Af Dol zs. FECR 

so that by continuity these inequalities hold for all f in HÍ?XI). This 
shows that Afli =f). so that A+ is defined on AHIP(I), 
single valued, and bounded. If A4HÍ?(I) is not dense in HPI}, then 
(cf. IV.4.4) there exists an element f in Hi? (J) such that f # 0 and 
(4H(PU), fji = 0. But then (Af, fha — 0, contradicting (4). This 
shows that AH(P(I) is dense in HÍP(I). Let f be an arbitrary element 
of Hi), and let f, in Hi (I) be such that (4f, fu) 0. Then, 
since A~ is bounded, (/,) is a Cauchy sequence, and hence a con- 
vergent sequence with a limit g in HPI). We have Ag = f. This 
shows that AH(P(I) — HPI), so that A- is a bounded, every- 
where defined operator in Hi (I). 
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Let f be an arbitrary element of HPF), and let g be in CP(Z). 
Let f,, be in C2(Z), and lf, —fli >0 as m > 00. Then fm f in the 
topology of L(I), so that by Definition 3.26 and Lemma 3.27, 
Ím fin the topology of D(Z), and (x--A)f,, > (¢-+A)f in the topology 
of D(I). Hence 


[Haed = t [etnia 


= lim (Af, Bia) = (Af. o; 


(5) 


for each f in HÍP(I) and g m CH(Z), and hence, a fortiori 


(6) ((TADf, g) = (Gf. o) 
for each f in HIP (I) and g in Cg). It follows immediately from 
continuity that (6) is valid for all f e®(Z) and g in HZ). 

By (4), (6), and Schwarz’ inequality, 

UTADA = (72-40). f)| E kalfiolflin Z fh. 

for f in D(T), proving that 
(7) KTADAÉ = hihi, FENT). 
Thus (TAI )f is one-to-one and (7-+AL) is defined on (T -+ALQ(T) 
and bounded. 

If gis an arbitrarily prescribed element in Z,(I), then g(f) = (gf) 
is evidently a conjugate linear functional continuous on H{?(Z). Thus 
there exists an k in HPF) such that 


[feas = (e. D — 0. Do, = (ASE Du 
= |, 42 Heed, 


for each } in Cg'(1), the final equality following from (6). This shows 
that (t-+)47h =g, so that Ath is im D(T), establishing that 
(T-FÀIy3 is bounded and everywhere defined. 

By (7), 


THAD fu, SA, FEL), 


which shows. by Corollary 4.11, that R(u; To) is compact for any 
particular zy chosen to be sufficiently large in absolute value and 
negative. Thus, by Lemma VIL9.2 and Theorem VII4.5, c(T) is a 
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countable discrete set of points with no finite limit points. If A ¢ c(7'), 
then 


RA; T) = Rtgs To) + (9 -A)RGq; T)R(Q; T), 


(cf. Definition VIL9.8 and Theorem VIL9.5) so that R(À T) is 
compact by Theorem VL5.4. Q.E.D. 


12 ConorLLanv. Let the hypotheses of Corollary 11 be satisfied. 
Then there exists a constant K < œ and a constant k > 0 such that 


ATL KG. D Z Mf. EDT) 


Proor. This will follow immediately from formula (6) of the 
proof of the preceding corollary once it is shown that there exists a 
constant k > 0 such that 


RAL f Z kih Dis feHPq. 


From (8), this holds for all f in C2(Z). But C2(Z) is dense in HPI); 
thus it holds for all f in HPF} by continuity. Q.E.D. 


18 Lemmas. Let A, and A, be densely defined linear operators in 
Hilbert space, Suppose that there exists a À € o(A,) such that 1 d o(4,), 
4, C A$, and A,C Af. Then A, — A2, A, = Aj. 


Poor. Let B, = (41—4,)3, B, = (AI— 45). Then if z and y 
are veetors in Hilbert space, 


(Ba, y) = (B,2, GI— A.) By) = ((AI—A,)B,2, Bay) 
= (z, Buy). 


Hence B, = Bj, B, = Bj. It follows from Lemma XII.1.6 that 
(aI- A) = (I—A,)*, (AE 4, = (AI—A,)*;_ then by Lemma 
XILI.6 again, 4, = Af, 4, = Af. QED. 


14 ConoLLany. Let r be an elliptic operator of even order 2p, 
defined in a bounded domain I. Suppose thai the hypotheses of Lemma 10 
are satisfied. Let T and S be the operators in the Hilbert space LAT) 
defined by 


DT) =DAW)) HPCs DS) = $(7Z69)) o APU), 
T= nf EDT S= fe D(S). 
Then T = S* and S = T*. 

Proor. By the preceding lemma and by Corollary 11 it suffices 
to show that (Tf. g) = (f, Sg) for f in DT) and g in D(S). By 
Green’s formula, proved in the last paragraph of Section 2, this 
equation 1s valid if f and g are in C9 (I). It follows as in the proof 
of formula (6) of Corollary 11 that there exist bounded operators A 
and B mapping H!(Z) into itself, such that 
(ThE) = (4, gos (f Se) = (Bf Eka. FEDT) DS). 
We have seen that (Af, g) = (Bf, g) for all f and g in Cz'(I), and 
Ce) is dense in H?(Z) by the definition of HIP (I); it follows from 
continuity that (Af, g) = (Bf, g) for all f and g in HÍP(I). Thus 
(Tf, g) = (f, Sg) for all f in Q(T) and g in DS). QED. 

Now we turn to an analysis of the problem of “differentiability 
up to the boundary." We shall prove a variant of Theorem 2, valid 
up to the boundary of a domain with smooth boundary. The method 
to be used is a close analogue of the method of proof of Theorem 2. 
complicated, however, by the presence of the boundary. Our idea 
for overcoming this obstacle is as follows. Assuming the boundary 
to be smooth, it follows that it may as well be assumed to be plane. 
This being assumed, the proof of Theorem 2 may be modified as 
follows. The general process of reducing the proof to the special ease 
in which the partial differential operator to be considered has constant 
coefficients works just as before. To handle this special case, instead 
of expanding in a Fourier series as in the proof of Theorem 2, which is 
forbidden by the presence of the plane boundary, we make use of the 
convenient process of translation parallel to the boundary, of Garding’s 
inequality, and of an important lemma of J. L. Lions, which together 
enable us to handle the constant coefficient case using a simple 
inductive proof. 

The following lemma 1s merely prehminary. 


15 Lemma. Let I be a cube in E^, and let p be a positive integer. 
Let be in C*(E"), and suppose that every partial derivative of order at 
most p of the function q vanishes on the boundary of I. Then there exists 
a sequence (yy) of functions in Cg) such that v,  q in the norm of 
ced) as n > co. 
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Proor. We may evidently suppose without loss of generality that 
1I ={eeE"| k} S1, 7=1,.... nj 


If we place $(7) = q(2), z €£, and Gz) — 0, æ € I, then $ evidently 
satisfies the same hypotheses as g. Thus, we may suppose that 
glz) = 0fora ¢ I. Since the function g, defined by g(x) = g((1 —e)z) 
converges to g in the norm of C*{Z) as e > 0 by Lemma 2,5, it is clear 
that we may assume without loss of generality that g is in C(I). This 
will be assumed in what follows. 

Let K be a compact subset of the interior of J outside of which 
the function g vanishes. Let & > 0 be sufficiently small so that every 
pomt within a distance 2s, of some point of K is interior to Z. For each 
g with 0 < € < &, Lemma 2.1 may be used to find a function 7 = 7, 
such that y(x) = © for |z| >e and 


(63) Je (zz = 1. 
Put 
e ye) = fenai- 


= fuste mns 


Since 7 rs in Cj ( E"), the first of these integrals may be differentiated 
arbitrarily often under the sign of integration, so that y is inC™(E"). 
If y(z) # 0, there must exist some point y such that s(z—3) # 0 and 
(y) # 0. Thus |z—y| < e, and y € K, so that x is interior to Z, and 
at a distance of at least e from the boundary of T. Thus y isin C&(Z). 
Now, since ¢ is in C3(E"), the second integral in (2) may be differen- 
tiated up to p times under the sign of integration. Thus 


Vye) — |y (P eXe-umtuYy, WIS p- 
It follows, using (1), that 
O Pue- ota] =| fC ley) Poteau dy 
S max |(#g)(e—-y)—# e(x)- 


Iv Se 
Since @ is in Co(E") it is clear that if 6 > 0, by choosing e = e(5) 
sufficiently small, we can assure the jnequahty 
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max (pey) Vp «^ WIS p- 
lv se 


This being done, the lemma follows immediately. Q.E.D. 
The first main step in our analysis is to prove the following 
lemma, due to J. L. Lions. 


16 LemMa, Leti denote the cube {z e E"|0 < 2, < 1, j — 1,..., 0). 
Let F be in D(F), and let p >O and q be integers, with p+q > 0, 
Then, if F is in L(I) and @?F is in H'?(I), j — 1,.. m, it follows 
that F is in HOOD), 

Proor. The proof is based on a very elementary “reflection 
principle? which we have only to set up in the proper form. Let k 
be a positive integer, to be specified below. Let a_,, , - -, a, be a set of 
distinct positive numbers greater than one. Let e ,, . . ., c be the set 
of solutions of the system 


—1ydle,— 


a) 


of linear equations. Smee the Vandermonde determinant of this 
system of linear equations does not vanish, the real numbers c, exist 
and are unique. For each 9 in Cp (E^), write 


(2) (RY ag, .. sa) = (tss eas Bay 9) uas seu) 


so that R” defines a mapping of Cz (E") into itself for each pair of 
integers satisfying the inequalities 1 1€ 2 and —k € j X +k- 
All the operators R! evidently commute with each other, Put 


E 
(8) SPe-g— X (—ycBPg, 1SlSn, —wSjfS+o, 


sx 


so that all the operators SÍ commute with one another, and 


(4) 4,59 —SP2, lem, 1Skmsn,  —ocj«-o, 
9,9) SO, LSSR  —o«j«-o. 

Put 

[3] Sp = 50... Sf) 


for each index L such that |Z| = n, Then it follows from (4) that 
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(6) OS = Spo, 


where L? = [ls lolo Lass cs] and Lo (hy. - uL]. 
By (1) and by the definitions (2), (8), and (5) of Sz, it follows 
that 


C0)  (S;gy«)-—90,9eC(E") | —k min (L) < max (D) < k, 


af one of 34,..., 2, is zero. Suppose that we let Fa denote the cube 
h= {re Ejk; S1, i= 1,...,n}. Then for —k £ min (L) £ 
max (L) X k, S; is a mapping of C2 (,) anto itself, which maps all of 
CFU) into the set of functions vanishing on the boundary of the 
cube Z, Next observe that by (6), 4, Srp — Sz 0,9, so that by (7), 
Sy vanishes together with all its first derivatives if one of x, --., 2, 
is zero and if —k < mm (E) < max (E) x k—1. In the same way we 
see, using (6) and (7), that S, vanishes together with all its 
derivatives of order at most j if one of z,,...,z, is zero and 
—k X min (L) X max (L) X k—j. It follows that if 7,9 is defined 
by Ty: Spel, then T; maps CPU) into C"(I), and all the first 
j derivatives of Tyg vanish on the boundary of I for —k $ min (L) £ 
max (L) x k—j. Hence, by the preceding lemma, T; maps C$ (4,) 
into HYD) for —k x min (L) S max (L) S k—j. It is clear from 
Definition 3.15 that this mapping is continuous. 

Suppose now that q <0. Note that since F is in L,(), the 
formula F(g)-- [F(z)g(x)dz defines an extension of the lincar 
functional F to a continuous linear functional on L4). Let G in 
D(I,) be defined by the equation G(g) = F(T,9), where 0 denotes the 
index all of whose entries are zero, and where in all that follows we 
suppose k to be chosen so that k = 2 max (—g, p). Then, by (6) and 
the definition of Tz, 


(8) — Gap) = FT ip) = FAT yp), ee Ces. 
where Z7 is the n-tuple with zero in each place but the j-th, and —p 
in the j-th place. Now, by hypothesis and by Definition 8.17, there 
exists a finite constant A such that 

IFG s Alva pe = 1Sisn 


It follows from the continuity of the functional F(J) (j being taken 
with the norm [yj ) and from the continuity of the map y-> dy 
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of H®(Z) into H®(Z) that this same inequality holds for y in 
H()U) and r= max (—g, p). Since k= 2max(~g,p), so that 
+ Sk — p and hence 7,,g is in HUW), it follows from (8) that 
) KEO S ATga 15750. 

It follows ummediately from the definition of 7, and from 
Definition 3.15 that there exists a finite constant B such that 
[Pr¢la £ B lpk- for e in C; o). Thus, by (9), 4G is in HOH) 
for 1 € j <n, Hence, if we apply Theorem 2 to the elliptic operator 

T—)0 LO, 

we find that G is in APH). Now, if g is in C?'(I), it is clear that 
Top = g. Hence, since Gip) = F(T,p), GJ = F. Together with 
Definitions 3.15 and 3,17, this shows that F|} is in H@+9(J,) for any 
open subset J, of J whose closure does not touch any face of the cube 7 
not containing the corner of J which is at the origin. Since any corner 
of the cube J may be treated in exactly the same way, the case qg <0 
of the present lemma follows from Lemma 8.21. 

Next suppose that q = 0, Then 2? 2 F is m LI) for 1 Sj Sn 
and J| = g. Hence #F is in HOI) by what has just been proved, 
so that F is in H®+®(Z) by Definition 8.15. Q.E.D, 

Throughout the next few proofs, we shall work within the cube 


C= (re Eo <u, xS e| Sm §=2..47) 


of Euclidean n-space E^, We shall constantly suppose E^ to be 
written as the Cartesian product of E! and E", so that E" = 
E! ® E^, and correspondingly, shall write each æ in E^ as æ = 
[x y]; where y = [£5 --., 2,] is in E^3. Then € may be written as 
the Cartesian product C = [0, 2z] x C, of the cube 


O= (ye E| 0 Sy, S2, i= L..,n—l1] 


and of the interval [0, 2x]. We wish to fix our attention on the two 
faces F_ = ([0, yilye C,} and F, = (22, g]ly € Ci} of the euhe G, 
to the exclusion of all its other faces. For this purpose, we shall always 
assume, unless the contrary is explicitly stated, that all functions of 
x to he considered are multiply periodic of period 2z in the variables 
y= [Vo - - -+ 9, 4]. Correspondingly. we shall work with the space 
F, (C) of all functions of z which are multiply periodic of period 2x 
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in the variables y — it, ---: 9, 4] with the spaces 


CRC) = {fe "(CJ e F, (C), 
Cz (C) = {fe CC)! fe F, (C), 
and 
CRolC) = {fe Cz (C)lfGs y) = 9 for z, near 0 or 2:3. 


It should be evident from this last formula that much as in the 
corresponding case of the space C7 (C), we may regard any point 
a = [z,, y] for which 0 < s, < 2z as belonging, in a suitable sense, 
to the interior of C: that is. to argue at such a point as we would at 
an interior point, we have onlv to make use of the multiple period- 
icity in the variable y = [y .-.» 9, 3] of all functions to be considered 
by introducing shifted coordinates in € in terms of which pis interior 
to C == [0, 22, x C. (Cf. the corresponding discussion in Section 8 
preceding Definition 3.29). 

We write f, X f for fes f in Cz (C) if f, > f in the topology of 
C™(C) and if all the functions f, vanish outside a fixed set of the form 
[5 22—e] X €. £ 7-0, and we let D, (C) be the set of all linear 
functionals G on C% (C) which are continuous m the sense that 
fn Í implies G(f,) Soy). All the other notions of the theory of 
distrihutions, c.g., the sum of two elements of Dz» the product of an 
element of D, (C1) by an element of C7 (C,), the partial derivatives of 
an element of. D, (C), may then be introduced much as they were in 
Section 8. (Cf. the corresponding discussion m Section 3 following 
Definition 3.28), Letting J denote an arbitrary index in E^, we may 
then introduce the Hilbert space 


HUNC) = {f e D, (CK € LC) 8" FEL. VI SP} 
with corresponding inner products 


(c X | etn aye. 
JzpJC 


By HC) we shall denote the closure in the topology of Hi?(C) of 
CF o(C), It should be noted that since functions in L,(C), Le(C,), etc. 
are only defined almost everywhere, they may always be taken to be 
multiply periodic of period 27 in all their variables, Hence, it is 
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pointless to introduce a space such as HOO), since this would be a 
linear space identical to £,(C), 

For convenience in stating the next lemma, we introduce the 
rectangle R = [—25 82] x Cy, and the space C%(R) of all functions 
in C*(R) which are multiply periodic of period 2z in the variables 
y [hi Haale 

For partial differential operators in E with coefficients belonging 
to C>(R), we may state the following analogue of the Gárding 
inequality, Lemma 10, As to its proof, we need only remark that 
since, as has been pointed out above, only the points {0} x €, and 
{27} x €, count as boundary points of C, its proof may be adapted 
immediately from that of the Gárding inequality. We leave the details 
involved in this to the reader. 


17 LEMMA. Lett be an elliptic formal partial differential operator 
of even order 2p defined in R. Suppose that t is of the form 


where all the coefficients ay of + belong to C7(R), and that 
A(—)y Y aly >0, EO, yeR. 
lize. 


Then there exist constants K < oo and k > 0, such that 
ACHE, f) = Hila. FE CofC) 

Moreover, there exists a constant A < œ such that 
kcal S Alles. fe CFC). 


Now we shall prove an important lemma on elliptic partial 
differential equations with constant coefficients. 


18 Lemma. Let o be a formal partial differential operator of evcen 
order 2p with constant coefficients, having the form 


o= Y a8, 
Mj-2e 
where 
(x) S(—1» Y agë 0, £40. 


Wi=27 
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Then there exists a constant K such that for each k > p, o+-K is a 
one-to-one mapping with a bounded inverse of Hz? (C) n Hc) onto 
HEC). 


Proor. Using Lemma 17, choose K, A, and a > 0 such that 


qo Z((c*--Ky, f) zeli. FE CR C) 
and 
(2) (7+) 8)| £ Alkslelo: f} g€ CC 


It follows from (2) that the Hermitian-bilinear form ((o*+K y, g) 
can be extended uniquely from C% (C) to a continuous Hermitian- 
bilinear form defined on HY (C), and hence by Lemma X.2.2 that 
there exists a bounded mapping A of HZ (C) into itself such that 


(3) (Af gu = (E.g. — Ege CR oC). 


By continuity, this equation holds also for feC? (C) and 
ge HIC). By (1) we have AA, fin 2 aly for fi in CR o(C) 
This inequality must hold by continuity for all f in HC). Thus 
Milola = alf» so that |Afl = alli: and A is one-to-one. We 
may continue in the same way, as in the first paragraph of the proof 
of Corollary 11, to show that /17* is defined everywhere in H? s (€). 
Let g be in HO (C) Then, by Definition 3.17, the mapping 
9 > (p, g) defined on C7? (C) has a unique extension to a continuous 
linear functional defined on the space H®(C), in which Cz, is 
dense by definition. Hence, by Lemma IV.45, we may write 


(4) (e.g = (p, hins p EC oCh 


h being some suitably chosen element of HP (C). Let f = (4*)1h. 
Then by (4) and (8) 


(pg) = (Ag, (A*) hhn = (Ky f — pe CR C) 


Thus (0+K)f = g, proving that o-EK maps H?),(C) onto Hz ?(C). 
If (c--K)f = 0 and if f is in HPAC), we have 


(*+K)}y, f) = Ap Pi = (P, A*i =%  geC® o(C), 
by (8). Thus, by continuity, (g, A* f, — 0 for all g in HPC) so that 
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A*f — 0, and hence f = 0. This proves that a--K is a one-to-one 
mapping of H),(C) onto HU? (C); taken together with the closed 
graph theorem (12.4), this proves our lemma in the special case 
k=p. 

The mapping (0 +K)HE(C) > HES 2(C) is continuous by 
Lemma 3.22. Moreover, (0 K)( He AG) n HC) C € HSC) by 
Lemma 8.22, and (c--K)H2!q(C) 2 3 Yr 2C) } by what has just been 
proved. Hence, to establish the present Temma, we have only to show 
that {04K HEC} n HPC) C HIP(C), since once this is 
shown we shall know that o+-K is a continuous one-to-one mapping 
of the closed subspace H®(C) n HIP (C) of H&(C) onto Ae 2C), 
The continuity of its inverse will then follow immediately from the 
closed graph theorem (112,4). 

That is, it suffices to show that k Z p, f in HPC), and (¢+K)f 
in HT *P(C) together imply that f is in H®(C), This will be shown by 
induction on k. Suppose that we know it to be true for all k < Kj, where 
ko =p. Let f bein H® (C), and g= (o-EK)f iu Hs! ??(C). Weshall 
show that 2e, f is in Hec ?5 (C) for each 1 Sjan and each J| = 2p, 
From this the desired result will follow immediately from Lemma 16 
(as generalized from D(C) to D, (C)) (cf, the paragraphs preceding 
3.38 and following 8.27), Since hypothesis («) implies that the coeffi- 
cient of 27" in o-+K is non-zero, it is evidently sufficient, in virtue of 
Lemma 8.22 and the fact that (o--K)f = gis in Hye" ?P(C), to show 
that 2,27f is in HE2 (C) for each j and J such that 2 <j x nand 
W| = 2p—1, For definiteness in notation, we shall suppose that 7 = 2, 
so that we must show that 2, 27f is in HUv*1-*P(C) for each J such 
that J| == 2p—1. Thus, by Lemma 8,22, the present lemma will be 
completely proved af we can show that &jf is in H7s(C). 

For cach A > 0, let S, be the continuous mapping of C into 
itself defined by the equations 
Salan Tase o Fy] = [meme ty--2% EC atA Sn, 
Sin To - > a Ip] == [ay +A mmm ..u mh o BEC, tA >a, 
Then, from Lemma 3.50 (as generalized from D,(C) to D, AC) in 
order to show that Gf is in HC), we have only to show that 
lao s2— — Dl is uniformly ‘bounded in A, By Lemma 3.47, 

AfoS;'—f) is in H®,(C), and by Lemmas 3.47 and 3.50, 
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Ko tE 057! —fla, 25, = AME 0 $2, -2p 
is uniformly bounded in A. 

Since, by the inductive hypothesis, (c--K) 1s a uniformly 
bounded mapping of H?« ??(C) onto H&0(C) n HE? (C), it follows 
that |4(foS—f)|a is uniformly bounded in A, from which the 
present lemma follows, as has been shown above. Q.E.D. 

Lemma 18 enables us to use the method of proof of Theorem 2 
in the neighborhood of the boundary of & domain with smooth 
boundary. This is carried out in the next two lemmas. 


19 Lemma. Let a be an elliptic formal partial differential operator 
of even order tp, defined in a domain I, of Euclidean n-space E", and 
having the form 


o= Y ay(x), 
Wls2p 
where 


S(—)» Y ae >0, cech, EZO 
Wl=22 
Let I be a subdomain of I whose boundary is B. Suppose that B contains 
a smooth surface E which is contained in Fo, and that no point in E is in 
the closure of B —E or in the interior of E u B. Let Ey be a compact subset 
of X, and let m = —p be an integer. Then, i f is in Hi (I) aud of is in 
H\(1), there exists a neighborhood V of E such that the restriction of 
{Í to VI belongs to H@?+=\V7). 
This lemma will be deduced from the following lemma: 


20 Lemna. Let the hypotheses of Lemma 19 be satisfied, and let k 
be an integer with p Z k < 2p-+m. Then, if there exists a neighborhood 
V, of Eo such that {|VjI is in HOY V1), there also exists a neighborhood 
V, of Zp such that j|V4E is in HV.) 

Proof that Lemma 20 implies Lemma 19. By the hypothesis of 
Lemma 19, we know that fis in HPZ). It then follows by Lemma 20 
that there exists a neighborhood V, of Æ, such that /|V,Z is in 
H+1(V,D), and, inductively, that there exists a neighborhood V, 
of X, such that /|VI is in H'**?(V,I) for each j S p+m. Putting 
į = pm, wehave Lemma 19. Q.E.D. 

Proor (of Lemma 20). By Lemma 8.24, it 1s sufficient to show 
that each point in gin Z, has a neighborhood U such that f|UT is in 
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HVHXUI). Let U, CI, be a bounded neighborhood of g chosen so 
small that BU, G Z, and so that there exists a mapping g of U, onto 
the unit spherical neighborhood V of the origin such that 

(3) 9 is one-to-one, is infinitely often differentiable. and g/ is 
infinitely often differentiable; 

Gi) AZn U) = Va (ze E"|z, = 0}; 

(ii) pg) = 0. 

By hypothesis, no point in V but the points g(Zy  U;) belong 
to the boundary of (I n U,), and no point in E, is interior to the 
closure of F. It follows that 9(ZU,) must consist of one or another of 
the hemispheres V, = {æ e Vja, > 0} or V. = (ze Viz, < 0). For 
the sake of definiteness, we shall suppose that 9(JU;) = V,; the 
other case is equivalent to this by a change of variables. 

Let U be a neighborhood of g whose closure is contained in Uy. 
Using Lemma 2.1, let £ in C5 (U,) be a function which is identically 
equal to one in U. In order to show, as we must, that f|UZ is in 
HU), it is sufficient to show that £f|U,7 is in H'** v (U, I). The 
mappmg g —Zg[U,Z is, by Lemmas 8.22 and 3.23, a continuous 
mapping of HHF) into HUXU,I) for each j. Since it sends C(I) into 
C2(U, I), it is a continuous mapping of HPF) into H3 (U,7) forevery 
j 2:0 by Definition 3.15. Thus, ¿/|U,7 is in Hi (U,I). By hypothesis 
and by Lemma 3.10, there exists a neighborhood V, CU of ZU, 
such that £f|V,IU, is in H*(V.IU,). By Leibniz rule, we may write 
olf = Loto; f, where o, is a ‘ial differential operator of order 
?p—1 at most. Using Lemma 3.22 and k < 2p-+m, off is m 
H-27t0(7), Therefore, from Lemma 8.28, o(f[U,]) is in 
HU-PXUQIP) We have thus verified that the elements (/|U J, 
U,I, U,H,, and m, = k—2p-+1 satisfy all the hypotheses placed on 
the elements f, F, I, and m in Lemma 20. Since we have only to show 
that £f is in H®+0(U1) for some neighborhood U C U, of p, it is clear 
that we may assume without loss of generality that U, = U,Z, = Jy. 
This will be assumed in what follows. Making use of the properties 
(i) and (i) of the mapping p, and of Lemmas 3.47 and 8.48, we 
see that we may assume without loss of generality that I, = V, 
I= V, and q = 0. All this will also be assumed in the following 
arguments, 

Let o, denote the partial differential operator 
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m= X aoe. 
Wl=2p 
Let C denote the cube 


= eB <a<2, l< o j—2.e.5 


in E". By Lemma 18. there exists a constant K such that op-+-K is a 
continuous one-to-one mapping of H7 (C) e HEC) onto HEC) 
and a continuous one-to-one mapping of FEC) o HEE) onto 
HÍS-?7(C) having in each case a continuous inverse. 

^ Let of =g. For each e>0, let S, be the map of E" into itself 
defined by S,# — ex. By Lemma 3.47, fo Sz! is a solution of the 
partial differential equation 


a) eos — agez) M PY 087) = eigo") 
$2 


in the domain 77H. Moreover, by Lemma 8.48, fo S;! is in Hi) (e1I) 
and foS;! is in H*(c-11), while goSz! is in H*-27*(&-17). Let e beso 
smal! that the domain 7-17 contains the cube C, and let £ in C? (E?) 
be identically equal to 1 in a neighborhood of p — 0 and identically 
equal to zero outside the unit sphere in E". Let £ in C2(E") be 
identically equal to 1 in a neighborhood of the unit closed sphere in 
E" and identically zero outside the sphere of radius 2 in E”. 

We wish to show that f|U is in H'**9(UI) for some neighborhood 
U of the origin. We see from Lemmas 8.48 and 3.23 that it is sufficient 
to show that (£(/o57)|C) is in H®+2(C) for some sufficiently small 
£- Let 1, denote the formal partial differential operator 


= X Fa)(a,(ex)—a,(0)) 2. 
Mis 


By Leibniz’ rule it follows that for each e > 9 and k e D(C) we may 
write 

a Eh — £o, h--0, gh, 
where 8, t is a partial differentia] operator of order at most 2p —1. 
foS;|C is in H™(C) by hypothesis. Using Lemma 8.23, (1), and 
Lemma8.22 we see that f, — £(f o S !)|C satisfies a partial differential 
equation of the form 


8) X aye) f+ Kt = bes 
MI-2» 
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where g, is in H&?>+0(C)_ From Lemma 8.47 and our hypothesis, 
it follows that fo Sz! is m H@e4). The mapping g > ég|C is a 
continuous mapping of H®eZ) into HC) by Lemmas 3.22 and 
3.23, and evidently maps Cp (Z) into C5 (C). It follows from Definition 
8.15 that it maps HiP(c-!I) into MPC). Thus, f, —£(fo;!)|C 
belongs to HY (C). By Lemma 3.18, f, vanishes outside the unit 
sphere in E^. From Lemmas 3.10 and 3.9 equation (2) may be written 
as 

(8) (ot KN, + tef = Be- 

Since the coefficients of the operators o9-+K and z, are all periodic of 
period 2x in the variable y = [25, . . ., z, ], and since the carrier of the 
distributions f, and (by Lemma 8.18) g, both are contained in the 
unit sphere of E", it follows from Lemmas 3.83 and 8.24 (as general- 
ized to D, (C)) that we ean extend f, and g, to elements f, and £, in 
HPC) and HU?» (C), respectively, having carriers, respectively, 
equal to the carriers of f, and g,. and that we then have 


[2 toy Ef en f. = be 
Moreover, by Lemma 3.24 (as generalized to D, (C)), f, is in Hf) (C). 
It is clear that all the coefficients of the operator zt, converge to zero 
uniformly in the topology of C'(E") as e -> 0. For each j = p, let 
v; and >, be the norm of the map 

(e, HEIC) 0 HE (C)} > HEPC) 


and of its inverse, respectively. Next, using Lemma 3.28 (as general- 
ized to D, (C)), lete be so small that the norm of t both as a mapping 
of HEC} into H7 ?"(C) and of HENC) into H7 ?** (C), is less 
than min (fr, frz). Then, by Lemma VIL8.4, the mapping 
(4 top KY). 
regarded either as a mapping of HEC) or of HZC) into itself, 
has a bounded, everywhere-defined inverse. We then have 
((p+K)+7¢) (6p +K) +r 09--KY3)71 
= (Irl tE) (14 top KY 1)? = 1 
and 
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(o, Ky (2 4-,(694+ KY) “og —K +7) 
= (eK) ens + KYA) cns K y 1) (094K) 
= (eK) o, EK) =1, 


whether ay--K and t, are regarded as mappings of H (C) n HEC) 
into Hy) or as mappings of HPC) r Hime) into 
HEPC), Thus o+K+t, is a one- -to-one mapping both of 
H” o(C) 0 HEC) onto HS (C) and of HPC) n HEC) onto 
HEO), Since £, is in H*-*99 (e), ut follows that there exists an 
element fem HPAC) 0 HC) such that 


(5) (ot K)+4,)fe = é- 


Since by Lenmia 3.18 we also have f, m HP, (C) o HEC), and since 
(Op -K)H-*, has just been seen to be a one-to-one mapping of this 
last space, it follows from (4) and (5) that we must have f, =f, so 
that f, is iu H7 (C). Therefore. by Lemma 8.28, f, is in H**n(C), 
which proves the present lemna. Q.E.D. 

The following elementary lemma provides a useful and interesting 
sidelight on the space HPQ). 


?1 LrmMa. Let I be a domain in E" whose boundary f contains 
a smooth surface E, and suppose that no point in Z is in the closure of 
B—E or in the interior of 1 0 B. Let f be in CI) 0 HRU). Then 
((2,02)* (2) = © for all x in E and all k such that 0 Sk X p—1. 

Proor. By Definition 3.1 wc have only to show that each point p 
in Z has a neighborhood U such that 1(,(2))*/|UIj() = 6 for 
&€ZXU and 0 € k X p_t. Let U be a neighborhood of p chosen so 
small that $U CZ and so that there exists a mapping 7 of U onto the 
unit spherical neighborhood V of the origin such that 

(1) y is one-to-one, is infinitely often differentiable, and 57 
is infinitely often differentiable; 

i) AZU) = Vo (ze E"|y, = 0}. 
Since. by hypothesis, no point in V but the points (XU) belong to 
the boundary of (ZU), and no point of ?(ZU) is interior to the closure 
of (IU), it follows that (JU) must consist of one or the other of the 
hemispheres V, — (z€ Viz, > 0} and V. — (æ e Viz, <0}. For the 
sake of definiteness, we shall suppose that (ZU) = V,- It now 
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follows from Lemmas 3.22, 8.28, and 5.4 that we may (and shall) as- 
sume without loss of generality that 1 — V, and E —V,— {ze V|z,— 0). 
Let g be any function of the x—1 variables y = [yy -. -p Yn] 
belonging to Cj(E"-1) and vanishing outside the unit sphere V, of 
Ev, and lct £, be any function of the vanable a, such that 
lo € Co (E!), the function y, defined by ylz) = telt) plaz, - --» 2) 
belongs to CH(V), and £,(2;) — 21 * for all sufficiently small 2. 
Plauly y,|V.. is in C'(V,). 

It follows on integrating by parts p times with respect to z, that 


(e fy Peeters — v f, others 


for all g in C; (V, ) and hin C*(V ,), and it follows by continuity, since 
C?(V.,) is by definition of HZ(V,) dense in Hz(V. ), that this identity 
must hold for all g in H{?(V,) and k in C*(V ,). Thus, putting f = g 
and k = y, in («), we have 


f, Hevetvetedax = (—1y f, ewed se cp. 
On the other hand, it follows on integrating by parts p times with 
respect to 2, that 

f, f@reveledde = C71 f, aew 
HPPD)! f, Ko, ipt 
for each g in Cg (V,). Thus 
fy eese =o, seco. 


so that by Lemma 2.2, f(0, y) = 0 for y € Vy. 

Next Jet 2, in C2(E) be such that the function ¢, defined by the 
equation $,(z) = £n )g(zs, ---.,) belongs to C2°(V), and such that 
2,(%) = 21 for all sufficiently small z}. Then, integrating the left- 
hand side of the following equation by parts p times with respect to 
&, and using the fact that /(0,y) — 0, which has already been 
established, it follows that 


Je Mee Goede = C7» J, aega 
U2)! f, AAO, vot 
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for each g in Cy (V). On the other hand, if we put f = g and h = fy 
in the equation (+), we find that 


f, A@deteiorde — -1P |, NENEM, 

so that 
f, CNO noa 
Hence, by Lemma 2.2, (0,/)(0, y) =0 for y in V,. Proceeding in- 


ductively in this way, we find that (&/)(0, y) — 0 for 0 Sk X p—1. 
Q.E.D. 


9  eeC(Vy. 


22 COROLLARY. Let j Z0 be an integer. Let the hypothesis of 
Lemma 19 be satisfied, let f € HIP) c HI). Let 2pA-m— [nf] 
2 j+1. Then there exists a neighborhood V of £, such that the restriction 
of f to VI has a continuous extension f to the closure VI of VI with f in 
CIVI), and 


(0E zep 0 Sk Smin (j, p) 


Proor. The first assertion follows from Lemma 19 and Sobolev’s 
theorem (4.5), and the second from the first and from the preceding 
lemma. Q.E.D. 

Tn the statement and proof of the next theorem, we shall use the 
notation T(r) for the operator in L,(/) defined by the equations 
DTE) = HPU) o HI), 

Tey=f}  feS(TQ). 
q being a formal partial differential operator defined m a domam I 
of E” 
The following theorem, of which Lemma 21 now enables us to 


give a short proof, amounts to a solution of the classical Dirichlet 
problem in & very general setting. 


98 THEOREM. Let r be an elliptic formal partial differential 
operator of even order 2p defined in a domain I, in E". Suppose that v 
is of the form 

t= Y axe, 
wise 
and that 
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(“LPH Y aX > 0, rely, fer", E £0. 
Wi=2p 
Lei I be a bounded subdomain whose closure is contained in I). Suppose 
that the boundary of 1 is a smooth surface S, and that no point in S is 
interior to the closure of I. Let T and Î be the operators in the Hilbert 
space La(I) defined by the equations 
[el NT) = DP) = (Fe Co) fe) = 948) ) = ..- 
= & Sia) =0, xes} 
T=}, Th=ch fed(T)—2(?). 


Let V and f denote the operators whose graphs are the closures of the 
graphs of T and of Î, respectively. Then 

ü v=. Prev. 

Gi) o(V) is a countable discrete set of points with no finite limit 
point. 

(ii) Jf Ag o(V), RU; V) is a compact operator. 

(iv) If A £ o(V), RG; V) is a continuous mapping of HOI) into 
HNI) for every m 2:0. 

(v) If Vf isin HOD), where m > [n[2] —2p. then f is in C^), 
and f satisfies the boundary conditions defining D(T ) stated in formula [+]. 


Pnoor. We shall show that V = T(r) and f = T(r*). Then 
parts (i), (ii), and (iii) of this theorem will follow immediately from 
Corollaries 14 and 11, while part (v) will follow from Corollary 22. 

Assume for the moment that V = T(z). Then to prove (iv), we 
may reason as follows. Let = Oand 4 ¢ o(V) = o(7(z)). By Lemma 
19, Theorem 2, and Lemma 3.24, R(4; V) maps H'*(Z) into 
HUS), For s Ze 1 let f, be in HU); let g, = RA; Vyf,; let 
Vale 9 and |g,—linio 0 as so Then, since 
lt. —£l > © as n > oo, and since HIP) is a closed subspace of 
HONI) (ef. Defimtion 3.15 (i) and (ii)), f is in HY). By Lemma 
8.22, (A—c)f = g. Thus f is in D(7(x)) = S(V) and (4—T(0)/ =g- 
Hence, E(4; V)g — f, proving that R(A; V) is a closed mapping of 
HC") mto HU»). Statement (v) now follows immediately 
from the closed graph theorem (112.4). 

All that remains to complete the proof of the present theorem is 
the proof that V = 7(z) and P = T(z*). 
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The proofs of the two statements V = T(r) and f — T(r*) are 
exactly parallel, so that we shall only consider the proof of V = T(c). 
We shall show below that D(7) C D(7(z)), so that T C T(z). Sinee 
T(r) 1s closed by Corollary 14 and Lemma XIL1.6(a), it follows that 
V C 7(z). (In particular, it follows from this equation that the graph 
of V, ic, the closure of the graph of 7, is really the graph of a well- 
defined, that is, single-valued operator.) Next. using Corollary 1, 
choose some A¢o(7(r)). Let f be in $(T(z)) and (41—T(z))f = g. 
Using Lemma 2.2, find a sequence {g,} of functions in C*(I) such that 
En > gin the topology of L,(1)asn > co. Then, iff, = (Al—T(t))-*g, 
we have f, — f in the topology of L,(I) as n > oc. By Corollary 22, 
Lemma 19, and Sobolev's theorem (4.5), f, is in $(T'). Hence f is in 
Q(V), proving that T(z) C V. 

Thus to complete the proof of the present theorem st is sufficient 
to show that $(T) C $(7(z)). According to the definition of T(t), 
this amounts to showing that D(7) C HPI). 

For each point p in S, choose a neighborhood U, so small that 
there exists à mapping g, of U, onto the open unit sphere Z in E^, 
having the following two properties: 

(a) g,is one-to-one, p, is infinitely often differentiable, and 
gz is infinitely often differentiable. 

(b) lp) — 9, and gS n U,) = Vn fe E” = 0}. 

Using the compactness of S, choose a finite collection (U,), 
i=1,...,8, of the neighborhoods U, such that | J; ,U, 28. Using 
Lemma 2.8, let (£), è = 1... s, be a finite collection of functions 
in C?(E») such that each function (; vanishes outside a compact 
subset Ü, of some one of the neighborhoods U,, = U,, and such that 
Dien t2) =1 for each z in a neighborhood of S. Let f be in D(7). 
Then, since f—X* Vf is in Cg (1), it will follow that fisin HE (I)ifwe 
show that 2,f is in H{?(Z) for each i= 1, .. „s. That is, we must 
construct a sequence {g,} ofelements of Cp (1) such that |g, —2, flin +0 
as n >œ. The mapping p; = Pp, maps the set U,I onto a set 
9 (U,I) whose boundary in Z contains no points but Dn {ee E"|z, = 0}. 
Since no point in the boundary of J is in the interior of the closure of I, 
it follows that g,(U,I) must consist of one or another of the hemi- 
spheres £, = {a eZ |x, > 0} of Z_ = {re Efe, < 0}. For the sake of 
definiteness, we shall take g,(U,Z) = £,- Then, using Lemmas 3.22 
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(i), 8.47, and 3.48, we see that to complete the proof of the 
present theorem we need only construct a sequence of functions £, in 
Cg (Z,), all vanishing outside a fixed compaet subset of Z, such that 
le CGH G2, O) len 025 n oo. By Lemma 15 and Lemma 
5.4, there exists a sequence of functions g, in Cy ((x e E”|z, > 0}) 
such that |£,C)—G (921 AoC) lea > 0 as > co. Let y; be a 
function in C™(E”) equal to I for æ in g,(Ü;) and equal to zero for æ 
outside some compact subset Z; of Z, and put f, = „Ye Lemma 
8.22(ii) now gives the desired properties of £,. Q.E.D. 

Remark. In the remaining theorems of the present section, we 
use the notation T(r) for the operator defined by the equations 


ATO) = HA) BE — TQ —:5 feD(T), 


where c is a formal partial differential operator of order 2p defined 
in a domain I. If the operator r, the domam Z, surfave S, ete., satisfy 
the hypotheses of Theorem 28 (as they shall), then as shown in the 
preceding proof, T(z) is identical with the operator V, defined as the 
closure of the operator V, specified by 


SXV4) = (e CPD fle) = 2,()f(z) =... = &"(Sy(x) —0 ve S} 
YVi=th eDV). 
The equation Z(r) = V will frequently be used in what follows. 


24 ConoLLARY Let the hypotheses of the preceding theorem be 
satisfied. Let k be a positive integer with 2pk = [n[2]--1. Then, if A 
és in o(V), the operator R, = {R(A; V)}* is of Hilbert-Schmidt class. 
If 2pk = [n/2]+s+1, E, is a continuous mapping of L,(1) into C'(I). 

Proor. By the preceding theorem and by Sobolev’s theorem 
(4.5), R, is a continuous mapping of Z,(I) into C*(Z), proving the 
second assertion. To prove the first, we may show that each con- 
tinuous mapping of L,(Z) into C(Z) is of Hilbert-Schmidt class. Now, 
by Theorem IV.4.5 we may write (K,f)(z) = (f, Y+) for each a in J, 
where y, is in L,(Z) and where, by the uniform boundedness theorem 
(IL3.20), there exists a finite constant M such that |y,| X: M for 
each in £. Thus, if (p,) is a complete orthonormal set in L4), 
we have 
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Š kurn? = b [e ya) Pde 
" f, b» Ke. vaP} de 
=| tndtaes | nae < a 


by Theorem IV.4.13. Q.E.D. 

The reader will observe that the somewhat complex analysis 
leading up to Theorem 23 has enabled us to treat only a very special 
set of boundary conditions for the formal elliptic operator v. It is 
possible to extend the methods used to treat considerably more 
general sets of boundary conditions. However, in order not to extend 
the present discussion beyond all limits, we shall not enter into a 
discussion of this point. 

It is worth stating the special form which Theorem 23 takes on 
if the formal partial differential operator is self adjoint. 


25 THEOREM, Let « be an elliptic formal partial differential 
operator of even order 2p defined in a domain I, in E”. Suppose that v 
is formally self adjoint so that t — *. Let « be of the form 

t= X ae)” 
MIs25 


where 
(AY X a(G 9 rel, FEE EO. 
MI -22 

Let I be a bounded subdomaw whose closure is contained in Iq. Suppose 
that the boundary of I is a smooth surface S, and that no point in S is 
interior to the closure of I. Let T be the operator in the Hilbert space 
Ly) defined by the equations 

[3 AT) = (fe CDe) = 2,62) —— TSE), nes) 

Ti=h fe D7). 


Let V be the closure of T. Then. 

(i) the operator V is self adjoint: 

(ii) the spectrum o(V) is a sequence of points (4,) tending to co, 
and for À in the resolvent set R(A; V) is a compact operator; 
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(ii) the operator V has a complete countable set (g,) of eigen- 
functions. Each eigenfunction satisfies the partial differential equation 
Tn — 2,9, nL, has infinitely many continuous derivatives in the closure 
of the domain I, and satisfies the boundary conditions defining (T) in 
formula [4]. 

Proor. Parts (i) and (iti) follow immediately from Theorem 28. 
Part (i1) will also follow immediately from Theorem 23 once we show 
that o( V) (which we know to he a sequence of real numbers without a 
finite limit point) is bounded below. This, however, follows imme- 
diately from Corollary 12 (cf. XIL7.2). Q.E.D. 


26 COROLLARY. Let the hypotheses of the preceding theorem be 
satisfied. Let « be any angular sector in the complex plane including 
the positive real axis and the countable set of real numbers o( V). Then, 

(i) there erists a real number K such that 


IEG; Vile» SEV, — fen) Aga 


(ii) if f is in LU, then |R; Vijlen > 0 as |A| > co, A remain- 
ing in the complement of a; 

(iii) éf for each Ag a, R(A; V) is regarded as mapping from LI) 
into H®°-1)(1), then its norm approaches zero as |A| > co, A remaining 
in the complement of a. 

Proor. Let A4, be outside o(V). Then 

ANRA; V) = ARG; V)—1L, 
so that by Theorem XIL2.9(a), |(Ag£ V)R(4; V| has a uniform 
bound of the form Klj| for A ¢ x. Thus, by Theorem 25, |R(4; V¥flian 
<< K'| for some K’ <œ and all Aga. Again by Theorem 
XIL2.6(c) and the Lebesgue dominated convergence theorem, 
|Q.%—V)RA; V)j| +0 as A|> œ, A remaining in the com- 
plement of a, so that by Theorem 25 |R(A; Vlen — 0 as JA] > oo, 
A remaining in the complement of æ, which proves (ii). If (iii) is false, 
there exists a sequence (4,) in the complement of g and a sequence 
(4) of elements of L,) such that |5|— 1 and such that 
| RG,; V3, |, a, does not converge to zero. Since |R(A,3 Valen is 
uniformly bounded by (i), it follows from Corollary 4.11 that we may 
suppose without loss of generality that there is an element g in 
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HZ) such that |g,—glie,1 — 0, where we have put g, = 
RQ,; V). By Theorem XIL2.9(2), |g,| > 0. Hence we must have 
g = 0, contradicting the statement that |g, |i, does not converge to 
zero. Q.E.D. 


27 COROLLARY. Let v be an elliptic formal partial differential 
operator of een order 2p, defined in a domain I, in E". Suppose that 
t= X aj, 

M 2p 
that a (x) is real if | = 2p, and that 


(-1P > ay) wel, t£eE" E30. 
M -2» 


Let I be a bounded open set whose closure I is contained in I, Fn addition, 
let I and V be as in Theorem 25. Then, 
(i) if a às any open angle in the complex plane containing the 
positive real aris, all but a finite number of the points in a(V) belong toa; 
(ii) df a és as in (1), and, in addition, is assumed to contain all of 
a(V), then |AR(A; V)| is bounded for 2 in the complement of o, and 
|R; Vy| +0 as |A| + œ, A remaining in the complement of o. 


Pnoor. By the definition of z* and by Leibniz’ formula, we have 
m= X eG, 


iJ Sap 
where a} = a, for |J| = 2p. Thus if we write ¢ = (r-4+1*)/2 and 
¢ = (r—:*)/2i, we have t = o+ié, where a is formally self adjoint 
and satisfies the hypotheses of the preceding corollary, and where Z is 
a formal partial differential operator of order at most 2p—1. Lct 
T(c) be defined by the equations 


S(Tte)) = LT) APD; Tle =af, fe D(T(o)), 
and let T(t) be defined by the equations 
BT) —S$(Znc)omnPuUx Tea fed(T)). 


Using the preceding corollary, and the remark jmmediately following 
the proof of Theorem 23, let A > 0 be so large that |[R(A; T(e)}| < $ 
for A in « and [Ai > A. Then, by Lemma VIL8.4, the operator B, = 
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(I-4ERQ; T(c))? exists as an everywhere defined mapping m 
Ly), and |B,| <2 for 2 ¢ x, |! > A. We have 

(A-e+ i) R(A; T(o)) B. = U—I RO; Te) ) BaF =F 
for each f in LI), and E(4; 7(c)) Ej e$(7(c)) CHOU). Thus (cf. 
the definition of T(x) given above, and the definition of T,(«) given 
in the next to last paragraph of Section 3) R(A; 7(c)) B, f is m $(T(r)) 
for each f in L,(I), and 


(AI-T@))RA; TO) BF =f, eL), Aga, WA. 


If f is in $(7(c)), then by Theorenr 28, f is in HYF). Hence, since 
$ is also in HIP I) by the definition of T(c), we have f in S(T(«)) and 


R(A; T(c)) Bj(4I—T()) = R(4; T(c)) BjGI1—a—iZy 
= R(A; T(c)) BÀ —e—i2)(41—7(6)) (41 — (0) 
= R(A; Tto)) BL(I—&R(; T(o))) (4I—T(2)) 
= R(A T(o))ÀI—7T(e)) — 5, hes Al A. 


This shows that for 2 £c, |A| > A, we have A¢ e(Z(v)) and R(A; 7(z)) 
= R(A T(s))B,. The present corollary follows immediately from 
Theorem 23, from the remark immediately following the proof of 
Theorem 23, and from Theorems XIL2.9(a) and 25. Q.E.D. 

The following very intcresting theorem gives a general com- 
pleteness principle for the eigenfunctions of nonselfadjoint elbptie 
boundary value problems, 


28 Turorem. (Browder completeness theorem) Let t be an 
elliptic formal partial differential operator of even order 2p, defined ina 
domain I, in E". Suppose that 


t= X axe, 
Wise 


thai a,{x) is real if J| — 2p, and that 
(—1» X ane) >0, wel, teE, EXO. 
Ji-2p 
Let I be a bounded open set whose closure I is contained in Ig. Suppose 
that I is bounded by a smooth surface E. Let V, be the extension of Tox) 
defined by the equations 
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DVo) = (e CADIE) = BEY) = -..— MEJE) = 0, we Z} 
Vf = T«f. FED) 


Let V be the closure of Vo. Then (V) is a disercte set with no finite limit 
points, R(A; V) is a compact operator for } in the resolvent set of V, and 
the set of functions f in LAI) satisfying an equation 


(V—plf f= 0 
for some integer k = 1 is fundamental in LI). Each such function f 
belongs to the intersection of C(I) and 3XV,). 


Proor. Passing without loss of generality from t to r--À, we may 
assume that 0 ¢ o( V}. Let V, = V”, where we choose m so large that 
2pm 2 [n/2]-+-1. Then, by Corollary 24, V7? is an operator of Hilbert- 
Schmidt class. Let w,, . - -Wm be the m-th roots of unity. Then, if 
Ao,€c(V), i — 1,.. ., m, we have 2^ ¢e(V,) and 

RA", V4) = R(oÀ, V) .- . R(c,,À, V), 
by Definition VII.9.6 and Theorem VIL9.8. It follows from Corollary 
27 that if A" + œ along a ray {u = re", r > 0), where 0 + 0, then 
à” is eventually in o(V,), while R(A"; V,) becomes and remains 
bounded. Thus, by applying Corollary XI.6.81 to V,, we find that the 
set of functions f which satisfy an equation of the form 
a} (V—-po,) . (Vuo) = 0 
for some complex u and some integer k = 1 is fundamental in L(I). 
If f satisfies (1), it is evident (by induction, cf. VIL9.6) that 
fe(h.i DV), Since the polynomials p(s) =] Ji (& — po 
j =1,....m, have no non-trivia] common factor, there exist poly- 
nomials gj, j = 1,. .., m, such that 37, p,(z)g/(2) = 1. Then 


1 = Savvy. 


Let j = (Vip Vy. Then f= YX?,f, and (V—pol)*f = 0 for 
j=1,...,m. Hence the set of functions g which satisfy an equation 
(V—pI)*g = 0 for some complex p is fundamental in LI). 

Any such function evidently (by induction, cf. VIL9.6) belongs 
to fı 21 (V4). Hence, by Theorem 23, any such function belongs to 
C(I). QED. 
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7. Linear Hyperbolic Equations and the Cauchy Problem 


The present section is devoted to the proof (as simplified by 
P. Lax) of the interesting and important theorem of K. O. Friedrichs 
on symmetric hyperbolic systems. As an example of the way in which 
this theorem may be applied, consider the Cauchy problem: 


(2 e 


e ad^ dd Kay. Ta} = 0. 


Ka ge. E Hen 0m Mesh 
2 
for the (hyperbolic) formal partial differential operator 
e e 
aTa a 


If we introduce the auxiliary function 


fanz) (z) + (=)] Hey, 23) 


the Cauchy problem (1) may be written in the form 


@) 


é e 
@) ES Hay, aa) = — mf aajt fi a) 


é [S 
PX) = gg 


Hey, 0) =g), fn. 0) = Bea) h(a) 
Introducing the vector v = [/, f]. the vector v = [g, g'+k], the real 
Hermitian matrix 


(4) A= fu HE 


and the matrix 
'0 0 
s=) 
1 € 


the system (8) may be written as 


é e 
(5) E vlr, t} = A p Ua: 25)H- Belz, £2), 


v(z, 0} = v). 
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Thus our initia] problem {1} can be written m the form (3) to which 
the Friedrichs theorem applies. A number of other important partial 
differential equations and systems of partial differential equations 
arising in physics can either be written in the form (5). or have this 
form to begin with. Notable among these is the Marwell system of 
electrodynamics (written m natural units): 


ae eV ov ev 
6 usui EM a 
e p Tür tA ra ua ars 


V(O, 2, 2, 25) = Volar, 2, Tah, 
where V— [V,, V2, V4] is a complex three-dimensiona] vector equal 
to the sum of the “electric” vector and the imaginary unit times the 
magnetic vector, and where the matrices A,, 4,, and 4; are given by 
the formulae 


0 0 0 0 0 i 0 —i 0 
A= ( o 4) AQ— ( o o o) Ay — ( o o} 
o i o i 0 0 0 o o 


Both the above examples are special cases of the Cauchy problem 
for the genera] type of first order system described in the following 
theorem. 


1 Tsrorrm. (Friedrichs}. Let n21,m 21. Let A,(z; 8), 
i—,...,n, and Bx; s) be a sct of m~ m dimensional matrices defined 
in (n--1)-dimensional Euclidean space (here we adopt the notational 
convention a € E", se E! described im Section 2) and infinitely often 
differentiable there. Suppose that Aj; s) is uniformly bounded and 
Hermitian for Y <j <n and [x. 8] in E^, Let Vola) he an m-vector 
valued function defined in E” and infinitely often differentiable there. 
Then there exists a unique m-vector valued function Via; s), defined 
and infinitely often differentiable in E", such that 


(eh Evi 0) = X Autos e Vs) Ble Vi a). 
E s s]e Enn 
(b) V(@;0) = Vola), ze E". 


Hemark 1. It follows from Theorem 1 by the argument of the 
first part of Section 1 that we have local dependence of the solution 
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on the mitial data in the sense explained in that scction. We shall see, 
however, that this fact is needed in the course of the proof of Theorem 
1, and shall prove it by a direct method where it is uceded. 
Remark 2. The theorem is false rf no boundedness restriction 

1s imposed on the coefficient matrices 45, as the elenrentary system 

fla, y) = —e 0 ftn y) — Gr y) 

Eee y} = gr, v) 
shows. Here auy parr of functions f(z, y). g(«. 1) of the form f(a, y) = 
A(y—e*), g(x, y) = 0, is a solution of the system. Suppose that we 
let fy(s} = (As), where g 1s a function m C?(— oo, +o) which 
vanishes for |s| = 1, but not for s = 0. Then, of f(z, y) == hy(y—e*) 
and gy(r. y) = 9. we have f,{0.1) = 1 for all N, while hy(2, 0) = 
g(Ne*) = 0 for x = —log N. Thus the supposed validity of the 
existence and uniqueness theorem m ths case would violate the result 
on local dependence proved m the introduction to the present 
chapter (Section 1) 


Proor (of Thzorem 1). The proof will be given m a series of steps, 
soni of which will be proofs of auxibary assertions, others of which 
will be demonstrations that the proof of certain of these auxiliary 
assertions ean be reduced to the proof of certain other auxiliary 
assertions. 

Before beginning the proof, however, let us agree upon a 
number of notational and terminological conventions. In what fol- 
lows. we shall use the word "function" either for a function with real 
or complex values, or for a function whose values are m-vectors, 
that is, for elements of complex m-dimensional unitary space U", 
The use of the term "function" intended in those instances to follow 
in which both possibilities are not admissible will cither be clear 
from context, or wil] be specified in each particular ease. In case it is 
desired to emphasize the fact that a space of functions under consid- 
cration consists of vector-valued functions, a caret wil] he added over 
the symbol for the corresponding space of scalar-valued functions. 
Thus, 1f €, denotes the cube 


G= {ye E] |y| S7, j= 
iu E*', then C?(C,) will denote the space of all infmitdy often 


nel} 
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differentiable m-vector valued functions defined in Cj. Similarly, 
C&(C,) and Cz(C,) will denote the subspaces of C°(C,) consisting of 
all functions which are multiply periodic of period 27 and of all 
functions which vanish outside a compact subset of the interior 
of €, respectively. If €) is the interior of C, then D(C,) and D,(C,) 
denote the sets of all linear functionals on C$°(C,) and C?(C,), res- 
pectively. These functionals are assumed to be continuous in the 
sense that F(f,} > F(f) whenever fp, fe C; (C,) and 7, :£ f in the 
topology of C°(C,) (and, in the case of D(C4), ali the functions f, 
and f vanish outside a common compact subset of C,}. We take the 
topology of C*(C,) mentioned in the previous sentence to be the 
topology determined by the metric derived from the norm 
"m b 3o e) 
So So PH diu, 
Wisk 

where 

Bof) = sup [EPH] and y= [n -o 5 8). 

vec, 

Let &, - . ., &,, be an orthonormal basis for (^* chosen once for 
the rest of the present proof, Then, if f sin C&(C,), ef is in C7(€4). 
Thus, if F i in D,(C,), the expression F,(f) — F(e,f) evidently 
defines an element of D,(C,). It is easily seen that the mapping 
F > [F,,.-., F,] is a one-to-one linear bicontinnous mapping of 
D,,{C,) onto the direct sum of s replicas of D,(C,). If we expand the 
vector function f into its components f,,j o9, So that 
f=thy--+ fm], then it is easily seen that F(f) = Y7,FO(f,). The 
elements F6 in D,(C,) will be called, correspondingly, the com- 
ponents of the element F in D,(C,). If all the components of F 
belong to Hf? (C,), we shall write F € H®'(C,), and for two such F, G 
in P(C) we shal] write (F, G)g) = SZ (EF, Gg and [Flay = 
((F, Fh)". Thus É?(C,) is evidently a complete Hilbert space. 
Using this construction of components for an element of D,(C,), 
the whole theory of distributions developed in Sections 3 and 4 
carries over to our present “vector-valued” setting; we shall use the 
“vector-valued” analogues of the results and definitions of Sections 3 
and 4 without giving special proofs and without repeating the details 
of defmitions, but merely by citing the relevant “scalar-valued” 
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theorems, lemmas, and definitions, Defimtions wil] sometimes be 
cited implicitly by the device, explained above, of adding a caret 
over the symbol for a space of “scalar-valned” functions, distributions, 
etc., to denote the corresponding space of “vector-valued” functions, 
distributions, etc. The routine task of establishing the appropriate 
“vector-valued” modifications of the distribution-theoretic theorems, 
lemmas, and defmitions as they are needed is Jeft to the reader as 
an exercise, 

Finally, let us agree to write t for the formal differential operator 
defined for each f in D(F”) by the equation 


af = Of Y ACRI BOR 
à 


After this brief digression on notation and terminology we begin 
the series of steps which wil] constitute the proof of Theorem 1. 

(A) The first step is to establish the following statement. 

(i) For any r there exists a finite constant K,(r) > 7 so Jarge that 
the equations 

GAs) =o — |l < Ke) 
and 
fz: 0)=0, — [| «Eutr, 


supposed to be valid for a function f in CA E^*!), imply that f(y) = 0 
for y| <r. 

To prove (1), we argue as follows. Let f satisfy the hypotheses of 
(i), and let F(z; s) = f(a; g(z)s), where g is a non-negative function. 
in C"(E^) which will be chosen below; we suppose however that 
0 Solz) € 1. Then 2, F = 6, f+, g)6,f and 2,F = g@,f. Thus, 
F satisfies the (system of) equation(s) 


u) Ue È Ades 9(z)s)8,,¢()) 2, F (x; 8) 


= X (gc rs ¢(x)s)) 2 F (a; 5) +. (x) B(x; g(x)s) Flay s) 
E 


in the set of points [z, s] satisfying "a. g(z)s]| < Kor). Let 


w= sp Ms shi. 
Es) EE" 


Let v be a non-negative function iu C?(E") such that y(z) <1 
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for all z, y(z) — 1 for |z| & 1, and y(z) —0 for |z| >$. Then, if e is 
sufficiently small, |ue(2, y)(ez)| < 1/2» for all z. Choose some e < r1 
for which this is the case, and put g(z) = (ez) and Kq(r) = 10 ne, 
so that |r| < Ko{r)/10n, and so that g{z) —1 for |z| X v. Put 


Hes 5} = = Ada, gz)s)2,,9(@) 


Ads; 8) = 9@)AAa; g{2)s); — B(ais) = e()B(o; (ye). 


‘Then clearly H(z; s) is Hermitian and IH(r; s)| < $, while F satisfies 
the (system of) equation(s) 


(2) (I HG), Fo) — Y A e, Fort Bw) (Gh bl <Kolr). 


Moreover, it is clear that F(«;s}= f(z;s)=0 if s=0 and 
je! <K,{r}, and also that F(a; s) — f(z; 0} — 0 if 2&1 <|2| <K,(r), 
Le, if 8Kg(r){20n < |z| < Ko{r). Since H(z; s) is Hermitian and 
|Z (2; s)| < $, it follows from Lemmas VILS.4 and VILS.11, and 
from Corollary X.2.8 and Theorem X.42, that I -H(z;s) has a 
positive square root H,{z;s} which is also Hermitian and has a 
Hermitian inverse, We wish to show that this square root Hi(«; s) 
is dependent on the parameters 2, s in an infinitely often differentiable 
fashion. To do this, first note that by Definition VIL3.9, 


(#) H, (2; 8) = IE (4I—I-- Hai s)) PPA, 
where the contour T of integration can be taken to be any closed 
contour lying in the right half plane and enclosing the spectrum of 
I—H(z; s) exactly once in the customary positive sense of complex 
function theory. Since by Lemmas VH.8.4 and VIL8.8 the spectrum 
of I—H(as; s) is contained in the disc 

flle—1 SH, 
we can take T to be the circle 

al -il = 3. 


Then, from Lemma VIL3.4, 
© (H(z; 8))* 
AI—I --H(z; s)) 7 = ( mn 
f Hen) A [md 
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Since |H(z; s), S$ and |A 11 = $ for 4 in T, this series, together 
with the series obtained from it by arbitrarily many term-by-term 
differentiations with respect to z, s. or A, converges uniformly for all 
æ and s and all A in T, and hence defines a funetion which, in its 
dependence on the three parameters 2, s, and A, is infinitely often 
differentiable. It therefore follows immediately from formula (s) that 
H(z; s) is dependent on the parameters z, s in an infinitely often 
differentiable fashion 
Let Gly) = H,(y}F(y). Then from (2) 


(8) 2,6} = 2,H,G)F(y) + HG)9,F(y) = (2,H,6)) FG) 
Bey A (y (HsyF? Gy) 


i + Fy) Buwi) 
= DAE 2,60) (8 


HP A, (2. Hyy)") 


+ HyGY? B()H,()3)6(y), 
so that, putting 


AW) = Hg) AH, By) = (H9)? 
+A) È Ady) 2, Hs) ?) 3- Ha) BHU} 
and putting c equal to the formal partial differentia] operator 


A Yo, + B(y), 


m. 


we have 
(4) Gs) = oG(a; s), di) —dPb-iE) 


Since the matrices Z,(y) and H,(y) are Hermitian, the matrices 
Hyyy and Ady) = HQ) Au) (yy! are Hermitian, (Cf. 
XIL1.6(a) and (c)). 

Now, if 2 is an arbitrary real constant, the function G,(z; s) 
defined by the equation G,(a; s) = €^^*G(z; s) satisfies the condition 
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&,G, (a: 8) = (o—2)G(u; s). 


Morcover, since F(z; s) = 0 if s = 0 and jz! < K,(r), and also if 
Kr) > |z; > (8/20n)K,(r), it follows immediately that G,(2; s) = 0 
if s = 0 and [e| < Klr), and also if Ko(r) > [v] > (8/20n)K,(r). Let 
D, denote the cube 

sa} 


in Euclidean n-space. Then G;(x: s) vanishes for æ in a neighborhood 
of the boundary of D,. Hence, integrating by parts, we find from (4) 
that 


1 
D, = [ez ink SK, j= 


d = A 
6) fec s)pdz = f. Ee 5)8, Gala; 8), G(x; 8)} 
+ (Clm Ges 8), 2, Gala; s) uz 
+ Í (BOG), 6.0)-- (6,9. Bes) as 
— 2} f 1G,(a; dz 
=D, 

= Í ({Be: 5) Be; s) + Y 6, Aes DS 8), Gla; D 

D, EI 


-2| etras < -20| estes bl < BK. 
D, D, 


where 

(6) a = sup |B(a; s)+ B*(2; s) — Y 6, doi 9)l. 
2eD, H 
lé S2r 


Thus, if 21 > à, the function fp {G,(2; 8)Pda is a decreasing function 
of s; since it vanishes for s — 0, it must vanish identically for 
|s| < Ko(r)/2. Hence G,(y) = G,(z; s) = 0 for x in D, and [s] <Ko(r)/2, 
so that G,(y) = F(y) = 0 for xin D, and [s| < Ko(r)/2. Thus F(y) =0 
for æ in D, and js| <Ko(r)/2. If jy = [[z,s]| <r. then, since 
lr] < Ko(r)10n, jz| <r and |s| < K,(r)/2, so that z is in D, and 
F(y) = 0. Moreover, as remarked above, g(x) = 1 for |z| <r. Thus 
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F(z; s) = f(x; e(a)s) = fas) for |[z, s]| <7. Hence we find that 
if y| « 7, fy) — 0, and statement (i) is fully proved. 

(B) The uniqueness of the function V of the theorem is an 
evident consequence of statement (i). Moreover, statement (i) 
enables us to reduce the proof of the existence of the function V to 
the proof of the following statement. 

Gi) For each 7 > 0 and p 21, there exists a function V? in 
C*(E^), such that zV?(z; s) = 0 for |[z, 5]| < and Vz(2; 0) = Volz) 
for |z| <7. 

Indeed, assuming (ii), and letting Ky(r) be the function of 7 
introduced in statement (i), define the function V?(z; s) by the 
equation 


[C Vlz: s) = VE ess), lesen zi 
Since it follows from (i) that 
(1 VES 8) = Vy lass] forp,p' 21 and [[z, s]| < min(z, 74), 


the function V7(z;s) is defined in a unique way by equation (+), 
It is evident from (=) that V? is in C*(E"!), that tV? = 0, and 
that V*(az; 0) = V(z). On the other hand, it follows from (sx) 
that V? = V7, so that, putting V = V1, we have V in C™(E™4), 
and the present theorem is shown to be a consequence of (ii), 

The remainder of the present proof is devoted to showing that 
(ii) is valid for each fixed z, Making a change of the scale of our 
variables, we may evidently, and shall henceforth, take r = 1, Let 
C, be the parallelepiped in E^ described in the second paragraph 
of the present proof, and let € = (ze E"| |x| Sz, į} = 1, . . n n), 
Let ap b, and v be funetions in C2(C,), C2(G), C7(C) respec- 
tively, chosen so that a,(y) = 4,(y) and b(y) = Biy) for y| £1, 
and so that volz) = V,(x) for |z] <1. We may suppose in addition 
that a,(y) is a Hermitian matrix for each y in C, and that 
the functions a, and b are periodic not only of period 2x in the 
variables y, but even periodic of period z in these variables. Indeed, 
to construct the funetions a, and b we put 


Q= rex inl < 2.14 set}. 
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Then we use Lemma 2.1 to find a function z(y) in C&(C,) such 
that w(y)=1 for y in a neighborhood of the set {ye E™| |y| X1), 
and put a,(y) = w(y)4,(y) for y in G, b(y) = w(y)B(y) for y in 
C. Since the functions a; and b vanish identically in a neighhorhood 
of the boundary of the cube Cp, it is clear that a, is in C7(C,) and b 
is in C™(C,), Thus we may evidently extend a, and b, to functions 
multiply periodic of period z defined in all of E”+1, We may con- 
tinue to denote these extended functions by the same symbols a, and b, 
This completes the construction of functions a; and b with the desired 
properties. The function v may be constructed in the same way, 

Having constructed the functions a; b, t, we may now remark 
that (ji) is evidently an immediate consequence of the following 
statement; 

(iii) Foreach p = 1, there exists a function vin C2 (C,) such that 


wlz; s) = 5 aa; 5)8, v(z; $)tb(zis)(zis) [a3 s] € Cy, 
E 
v(z; 0) = vz), zel. 


(C) To prove (iii), we proceed as follows. Let p denote the 
formal differential operator 


p= ôs — x aa; 5)8, —b(as 8). 
i=l 


For each k =0, define the unbounded linear mapping W, of B® (C) 
into A®(C,) (cf. the two paragraphs in Section 6 following the proof 
of Lemma 6.16 for the definition of the space B?) by putting fin 
D(W,) if fis in C: (C) and thereexistsa g in C#1(C,) such that pg —0 

and such that f(z) = g(z; 0) for æ in C, and putting W,f = g if such a 
g exists, (It follows from (i) that g is unique if it exists at all.) We shall 
show that 

(iv) W, is a single-valued and bounded mapping of a linear sub- 
space of AC) into AM(C,) for each k 20, 

(v) $(W,) is dense in A&C) for each k = 0. 

Once (iv) and (v) are established, we may argue as follows. 
Let f be in C2(C), and, using (v), let f, be a sequence of elements m 
2(W,,,), where» = [(n-F1)/2], such that Jf, — fii, > 0 as n > œ. 
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Then, by (iv), W,,,f, converges in the norm of Éf9(C,) to some 
element g in ÉHP*"(C,) (cf. 8.19). Tt follows from Sobolev’s theorem 
(4.5) (cf. the remarks in Section 8 following the proof of Lemma 3.28 
for the details of the way in which Sobolev’s theorem is to be applied 
to A®(C,)) that g is in CZ (C;). It is clear from Lemma 3.22 that 
pg = 0, It follows from Corollary 4.6 that 2f, > 27 in the topology 
of CC) for each J with J| X p, so that f, f in the topology of 
CXC); similarly, W,,,f,->g in the topology of CZ (C), so that 
g(x; 0) = f(z) for x in C. Thus, once (iv) and (v) are proved, (iii), and 
with it the present theorem, will follow immediately. 

(D) Statement (iv) is readily proved directly, as follows: Let 
{f be in $(W,), and let g = W,f. Let 


Ads) = Aes) — X Í (Bgl; Pde, Sasa 
Wise JC 


We differentiate this last equation with respect to s, and use the 
equation pg — 0, to find that 


d 
zm X. | (È apes ere, Petes rint nonet) ots n) ar 


Wis 
+ > (ee (a 5), > as; 8), 7 g(a; 8) + O(a; s)" gle; ») dz, 
Wise 


Next, using the fact that a,(y) is Hermitian, and using the multiple- 
periodicity of g, a, and b with respect to the variahles æ to integrate 
by parts, we find that 


g^, >= Jerem -Žegota ams ae 


(7) E23 [ire ues $)&,, Pies bs eee) de 


MI sk. 
=> (esed O tmr nas 
MIskJC pn 


It follows from formula (7) and from Schwarz’ mequality that for 
each k 20 there exists a positive constant N, < co such that 
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[5] SN,Afg0, —-—xsma 


d 
as A, fg; 8); 


By (8) A,(g;s)e-"* is non-increasmg for 0 X5 Xx; thus 
A,(g; 5) & e7 Ag 0) for 0 x: s x: zx. Using a similar argument in 
the interval —z Ss £0, we find that 


(9) Ay(g; 8) S e Avg; 0), —zzstzm. 
Sinee g satisfies the partial differentia] equation 


QE 8) = Y aai s), p(ri s) b(es s)e( s) — [ms]e €, 


i 
it is evident on repeated partial differentiation of this equation that 
any derivative 21g of g of order at most k can be expressed as a 
linear combination of the “pure z-derivatives" £g of g of order at 
most k; that is, it is evident that there exists a family of coefficient 
matrices Cy, , such that 
Q0) gass Y Cy gers) Ems [e s] EC. 
MISMA 
The matrices C, y, which are infinitely often differentiable as 
functions of [z, s] for {z,s] in €,, could readily be calculated ex- 
plicitly in terms of a, and b by the use of Leibniz’ rule. Since we shall 
have no use for these explicit expressions in what follows, we shall 
not give them, It follows, however, from the existence of the formulae 
(10), from (9), and from the definition of 4,(g;s) that for each 
k <p there exist finite positive constants Ñ, such that W,f =g 
implies that 


(n) { Se, angle; DES Wl. MEX 


Thus (iv) follows, 

In the same way, it follows from the inequality A,(g; 5) S 
e™>*" A,(g; 0) established above that the following statement is valid, 

(vi) If g is in CE(C,), pg(z; s) — 0. [m s] &C,, and g(x; 0) = 
f(x) for æ in C, then for each k > 0 there exists a finite positive 
constant M, such that |e(-, la, x Mylflus. 

(E) Since (iv) has just been proved. the proof of Theorem 1 
is now reduced to the proof of (v). To prove (v), we proceed as 
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follows, For each k 20, define the linear mapping S, of A (C) 
into ËC) by putting DS) = QW.) (SAN) = (Wifes x) 
for z in C. Then, by (vi), S, is bounded and of norm at most M,, 
We shall show that 

(vii) for each k 20, and for each sufficiently small positive 
a£ a(k), the mapping I—oS, has a range dense in (C). 

Suppose that (v) is false, but that (vii) has been established, 
Since (v) is false, and since $(5,) = $W,), there exists a k zz 0 with 
kzp and a non-zero element f, in A&C) which is such that 
(fo Das — 0 for each f in D{S,). Let a constant g < 1/2M,! be chosen 
and, using (vii), let (h,) be a sequence of elements of $(S,) such 
that h,—aS,h, >fo in the norm of A®(C) as m > co. Since 
ISl < Hala by (6), we have 


Fee. Paley 2 Pulaha = Elo: 


so that, since h,—oS,h,, > fo as n > œ, |h, | remains bounded as 
n — œ. Thus, there exists a constant A such that |h,|u; <A for 
n Zl, Hence we have 


Ifa S.A. Re )os— os foy] S AR — S Rs folo: 
so that 
(5, —eS hs halo = [aft e (Se Rus hada 0 


as n-» 00, Therefore, since «Sy ,lay < MA. [lay 0 as 
n — co, But, since h, —«S,h, > fo then fy = 0; and this contradiction 
shows that (vii) implies (v). 

To prove (vii), we shall first prove the following statement; 

(vii) Let A = A(K) be real and sufficiently large, and let 
K zm [(n+1)/2]-+41 —»--1. Then for each k in CE (C,) all of whose 
derivatives of order up to k’ are periodic of period z in s, there exists 
a function g in Cz-"(C;) all of whose derivatives of order up to K—» 
are periodic of period z in s, such that ((o--A)g) (y) = Aly) for y in C,. 

Statement (vii) can be deduced from statement (viii) as follows, 
Let k’ in (viii) be set equal to k-+9-+1, where» = [(n-F1)/2] and kis 
as in (vii). Let 4 and a be related by a= e 7>, so that “a sufficiently 
small" is equivalent to “A sufficiently large.” Let f be in C2(C). 
Let p, denote the formal partial differentia] operator 
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(12) Po -3 a,x; s)8, +(x; 8), 
2] 


so that p= ĉ,—po. Let z be a function in C*(— co, +00) which is 
identically equal to zero in (— co, 4) and identically equal to minus 
one in ($, co). Let m= #-+1 and let 

Z (e—2Y((—2AYf)(2) 


(43) g(a; 8) = als) $ - eC, O0OzxsEs. 

Fz] i! 
Then let gí(z;s) be defined for z&€ € and —x<s < 0 by the 
requirement that it be periodic of period z in s, It follows that 


((p-+4)g)(#; s) = 0 for z in € and 0 x: s x: 4, while 


((e-+A)g) (as 8) = ((2.—(po—A)) ) (2s 8) 
= (miriG—zr((,—A?f)r,) Ss <n. 


These last expressions make it plain that the partial derivatives 
of the function (p-+4)g of order up to &' — m—1 are not only multiply 
periodic of period 2x in the variables z, but also periodic of period zr 
in the variable s. Hence, by (viii), there exists a function hin CE", » 
all of whose derivatives of order up to K' — are periodic of period x 
in s, such that ((p-+4)g)(y) = ((p-2)5) (g) for y in C,. Let g, = g—A. 
Then clearly ( (p +4)g,) (y) — 0 for y in C,, while it is evident from (18) 
that g(x; 0)—g,(2; x) = g(z; 0)— 5 (z; x) = f(x) for x in C. Since 
(pF) = (2.—potAlaly) = 0, it is clear, by placing ga; s) = 
etg (z; s), that we have (pg2)(y) = 0. Moreover, g,(2; 0}—agala; 7) 
= tas 0)—g (2; x) = f(x). Thus f is in the range of I—oS,._, , = 
I—«S,. Hence, it follows that the range of I—«$, includes every 
function in C2°(C), Since this last space is dense in (C) for every k 
by Lemma 3.4, (vii) follows. Thus our theorem will be proved once 
(viii) is proved, 

Note now that, in accordance with the statement made in the 
paragraph immediately preceding statement (iii), the coefficient 
matrices a, and b of the formal partial differential operator p are 
multiply periodic of period x in the variables y. Thus, making the 
change of variable z->2, s >2s—z, and using Sobolev’s theorem 
(4.5) (cf. the remarks in Section 8 following the proof of Lemma 3.28 
for more details of the way in which Sobolev’s theorem is to be 
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applied to H®(C,)), (viii) is an obvious consequence of the following 
statement. 

(ix) Let Ay), 7=1,....2, and By) be mxm matrices 
dependent on the parameter y in E"*! in an infinitely often differenti- 
able way, and suppose that A (y) is Hermitian for j = 1, .. ., n, and 
all y in E**t Suppose also that A,(y) and By) are multiply periodie 
of period 2z in all the variables y. Let £ denote the formal partial 
differential operator 


a 

= ĝ— J Aya: 3)8,,—B(2; si 

+i 
Let k = [(n +1)/2}+1; then, for each sufficiently large real A, and 
each h in A®(C,), there exists a g in AY (C,) such that (£—4)g = h. 
Having reduced our whole problem to that of proving (ix), we 

now proceed to prove (ix). Consider the two unbounded operators in 
#®(C,) defined by the equations 
a4) QTM) =C) TOF=tF, Fe aT), 
(15) DTP) = ( e AC) e AEG) 

TOr—tF,  Fe8(TD). 


By Definitions 8.2, 3.5, and 3,15, we have 


Phew F NC 


[ARTES 


—B(n; 8))f)(@s 8), 2^ g(a; s))dads 


as) = h ((27 Ds s), E, 
du. es sk 


- È A fe; 56, — Bees s))g] (s s)}dads 


+ Í [By, 2, (£: 8X21) (es 8), (B err sJ]dzds 
bl. ü sk 


=f TP eat Y Í (By, (23 (09/1) (as KORENE #)) de 
FANART Jc, 
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for f in D(T!") and g in S(Tf?); here the matrices B y, y, (2; 8), which 
are infinitely often differentiable, could readily be calculated ex. 
plicitly in terms of A,(;s) and É(z;s) by the use of Leibniz’ rule. 
Since we shall not have to use it in the following arguments, we shall 
not give the explicit expression here. 
Suppose that f is in C2°(C,), that g is in A®(C,), and that we 
let P^ denote the elliptic partial differential operator 
r= Y (—1m2en2n, 
lnls& 
Then we have 
(Tg) = (8a 
by Definitions 8.15, 8.2, and 3.5, 
We remark for later use that if we regard the function g in (16) 
as a distribution, and make use of distribution theoretic notation 
to write the result of (16) as 


(Piu =T F Í By s (i) 
bale Jc. 


x 9^ f(x; s)9 g(a; s)dads, 
then we obtain a formula valid not only for f in Q(T) = C&(C,) 
and g in S(TÍP?), but also for f in Cz(C,) and g in AP (C,). This as- 
sertion follows, in the same way as (16) itself, from Definitions 8,2, 
3.5, and 8.15, 
The bilinear form 
Glehh= > Í By, a, 6s S(0^ gy; 8)( BA K)(ns s)dzds 

ballile tC 
is evidently (by Schwarz inequality) bounded if regarded as a 
bilinear form in A®(C,). Thus, by Theorem IV.4.5, @,(g, h) may be 
written in the form 

Dg.h) = (Bre h) — p he RPO) 
and it follows readily, again from Theorem IV.4.5, that the operator 
B, is linear and bounded, Therefore, formula (16) may be written as 


(17) (TPF. Boa = —(. TP Soy H Beh, Daw 
íe$(TD, ge DT). 
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Suppose next that g is in D((7{)*), so that (72? )*g = g* is an 
element of ÉP(C,) satisfying the equation (Tff, ga) = (f, g*)us 
for all f in S(TÍ9) = C?(C). As was remarked in the third paragraph 
following formula (16), we have 


(Pf, Ba) = — (TI) (OD uo 
for f in $(TÍ?) and g in A®(C,), Thus 
(hem Bue) — T€) — 0, — fe CF(C,)- 
so that by the remarks in this same paragraph 
T(g*—B,g—tg) = 0. 


By Corollary 6.4, g*— B,g—£g belongs to C7 (C,) (cf. the remarks in 
Section 8 immediately following the proof of Lemma 8.28 for the 
detailed considerations justifying the application of 6.4 to the space 
D,(C,)). Since g*—B,g is in B® (C,), it follows that fg is in 
FIP(C,). Thus by (15) g is in $(71?). Equation (17) now shows that 
(f (T9)* 2) = — TP g) - (f. Bg) for each f in the subspace 
C2(C,) of É(C,), which, by Lemma 3.41, is dense in F9 (C,). There- 
fore this last equation holds by continuity for all f in HÍ9(C,). Thus 
we have shown that ge $((T()*) implies that ge $(T£?), and that 
in this case TE" g = — TÍD g-+ Bf g. Since it follows immediately from 
(17) that this same equation is valid for g in S(T(?), we conclude that 


(18) (TP) = —TP +B. 


Hence, from Lemma XILL6 we see that (7! +B, p AD) = 
—TO AI for every real A, 
By Sobolev’s theorem (4.5), and since we have assumed that 

k 2v+1 = [(n+1)/2]41, every function in A™{C) belongs to 
CAC,), and even to CE"(C,) (Cf. at this point the remarks in 
Section 8 following the proof of Lemma 8.28, for the details of the 
way in which Sobolev’s theorem is to be applied to the space 
HI (C,).) Suppose that (T9 +B, +4" = (TP +241) =0. Then f 
is in C2(C,), so that, calculating exactly as in equations (5) and (6) of 
Part (A) of this proof, we find that for 

" 

A> â= sup [BY)+ By X 6, 4,0) 
a 


wel, 
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the integral 
J, We taz 


is non-inereasing for —z: X s X z, and actually decreases as s goes 
from —z to +x unless f(y) = 0 for y in C,. Since f(y) is multiply 
periodic of period 2z, the displayed integral is periodic in s, and hence 
cannot decrease as s goes from —x to x, Thus, (Tf) 4+B,+Al)*f = 0 
and A> @ together imply that f — 0, It follows from Lemma 
XILI.6(a) that if > &, the mapping Tf? 4+B,-++AI has a dense range, 

Let g,f be in D(TM) = C7(€,). Then, by (18), and since 
T[? CT! by definition, we have 


(Bhe) = (EP HEP YE 8) = (LPH CPP YY £)us 
= (TPY +TP e) 
= (f, Brey. 
This shows that the bounded operator Bf is self adjoint, from which 
it follows immediately that B, is self adjoint. Consequently, if å > 0, 
and f is in NTP) = C7(C), we have, again by (18), and since 
TP CTP, 
KTP — 4B +D fli = ((TP— 3B. FADE (TP — 3B ADP )as 
= (7P Bf HTP BBE Duo 
Hf (C9—38)f) o H790. Dus 
= Iff, HATO HTP — BY fus 
= Plfltey- 
Thus, 
(19) (7 —A4B.FADflo Ze. 2>0 feCP(C)= DTM). 


Now, the operator TP! is closed. Indeed, if {/,} is a sequence of 
elements of $(TÍD) such that f, -> f and 7® ->g in the topology of 
AE (C,), then by Lemma 3.22 and Definition 8.15 we have tf = g, 
so that f is in D(7@") and 727 = g by (15). Thus, the graph F'(7£?) 
of Tf? is a closed subspace of the Hilbert space AC) @ H™ (Cy). 
Let T, C TÍ!! be the operator whose graph is the closure in F(T) of 
the graph I'(7) of TP. Then 7, is clearly closed, and since 7,2 TL, 
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it follows that for A> &, T,--B,-FAI has a dense range, while it 
follows by an evident “density argument” from (19) that 


(20) |(7,—-3B.+AD fin 2 Ml: FEDT) — 20. 


Let A > &, and let g be in H(C,). Then we may find a sequence (j,) 
of elements in $9(7,) such that (7,—2 1B,-FAI)f, >g as n> «o. 
By (20), {f,} is a Cauchy sequence, and hence a convergent sequence 
with some limit f in HÍP(C,). Thus 


UM) = (07,2 1B,A2Df, (72 3B, EAD) 


îs a convergent sequence, and, since 7, is closed, (7,—2-1 H, -AI)f = £. 
Thus, 7,—2-3B,-FÀI maps its domam onto ÉP(C,). By (20), 
T,—21B,4-ÀI is one-to-one and has a bounded inverse, Thus, if 
A> &, we have à $ o(T--B,); in this case it follows from (20) that 
RCA; TB) S 3. 

Now let f, = |B,|, and A > 2/,--6. Then it follows from what 
has just been shown that |B,R(—4: 7,—2-1B,)| < 1. so that, from 
Lemma VIL8.4, the operator (£ —21B,)R(—4: 7,—2 1B, exists, 
is everywhere defined, and is bounded. We have 


(T,-EAD)R(—24: 7, 523B,)(I— 4B, R(—A; T,—23B,))?f 
—(-EFEBUR 7,723 B,) 1 )B,R( 3:7, 2 B) {=h 


Ie APC), 
and similarly 
R(—A; 7,2 38,) (1 B, RA; 7, 23 B,)) 300, 4ADf = —f. 
1e31,). 


Thus (T,--AI)" exists, is bounded, and is everywhere defined for 
A> ?2/,te. Since T, C TÍ! and since we have seen above that 
TP- is one-to-one for A > 2f,+«, this means that for each g in 
FÉ (C,), the equation (z--A)f = ghas a unique solution f in A&(C,). 
Thus (ix) is proved and hence Theorem 1 follows. Q.E.D. 


8. Parabolic Equations and Semi-Groups 


Tn the present short section we shall develop the theory of the 
boundary value problem associated with the parabolic equation 
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U; = —tu, t20, 
where t is a formal elliptic partial differential operator satisfying the 
hypotheses of Garding’s inequality, Lemma 6,10, 
Every major fact that we shall establish is stated in the following 
theorem, 

1 THEOREM, Let x be an elliptic formal partial differential 
operator of even order 2p, defined in a domain I, in E". Suppose that 
t= YX ajzy, 

EE 

that 57) és real if |J| = 2p, and that 

(1P X a(z) >0, zel, Eek £20 

MI-2» 
Let I be a bounded open set whose closure is contained in Io. Let T be the 
extension of T(x) defined by the equations 
DT) = $(7,()) o HP, 
Tj -T.0L [e8(T) 

Then 

() —T generates a strongly continuous semi-group S(t}, t = 0, 
in LI). For t > 0, k 2 0, and f in LÁI), S()f is in S(T*), TES (OY 
is analytic in t, and (S(é)f)(x) is analytic in t and is infinitely often 
differentiable in x for t> 0 and x in I. 

(ü) Let f be in L,I). There exisis one and only one function 
u(t, x) defined and continuously differentiable in t and x for t > Oand x 
in I such that 


wt-)eL() t20, 
lim ett, -}—u(s, -)| = 0, 220, 
Uo «3-40. 
ui, -}ED(T), t0. 
lim |Pult, -}—Tufs,-)| -9 | 5-0, 


e 
à u(t, 2) = —ru(L a) 10, zel. 


This function is determined by the equation u(t, xz) = (S(Of)(a). 
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Proor. Let £ > 0, and let £ < 10-4z. Let A be the reflex angle 
(A| |arg 4| > £} in the complex 4-plane. By Corollary 6.27 there exists 
a finite constant K > 0 such that 4¢ o(7) and |R(A 7)| s KPJ ifa 
is in A and |A| > K. It follows immediately from the Hille-Yosida 
theorem (VIII1.18) that —7 generates a semi-group. We shall derive 
representation for this semi-group which will make all the parts 
of (i) evident. 

Put 


1 
S(t) = — Fes T)ds, 
a) (0- z: [^ ET) 


where € is a contour consisting of the ray {z|arg z = 2e, |2| > 2K} 
traversed inward from oo to 2Ke***, the circular arc from 2Ket*? to 
2Ke-* traversed in the positive sense, and the ray 

Glarge=—22, — l| = 2K) 
traversed outward from 2Ke =£ to co. From the bound on |E(4; 7)| 
stated above, the integral in (1) evidently converges absolutely 
and uniformly in any bounded closed subset of the region 
p= (t| lerg t| <_2/2—2e, £ #0} and is consequently analytic in p. 
Since 

TR(z; T) = zR(z; T)—1, 

the integral 


xl. e" TRG; Ty 
2zi 


also converges absolutely and uniformly and is equal to 
1 1 
ál 267 Rs Tjdz— — ast]; edi 
Brite 

zl, ze!  R(z; T)dz 


T gai 
=~ fy t). 
di (2). 
Thus, by Theorem IIL6.20, S(1)f is in $S(7) for each f xn L,(I), and 


d 
(2) q90--750 tep 
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Let £ be in p and f be in ZU y; then by (2) the quantity f, defined by 
the equation f4, = (At) * (S(1—40)—S(2))/ belongs to S(T), and 
Tf 4, equals (Aty *(djdt)(St-FAD/—S(t)/). Letting At—>0, and noting 
that by Corollary 6.11 and Lemma XII.1.6, 7 is closed. it follows that 
S(Df is in Q(T), and that 


d 2 
(3) SW) = (TSU) tep. 


It follows by induction that S(t) is in $S(7*) for each k zz 1 and each 
[in LAI), and that 


(2) so —(—TYSü) tep- 


Thus T*S(6) is analytic for tin p nd f in LI). Itfollowsimmediately 
from Theorem 6.23 and Corollary 6.24 that 7*S(t)f(z) is analytic in t 
and infinitely often differentiable in z for £ in p and g in I. 

Next suppose that f is in S(7). Then 


R(z; TIT} +f = zR{z; TY. 
so that 


Sdf = = Í 2367! Ri TYT fdz + E Í La 
c c 


pe Í zAeB(s T)Tjdz+f- 
Zai Je 


Using the fact that |R(z; 7)| = 0{|z|1} as |z| + oo. z remaining in A, 
the Lebesgue dominated convergence theorem (III.6.16), and 
Canchy’s integral theorem, we find that 

lim [S(t}f—f| = 0. 

150 
Thus, if f is in Q(7), the funetion u(t, z) = (S(t)fY(«) satisfies all the 
hypotheses of (i). We shall show that if S(t} is the semi-group 
generated by —7, then any function u(t, a) satisfying the hypotheses 
of (ii) is given by S, (£)f. Thus it will follow that S(t) = S,(£) fort > 0, 
so that both (i) and (ii) will be proved. 

Let u be as in (ii), f in Z4) being arbitrary. Let s > 0. and 

consider the function 
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gis. t -) = Syls—Hat-, t). 


As t +0, g(s, t -) > (S,(s)f)(-) in the norm of LU) by the strong 
continuity of S, and by hypothesis. Similarly, g(s, t, -) > u(-, s) as 
ts, We shall prove that (2/21}9(s. t, -) = 0, front which (ii) evidently 
will follow. 

It is clear that 


e e 
£ Í uu afie = | £ uft, 2a) dz 
a [tt ten - [, ntm 


— Í (ey, afi dm — 120. 
i 


for each f in L,(I) which is continuous and vanishes outside a compact 
subset of J. Thus 


[tt fis — | ute, cenis = — f INVE 


for 0 « s « t « œ and each f in L(I) which vanishes outside a 
compact subset of J. By Fubinrs theorem (IIL11.9), by Theorem 
IIL11.17, and by Theorem 11L2.20, it follows from the density of 
CPU) in L(I) that 

utt, -)—uls, -) = — [b (Taji gd, O<s<t<m 


Hence, since (Tu)(t, -) is continuous in t, it follows immediately that 


$t )--—wt-) 1-9 
Thus 


a Sent +) = S,(6—107utt, -}—Sls—OTult, -) = 0, 


by Lemma VIIL1.7(b), and our proof is complete. Q.E.D. 


2 ConoLLaRv. Suppose that the hypotheses of Theorem 1 are 
satisfied, and that in addition I is bounded by a smooth surface E, no 
point of which is interior to the closure I of I. 

(i) Then the function (SU)fY(z) is analytic in t and infinitely 
often differentiable in x for t >O and x in I, and satisfies the equation 
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SMM) = (5,035006) = -~ = (FDW) = 0, 
t>0, wed. 


(ii) Letting f be in L(I), there exists one and only one function 
u(t, x) defined for t > 0 and x in I, continuously differentiable in t and 
2p times continuously differentiable in x for t > 0 and x in T, such that 


e 
a lh) = wm(t,z), — 190, zel, 


such that 


ult, x) = (Eji, 2) =... = Ault. z}=0, 120. sez, 
and such that 


lim [u(t, -)—f()| = 0. 
n 


ProoF. Statement (i) follows from the preceding theorem and 
Theorem 6.23. Statement (ii) follows from statement (ii) of the 
preceding theorem, since a funetion satisfying the hypotheses of the 
present statement (ii) evidently (cf. Theorem 6.23) satisfies the 
hypotheses of statement (it) of the preceding theorem. Q.E.D. 


APPENDIX 


Hilbert space 1s a linear vector space § over the field of complex 
numbers, together with a complex function (-,-} defined on § x 
with the following properties: 

{i} (2,2) = 0 if and only if z = 0; 

{ii} (x, 2) 2 0, ae; 

(ui) (@+9,2)=(%2)4y%2, ey, zED; 

liv) (e 9)—o(ny) aed, aye 

(v) (6 9) = Ge 

(vi) if z, €, 4 —1,2,..., and if lim, , (2, —2,, 2,—2,) 
— 0, then there is an æ in © with lim, (z,—2, 2,—2) = 0. 

The funetion (-, -) is called the scalar or énner product in © and 
(2, y) is called the scalar or inner product of x and y. The norm in $ 
is |z| = (2, à). 

Remark, Hilbert space has been defined by a set of abstract 
axioms, It is noteworthy that some of the concrete spaces defined 
above satisfy these axioms, and hence are special cases of abstract 
Hilbert space. Thus, for instance, the n-dimensional unitary space E" 
is a Hilbert space, if the inner product (a, y) of two elements z = 
[assa] and y = [f,.-..8,] in E” is defined by the formula 


(av - Sab. 


In the same way, complex } is a Hilbert space if the scalar product 
{z,y) of the vectors z = (o,), y = (f,) is defined by the formula 


E 
(ey) = Xe. 
E 
Also the complex space L,(S, Z, i) is a Hilbert space with the scalar 
produet 
(0 — f feste) f ge LS, mu. 
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Of the infinite dimensional B-spaces, Hilbert space is the most 
closely related, especially in its elementary geometrical aspects, to the 
Euclidean or finite dimensional unitary spaces. It is not immediate 
from the definition that a Hilbert space is a B-space, but this 
fact is established in the following theorem. Throughout this discus- 
sion of Hilbert space the conditions (i) ..., (vi) in the definition 
will be used without expheit reference and the symbol H will always 
be used for a Hilbert space. 


1 TutkonEM. A Hilbert space $) is a complex B-space and 


lel x ell. aye. 

Proor. The above inequality, known as the Schwarz inequality, 
will be proved first. It follows from the postulates for $ that the 
Schwarz inequality is valid if either z or y is zero. Hence suppose that 
a #0 +y. For an arbitrary complex number g 

0 S (z-Fag, zog) 

= lel? Helly? +ofy, 2) +-ale, y) 

= lapaj +22 (aly, 2)), 
where the symbol #(A} is used for the real part of A. If a = re“? and 
if 0 is chosen properly, it follows from the above inequality that 

bP +r ly)? z lia, y) 

for every positive r. Upon placing r = |2|/|y| the Schwarz inequality 
follows. 

To complete the proof of the theorem it will suffice to show that 
lead S la|+ly]. First note that 

{z yr. 2) = 22 (2, y) S 2lelly| 
and hence that 
lotyl? = le ty? p Gn yy 2) 
Sky+ elle 
=i. QED. 
Remark. It should be noted that the above proofs of the Schwarz 
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inequality and the triangle inequality |z-+y| <|z|+ly| do not re- 
quire that H be complete or that (z.2) vanish only when z= 0. 

2 Lemma, Let æ be an element of $) and let K be a subset of €) with 
the property that UK 4K) CK. Let {k} be a sequence in K with the 


property that 
lim |a—k,| = inf |z— KJ. 
[i keK 


Then {k,} is a convergent sequence. 
Pnoor. The identity 
lzy eyl? = Qazi aye, 


called the parallelogram identity, follows immediately from the axioms. 
If 6 = inf, x |z—K|, the preceding identity shows that 


[kik = 2|z—K[2-E-2)o — E]? a {kke 
S Jek? 2|2—k —48 > 0. QED. 


8 Dermition. Two vectors a, y in $ are said to be orthogonal if 
(zy) =0. Two manifolds M, NR in H are orthogonal manifolds if 
(M, N) = 0. We write æ 1 y to indicate that æ and y are orthogonal, 
and Mt 4 90 to indicate that Mt and N are orthogonal. The orthocom- 
plement of a set ACG is the set {xl(x, 4) = 0}. It is sometimes 
denoted by $ © A, or, if $ is understood, by At. 


> 4 Lena. The orthecomplement N of a closed linear manifold M 
in © is a closed linear manifold complementary toM, ie., H =M ON. 
Pnoor. It follows from the linearity and the continuity of the 
scalar product (Theorem 1) that the orthocomplement of any set It 
is a closed linear manifold. If Mt is a closed linear manifold and if æ is 
an arbitrary point in § there is, by Lemma 2, an m et such that 
\o—m| = à = inf, cedem]. It will now be shown that the element 
n = &— is in N. For any complex number a and any m, in W the 
vector m+om, is in M and hence |z— (m-rom,)| = 6. Thus 


0 S je- (mtam) — |n? = jn—am,!?— n? 
= —e(m, n)—a(n, m)-Hol?im]?. 
Let g — A(#, m,} where À is an arbitrary real number. Then 
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0 S — 2A my) PAA, m)l 
which is possible only if (#,m,} = 0. Thus s eù. To complete the 
proof, note that z eM n N implies |z| = (z, z) —0. Thus PtH 9t — {0} 
and $ =M € N. Q.E.D. 
> 5 Tueorem. Every y* in §* uniquely determines a y in $) such 
that 
yra= (ey), zeg. 


This map o : y* — y is a one-to-one isometric map of $* onto all of $) and 
o(y*+2*) = o(y*}+o(2*), ofay*) = do(y*). 

Proor. If y* = 0 let y = 0. If g* + 0 the set M = {z|y*z = 0) 
is a proper closed linear manifold in £$ and its orthocomplement 9 
contains, by Lemma 4, a vector y, # 0. Let y = ay, where à = 
3" rra]. For an arbitrary vector æ in § the vector a—(y*a)/(y* ay, 
is in M so that (a, y) = g*a(g,, y)/y*y, = y*a. which proves the 
existence of the desired y. To see that y is unique, let y’ be an element 
of § such that y*a = (a, y’} for every æ € £. Then (z, y—y'} = 0 for 
every 2 € $ and, in particular, (y—y', y—y') = 0, so y = y’. Thus o 
is well defined. Since l(z, y}| x |a]||y| it follows that |y*] < |o(y*)|, 
and since (y, y) = |y}? it follows that |y*| = lo(*)|. Therefore e is an 
isometry. The remaining properties to be proved for g follow immedi- 
ately from the postulated properties of the scalar product. Q.E.D. 


6 ConoLrany. The space $j* is also a Hilbert space and © is 
reflexive. 

Proor. If the scalar produet in $* is defined by 

{a*, y*h = (ofy*), of2*)), 
then §* is clearly a Hilbert space. For y** €§** there is, according 
to the theorem, an element g* €§* such that 
ytta® = (2*,y*), = (ofy*), o(2*)) = ary, — a*eg, 

where y = o(y*). Q.E.D. 


7 ConorLARY. Hilbert space is weakly complete and a subset is 
weakly sequentially compact if and only if it is bounded. 
Proor. This follows from 6, IL8.28, and 113.29, Q.E.D. 
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8 Dermmon. A set A C § is called an orthonormal set if each 
veetor in A has norm one and if every pair of distinct vectors in A is 
orthogonal. An orthonormal set is said to be complete if no non-zero 
vector is orthogonal to every veetor in the set, i.e., A is complete if 
{0} = H © A. We recall that a projection is a linear operator E with 
E? — E. A projection E in $ is called an orthogonal projection if the 
manifolds E9 and (I—E}Q are orthogonal. 

It has been shown in Lemma 4 that 


H=M S (HEM) 


where% is an arbitrary closed linear manifold in $. Ifs = y+2 where 
y EM and zeH © M let us define the transformation E in Hby placing 
Ex = y. Vt is clear that E is a projection, ie., E? = E, and that E 
is an orthogonal projection. It is the uniquely determined orthogonal 
projeetion with EG =M. For if D is an orthogonal projection with 
D$ =M then ED = D and, since (I—D)9 CHEM, we see that 
E(I—D) = 0. Thus 


D = ED+EUi—D) = E. 


This uniquely determined orthogonal projection E with EG — 9m 
is called the orthogonal projection on M or sometimes simply the 
projection on Wt. 


9 Lemma. If (yj) is an orthonormal sequence and {a,} is a sequence 
of scalars, then the series Xay, converges if and only if Elai? < co, 
and in this case 

[Zou = (Zla. 
When it converges, the series Xay, is independent of the order in which 
its terms are arranged. 


Proor. For m >n 


a a a a a a 
IX s ud* =( Sow Lew) — X Duly 9) = D leds 
p mm ion nin fen 
and hence one series converges if the other does. If, in the above 
equality, one puts z = 1 and allows m to increase indefinitely, the 
second conclusion of the lemma follows. Finally let z = 7^, [279 
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be a series obtained from z = Yay; by a rearrangement of its terms. 
Then 
le—2) = (e. 2)—(@, 2)— Gs 2) H- Gs 2). 
and a direct computation, similar to that above, shows that each of 
these scalar products is Y |a. Thus x = z. Q.E.D. 
» 10 TuronEM. Let A be an orthonormal set in €) and let æ be an ar- 
bitrary vector in 9. Then (e, y) = 0 for all but a countable number oj y 
in A. The series 
Ez = Y (zs yy reg 
wea 


converges and is independent of the order in which its non-zero terms are 
arranged. The operator E is the orthogonal projection on the closed linear 
manifold determined by A. 


Proor. Let Yy ---» Ya be distinct elements of 4 and let y = 
Dials yilye so that (by Lemma 9), ly? = Diala: y;)l* and 


0 x |z—yP = le, y)— (y, eH, 
(ey) = = ule, y) = Wwe, 


a) = à &, guns y.) = lgl? 
=i 
Thus |yl? x jzf*, ie. 
PIED 
—1 


This shows that at most a finite number of vectors 5, - - ., Ya in A can 
have |{z, g,)| greater than a preassigned positive number and proves 
that at most a countable number of the scalar products (z, y) witb 
y in A fail to vanish. Since 


Liew’ Sk 
wea 


the preceding lemma shows that the series defining Ex converges and 
is independent of the order of its terms. 

Now it is clear that E is a linear operator withEz = for æ in A. 
Thus Ex = z for z in the closed linear manifold Y, determined by 4. 
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Also Ex = 0 if a is orthogonal to A. Thus E is the orthogonal projec- 
tion on 9]. Q.E.D. 


11 Derinrtion. A set A 1s called an orthonormal basis for the 
linear manifold 9t in $ if A is an orthonormal set contamed in Ķ and if 
z= Y@yy ce 

vea 
12 THEorem. Every closed linear manifold in © contains an 
orthonormal basis for itself. 


Proor. If the orthonormal sets in the closed linear manifold IR 
are ordered by inclusion, it is seen from Zorn’s lemma (L2.7) that 
there is a maximal one 4 which determines the closed linear manifold 
91, CM. Since A is maximal then 9t & 9I, = 0. But by Lemma 4, 
M = 9l, € (9t 691), and so M =M. The desired conclusion now 
follows from Theorem 10. Q.E.D. 


18 THEOREM. For an orthonormal set A C & the following state- 
ments are equivalent: 

(i) the set A is complete; 

(ü) the set A is an orthonormal basis for 9; 

(ii) eP = Zeal yy ^ zeg- 

Proor. The equivalence of statements (i) and (ii) is clear from 
Theorem 10. That either one of these implies (iii) follows from Theo- 
rem 10 and Lemma 9. Now assume (iii) and let z be an arbitrary 
vector in $. By Lemma 4, «=u-}w where wesp(A) and vef) © Sp(.A). 
Therefore we have jæ}? = |u|?-F|v[. But, by Theorem 10 and 
Lemma 9, þu]? = Y,cAl(v, y)? Hence |z|? = ju]? and v= 0. This 
means that sp(4) = § from which (i) follows. Q.E.D. 

The next result enables us to define the dimension of a Hilbert 
space. 


14 Turonrm. All orthonormal bases of a given Hilbert space © 
have the same cardinality. 


Pnoor. If $ is finite dimensional, the result is a well-known result 
in algebra. Suppose then that § is infinite dimensional, and let {z,} 
and {vg} be two orthonormal bases for §. We shall say that the vectors 
u, and ta- in the basis {z,} are equivalent if there exists a finite chain 
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Es} We, Ug. Ua, -os Uap? Ups Mrs 


of vectors in which the scalar product of any two successive vectors 
is non-zero and in which the terms alternate between vectors in {ug} 
and {v,}. The equivalence of two vectors v, and v, in {vg} is defined 
similarly. It follows immediately from Theorem 10 that any equiva- 
lence class of vectors is either finite or countable. An equivalence class 
U of vectors ug will be said to correspond to an equivalence class V of 
vectors v; if there is a pair of vectors, one from U and one from V, 
with a non-zero inner product. Suppose that U and V are correspond- 
ing equivalence classes and that wu, € U. Consider an arbitrary ele- 
ment v in the basis (vj for which (u,, 25) # 0. It will be shown that 
v, € V. Since U and V are corresponding classes there are elements 
Uy, Up in U, V respectively with (tw up) #0. Now since ue U 
there is a finite chain of the form given in [«] abovein which successive 
vectors have non-zero scalar products. Thus by forming the chain 
Ups Ugs + +) Ug’, Uy it is seen that vg is equivalent to vg and thus that 
v5 is in V. Since {v,} is a basis, the vector «, has an expansion of the 
form u, = Yu, vg)vg so that tg is in the closed linear manifold de- 
termined by those vg with (ta. Ug) # 0. Since such vs are in V we have 
14€ Sp[V] and thus sp[U] C spEV ]. Similarly sp[V] C spIU]. It is thus 
seen that corresponding equivalence classes U and V determine the 
same closed linear manifold M. Hence. if one of U and V is finite, M is 
finite dimensional, and therefore the other of U and V is finite and 
has the same cardinality. If neither of U and V is finite, both are 
countable. Thus (u,) and (v5) break up into a disjoint union of corres- 
ponding pairs U, V of equivalence classes, each U having the same 
cardinality as the corresponding V. Consequently {u,} and {vp} have 
the same cardinality. Q.E.D. 


15 Derinrrioy. The cardinality of an arbitrary orthonormal 
basis of a Hilbert space Ẹ is its dimension. 


16 "TuEonEM. Two Hilbert spaces are isometrically isomorphic 
if and only if they have the same dimension. 


Proor. Let U be an isometric isomorphism of £, onto $,. Then 
if x and y are orthogonal elements of $4, 
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[U+ = e+? = jef Pig? = We +AU yl? 
= [Walt PW y+ (Ue, Uy) + Oz, AUy) 
= el? HAyl?4+ (Uz, AUg)-- (Ux, 2Uy). 

This shows that for arbitrary 4 
0 = (Us, 2Uy)- Uz. Wy), 


and if we let 4 = (Uz, Uy) in this equation it is seen that (Uz, Uy) 
= 0. Thus U maps an orthonormal basis for §, onto an orthonormal 
basis for $,, and consequently $ and $$ have the same dimension. 

Conversely, let Hı and $, have the same dimension, and let 
(us, «€ A} and {v,, «e A} be orthonormal bases for H, and y respec- 
tively. For each scalar function € on A with C(a} = 0 for all but a 
countable set of indices a. and such that Y |C(«)|? < co, let 

U(X C(ayu,) = X Cayo, 

It follows from Theorem 18 that U is an isometric isomorphism of 
$ onto $,. Q.E.D. 


Direct Sums of Hilbert Spaces 
We recall (cf. L11) that the direct sum 


X=2,0...0%, 


of the vector spaces X,, ..., £, is the set Xx X,x...v X, in which 
addition and scalar multiplication are defined by the formulas 


mb gal = atts -- + 8g 
acean = mn... ez. 


in. - 


The space X, is algebraically equivalent to the subspace M; of £ con- 
sisting of all vectors [z, . . ., ,] in X with z, = 0 for j # i. It is some- 
times convenient to refer to the space X, itself as a subspace of X and, 
when such reference is made, it is the equivalent space, that is to be 
understood. The map 


Fy, . +1 N > [0 .- 4 O OF 


of X ontoM, is a projection and is sometimes called the projection of X 


1782 APPENDIX 


onto M;. Equivalently, the map [zj.....2,] > 2; is called the pro- 
jection of € onto X,. Yt each of the spaces £. ..., X, is a linear topologi- 
cal space, then the direct sum X, with the product topology (cf£.L.8), is 
also a linear topological space in which the subspaceM, is topologically 
as well as algebraically equivalent to X,. If a topology in each of 
the summands €,. à = 1, ..., z, 15 given by a norm |+,, ie., if each 
of the spaces €, is a normed linear space, then the space X is a normed. 
linear space. The norm in X may be introduced in a variety of ways; 
for example, any one of the following norms defines the product 
topology in X. 


G) In +5 6H = editada- - -Hanlar 
G) IE... 6] = sup fed, 
1 


Sisn 
Gi) En... eel — efr Hn 


Whenever the direct sum of normed linear spaces is used as a normed 
space, the norm will be explicitly mentioned. If, however, each of the 
spaces X,, . .., X, are Hilbert spaces then it will always be understood, 
sometimes without explicit mention, that X is the uniquely deter- 
mined Hilbert space with sealar product 


Gv) (e; - th [s - -e Yal) = X Go ve 
mi 


where (*, ~); is the scalar product in £,. Thus the norm in a direct sum 
of Hilbert spaces is always given by (iii). To summarize. we state the 
following definition. 


17 DrrrixrTION, For each i = 1, .. ., 2, let Q; be a Hilbert space 
with scalar products (-,-},. The direct sum of the Hilbert spaces 
Dy, . -a Dn 15 the linear space H = 6, ® ...  $, in which a scalar 
product is defined by (iv). 

Let Ý = $, ©... ®G, be the direct sum of the Hilbert spaces 
Éo - - Én- Then for i + j the manifolds $, and $, are orthogonal in 
$ and the projection of $ onto p; is the same as the orthogonal pro- 
jection of © onto §,. Thus, for example. the subspace $,  ... © $, 
of © is the orthocomplement of $. 

The following definition generalizes Definition 17 to cover the 
case of an infinite family of direct summands. 
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18 Dermmon. For each » im an index set A let 9, be a Hilbert 
space. The direct sum Y ©, of the Hilbert spaces §, is defined to be the 
family of all functions {z,} on A such that for each ». æ, € $, and such 
that Y, ale? < oo. 

It is clear that Y §, is a vector space if addition and scalar multi- 
plication are defined by the formulas 


e(m) = fox}, — Gt) = fe, ty, 
Moreover, one may define an inner product in Y$, by the formula 
(n. (G4) = X, Yh 


the series converging unconditionally since 


Die, xi S Diels! 
S Que PY Pye 


Properties (i)— (v) of Definition 2.26 may readily be verified. 


19 Lemma. If iQ, ve A, is a family of Hilbert spaces, their 
direct sum Y 9, is a Hilbert space. 


Proor. As remarked above, it only remains to prove the com- 
pleteness of Y 9,. If (a2), n — 1, 2, ..., is a Cauchy sequence in Y$,, 
it is clear that for fixed », (27) is a Cauchy sequence in $, converging 
to some element 2°. For any finite subset zC A and any integer n, 

Yelk stim Fpp 
ver maoo ver 
S lim sup [(27) fep H 
maco 
It follows that 
lim sup Y Ja; —25" S lim sup H7) —(s7] = 0 
sco mnao 


showing that (af) is in YO, and that (27) converges to {af}. Q.E.D. 
We conclude this section by listing, in the following lemma, a few 
useful properties of the orthocomplement. 


> 20 Lemma, Let B be a set in $) and M a closed linear manifold 
in ©. Then 
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0 H=MOGEMs 
Gi) M = HeGemM): 
Gi) P(B) = $ e e B). 


Proor, Equation (i) is merely a restatement of Lemma 4. 
Equation (ii) may be proved by replacing M by $ © M in equation 
(i). This shows that 6 (6 EM), as well as its closed subspace W, 
is a complementary manifold to p EM. Thus M = $ e (H e M). 
To prove (ii) note that for an arbitrary set B C the condition 
(B,z) =0 on an element æ in $ is equivalent to the condition 
(5p(B), æ} = 0. Thus $6 B—$ 6 p(B} and (ii) follows by 
placing M = sp(B) im (ii). Q.E.D. 
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Diametral point, V.1].14 (459) 
Differentiabibty of the norm, remarks 
on, (471-473), (474) 
Differential calculus. (See ulso Deriva- 
tive) 
ina B-space, (92-93) 
Fréchet differential, (82) 
Differentia] equations, solutions of 
systems of, (261), VIL219 


mar (128) 


(564), VIL5.16 (581), VIL5.27 
(588) 

stability of, VEI.2.20-29 (564-565) 

Differentia] operator, boundary condi- 

tion at an end point for, 
XIIL2.29 (1304) 

boundary condition for, XIIL2.17 
297) 

boundary form for, XJIL2.1 (1287) 

boundary matrix for, XI]L2.] 
(237) 

boundary 
(1297) 

bounded below, XIIL7.20 (1451), 
XIrL.9.c (1542) 

branching point of, XI]L7.62 (1490) 

characteristic equation of, at iofin- 
ity, XIILS (1527) 

complete set of boundary values for, 
XIIL2.A7 (1297) 

determining set for, X1IL5.22 (1874) 

essential spectrum of, XIIL10-E 
(1607) 

finite below 4, X11L7.25 (1455) 

first characteristics of, XETI.8 (1527) 

formal, XIIL1,1 (1280) 

formal adjoint of, X1I1.2.1 (1287) 

formally positive, X1IL7,6 (1429) 

formally selfad joint, XIIL2.1 (1287) 

Green's formula for, XI1L.2.4 (1288) 

indicis! equation or, XIII.8 (1504) 

irregular formal, X]]L1 (1250) 

in L,(I), XIILSE (1548) 

mixed boundary condition, 
X111.2.29 (1804) 

nonselfadjoint, X11L.9.18 (1540) 

real boundary value for, X111.2.29 
(1304) 

regular formal, XI1L1 (1280) 

regular, irregular, singular points 
for, XIIS (1504) 

separated boundary 
X1IL2.29 (1304) 

singular boundary value of second. 
order for, X1] 10.D (1604) 

Stokes lines of, X1JL8 (1527) 

Sturm-Liouvile, X]IL2 (1201), 
XILL&.F (1291) 

Differentiation theorems, VIII.9.18— 

14 (719-720) (See also Deriva- 
tive) 


value for, XIIL217 


conditions, 


Dimension of a Hilbert space, as a 
criterion for isometric isornor- 
phism, IV.4.16 (254) 

definition, IV.4.15 (254) 
invariance of, IV.4.14 (258) 
‘Dimension of a linear space, of a B- 
space, (91-92) 
definition, (36) 
invariance of, L14.2 (46) 
Direct product, of B-spaces, (89-90) 
Direct sum, of B-spaces, (89-90) 
of Hilbert spaces, IV 4.17 (256) 
of linear manifolds in a linear space, 
(57) 
of linear spaces, (37) 

Directed set, definition, 1,7-1 (26) 

Diseonnected, extremally, (898) 

totally, (41). (See also Connected) 

Disjoint family of sets, definition, (2) 

Distinguish between points, defini- 
tion, IV.6.15 (272) 

Distributions, XIV.8 

carrier or support of, XIV.8.11 
(18501 
definition, XIV.3.2 (1645) 
Divisor of zero, IX.12 7 (861) 
Domain, of a function, (2) 
án complex variables, (224) 


Dominated convergence theorem, 
IIL85 (124) 1116.16 (151). 
TV.10.10 (828) 


Dominated ergoe theorem, k-para- 
meter continuous case in Ey, 
1 <p < o, V111.7,10 (604) 
K-parameter discrete case, VIIL6-O 
(679) 
one-parameter continuous case, 
VIDLZA (608) 
one-parameterdiscrete case, V ITL6.8 
(678) 
remarks on, (729) 
Double norm, definition, X].6.1 (1010) 
Dual group, definition, X1.8.18 (968) 
Dual space (or conjugate space), defi- 
nition, 118.7 (61) 


E 
Eberlein-Smulian theorem on weak 
compactness, V.6.1 (430) 

remarks on, (466) 


SUBJECT INDEX 


Egoroff theorem, on almost every- 
where and p-uniform conver- 
gence, IIT.612 (149) 

Rigenvalue, definition, VILL? (556), 
VILJ (606), K.8.] (902) 

Kigenvector, definition, VIL.2 (5561, 
X.8,1 (903) 

Embedding, natural, of a B-space into 
its second conjugate, 1L3.18 
(66) 

End point of an interval, EIES15 
(1401 

fixed, XIH1 (12791 
free, KEJLI (1279) 

Entire function, definition, (231) 
Liouville's theorem on, (281) 

Equicontinuity, and compactness, 
IV.5.6 (260), IV,6.7-9 (266- 
267) 

definition, IV.6.6 (268) 
principle of, 111.11 (52) 
quasi-equicontimuity, and compact- 
ness, IV.&.14 (269) IV.6.20 
(250) 
definition, IV.6.15 (269), IV.6.28 
(280) 

Equicontinuons family of linear trans- 
formations, definition, V,10.7 
(456) 

fixed point of, V.108 (457) 

Eqnivalence,*-equivalence of B*-alge- 
bras, EX.8.4 (875) 

Equivalence of normed linear spaces, 
definition, IL3.17 (651 

Ergodic theorems, VIL7, VIJ.8.3-10 
(598-5991, VIIL4-8. (See also 
Dominated theorems, Maximal 
thearems, Mean theorems, Point- 
wise theorems, Uniform ergodic 
theorems! 

remarks on, (728-7801 

Essential least upper bound, definition, 
JILJ.IE (100-101) 

Essential singulanty, definition, (229) 

Essential spectrum of a closed opera- 
tor, XIIL6.] (18931 

Essential — supremum, 
JIL1.11 (100-101) 


definition, 
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Essentially bounded, definitiun, 
TIL1,11 (100-101) 
E-, K2 (899) 

Essentially separably valued, defini- 
tion, EEL11 (100-101) 
Euclidean space, definition, 1V.2.1 

(238) 
further properties, IV.15 (8741 
study of, IV.8 
Euler-Gauss, hypergeometric equa- 
tion of, XIILS (1509) 
Extended rea] and complex numbers, 
definitions, (3) 
topology of, (11) 
Extension of a function, by contin- 
nity, L6.17 (23) 
definition, (3) 

Tietzes theorem, L5.8-4 (15-171 
Extension of measures to arbitrary 
sets, I]I,1.9-10 (99-100) 

to a ofield, ILS 
Lebesgue, IIL5.17-18 (142-1481 
Extensions of linear operators, VL2.5 
(478), (554) 
Extremal point and subset, defini- 
tions, V.8.1 (4391 
examples and properties, V.ILI-6 
(457-458) 
remarks on, (466), (473) 
study ot, V.8 
Extremally disconnected, (898) 


F 


F-space basic properties, IL1-2 
definition, IL1.10 (51) 
examples of, IV.2:27-28 (243) 
Factor group, definition, (85) 
Factor sequence, (386) 
Factor space, in veetor spaces, (38) 
in F- and B-spaces, definition, 
JL4.18 (71) 
properties, I1.4.]3-20 (71-721 
remarks on, (881 
Fatou theorem, on limits end inte- 
grabs, IEE.6.19 (152), 111,9.85 
(172) 
Field, in algebraic sense, (36) 
of subsets of a set, Borel field, 
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ition, XEL1.8 (6) 
determined by a collection of sets, 
IIL5.6 (135) 
c-ficld, 1114.2 (126), ILL 5.6 (185) 
Lebesgne extension of a o-field, 
JIE.S.18 (143) 
restriction. pf a set function to, 
(1661 
definition and properties, 
L7.10-12 (30-811 
Finite dimensional function on a 
group, definition, XI-L8 (940) 
Finite dinensional spaces, additional 
properties, 1V.15 (3741 
definitions, IV.2.1-3 (238-2391 
study of, 1V.8 
Finite intersection property. as crite- 
rion for compactness L5.6 (17) 
definition, 1.6.5 (171 
Finite measure (spacel, enterion for 
and properties, 111.4.4-9 (127— 
129) 
definition, 111.4,3 (126) 
o-finite measure, 111,57 (136). (See 
also Set funchon. Measure 
space) 
Saks decomposition of, 1.9.7 (308) 
Fuitely additive set function. (See 
also Set function} 
definition, 1]1,1.2 (96) 
study of, 111.1-8 
Fixed point property. defimtion, 
V.10.1 (453) 
exercises, V,11.16-23 (450-460) 
remarks on, (467-4701, (474) 
theorems, V.10 
Fourier coefficients, definition, 
IV.14.12 (358) 
Fourier series, convergence ot, IV 14.27 
(860), 1V.14.29-33 (360-361) 
definition, 1V,14.12 (358) 
localization of, ]V.14.26 (3601 
multiple series, ]V.14.68 (367) 
study of, IV.14.69-73 (367-368) 
study of, IV.14, esp. 1¥.14.12-20 
(358-8591 
Fourier sine and cosme theorems. 
XIII.5 (1288) 


Filter, 
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Fréchet differential, definition, (921 
theory for compact operators, VIL4 
Fredholm alternative, (609—610) 
Fubini theorem, for general finite 
measure spaces, IIE11.18 (193) 
for posstive o-finite measure spaces, 
TIL11.9 (1901 
Fubini—Jessen theorems, mean, 
HE11.24 (207) 
pointwise, IILI1.97 (2091 
Function, absolutely continous, 
TV.2.22 (2421 
additive set. (See Set function) 
almost periodic, IV.2.25 (2421. 1V.7 
analytic, 114 
between complex veetor spaces, 
VL10.5 (522) 
Rorel-Stieltjes meusure of, 11L5.]7 
(242) 
of bounded variation, 
(140) 
characteristic, (81 
continuons, 1.4.15 (131 
convex, VL10.] (520) 
definition, (31 
domain of, (2-3) 
‘entire, (281) 
essential bound or supremum of, 
114.1 (1001 
extension of, (3) 
homeomorphism, 1.4.15 (13) 
homomorphism, (35), (89), (40), 
(eau) 
integrable, 111.217. (112), IV.10.7 
(828) 
ánverse, (3) 
Isometry, 11.8.17 (651 
isomorphism, (85), (881, (39) 
finear functional, (881 
finear operator, (86) 
measurable, 111,2.10 (106), 111.2.22 
(117), (3221 
metric, L6.1 (181 
null, 1112.3 (1031 
‘one-to-one, (3) 
operator, (36) 
of an operator. (See Calculus) 
orthonormal system of, 1V.14.1 
(357) 


111.5-15 
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projection, L8.14 (9), (87), V4.8 
(250) 
range of, (8) 
tion of vector valued, 
1.11.15 (194) 
resolvent, VILS.1 (566) 
restriction of, (3) 
set, IJL1.] (95) 
simple, 111.2.9 (105), (322) 
subadditive, (618) 
support, V.L'T (410) 
tangent, V.9.2 (446) 
total variation of, 111.5.15 (140) 
totally measurable, 1]L2.10 (106). 
(See nlso Measurable function) 
uniformly continuous, 1.6.16 (23) 
Functional(e), bilinear, 11.4.4 (70) 
in bounded X topology, V.5,6 (428) 
continuous, 11.3.7 (61) 
existence of, [1.3,12-14 (64-65) 
extension of, 1L8.10-11 (62-63) 
non-existence of, (329-330), (892) 
for representation in special 
spaces, IV.15 
discontinuous, existence of, I.3,7 (8) 
linear, (88) 
multiplicative, 1 V.6.23 (277) 
Of Doo, V.8.9 (443) 
in the unit sphere of C*, V.36 
(441) 
separating, V.L9 (411) 
tangent, V.9.4 (447) 
total space of, V.8.1 (418) 
in weak and strong operator topolo- 
gies, VILS (417) 
Functions, of an element in a B*-alge- 
bra, EX .$.12 (878) 
special, XI11.9.] (1569) 
Fundamental family of neighbor- 
hoods, definition, 1.4.6 (10-11) 
Fundamental set, in a linear topolo- 
gical space, 11.14 (50) 


G 
Gelfand-Neumark theorem, IX.3.7 
(876) 
Generalized sequence, definition and 
Properties, 1.7,1-7 (26-29, 
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Generator, infinitesimal of a semi- 
group of operators, VJII.1.6 
(6191 
Graph, closed graph theorem, 11.2.4 
67) 
of an operator, 112.8 (571 
Green's formula, X11].2.4 (12881 
Group, basic properties, 1.10 
definition, (84) 
metrizabie, (90) 
representations, (1145-1140) 
topological, 11.1.1 (49) 


H 


Haar measure on a compact group, 
V.11.22-28 (460), K1-L1 (9371 
definition, X1.1.2 (940) 
in a locally compact group, X18 
(950) 
properties of, XL11 (1150-1155) 
Hadamard three celes theorem, 
VILILAS (538) 

Hadamard’sinequality, X],6.12 (1018) 

Hahn-Banach theorem, 11.8.10 (62) 
discussion of, (65-88) 

Hahn decomposition theorem, ]11.4.10 

(129) 
Habnextension theorem, 1115.8 (1861 
Hamburger moment problem, XH,8.1. 
(1251) 

Hamel base or basis, definition, (6) 
for general vector spaces, L142 (46) 
for real numbers, L3,7 (8) 

Hankel transform, X1,8.23 (9781 

(15851 


Hardy-Hübert type incqmalities, 
V1.11.:9-29 (531 584) 

Hausdorff maximality theorem, 1.2.6 
(6) 

Hausdorff a-measure, 11].9.47 (174) 

Hausdorff space, criterion for, L'.8 
e 

definition, 1.5.1 (15) 

Heine-Borel theorem, (17) 

Heinz, inequality of, X.9 (935) 

Hermitian matrix, definition, (561) 

Hermitian operator, definition, 
1V.18.2 (850), X,4.t (906) 
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Hilbert cpbe. (See also Hilbert space) 
definition ^ and compactness, 
1¥,18,70 (350), (453) 
as a fixed point in space, V.10.2-3 
(458-454) 

Hilbert proper value integral, X1,7.8 
(1059) 

Hubert Schmidt operators, X1.6 

completeness of eigenfunctions, 
XL6.80 (1041), XI.6.21 (1042) 
definition, X1.6.31 (1042) 
Hilbert space, adjoint of an operator, 
VL2.9-10 (479 480) 
finite dirneusional, IV. 2.1, (288)] V.8 
general, additional properties, IV,15 
(3791 
characterizations of, (393-394) 
definition, EV.2.26 (242), (1773) 
remarks on, (872-8731 
study of, 1V.4, Appendix (1773- 
1784) 

Hille-Yosida-Phillips theorem on the 
generation of  semi-groups, 
VHLILLIS (624) 

Halder incquality, ME.8.2 (119) 

conditions for equality in, I11.9.42 
(573) 

generalizations of, VE.11.1-2 (527), 
VL11.13-18 (530-531) 

Homeomorphism, condition for, L5.8 
as) 

definition, L4.15 (18) 
Homomorphism, between algebras, 
(40) 
between Boolean algebras, (43-44) 
between groups, (851 
between rings. ($9) 
natural, between linear spaces, (38) 

Hypergeometric series and equation, 

XIELS (1509) 


1 


Ideal(s1, in an algebra, (401 
existence of maximal, (89) 
of operators, (552-553), (611) 
in a ring, (38) 
Idempotent element, defimtion, (40) 
Idempotent operator or projection, 
definition, (27) 
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Imaginary part of a complex number, 
definition, (4) 
Independent, linearly, (861 
Index, definition, VIT-L.2 (556) 
Indexed set, (8) 
Inequalities, remarks on, (541) 
M. Riesz convexity theorem, 
VI.10.11 (525) 
applications to other inequalities, 
Vin (526) 
Infimum, init inferior of a sequence 
of sets, (126) 
Limit inferior of a set or sequence of 
rea] numbers, (4) 
of a set of real ammbers, (8) 
Infinitesimal generator, of a group, 
(627-828) 
of a scmi-group of operators, defi- 
nition, V11.1,6 (6191 
functions of, VI11.2 
perturbation of, VIH.11.19 (681) 
study of, VIILI 
Inner product in a Hilbert space, 
IV.2.26 (242) 
Integrable function, conditions for in- 
tegrability, 11.2.22 (1171, IEL, 
HLs, IV.8, 1V.10.9-10 (325— 


328) 

defimton 12.17 (1121, lV.10.7 
(323) 

properties, IILZ18-22 (118-1271, 
IV.10.8 (3931 

simple function, definition, IIL.2.18 
(108) 


properties, ELL2.14—18 (108-118) 
Integral, change of variables, HI.10.8 
(521 
countable additive case, IH.6 
extension to positive measurable 
functions, (118-119) 
finitely additive case, LIE: 
IIL2.17 (112) 
integration by parts, THE.6.22 (1541 
line integral, (225) 
summability of, IV,18.78-101 (351 
356) 
with operator valued measure, X-I. 
(893) 


esp. 
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with vector valued measure, IV.10.7 
(328) 
Interior mupping principle, TE2.1 (55) 
discussion of, (83-85) 
Interior point, 1.4.1 (10) 
Interior of a set, L4.1 (10) 
Internal point, definition, V.1.6 (410) 
Intervals, definitions, (4), TEE5.15 
(140) 
Invariant measures, V.11,22 (460), 
VI.9.88-44 (516) 
Invariant metric, in a group, (80-91) 
in a linear space, 1-110 (51) 
Invariant set, (8) 
Invariant subgroup. (85) 
Invariant subspace, definition of, X.9 
(929) 
reducing an operator, X.9 (29) 
Inverse function and inverse image, 
(81 
Inverse of an operator and adjoints, 
VE2.2 (479) 
existence and continuit y of, VIE6.1 
(584) 
Inverting sequence of polynomials, 
VIIL2.12 (650) 
Involution, in an algcbra, (40) 
in a B-algebra, IX.1.t (860) 
Irregular singulanty of a differential 
equation, XFEE6 (1422), (1434) 
Isolated spectral point, VELS.15 (571) 
Tsometry, discussion of, (81-92) 
embedding of a B-space into its 
second conjugate space, 1.3.18— 
19 (66) 
isomorphism and equivalence, 
1.3.17 (65) 
Isomorphism. (See alo Homomor- 
phism) 
topological. (See Homeomorphism) 
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Jessen, (See Fubin-Jessen theorems) 

Jordan canonical form for a matnx, 
VIE2.17 (3631 

Jordan curve, (2251 

Jordan decomposition, of an additive 
Teal set function, IELL.& (98) 
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ofa measure, ETEA.7 (128), HIL4.11 


(130) 
K 
‘Kakutani. (See Marhav-Kukutani theo- 
sem) 


Kaplansky, theorem on } as a B-al- 
gebra, [X.4.20 (882} 
Kernel, of a homomorphism, (89), 
IV.18C, IV. 14 
convergence of, HEL12.10-12 (219- 
222), IV.13C, IV.14 
Kodaira theorem, XHIE2.26 (1302) 
Krein-Milman theorem, on extremal 
points, V,8.4 (440) 
Krein-5mulian theorem, on convex 
closure of a weakly compact 
set, V.6.4 (434) 
on closed convex sets in X*, V.5.7 


(4291 
L 
Lacunary series, definition, FV.14.63 
(866) 


Laplace and Laplace-Stieltjes trans- 
form, VITE.2.1 (642) 
Latte, definitions, (43) 
Laurent expansion, (229) 
Least upper bound, essential, FEEL FU 
(1001, (899) 
in a partially ordered set, 1.2.3 (4) 
in the real numbers, (3) 
Lebesgue, decomposition 
HIL4.14. (182), (233) 
dominated convergence theorem, 
10.3.7 (124) TH.6.16 (551), 
IV,IO.10 (328) 
extension theorem, 
(142-143) 
measure, on an interval, (143) 
in s-dimensional space, HI11.6 
(188) 
set, I1F,12.9 (218) 
spaces. (Sec L,-spaces) 
Lcbesgue-Stieitjes measure on an in- 
terval, (143) 
Limit. (See also Convergence) 
Banach, 114.2223 (78) 


theorem, 


HL547-18 
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anfenor 10r superior), of a set or se 
quence of real mmbers, (41 
of a sequence of sets, 11.4.3 (126) 
pomt of a set, L4 (101 
weak, definition, IL3.25 (67) 
properties, 11.3.26-27 (68) 
in special spaces, IV.15 
Lindelóf theorem, 1.4 14 (12) 
Line integral, definition, (225) 
Tanear dimension, (81) 
Lmear functional, (38) (See alsa 


Functional) 

Linear manifold, (36). (Sec also Moni- 
foil 

Linear operator, (861. (See alo B- 
space) 


Linear space, LU 
normed, H1 (59) (See abo B- 
spucel 
topological, EL1.1 (49) 
Linear transformation. (961. (See also 
Operator) 
Linearly independent, (36) 
Liouville theorem, (281) 
F,(R) as a B-algehra, XL8.2 (958) 
L,(S,Z, n), 0 < p <1, definition, 
11.9.29 (171) 
properties, 111.9,29-31 (t71) 
L,(S, Z, p), 1 € p < co, characteriza- 
tions of, (394-396) 
completeness of, HIL6.6 (146) 
1.9.10 (169) 
criteria for convergence in, TEES.6-7 
(122-124), 11.6.15 (150), 1 15 
(388) 
definition, 11.5.4 (121) 
renurks on, (887-388) 
separable manifolds in, HES.5 (168), 
NLSé (169) 
study of, IEL3, 111.6, 1V.8, 1V.15 
L.S, Z, p), definition, IV.2:19 (241) 
stady of, 1V.8, 1V.15 (378) 
Localization of series, definition, (359) 
Locally compact space, definition, 
15.5 (17) 
Locally convex 
V.2.9 (417) 
local convexity, of Pand weak topol- 
ogies, V.3,3 (419] 


space, definition, 
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of X* in the bounded X topology, 
V.5.5 (428) 
separation of convex sets in, V.2.10— 
18 (417 A18) 
Lower bound for an operator, XELS5.1 
(1210) 


M 


Manifold, closed linear, spanned by a 
set, 1.1.4 (50) 
in a Wnear space, (36). (See also 
Linear manifold) 
orthogonal, in Hilbert space, IV.4.3 
(219) 
Mapping. (See also Function) 
interior principle, HE24 (55) 
remarks on, (88-85) 
Markov-Kakutani theorem, on fixed 
ponts of affine maps, V.10.6 
(456) 
Markov process, application of nni- 
form ergodic theory to, VITES 
defintion, (659) 
Matrix, (44) 
characteristic polynomial of, 
VIL2.1 4 (561-962) 
exercises on, VIL2 
Hermitian, (561) 
Jordan canonical form for, VI1.2.17 
(563) 
normal, VIT2.14 (563) 
of a projection, VI9.27 (514) 
study of, VILI 
trace of, V1.9.28 (515) 
Maximal element, Hansdorff maximal- 
ity theorem, L.2.6 (6) 
in a partially ordered space, L2.4 (4) 
relative to a normal operator, X.5.6 
(912) 
Maximal ergodic lemma, discrete case, 
VIL. (676) 
k-parameter case, VEELT.11 (697) 
one-parameter continuous Case, 
VIIL^.6 (690) 
remarks on, (129) 
Maxima! ideal, definition and existence 
m 4 ring, (89) 
Maximum modulus theorem, (230-231) 
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Mazur theorem, on the convex hull of 
a compaet set, V.2.6 (416) 

Mean ergodic theorem, (728729) 

continuous case in B-space, 
VIIL2,-8 (687-689) 
in L,, VILLA (689) 
in L,, VIIL240 (694) 
discrete case in B-space, VEELS.1-4 
(661-662) 
in L, VENLS.5 (662) 
in Lp, VELL5.9 (667) 

Mean Fubini-Jessen theorem, IHE.11,24 
(207) 

Measurable function, conditions for 
(total) mezsurability, 1112.21 
(U6), IN69-M (142-149) 
IILél4 (150) 1,99 (169) 
IEL9.11 (169), HEE9,18 (170), 
IIL924 (71) HL9.37 (172), 
I1L944 (178), FIE-18.11 (224) 

definition, EIE.2:10 (106) 
extensions of the notion of measura- 
hiüity, (118-119), (822) 
properties, 121.2.11-12 (106) 
space of (totally), criterion for com- 
pleteness, IEL.6.5 (146) 
definition, EEI.2.10 (106), IV.2.27 
(248) 
properties, HEL2,11-12 (106) 
remarks concerning, (392) 
Z-measurable function, EV,212 
(240), (891) 
study of TM, IV,11, IV,15 (379) 
as a topological linear space, 
I1L9.7 (169), HE.8.28 (171) 

Measurable set, definition, HE43 
(26) 

Measure. (See also Set function) 

Borel or Borel-Lebesgue, (139) 
Borei-Stieltjes, (142) 
decomposition of, (See Decompo- 
sition) 
determined by a function, (142). 
(44) 
differentiation of, E1112 
change of, HIE.10.8 (182), X.I (894) 
definition, I1LAS (126) 
Haar, V.11.22-28 (460) 
Hausdorff a-, IIL9.47 (174) 
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of hypersurface of unit sphere in E. 
XLT (1048-1049) 
invariant, VI.9.38-44 (516) 
Lebesgue and Lebesgue-Stieltjes, 
(143) 
Lebesgue extension of, HE.5-18 (143) 
outer, H11.5.3 (183) 
positive matrix, XIIL5.12 (1849) 
-preserving transformation, (667) 
product, FET11 
Radon, (142) 
regular vector-valued, 
(350) 
restriction of, (166) 
spaces of, 111-7, IV.2.15-17 (240), 
IV.9, IV.15, (389-391) 
vector-valued, study of, 1V,10 (391) 
Measure space, decomposition of. (See 
also Decomposition} 
definition, IIL.4.8 (126) 
finite, ELA. (126) 
Lebesgue extension of, 
43) 
as a metric space, HE7,1 (158), 
1IL8,6 (169) 
positive, IEL4.3 (126) 
produet, of finite number of finite 
measure spaces, IEL11.3 (186) 
of finite number of g-finite meas- 
ure spaces, (188) 
of infinite number of finite meas- 
ure spaces, IH1.11.21 (205) 
finite, HIL5.7 (136) 
Metric(s), L61 (18) 
invariant, in a bnear space, 11.10 
[n 
in a group, (90-91) 
topology in normed linear space, 
IL8.1 (59), (419) 
Metric spaces, complete, L6.5 (19) 
definition, L6. (18) 
properties, L6 
Metrically transitive transformation, 
(667) 
Metrizability, (See also Metrization) 
and dimensionality, V,7,9 (436), 
V.7.84-85 (488) 
and sepurubility, V.5,1-2 (426), 
V6.8 (484), V.7.15 (487) 
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Metrization, of a measure space, LL. 
a38} 
of a regular space, L6.19 (24) 
of the set of all functions, TEE2.1 


(102) 
Milman, (See Krein-Milman theorem) 
Minimax principle, XA (908) 


XHLO.D (1543) 
Minkowski inequality, FELS.3 (120) 
conditions for equality, lIL9.43 
73) 
generalizations of, VI11.18-18 
(580-531) 
Moore theorem, concerning mter- 
change of limits, L7.6 (28) 
Multiplicative linear functional, 
1V.6.23 (277). (See also Func- 
tional} 
Multiplicity of eigenvalues, X.4 (907) 


N 
Natural domain of existence, of an 
analytic function, (280) 
Natiral embedding of a B-space, 
1L9.18 (66) 
Natural homomorphism onto factor 
space, (88), (89) 
Neighborhood, e, in a metric space, 
L6. (18) 
fundamental family of, L4.6 (10) 
of a point or set, L4.1 (10) 
Nikodým, (See also Radon-Nykodym 
theorem) 
boundedness theorem, 1V.9.8 (309) 
Nilpotent, topological nilpotent in B- 
algebra, EX.2.5 (869) 
Nilpotent element, (40) 
Non-singular linear transformation, 
(45) 
Norm, ina B-space, 11.3.1 (59) 
in a conjugate space, IL8.5 (60) 
differenttabllity of, (471—478), (274) 
existence of, (91) 
in an F-space, LL1,10 (51) 
in Hilbert space, IV.2.26 (242) 
inequalities on L,-norma, VLILS0— 
37 (535-536) 
of an operator, IT.8.5 (60) 
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in special spaces, IV.2 
topology, IL8.1 (59) 
Normal operator, in a finite dimen- 
sional space, V1L2.14 (563) 
in Hilbert space X.1 (887) 
real and mmuaginery parts of, X.4 
(206) 
Normal structure, definition, V.11.14 
(459) 
properties, V.11,15-18 (459) 
Normal subgroup, (85) 
Normal topological space, compact 
Hausdorff space, L5.9 (18) 
definition, 15.1 (15) 
metric space, 1,6.3 (19) 
Properties, 1.5.24 (15-17) 
regular space with countable base, 
(24) 
Normed (normed linear space). (See 
also B-space) 
definition, IL (39) 
study of, ILS 

Nowhere dense, L6.H1 (21) 

Nul function. (See also Nuil set) 
criterion for, IKL6.& (147) 
definition, I1.2.8 (108) 

Null set. (See also Null function) 
additional properties of, HIL9.2(169), 

HIE9.6 (169), I1E 9.16 (170) 
criterion for, HEL6.7 (147) 
definition, 111.1.11 (100) 
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Open set, criterion for, 1.4.2 (10} 
definition, L4.1 (10) 
Operational calculus, X.t (890) 
in finite dimensional space, V11,1-5 
(558) 
for functions of an infinitesimal 
generator, VII12.6 (645) 
in general complex B-space, VII.S.10 
(568) 
remarks on, (607-609) 
for unbounded closed operators, 
VIL9.5 (602) 
Operator, adjoint of, VL2 
bounded, XILI (1185) 
bound of, IL$.5 (60) 


SUBJECT INDEX 


closed, IL2.8 (57), XILI (1186) 
compact, definition, VIL5.1 (485) 
study of, VL5, VIL4 
continuity of, in B-spaces, 11.8,4(59) 
discussion of, (82-83) 
in F-spaces, IL1.14-16 (54) 
definition, (86) 
equality of, XILI (1185) 
extensions of, VL2.5 (478), (554), 
XILI (1185) 
finite below A, XIIL7.25 (1455) 
in a finite dimensional space, (44) 
functions of. (See Calculus) 
graph of, IL2.8 (57), XILI (1186) 
Hermitian, 1V.18.72 (850), (561) 
ideals of, (552-553), (611) 
identity, (37) 
Inverse of, XIL1,2 (1187) 
limits of, in B-spaces, [1.3.6 (60) 
in F-spaces, IL1.17-18 (54-55) 
matrix of, (44) 
non-singular, (45) 
norm of, IL8.5 (60) 
normal, VIL2.14 (563) IX.$.14 
(879) 
perturbation of, VI1,6 
polynomials in, VIL L1 (556) 
produet of, (37), KILLI (1186) 
projection, (87), V3.1 (480) 
study of, VLS 
quasi-nilpotent, VIL5.12 (581) 
range of, VL2,8 (479) 
with closed range, VLG 
representation of, in C, VL? 
in La VL.8 
in other spaces, (542-552) 
resolvent, VIL8.1 (566) 
study of, VILS 
self adjoint, EX.3.14 (879), KILL? 
(190) 
spectral radius of, VIL8,5 (567) 
spectrum of, VILB.I (566) 
sum of, (32), XILLI (1186) 
symmetric, X4.1 (906) KILE? 
(1190) 
unbounded, VILS, Chap. XII 
adjomt of, XILLA (1188) 
spectrum and resolvent set of, 
XI (182) 
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weakly compact, definition, VL4.1 
(482) 
study of, VES 
zero, (87) 
Operator topologies, VLI 
bounded strong, V1.9.9 (512) 
bounded weak, V19.7-10 (512) 
continuous linear functionals in, 
VILLA (477) 
properties, V1.9.1-12 (511-518) 
remurks on, (538) 
strong, V1.2 (475) 
strongest, (538) 
uniform, VILI (475) 
weak, VILL (476) 
Order of a pole, (280) 
of an operator, VILS.15 (57) 
‘Order of a zero, (230) 
Ordered representation, definition, 
X.5.9 (916), XIL8.15 (1217) 
equivalence of, X.5.9 (916), XIL 815 
a217) 
measure of, X,5.9 (916), XILS,15 
(217) 
multiplicity of, X.5.9 (916), X1L8.15 
0217) 
multiplicity sets of, X,5.9 (916), 
XILSJ5 (1217) 
Ordered set, definition, L2.2 (4) 
directed set, L7.1 (26) 
partially, L21 (4) 
study of, 12 
totally, 1.2.2 (4) 
well, L2.8 (7) 
Orientation, of a closed curve, (225) 
Origin, of a linear space, 1L3.I (59) 
Orthocomplernent of a set in Hilbert. 
space, definition, IV.4-8 (249) 
properties, IV.4.4(249), IV 4.18 (256) 
Orthogonal complement of a set in a 
normed space. 1L4.17 (72) 
remarks on, (93) 
‘Orthogonal elements and manifolds m 
Hilbert space, IV.4. (249) 
Orthogonal projections in Hilbert 
spaces, IV,4.8 (250) 
series, exereises on, 
VLIL43-47 (537) 
study of, IV.14 
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Orthonormal basis in Hilbert space, 
IV.A} (252) 
cardinality of, IV.4.14 (253) 
criteria for, 1.4.18 (253) 
existence of, 1V.4.12 (232) 
Orthonormal set in Hilbert 
closed set, 1V.14.1 (857) 
complete eet, IV.4.8 (250) 
definition, IV.4.5 (250) 
properties, 1V.4.9-16 (251-254) 
Outer measure, IIE,5.8 (183) 


P 


Parallelogram, identity, (249) 

Partial isometry, definition, XILv.4. 
(1248) 

Partially ordered set, bounds in, L2.8. 
a) 

completely ordered, L3.9 (8) 
definition, 1.2.1 (4) 

directed set, L7.1 (26) 
fundamental theorem on, 12.5 (5) 
study of, L2 

totally ordered, 1.22 (4) 

well ordered, L2.8 (7) 

Periodie function (almost periodic 
function), definition, IV.225 
(242) 

multiply, 1V.14.68 (867) 
study of, IV.7 

Perturbation of bounded linear opera- 

tors, remarks on, (611-612) 
study of, VIL 6, VILS8.1-2 (592-598), 
VIL8A-5 (598) 

Perturbation of infinitesimal genera- 
tor of a semi-group, (680-689) 

Peter-Wey theorem, X1,1.4 (940) 

Phillips’ perturbation theorem, 
‘VIRL1,19 (631) 

Hille-Yosida-Phillipe theorem, 
VIIL 1.13 (624) 

Plancherel theorem, XL8&.9 (863), 
XL8.20 (974) 

Pointwise ergodic theorems, k-para- 
meter continuous case in Lj, 
VIIL2.17 (208) 

k-parameter continuous case in Lp 
1< p < œ, VIH.7.10 (694) 
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K-parameter discrete case, VINL6.9 
(679) 
‘one-parameter continuous case, 
VIRL7.5 (690) 
‘one-parameter discrete case, 
VIBL.6.6 (675) 
remarks on, (729-730) 
Pointwise Fubini-Jessen theorem, 
HI.nD.22 (209) 
Poisson summability, IV,14.47 (868) 
Polar decomposition of an operator, 
X.9 (985) 
Pole, of an analytic function (229) 
ofan operator, criteria for, VIL8.18 
(573), VIL8.20 (574) 
definition, VILS.15 (571) 
Polynomial in an operator, character- 
istic, V2.1 (501), VILS.IY 
(582), V1I.10,8 (606) 
ina finite dimensional space, VILLI 
(556) 
in a general space, VIL3.10 (568), 
VILS.17 (582) 
Polynomial of an unbounded closed 
operator, VIE.9.6-10 (602-604) 
Positive definite operator, definition, 
X.4.1 (806) 
Preparation theorem of Weierstrass, 
(232) 
Principal value integral, definition, 
X15. (1050) 
Product, of B-spaces, (89-90) 
Cartesian, of measure spaces, HHEIL 
(235) 
of sets, 1.8.11 (9) 
of spaces, LB 
topology, 1.8.1 (32) 
‘Tychonoff theorem, 1.8.5 (82) 
intersection of sets, (2) 
of operators, (87) 
scalar, in a Hilbert space, IV,2.26 
(242) 

Projection, and complements, (553) 
definition, (37), V13,1 (480) 
exercises on, VI,8,18-25 (518-514), 

VL9.27-29 (514-515) 
and extensions, (554) 
natural order for, V1.8.A (481) 
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orthogonal or perpendicular, IV.4.8 
(250), (482) 
study of, VLS 
Projection mapping in Cartesian prod- 
ucts, continuity and openness, 
1.8.3.(82) 
definition, 1.8.14 (9) 
Proper value, definition, (606) 


Q 
Quasi-equicontinuity, for bounded 
functions, 1V.6.28 (280) 
for continuous functions, 1V.6.18 

(289) 
and weak compactness, 1V.6.14 
(289), IV.6.29 (280) 

Quasi-nifpotent operator, definition, 
VILS.12 (581) 

‘Quasi-uniform convergence, as a cri- 
terion for continuous limit, 
1V.6.11 (268) 

definition, IV.6.10 (268) 
properties, 1V,6.12 (269), 1V.6.30— 
31 (281) 
Quotient, of B-algebras, IX.1 (866) 
group, (85). (See also Factor) 
space, (88) 


R 


Radicals in Bualgebras, IX2.5 (869) 
Radius, spectral, VH.8.5 (567) 
Radon messure, definition, (142) 
Radon-Nikod$m theorem, for bound- 
ed additive set functions, 
W.9.14 (815) 
counterexample, 111,18.2 (222) 
general case, IEL10.7 (181) 
positive case, 1EL 10.2 (176) 
remarks on, (234) 
Range of an operator, V2.8 (479) 
closed, criterion for, VILA.1 (577) 
study of, VL6, VL915 (513), 
Visa (518) 
remarks on, (539) 
Rayleigh equation, X.4 (907) 
Real numbers, extended, (3) 
topology of, (11) 
Real part, of a complex number, (4) 
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Real vector apace, (38), (49) 
Rectifiable curve, (225) 
Reflexivity, alternate proof, V.7.11 
(436) 
eriterion for, V.4.7 (425) 
definition, 113.22 (66) 
discussion, (88) 
examples of reflexive space, 1V.15 
properties, 1[.$28-24 (67), 
11,8.28-29 (68-69) 
remarks on, (468), (478) 
Regular B-space. (See Reflexivily) 
Regular closure, (462-463) 
Regular convexity, (462-463) 
Regularelement ina B-algebra, 1X.1.2 
(861) 
Regular clement in a ring, (40) 
Regular method of summability, 
11.4.35 (75) 
Regular point of a differential equa- 
tion, XHL6 (1432) 
Regular set function. (See also Set 
Function) 
additional properties, ITL9.19-23 
(170) 
countable additivity and regularity, 
III.5.18 (188) 
definition, IHL5,11 (187) 
extension of, ITI.5.14 (188) 
products of, IEL13.7 (223) 
regulanty of variations, IHL5.12 
(187) 
vector-valued measure, 1V,18.75 
(350) 
Regular singularity of a differential 
equation, XIIL6 (1432), XI11.6 
(1434) 
Regular topological space, completeky 
regular, VL6.21-22 (276) 
definition, 1.5. (15) 
normality of, with countable base, 
(24) 
Relative topology, definition, 14.12 
a2) 
Representation, for Boolean algebras, 
(44) 
for Boolean rings witb unit, 1.42.1 
@1) 
for conjugate spaces, 1V.15 
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of finitely additive set functions, 
TV.9.10-11 (312), IV.9.12 (815) 
of operators, in C, VL (589-540) 
in Ly, VL8 (840-541) 
In other spaces, (542-55) 
as a Space of continuous functions, 
1V.6.18-22 (274-276), IV7.6 
(285), (894-397) 
35 a space of integrable functions, 
(391-396) 
for unitary groups of operators, 
XH6.1 (1243) 
of a vector-valued function, (196) 
for vector-valued integrals, ITI 11.17 
(198) 
Resolution of the identity, X. (889) 
formula for, X.6.1 (920), XIL2.10 
202) 
for a normal operator, X.2.5 (898) 
for an unbounded operator, X1L2.4 
(196) 
Resolvent, definition, VILS.1 (566) 
of an element ina Balgebra, IX,1.2 
(861) 
equation, VIL3.6 (566) 
set, VIL2,1 (566) 
set of an element in a E-algebra, 
IX.1.2 (861) 
study of, VILa 
Riesz convexity theorem, VI.10, 
VIL10.11 (525) 
applications and extensions, VIII 
inequality of, XL1.8 (1059) 
remarks on, (541-542) 
Ring (algebraic), Boolean, (40) 
definition, (85) 
properties, (40-44) 
study of, L11-12 
Rota, extension theory of, XIIL10.F 
612} 
Rotational invariance, (402-403) 


S 


Saks decomposition, of a measure 
space, IV-9.7 (808) 

Scalar product in a Hilbert space, 
1V.2.26 (242) 

Scalars, (86) 
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Schwarz inequahty, 1V,4.1 (248) 
Self adjoint operator, X.4.1 (906) 
Self adjoint subspace, X1L4.14 (1230) 
Semibounded operators, definition, 
XILS.1 (1240) 
Semi-group of operatore, definition, 
VIII. (614) 
infinitesimal generator of, VIII,1.6 
(619) 
k-parameter, VIII7.8 (693) 
perturbation theory of, (630-659) 
strongly continuous, (685) 
strongly measurable, (685) 
study of, VIIL1-8 
Semi-simple B-algebra, IX.2.5 (869) 
Semi-variationofa vector-valued meas- 
ure, definition, TV.10.8 (820) 
properties, IV.10.4 (820) 
Separability and compact sets, 
V,7,15-16 (487) 
of C, V.7.17 (437) 
criterion for, V.7.86 (438) 
Separability and embedding, V.7.12 
(436), V.7,14 (486) 
Separability and metrizability, V,5.1-2 
(226) 
Separable linear manifolds, ILL 5 (50). 
(Sce also Separable sets) 
in C, 1V,13.16 (240) 
in L,, II1.8-5 (168), IIL9.6 (169) 
Separable sets, 16.11 (21), (See also 
Separable linear manifolds) 
Separably-valued, fILLI1 (100) 
Separation of convex sets, counter 
examples, V.7-25-28 (487) 
in finite dimensional spaces, V.7,24 
(437) 
in linear spaces, V.1.12 (412) 
in linear topological spaces, V.2-7-18 
(217-418) 
Sequence, (See also Convergence) 
Cauchy, L6.5 (19) 
ized, 1.7.4 (28) 
weak, IL5.25 (67) 
convergent, L6.5 (19) 
factor, (860). 


generalized, 1.7-1 (26) 
generated by an ulirafilter, (280) 
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of sets, non-increasing and limits of, 
1114.3 (126) 
spaces of, definitions, IV.24-11 
(239-240), 1V;2,28 (243) 
properties, IV,15 
Sequential compuctness, definition, 
1.6.10 (21) 
relations with other compactness in 
metric spaces, 16.18 (21), 
1.6.15 (22) 
weak, definition, IL8.25 (67) 
in reflexive spaces, IL3.28 (68) 
in special spaces, IV.15 

Series. (See also Convergence) 
lacunary, 1V,14.63 (366) 
orthogonal, IV.14 
summability of, 114.3154 (74-78) 

Set(s), Borel, 11L35.10 (137) 
convergence of, (126127), IIL9.48 

74) 
field of, ILLL8 (96) 
A-set, 111,5,1 (183) 
Lebesgue, 111.12.9 (218) 
open, (See Open) 
c-field of, IIL4.2 (126) 
in L(y), TIL7.I (158) 

Set function, additive, 111.1.2 (96) 
bounded variation of, IIL1.4 (97) 
continuity of, 11L4.12 (181), ILL10 
convergence of, }1}.7.2-4 (158-160), 

1v.5, Iv,15 
countable additive, 1114.1 (126) 
study of, TIL4 
decomposition of, IILLS (98) 
II4.7-I14 (128-182), (283) 
definition, F1L1.1 (95) 
differentiation of, 111.12 
extensions of, HE5 
to arbitrary sets, KEE.1.9-10 (99— 
100) 
non-uniqueness of, 113.9.12 (169) 
to a g-field, HE5 
measure, IIL.4.8 (120) 
positive, IIL1.I (95) 
regular, definition, EEE,5.11 (187) 
properties, KLE.5.12-14 (187-138). 
11.9.1922 (170), FV.18.75 
(850). 1V.6.1-3 (261-265) 
relativization or restrictions of, EELS 
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o-fimte, IILS.7 (186) 
singular, IIL4.12 (181) 
spaces of, as conjugate spaces, 
IV.&1 (258) IV.&8 (259), 
1V,6.2-8 (262-261) IV.8.16 
(296) 
definitions, (160-162), IV.2.15-17 
(240), 1V.6.1 (261) 
remarks on, (889-890) 
study of, 111.7, IV.9-10, IV.15 
variation of, HL 1.4 (97) 
Simple function(s), definition, IIL2,9 
(105) 
density in Lp» 1 X p < co of, IILS.8 
(125), IIL&.8 (167), IIL9.46 
(74) 
Simple Jordan curve, (225) 
Singular element in a B-alyebra IX.1.2 
(861) 

‘Singular element in a ring, (40) 
non-singular operator, (45) 
Singular set function, defi 

TIL4.12 (181) 
derivatives of, II, 12.6 (214) 
Lebesgue decomposition theorem, 

11L4.14 (182) 

Singularity of an analytic function, 

(229) 

Smutian, criterion for T-compactness, 

(464) 
criterion for weak compactness, 

V6.2 (433) 
and Eberlein theorem on weak com- 

pactness, V.6.1 (430) 
and Krein. (See Krein-Smutian theo- 

rem) 
Space, Chap. 1V 
B- and F., elementary pmperties of, 
Chap. I1 
list of special spaces, EV.2 
study of, Chap. IV 
Banach. (See B-spoce) 
Cech compactification of, 1V.6.27 

(2:9) 
compact, 5.5.5 (17) 
complete, 1.6.5 (18) 
complete normed linear, (See B- 

space) 
completely regular, IV.6.21 (276) 


1920 


complex linear, (38), (497 
conjugate, 113.7 (61) 
connected, 1.4.12 {12} 
dimension of, (86) 
direct sum of, (88) 
extremally disconnected, (398) 
F-space, 1.1.10 (51) 
factor, (38) 
fixed point property of, V.10.1 (453) 
Hausdorff, L5.1 (15) 
linear topological, 11.1.1 (49) 
locally compact, L5.5 (17) 
locally convex topological linear, 
V.2.9 (417) 
measure, III.4,3 (126) 
metric, L6.1 (18) 
normal, 1.5.1 (15) 
normal atructure of, V.11.14 (459) 
normed or normed linear, I.8.1 (59) 
product, 1.8.1 (32) 
real linear, (38), (49) 
reflexive, 11.8.22 (66) 
regular, L5.1 (15) 
separable, L6.11 (21) 
subspace, (86) 
subspace spanned, (36) 
topological, 1.4.1 (10) 
total, of functionals, V.3.1 (418) 
totally disconnected, (41) 
Span, in a linear space, (86), IE,1.4 (50) 
Spectral asymptotics, KITE 10 G(1614) 
Spectral measure, X.1 (888) 
countably additive, X.I (8891 
self adjoint, X.I (892) 
Spectral multiplicity theory, defini- 
tion, X.5 (913) 
Spectral radius, definition, VILS.5 
(567) 
ofan element in a B-algebra, IX.1.2 
{861) 
properties, VIL8.4 (567), VII-5.11- 
18 (581) 
Spectral representation, definition, 
X.51 (909) X11.3.4 (1208). 
(See also Ordered representation) 
Spectral set, of a bounded measurable 
function, X1.4.10 (988) 
definition, VI13.17 (572) 
properties, VII.8.19-21 (574-575) 
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of von Neumann, X.9 (933) 
Spectral synthesis, problem of, XL4 
(987) 
Spectral theorem, for a B*-algebra, 
X2.1 (895) 
for a formally sdf adjoint differen- 
tial operator, X111.5.1 (1333) 
for a normal operator, X.2.4 (897) 
for a self adjoint differential opera- 
tor with compact resolvent, 
XHL42 (1881) 
for an unbounded operator, XIL2 
(191) 
Spectral theory, for compact opera- 
tors, VLA 
in a finite dimensional space, VILI 
Spectrum, of a B*algebrs, 1X8.4 
(875) 
continuous, VILS1 (580) X81 
(903) 
ofan element in a B-algebra, IX,1.2 
(861) 
of an element of a sub B-algebra 
1X.1 (885) 
essential, of a closed operator, 
XIIL6.1 (1898) 
ma finite dimensional space, VIL 
(556) 
ina general space, VILS.1 (566) 
isolated point of, VEE8,15 (571) 
point, VELS5.1 (580), X.8.1 (902) 
residual, VI1.5.1 (580), X.3.1 (903) 
Z-simple function, X.1 (891) 
of specisl bounded operators, 
VH.5.2-15 (580—581) 
of special unbounded operators, 
V11.10.1-8 (604—605) 
of an unbounded operator, (599) 
Sphere, closed, 114.1 (70) 
closed unit, 11.8.1 (59) 
in a metric apace, 1.6.1 (19) 
Stability of a system of differential 
equations, VI2.28 (564) 
Stieltjesmoment problem, X11.2(1253) 
Stone, and Banach, (See also Banach- 
Stone theorem) 
-Čech compaetifiestion theorem, 
IV.6.22 (276), 1X.2.16 (872) 
remarks on, ($85) 
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space, definition, (898) 
theorems on representation of 
Boolean rings and algebras, 
1.12.1 (41), (44) 
~Weierstrass theorem, IV.6.16 (272) 
complex case, IV.6.17 (274) 
remarks on, (388-385) 
Strictly convex B-space, definition, 
VIL? (458) 
Strictly convex B-space, definition, 
VILT (458) 
Strong operator topology, definition, 
VE12 (475) 
properties, V1.9.1-5 (511), VL9.11- 
12 (512-513) 
Strong topology, in a normed space, 
TL2.1 (59), (419) 
Structure space of a B-algebra, 1X27 
(869) 

Sturm-Liouville operator, X111.2 
(1291), XIIL9.F (1550) 
Subaddit;ve function, definition, (618) 

Subbase for a topology, 1.4.6 (10) 
criterion for, 1.4.8 (11) 
Snbspace, of a linear space, (86). (Sec 
also Manifold) 
Summability, of Fourier series, 
1V,14.34-51 (881-864) 
general principle of, X111,9.32(1577} 
of integrals, 1V.15.78—101 (851-856) 
regular methods, 11.4.85 (75) 
of series, 11.4.31-54 (74-78) 
special types of, Abel, IL442 (76) 
Ceshro, IL487 (75), 114.39 (76). 
IV.14.44 (368) 
Nürlund, 11.4.38 (75) 
Poisson, IV.14.47 (363) 
Support function, definition, V.3.7(430) 
Supremum, limit superior of a se- 
quence of sets, (120) 
limit superior of a set of real num- 
bers, (4) 
of a set of real numbers, (8) 
Symmetric difference, (41), (96) 
Symmetric operator, definition, X.4.1 
(906), XILL? (1190) 
Symmetric subspace, definition, 
XILA4 (1225) 
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T 


‘Tangent function, definition, V.9.2 
(446) 
examples, V.11.9-18 (458459) 
properties, V.9.1 (445), V.9.8 (446), 
V.11.10-11 (459) 
Tangent functionals, definition, V.9.4. 
(447) 
Tarski fixed-pomt theorem, 1.3.10 (8) 
Taylor expansion for analytic func- 
tions, (228) 
‘Tehebicheff polynomial, (369) 
‘Tietze extension theorem, 
@s-17) 
‘Fitchmarsh-Kodaira theorem, 
X111.5.18 (1864) 
‘Tonelli theorem, TUL11.14 (194) 
‘Topology, Iase and subbase for, 1.4.8 
{10) 
basic definitions, 1.4.1 (10) 
bounded X topology, V.5.8 (427) 
funetioual or F topology, V.8.2(419) 
study of, V.S 
linear spaces, (Sce Operator topology) 
metric, definition, 1.6.1 (18) 
metric or strong, in a B-space, (419) 
study of, L6 
norm or strong, «1 u normed- linear 
space, 11.3.1 (59) 
product, definition, 1.8.1 (32) 
of real numbers, (11) 
study of, 14-8 
topological group, definition, 11.1.1 
(49) 
‘topological space, defmition, 14.1 
n0) 
study of, 4-8 
weak, in u B-space, (419) 
weak* topology, (462) 
X and X** topologies in X*, (419) 
Total boundedness, in a metric space, 
1.6.14 (22) 
Total differential, (92) 
Total disconneetedness, (41) 
Total family of functions, 11.2.6 (58) 
Total measurabllity, definition, 
11L2.10 (106). (See also Meas- 
gerable function) 
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‘Total space of functionals, definition, 
V.8 (418) 
‘Total variation of a function. 111.5.15 
(140) 
of a set function, IT1.1.4 (97). (See 
also Variation) 
Totally ordered set, 1.2.2 (4) 
"Trace, of a finite matrix, VI,9.28 (515), 
XL6.8 (1016) 
ofa matrix, definition, V1.9.28 (515) 
of two operators, XL6.17 (1026) 
"Transfinlte closure of a manifold, (462) 
"Transformation, (See also Operator) 
measure preserving, (687) 
metrically transitive, (667) 
"Translate of a function, definition, 
(283) 
"Translation number, 1V.7.2 (282) 
‘Translation by a vector, (86) 
‘Tychonoff theorem, on fixed points, 
V.10.5 (456), (470) 
on product spaces, 1.8.5 (82) 


U 


Ultrafilter, definition, 1.7.10 (30) 
properties, 1.7.1112 (80) 
Unbounded operators, exercises on, 
VILIO 
in Hilbert space, Chap. X11 
remarks on, (612) 
study of, VII.9 
Unconditional convergence of a series, 
(92) 
Uniform boundedness principle, n B- 
spaces, KL8.20-21 (60) 
discussion of, (80-82) 
in F-spaces, 11.1.11 (52) 
for measures, 1V.9.8 (809) 
Uniform continuity, of an almost pe- 
riodic function, IV.7.4 (283) 
criterion for, 1.6.18 (24) 
definition, 16.16 (23) 
extension of a function, L6.17 (28) 
Uniform convergence, as a criterion 
for limit interchange, 1.7.6 (28) 
definition, 1.7.1 (26) 
remarks concerning, (882-883) 
praniform convergence, criteria for, 
111.6.2-3 (145), 111.6.12 (549) 


SUBJECT INDEX 


definition, 111.6.1 (145) 
Uniform convexity, definition, 11.4.27 
(74) 
properties, 11.4.28-29 (74) 
remarks on, (471-474) 
Uniform countable additivity. (See 
Countably additive} 
Uniform ergodic theory, VIILS 
remarks on, (780) 
Uniform operator topology, definition, 
V1.1.1 (475) 
properties, V9.11—12 (512-518) 
Unit, adjunction of m a B-algebra, 
1X.1 (860) 
of a group, (34) 
Unit sphere in a normed space, eom- 
pactness and finite dimension- 
ality of, 1V.3.5 (245) 
definition, 11.9.1 (59) 
Unitary equivalence of operators, 
X.5.12 (919) 
Unitary operator, X.4.1 (90) 
Upper bound for an operator, XI15.1 
(1240) 
Urysohn theorems, metrization, 1.6.19 
e 
for normal spaces, 1.5.2 (15) 


v 


Variation, of a countably additrve set 
function, 114.7 (128) 
of a fonction, 115.15 (140). (See 
also Bounded variation, Total 
vanation) 
of a z-continuous set function, (131) 
of a regular aet function, 111,5.12 
as7) 
semi-variation of a vector-valued 
measure, FV.10.3 (320) 
of a set function, ITI.LA-7 (97-98) 
Vector apace, definition, (86) 
dimension of, (36) 
elementary properties, 1.11 
real or complex, (49) 
Vitali-Hahn-Saks theorem, IIL7.2-4 
(158-160), IV.10.6 (821) 
Vitali theorems, on convergence of in- 
tegrals, 111.8.6 (122), 111,6.15 
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(150), 111.9.45, IV.10.9 (325) 
covering theorem, IIT. 12.2 (212) 


w 


Weak Cauchy sequence, criteria for in 
special spaces, IV.15 
definition, IL3.25 (67) 
Wesk completeness, definition, 11.3.25 
67) 
equivalence of weak and strong con- 
in L, 1V.818-14 
(295-296) 
of reflexive apaces, II.8.29 (69) 
of special spaces, IV.15 
Weak convergence, definition, 11.3.25 
(67) 
properties, 11.8.26-27 (68) 
m special spaces, 1V.15 
Weak countable additivity, definition, 
(ne) 
and atrong, IV.10.I (818) 
Weak Kimit, definition, 11.3.25 (67) 
Weak sequential compactness, defi- 
nition, 1.8.25 (67) 
in reflexive spaces, 11.8.28 (68) 
in special apaces, IV.15 
Weak topology in a B-space, (419) 
bounded X topology in 2*, V.5.3 
(427) 
relations with reflexivity, V.4 
relations with separability and me- 
trizability, V.5 
study of fundamental properties, 
va 
weak compactness, V.6 
weak operator topology, definition, 
VLLS (478) 
properties, VE9.1-12. (511-518) 
weak* topology, (462) 
Weakly compact operator, in C, VE7.1 
(490), V1L7.8-6 (485-4961 


1928 


definition, VI.4.1 (482) 
in Ly V1.8.1 (498), VL8.10-14 (507~ 
510) 
in Loo, V1.9.57 (519) 
remarks on, (539), (541) 
representation of, (549) 
spectral theory of, in certain spaces, 
VIL4.6 (580) 
study of, VLA 
‘Weierstrass, approximation theorem, 
IV.6.16 (272) 
convergence theorem for analytic 
functions, (228) 
preparation theorem, (282} 
Well-ordered set, definition, 1.2.8 (7) 
well-ordering theorem, 1.2.9 (7) 
Wevi-Kodaira theorems, X111.2.24 
(1501,  XIELSIS (1351), 
XIEL5.14 (1855) 
Wiener closure theorem. (See Closure 
theorem) 
‘Wiener measure space, (405) 
Wiener theorem on reciprocal of tri- 
gonometrie senes, 1X.4.10 (881) 
Wiener-Lévy theorem on analytic 
functions of trigonometric 
series, 1X4.11 (881) 


x 


Yosida, (See Hitie-Phillips-Yosida 
theorem) 


KA 


Zermelo theorem, on well-ordering, 
L29 (7) 
Zero, of an analytie function, (280) 
ofa group, (34) 
Zero operator, (87) 
Zorn, lemma of, L2.7 (61 


Errata, Part I 


Ttalic Tine numbers indicate the number of lines 
counted fram the bottom of the page 


page viii, line 8: Change netrospect to retrospect. 
page viii, line 22: Change Comments to Remarks, 
page 4, lime 12: Insert after respectively: If f is a real function 
defined on an open interval containing zero then the equations 
lim sup f(z) = inf sup f((—a, a)), 
2-0 2»0 
lim inf f(z) — sup inf f((—a, a). 


20 a>0 


lim sup Ke) = me sup f((0, a)). 
lim inf f(z) = sup inf f((0, a)). 
z-0* e»0 


define the symbols on their left sides. Similar definitions hold for 
the symbols lim sup, _-f(z), lim inf,_¢-f(2). 

page 21, line I; Change The to the. 

page 83, line 6: Change bounded to periodic. 

page 4I, line 12; Change last ù to n. 

page 42, line 6: Change (A,)O to Aj(0). 

page 43, line 10; Change the period to a comma, 

page 44, line 8; Insert after dimensional; linear. 

page 46, line 4: Change to to of. 

page 55, line 7: Change [Tz] < e to |7z] £ €. 

page 66, line 11: Change 2** to X**. 

page 69, line 3: Change z, to Zm 

page 70, line 4: Change z*f(y) to z*f, 

page 71, lines 72, 13: Change closure of the set consisting of to 
closed linear manifold determined by. 

page 72, line 7: — Insert after 14: Let £ be an F-space or a normed 
space. 


2 ERRATA 


page 72, line 18: Change If X ıs a B-space to The function. 

page 72, hne 15: Insert after 15: (Banach). 

page 72, lines 16, 17, 18; Dclete sentence beginning Show that and 
substitute: Show that there is a number N > 6 such that for 
every sequence y, > yọ there is a sequence 2, > zy with |x,| < 
Nly,| and Tz, = Ym 5 = O, 1,.... 

page 72, linc 10; Change into to onto all of, 


page 72, line 5: Change BH = 8 to 3** = «3. 
page 75, line 7: Change p, to P,. 

page 75, line 5: Change p;! to P;. 

page 76, Ime 7: Change #({a) = 0 to #(a) >v. 


page 76, line 12: Change (1—z) 59,5, to (1—2) Yi oss". 

page 76. line 2: Change lower limit on second and third summa- 
tion signs from n = 0 and m = 0 to m = 0 and n = €. 

page 78, lines 14, 12: Delete uniformly, 

pase 91, line 73: Change |F(z)| = |z| to |F(z)— F(g)| = |z—g]. 

page 96, line 2: Change if (d) — © and to if x contains the void 
set d, if p(d) = 0, and if. 

page 96, line 7: — Insert after non-negative: and additive. 

page 97, line 1: — Insert after if p is bounded; and additive. 

page 98, line 3: Insert after set function: p. 

page 98, line 2: Change in to in. 


page 101, line Z5; Change [ f(s) (ds) to [rena 

page 103, line 11: Change F to f. 

page 103, line 12: Change everwhere to everywhere. 

page 105, line 4; Change F(S) to F(S)x F(S). 

page 105, line 18; Change zile], to e/|o]).. 

page 106, line 74: Delete TM(S) into itself, and substitute: the space 
of totally measurable scalar functions into itself. 

page 106, line 72: Add after the second f(s): ). 

page 107, line 14: Add after positive number: less than one. 

page 107, line 15; Change M to M +1. 

page 110, line 11: Insert before subsets; disjoint. 


page 111, line 6: Change f2du to IN 


4 


E E 
112, line 6: Chai — to ———. 
page ine ange zu ° aaa 


ERRATA 8 


page 118, line 8: Insert after and: , for a fixed m, . 
Change {1-A to (50). 
After determines: delete zero and substitute 
IQ) - 15.) 
page 114, line 5: Change g to f. 
page 114, line Z; Change Theorem to Lemma, 
page 115, line 8: Change Theorem to Lemma. 
page 116, line 9: Change > to 2. 
page 117, line 17; Change Theorem to Lemma. 
page 118, line 7: Delete sentence beginning Then, since g is p- 
integrable, and substitute; Since 2]e| = |f| we have |g(s)| = |z|f2 
on E. The argument of the preceding lemma then shows that 
v(g, E) < cc. 
page 120, line 2: Add after Proor: In case either |f], or |g], is zero 
the lemma follows from Lemmas 2.12, 2.21, and Theorem 2,20(d) 
and so we shall assume that neither of these norms is zero. 
page 120, line 7; Change f(s) and g(s) to |f(s)] and le(s). 
page 120, line 7: Should read: 


s f AHAD) ou ds) 
page 121, line 1; Should read> = f Jf] If.) opto, ds) 


page 121, line 2: Should read: + fo JA@)+4(s)|? C 

page 122, line 6: Change ds to E. 

page 124, lme 4: Change Theorem to Lemma. 

page 125, line 1: Change g(s)| to Jg(s)]. 

page 125, linc 12: Change the second f to fe. 

page 128, line 1; Change measure to set function. 

page 128, line 2: Change non-decreasing to non-increasing. 

page 128, line 7; Change the period to a comma, 

page 129, line 1: Change > to x. 

page 129, line 9: Change 7 to 8. 

page 180, line 5: 

page 180, line 11; Delete umque. 

page 133, line 3: Insert after is called: a. 

page 183, line 6: Delete comma after E. 

page 187, line 7: Insert after from: the remark following. 
Change extended to bounded and, 


Insert before then; and By = c^, B, 


"et 


page 188, line 
page 138, line 
page 139, line 
page 139, line 
page 139, line 
page 140, line 
page 141, line 
page 141, line 
page 142, line 
page 143, lme 
page 145, line 
page 146, line 
page 146, line 
page 146, line 
page 146, line 


page 147, line 
page 147, line 
page 148, line 
page 148, line 
page 148, line 
page 149, line 


ERRATA 


8: Change subscript i to subscript n. 
14: Change > to =, 
8: Add after Theorem 4: , Theorem 8, 
11: Change all three C to C. 
15: Change E to Z, 
4; Change (c+e] to (e, e+e]. 
8: Change €s, to £p. 
8: Change the first if in the line to is. 
6: Change [a, b] to [a, bi]. 
9: Insert before vector: countably additive. 
6: Change f, to f£. 
2: Change 8 to 2. 
16: Change f,, to f,,. 
5: Change |f,(s)? to |f, (s)|". 
8: Change œ to 0, 
Change the second — in the line to =. 
7: Change v(u, E) to v(u, F). 
15: Change N to v. 
4: Change G, to fg (Gn) 
5: Add after E: € X. 
12: Change UR, to Ua. 
12; Insert after X:. If G = $, (UG) = $e Z*. If 


G F d, let {y,} be that subset of (z,) that is in G. 


page 149, line 
page 149, line 
page 149, line 
page 152, line 
page 152, line 


page 154, line 
page 155, line 
page 155, line 
page 159, line 
page 160, line 


11; Change the first 2, in the line to yp. 
10: Change subscript m to subscript n. 
2: Change f,(s) to fale). 
8: Change for n 2 N, ton =1,2,.... 
6: Changez ZN to in n. 

Change of course to since € is arbitrary. 
11: Change 6, to ô, 
3: Change the second < in the line to <. 
4: Change the second x in the line to <. 
1; Change < to S. 
13; Insert after Now let; 4, — 0 if p, — 0 and 


otherwise let. 


page 163, line 


page 168, line 


11; Change lim to lim,. 
10: Change lim to lim,. 


ERRATA 5 


page 169, line 7; Change the interval (— oo. +00) to the finite 
interval (a. 5]. 

page 170, lines 15, 14: Delete sentence after 20 and substitute; 
(Langlands) A regular complex valued additive set function de- 
fined on a field of sets in a compact space is countably additive. 

page 170, line 13; Insert after topological spaces: with S, a Haus- 
dorff space. 

page 170, line 11: Change of sets in to contaimng the open subsets 
of, 

page 170, line 8; Change that to with. 

page 172, line 4; Insert after generating Z: and suppose that p is 
o-finite on Z,. 

page 172, lines 14-17: Delete these lines and substitute: Find a 
sequence {f,} of positive functions in Z,(S. 2. pi) for which the 
preceding inequalities are not all valid. 

page 174, line 6: Change with & to as e decreases, 

page 180, line 10: Change measurable to integrable. 

page 188, line 2; Change $(E, u ¢(,) to &(E,) u (E). 

page 188, line 11; Change S to Sg 

page 183, hne 4: Change E to the to E to be the, 

page 185, line 18: Change f to F. 

page 185, line 13; Change (E,« Ejx E;) to (E, x E, < Ej). 

page 192, line 4; Change g(r) to f(r). 

page 193, line 2; Change X to X,. 

page 197. line 9: Change F, +0 to F, >F. 

page 198, line 9; Change J to 7. 

page 215, lines 10-15; Delete these lines and substitute: We will 
show now that dAjdg is p-measurable. Let C(p. x) denote the 
closed cube with center p and side length a. Let 


sp. e) = 2m (77 P(C BAB, 


alp- x) = 2m [7^ AC. 8))a£. 


etiim 
Then A, (p. o)ps(P. x) is a continuous function of p for each 
12 0, and hence (C(p. «))i#(C(p. «)) — lim, com (p. ttp.) 
is p-measurable, Consequently. . 
page 232, line 17; Change [1] to [2]. 
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ERRATA 


page 241, line 18; Insert after bounded: y-measurabte. 
page 242 is numbered wrong. 


page 249, 
page 249, 
page 250, 
page 256, 
page 267, 
page 274, 


page 561, 


page 561, 
page 562, 
page 565, 
page 633, 


page 643, 
page 644, 
page 645, 


tine 13: 
lme 6: 
tine 7; 
line 
line 10: 
linc 16: 


. line 8: 
. linc 9: 


. line 6: 
. line 10: 
. line 5; 


. line 1: 


. line 12: 
. tine 8: 
, tine 17: 
. line 5: 


line 1: 


line 6: 
line 6: 
line 14; 
line 3; 


lines 5, 
lines 9, 
line 3: 


Change subscript m to subscript m,. 

Change N to 9t. 

Change are to 1s. 

Change are Hilbert spaces to is a Hilbert space. 
Insert before compact: conditionally. 

Change s to S. 

Add after if: points are closed and 

Insert after $,: . and such that p(K) — 0 for 
every set K in Z for which &(K$,) = 0 for all c, 
Change the to then. 

Delete uniformly. 

Change continuous to equivalent to a continuous 
function. 

Change both p's to exponents, 

Change subscript df's to text size dO's set on the 
line. 

Change both p's to exponents, 

Change subscript dÓ's to text size d's set on the 
line. 


Change f... to f. 
Change z* to z. 
Change 7 to 6. 
Charige superscript gë ta superscript x,» 
Insert after lim: = . 
nae A 
Change py; to py. 
Insert after j = »(A): or į = 0. 
Change exercise to Exercise. 
The convolution symbol * should be lowered 
here and elsewhere throughout Section VIIL1. 
1: Star should be centered, it is not a superseript. 
12: Star should be centered, 
Star should be centered. 


page 678, line 4; Insert after 2p: fe 


page 
page 
page 
page 


page 
page 
page 
page 
page 
page 
page 
page 
page 


722, 
739, 
827, 
828, 


829. 


881, c 


882, 
$40, 
841, 
847, 
347, 
848, 
854, 


ERRATA 7 


line 11; Change f in denominator to g. 

line 5: Change N. to H. 

column 2, line 10: Change f*g to fg. 

line 5: After this linc insert: S(z,e) — (19) 
S(4.2) (19) 


column 1, linc 11: Change Alexiewiez to Alexiewicz. 
column 2, linc 3: Move Inaba, M., 474 down two spaces. 
column 2, tine 1: Change McShano to MeShane, 
column 1, line 23: Change 539 to 598. 

column 2, line 4: Change 267 to 26-27. 

column 2, line 15: Change Jenssen to Jessen. 


colunin 2, line 3: Change Lalpace to Laplace. 

column 1, line 23; Change 8 to 4, 

column 2, line 7: Insert after Set(s): Borel. IIL5.10 
(137). 


